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Introduction

In a sequence of recent papers (see [CO-ME-ST 1-2]), Coifman, Meyer and
Stein have introduced a new family of function spaces, the Tent spaces. These
spaces are well adapted for the study of a variety of questions related to harmonic
analysis and its applications, for example, the Cauchy integral on Lipschitz curves,
maximal functions and atomic decompositions. Tent spaces have been also studied
by other authors (see, for example, Bonami and Johnson [BO-JO], Alvarez and
Milman [AL-MI 1-2]), where they are generalized to also consider norms based
on the classical Lorentz spaces LP'9. These new spaces show up in a natural way as
the interpolated spaces for the real interpolation method of Lions and Peetre (see
[LI-PE]).

Our present work continues this line of development. We consider the theory
of Tent spaces related to a class of weights on R, namely, positive and measurable
functions that satisfy Hardy’s inequalities (see [MU]). The main motivation for our
study comes from the method of interpolation with a function parameter, due to
Kalugina and Gustavsson (see [KA] and [GU]). The function parameters we use
allow us to prove new interpolation results for some weighted spaces; for example
LP(log L)Y. Our goal is to give a through account of the properties of the Tent
spaces defined by weights related to a function parameter, extend their atomic
decomposition and the characterization of the dual spaces, (which brings in the
theory of Carleson measures), to the new setting of weighted spaces, and develop
the techniques necessary to obtain such results. As a consequence, we are able

to apply some of these results to the theory of maximal Hardy spaces, weighted
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inequalities for fractional maximal operators, and related topics.
We now give a brief review of the topics in each of the chapters:

In Chapter I, after introducing two classes of function parameters and giving
a detailed list of properties that the functions in these classes satisfy, we show,
in Theorem 1.2.7, that the family of weights we are dealing with make both the
Hardy operator and its adjoint, bounded operators on some weighted LP-spaces;
that is, they satisfy Hardy’s inequalities. This fact will turn out to be one of the
main tools in the remaining chapters. Theorem 1.2.7 appeared in a joint work with

E. Hernandez (see [HE-SO]).

In Chapter II we define in (§1) the weighted Lorentz spaces in terms of the
non-increasing rearrangement of a function and find a new description involving the
distribution function (see Theorem 2.1.6). We analyze other properties, as duality
and embbedings, depending on the several indices defining the spaces. In (§2) we
exhibit a discrete decomposition of functions in some of the weighted Lorentz spaces.
In (§3) we take up the study of the interpolation results, using the theory of complex
interpolation of Banach spaces, as in [CCRSW 1-2]. Our main technique is a new
reiteration theorem that relates the interpolation of a couple of Banach spaces with
a family of function parameters, which can then be interpolated using the method
of CCRSW. The reiteration result, (Theorem 2.3.7), was first proved by the author
in the work mentioned above of [HE-SO] and generalizes some previous results
of the first named author (see [HE 2]), and Karadzov and Berg (see [BE-LO]).
Finally in (§4) we answer a question of Y. Sagher regarding the interpolation with
a function parameter of some endpoint spaces, as H' and C or similarly the space
of finite Borel measures and BMO. The result in all cases is that we always obtain

the weighted Lorentz spaces as the intermediate spaces.

In Chapter III, we give the definition of the weighted Tent spaces, whose mo-
tivation can be found in the Littlewood-Paley theory and we prove in (§3) their
atomic decomposition, using a new discretization of the norm in terms of the dis-

tribution function. As is shown in the next chapter, this decomposition allows us
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to easily get the boundedness of certain maximal operators. In (§4) we find the
dual spaces of the weighted Tent spaces, and for a particular case, we obtain a new
class of Carleson measures. In (§5) we investigate the extension of the previous
results to the case where the functionals defining the norms of the Tent spaces are
replaced by functionals over general domains, instead of the standard cones. In
(86) we study the interpolation results for the Tent spaces and our new spaces of
Carleson measures, using the real interpolation method. Again, as in Chapter II,
we obtain the corresponding results for the method of CCRSW by means of our
reiteration theorem.

In Chapter IV we give several applications of the theory developed in the
previous chapters. In (§1) we consider the study of the maximal Hardy spaces,
relative to a not necessarily smooth kernel, as in [WE]. Our main theorem is the
extension to R™ of the minimality property, proved in one dimension by Uchiyama
and Wilson in [UC-WI], of the space of special atoms with respect to this family
of Hardy spaces. We also characterize a class of Carleson measures, satisfying
another minimality condition and using the recent discrete decomposition of the
Triebel-Lizorkin spaces, Fpo"q, due to Frazier and Jawerth (see [FR-JA 2]), we find
necessary and sufficient conditions on a kernel so that the corresponding Hardy
space contains a particular F10 Po1 < p <2 In (§2) we show several results
dealing with pointwise estimates for a class of operators, which gives another proof
of the pointwise boundedness of the Fourier transform of distributions in H? and we
improve the Féjer-Riesz inequality for harmonic extensions of H? functions. Finally
in (§3) we study the boundedness of a fractional maximal function on a weighted
Lorentz space. The proof is based on the atomic decomposition of a certain Tent

space.



Chapter 1

Preliminaries

(§1) Function parameter.

Function parameters were first introduced by T. F. Kalugina (see [KA]) in the
real interpolation setting in order to construct new interpolation spaces.

In this section we give the definition of two classes of function parameters, show
in a precise way that they are equivalent, and give a detailed list of properties that

the functions in theses classes satisty.

DEFINITION 1.1.1. Suppose f: Rt — R™. f belongs to the class By if:

(1) f is continuous, non-decreasing and f(1) = 1-
Fls) = sup 10 .
(2) f(s) = ililo) @) < o0, for every s >0
o — . d
(3) /0 min(1,1/0)7() 5 < oo

EXAMPLES 1.1.2:
(a) If 0 < a < 1 then f(t) =t belongs to Bx and f(t) = t*.
(b) If 0 < a < B < 1 then f(t) = log2 ’
that f(t) = max(t0~<,t%).

t
W belongs to Bx and we have

DEFINITION 1.1.3. The class By consists of all continuously differentiable functions

f: Rt — R such that f(1) =1 and

_ @ ()
(4) 0<ay _t>g (@) = §>g f(t)

4
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EXAMPLE 1.1.4:

IfOo<a<1,0€R, then

ft) = £ (log(1 +17))"

1
(log 2)¢

belongs to By, if v is small enough. In fact
af = min(a, a + 67), B = max(«, o + 67).

The following two results show that the classes Bx and By are equivalent.

PROPOSITION 1.1.5. ([GU], Prop. 1.2)

The class of functions By is contained in Bp.

PROPOSITION 1.1.6. ([GU], Prop. 1.3)
If f € Bk, there is a function g € By such that f and g are equivalent; i.e., there

are two positive constants C7 and Cy such that
Cig(t) < f(t)<Cag(t), t>0.

In fact, we can choose

0o ‘ s

o) o) =Cy [ min(1.3) 1) T,
0

where C is chosen so that g(1) =1

There is a nice way of constructing all functions in the class By:

PROPOSITION 1.1.7. Suppose

C= {h: R™ — (0,1) : h continuous, 0 < inf h(t) < sup h(t) < 1}.
t>0 t>0

Then there exists a one to one correspondence T' from C to By given by

¢ L By

h — T(h)(t) = exp (/lt@ ds).

S
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In fact,

PROOF: The proof is an easy exercise in differential equations. To see that T is well

defined we observe that

(Thy () = Th(t) 2.

t
Hence,
hit) = (}T:();)(t)’
and so
0 <oary < Brn <1
Clearly,

(T oT~")(g)(t) = g(t) and (T~ o T)(A)(t) = h(t). N

The next propositions give a list of properties that the classes Bx and By satisfy.
As we shall see later, they turn out to be of vital importance for the development

of our theory on Lorentz spaces.

PROPOSITION 1.1.8. ([GU])
Suppose f € Bi. Then:

© S >?<§> — 1, where f(s) = juf L5
(7) < f(s s)f(t) < f(st) < f(s)f(t), (f is quasi-homogeneous)-
(8)  f and f are non-decreasing and f(1) = f(1) = 1-
(9) f(st) < f(s)f(t), (f is submultiplicative)-
(10)
f(s) = o(max(1,s)), s — 0 or co-
(11)
For sufficiently small € > 0, f(s) = o(max(s%,s'~¢)), s — 0 or oco-
(12)

/OO (min(l, 1/t)?(t))p % < oo, for any p > 0-
0
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F (G 9) "= (%)

for any p > 0; i.e.,
/0 (%) %N (fé)) '
) &) <o () 2)”
(/ Gy ) " franyp>0; e,
[ Gw) $=rm

If g € By, property (11) can be improved using Proposition 1.1.7:

l

(14)

IN

PROPOSITION 1.1.9. Let g € By. Then

PROOF: By Proposition 1.1.7,

g(t) = exp (/: @ ds)

where oo < h(s) < 3, all s > 0. Hence,

) > o ift>1
=19 48 ift <1.

Thus, min(t%, %) < g(t).

Similarly, since

then

Hence, g(t) < max(t®,t°).

We now use the following result to improve (13) and (14) above.
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PROPOSITION 1.1.10. ([SA])

Let m be a positive function. Then, for all v, 0 < r < 00,

[ m) % i)

S

if and only if for all r, 0 < r < 00,

/TOO m@ d_ ~ mim'

COROLLARY 1.1.11. Let f € Bi. Then

o (Y (e
dt
T

(16) / G L (), p>o

As was mentioned at the beginning of this section, the class By was introduced
to generalize the real method of interpolation of Peetre and Lions. It is then natural
that to obtain the reiteration theorem or the duality theorem (see [BE-LO]), we

show that By is closed under certain types of operations.
PROPOSITION 1.1.12. Let g € By and 3 = 3, as in (4).
(17) If a,b € R, then

g“(t") € By if and only if 0<ab<p

(18) If 0 < b < a, with af < 1, then

1
5(0"(t) +4"(t)) € Bu.
(19) If0<b<a, d>0, c>0 and ca+df < 1, then

1

5 "+ t*)°g(t) € By.

(20) The functions tg(1/t) and t/g(t) belong to By.

(21) Suppose f € By and if we set 7(t) = f(t)/g(t) then T satisfies that

tr'(t)

7(t)

’Z6>0, for some € > 0.

8



Then for all h € By, the function

o) =30 1 (1)

belongs to By. In particular, f(t)g'=%(t) € By, 0 < 0 < 1.

PROOF: The proofs are elementary. For further references see [CO], [ME 1].

(§2) Weighted Hardy’s inequalities.

Hardy’s inequalities can be considered as a fundamental tool in the study of a
wide variety of function spaces in Harmonic Analysis and, in particular, the Lorentz
spaces. Our goal in this section is to provide some results dealing with these in-
equalities (in particular the work of B. Muckenhoupt [MU]), and establish more

properties of functions in By related to Hardy’s inequalities.

DEFINITION 1.2.1. We define the Hardy operator as
1 [t
sty =1 [ fs)ds, £z 0
0
We also define the formal adjoint of S by
. * ds
st = [ 56T rz0
t

REMARK 1.2.2: S§* is in fact the adjoint of S:

sta= [ srwawai= [ (3 [ 50 ds) o)

— oof(s) oog(t)% ds = (f,S"g).
0 s

We can now formulate Hardy’s inequalities:
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THEOREM 1.2.3. Ifg>1, r >0, and f > 0, then

(22) (/OOO (/Otf(s) ds)qt” dt) B < (/Ooo(sf(s))qs’"l ds)l/q.
(23) (/OOO (/:O £(s) ds)th_l dt)l/q <! (/Ooo(sf(s))qsr_l ds) n

For a proof of the theorem see [HA-LI-PO] Chapter IX or [ST].

= IR

Using the notation introduced above, this theorem can be restated as:
(24) S is a bounded operator on L9(s~7/a-1/a+1)
and
(25) S* is a bounded operator on Lq(s’"/qfl/q)

where for a non-negative function v defined on R™, we set, for 1 < ¢ < oo,

v ={r: ([ rowor dt)l/q <o}

Hence, (22) and (23) are weighted inequalities for the operators S and S*. A
natural problem is to characterize all pairs of weights (u,v) for which S or S*
is bounded from L9(u) to Li(v), 1 < g < co. A complete solution was given by
B. Muckenhoupt in [MU].

THEOREM 1.2.4. If (u,v) is a pair of non-negative weights on R™ and 1 < q < oo,

then S is a bounded operator from L9 (u) to Li(v) if and only if

(26) sup < / s 1u(s))? ds)l/q ( /0 (u(s) ds)w < o0-

Similarly we have a result for S*.

THEOREM 1.2.5. If (u,v) is a pair of non-negative weights on R* and 1 < q < oo,

then S* is a bounded operator from Li(u) to L7(v), if and only if

(27) sup ( /0 T(v(s))q ds)l/q ( / T (u(s))~7 ds)w < oo

10



DEFINITION 1.2.6. Suppose 1 < q < oo. Let

(28) Wy (S) = {u: u weight and (u,u) satisfies (26)},

(29) Wo(S*) = {u: u weight and (u,u) satisfies (27)}-

We can now extend the list of properties given in (§1) for functions in By.

will use the following result very often.

THEOREM 1.2.7. ([HE-SO])
Suppose f € By, 1 < ¢ < oo and w(t) = t'=1/9/f(t). Then

w € W,(S) N W,(SY).

PROOF: Assume first that 1 < ¢ < oo.

To show that w € W,(S) we need to check (26) for u = v = w.

([ a) ([ )

s (7 (55) d—)/ ([ en d—)/ (by (14) and (16))

1
=sup(C——
b f(r)

Similarly, to show that w € W,(S*) we have to check (27) for u =v = w.

s ([ o) " ([t <)
([ () ) ([ (2) %) s

o i)
RO

(r)=C < oo

=(C <o

For the case ¢ = oo, conditions (26) and (27) read as follows:

sup (s ") (g #2) <

11



and

<1
sup ( sup v(s ds | < oo-
r>I()) <O<sg’r’ ( )) (/r SU(S) >
By Proposition 1.1.6 we may assume that f € By.
Now, with u = v =w(t) =t/f(t) :

1 " ds
o (o) () 705)
(f is an increasing function and (16))

1
<supC
=0 ™

fir)y=0C < -

Hence, w € W (95).

To show that w € W (S*) we first observe that w is an increasing function. In

fact,
o1 _tf’(t)>
)= 75 (1- 7 ) >
since By < 1.
Hence,

sup ( sup w(s)) ( T @) < sup C’w(r)f(r) =C < o0,

r>0 0<s<r S S r>0 r

by the observation just made and (15). 1

As a consequence of this theorem and the characterization of By given in Propo-
sition 1.1.7 we can construct, in a very simple way, a large class of weights satisfying

Hardy’s inequalities.

COROLLARY 1.2.8. Let h: R™ — [0,1] be a continuous function satisfying
|h]loo <1 and [|1/h]le < 00

and let 1 < g < oo. Then

([ (oo o) [row) 5)
<c ( I (texp (— / A d—) f(t)>q Cff>/

12



and

0 ‘ 5/ J
gC(/OOO (texp <—/1t h(s) %) f(t)>q

for all f > 0.

13



Chapter 11
Weighted Lorentz spaces

(§1) Definitions and properties.

Lorentz spaces were first studied by G. G. Lorentz ([LO]). They are rearrange-

ment invariant spaces and appear, in a natural way, as interpolation spaces between
L' and L™ (see [ST-WE]).

To define these spaces, we need to introduce some notation.

DEFINITION 2.1.1. Suppose (X,3,u) is a o-finite measurable space and f is a
function on X. We define the distribution function of f, with respect to the measure
I as

Ar(t) = Ap(t,dp) = p({z € X : [f(x)| > t}), for all t > 0-

DEFINITION 2.1.2. We define the non-increasing rearrangement of f,

fr(t) = inf {As(s) <t}

s>0

For further information about the properties of the functions Ay and f*, we refer

to [BE-SH], Chapter II and [KR-PE-TE].

DEFINITION 2.1.3. Let w be a non-negative function on R™ and let 0 < ¢ < 0.

We define the weighted Lorentz space:

8w = {1 laoc = ([ w01 dt)l/q <o}

14



For q = oo, this is understood as:

| £l ace (w) = Ogggww(t)f*(t)-

EXAMPLES:

(a) With w(t) = t'/P~1/9 we get that A%(w) = LP9, the classical (p, q)-Lorentz

space.

(b) With w(t) = t'/P=1/4(1 + |logt|)? then A(w) = LP(log L)" (see [ME 1]).

For now, we only assume that w is nonnegative, but for applications we shall

consider later, w will be of the form:

t1-1/q

w(t) o0

Y € By-

As in the case of LP-? spaces (see [NE]), there exists an equivalent “quasi-norm”on
A?(w) in terms of the distribution function. The next two lemmas give additional

insight about functions in By and generalize some properties proved in Proposi-

tion 1.1.8.

LEMMA 2.1.4. Let p € By, 0 < g<ooand 0 <a <b< oo. Then

109 — al bt N\ dt 1 b7 — qf
q ¢1(b) S/a, (m) TS 18 i)

where 3 = 3.

PROOF: Set s = t/b. Then

(bs)
-Go) L) 5 (G =)
> (ﬁ) /a/b (%) % (7 increases and (1) = 1)
> (1) [ =



On the other hand,
b I Tt /s 1 ds
[ Gaw) 7= Gw) LGas) <
< (o) [, 5= () [ ()
(by Proposition 1.1.9)

= (ﬁ)f S (Jb))q (1 - <%)QM)

< 1 b? — a4
~ q(1=8) ¢1(b)
since
1 — pa(1-5)

1—ra

<1,if 0<r<1- &

LEMMA 2.1.5. Let ¢ € By and 0 < y < x. Then

zp(y) — yp(z)
(z —y)e(y)

>1-p>0
where 3 = (3.
PROOF: By Proposition 1.1.7, we have that

pla) _ e (f) hs) 2)
ply)  exp ([ h(s) )

= exp (/yx h(s) %) < exp(ﬁlogg) = <§)B-

ro(y) — yo(z) .y e
(z—y)ely) -y z—yoy)

xfy—ﬂy (f)ﬁ: 1—<1y/x> - <x/y1>—1 G)ﬂ

Set r = y/x. Then, we want to show that

L L L 6>1 B,0<r<1
J— J— — 7" .
1—r A/r)—1\r/) — ’

(ap < h(t) < Bp)

v

Now,
1 rl=F 1 —yl=h
1—r 1—-r  1-—r
But if we set f(r) = r'=% + (8 — 1)r then f'(r) = (1 — B)r=% — 1 + 3 which is

positive on the interval (0,1) and f(0) =0, f(1)=4. 1

>1-B«=p>r"P 4+ (B -1)r

16



THEOREM 2.1.6. Let ¢ € By, 0 < q¢ < oo and w(t) = t'~%9/p(t). Suppose
f € A(w), then

1f 1| aa(w) = (/OOO (tw(Ap (1) Af(t) %)Uq.

REMARKS:

(i) Since A¢(t) = 0if and only if t > || f||sc then the right hand side above equals

1 £lloo 1/a
(/ (tw(Ap (1)) Ap (2) %)
0

so that w is never evaluated at zero.

(ii) If A9(w) = LP9 (w(t) = t'/P=1/49) then we get

I fllra ~ (/OOO (t/\}/p_l/q(t))qu(t) %)Uq - (/OOO <m}/f'(t))q %)l/q.

PROOF OF THE THEOREM: By a density argument, it suffices to show the equiva-

lence of the quasi-norms for simple functions; i.e., we may assume that
f(x) = ajXg, ()
j=1

where the sets F; are pairwise disjoint with finite measure. Since we have that
[ fllaaqw) = I 1 f] |ae(w) We may also assume that a; > az > ... > a, > 0.

It is easy to show (see [BE-SH]) that

)‘f(t) = ijx[aj+1,aj)(t) and  f*(t) = Zajx[mg‘—hma‘)(t)
Jj=1 j=1

J
where m; = E |Ei], mo =0 and ay,+1 = 0.
i=1
Hence,
q

= [ @@ di= [ o0 X axin, @] at

[ o) =3 ([" ()" F)et orremmazi

17



On the other hand,

" (O 0) s 2

S~

ai n 1 n dt
:/ tw ijx[aj+1,aj)<t) ijx[aj+1,aj)(t) +
0 j=1 Jj=1
= [ dt Y
=37 [ ttwtm)ytmy G = S wmgymy [ et ar
j=1v%i+1 j=1 aj+1
noq4_ q
~ 3,
= ¢ilmy)
Therefore, we need to show
n q n q q
3 My =M1 g N~ % T Y, g
& etm) 7 2y etmy) ™

Set z; = m?, y; = al and W(t) = ¢?(t'/9). Then ¥ € By (in fact ay = o, and
By = B,), and the above expression gives
. T T - Yy Yy
i Bt et RPN L
2 GGy v )

j=1
Summing by parts we obtain

- Yi —Yj+1 Tn - ( Tj—1 Z; )
T = Y1 — - Yj
; Ula;) 7 U(xa) 2 U(xj_1)  Wl(x;) /)™

Jj=1

j=1 J

We still have to show that

~ Y o N Y m_Mm :
2 oy i ) R 2 ) ( (o, 1) )

= ]:1
U (2.
Since ;1 < x; and V increases, ﬂ > 1 and so
U(zj-1)
—~ Y ( —~ Y U(z;) >
Tj—Tj_1)> (x-—ix-_l :
; U(ay) ; 1 AN T CR
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Using Lemma 2.1.5 we have

. \Il(xj)
Tj — W(rj_1) Lj—1 _ ll?j\I/(QS'j_l) —a:j_l\Il(a:j) >1_ ﬁ
Tj—Tj1 V(zj—1)(z; —xjm1)
Therefore,
—~ Y 1 &y ( U (z;) )
T —Ti1) < xi — Ti_ . |
2 Gy @ ) S TG 2\ T R,

The following deep result, due to E. Sawyer, gives us some very useful information

about AY(w) and its dual space.

THEOREM 2.1.7. [SAW]
(i) Suppose 1 < q < oo and w is a non-negative weight. The following are equivalent

Statements:
(a) A%(w) is a Banach space. y
) A9(0) = 19w = {1 Il = ([T 0 @uioyar) < oo winh

1/t .
| fllraqw) = | fllaaq) where f**(t) = S(f*)(t) = ;/ f*(s)ds. In this case,
0

| - Hrq(w) is a norm in A4(w).

’

" a\" (ot )
(c) (/ w(t) —) (/ (—/ wi(s) ds) —> < C'r, for all v > 0.
0 t o \tJo t
oo 1/q C r 1/q
(d) (/ t™wi(t) dt) < = (/ wi(t) dt) , for all 7 > 0.
T 0

(i) If [ w(t) dt = oo then the dual of A%(w) can be identified with Fq/(u?), where
—1

w(t) = (% /t wi(s) ds) (w(t))?, under the pairing (fs9) = g f(W)9(y) dy,
0

feN(w) and g € T9 ().

(iii)

(a) For 1 <p<gq< oo, AP(v) C A9(w), if and only if

(1) (/0 Wi (1) dt)l/q <C (/O o (8) dt)l/p for all 7 > 0.
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(b) For 1< q<p< oo, AP(v) C A%(w), if and only if

1/r

2) (/OOO ((/Otwq(s)ds)l/p (/Otvp(s)ds>_1/p)rwq(t)dt> < o0

where 1/r =1/q — 1/p.

We now examine what this theorem says in the case where the weights are con-
structed from functions in By. From the three parts of the theorem, we get the

following three corollaries:

COROLLARY 2.1.8. Suppose ¢ € By and 1 < q < oco. Let w(t) = t'=1/9/p(t).

Then A?(w) is a Banach space and

1/q

3) e = ([ oo )

PROOF: Using (i)-(b) of Theorem 2.1.7, it suffices to show (3). Since

fr(t) < %/0 f*(s)ds = f**(t)
it is clear that
© 1/q
1fllAa(w) < (/O (f**(t)w(t))th> .

On the other hand, by Theorem 1.2.7, we know that w € W,(S5); i.e.,

(/Ooom(t)S(g)(t))th) N <0 ( /0 Oo(w(t)g(t))q dt)l/q.

Hence, with g = f*,
o) 1/‘1
( | worw dt) < Clflhor -

COROLLARY 2.1.9. Suppose ¢ € By, 1 < ¢ < oo and w(t) = t'~Y9/¢(t). Then
the dual of A9(w) is AY (1/w). Moreover, 1/w is also of the form t'=/4" /4)(t), with
Y € By.

PROOF: By (ii) of Theorem 2.1.7, we need to show that [~ w(t)dt = co. But by
Proposition 1.1.8 (13),




and by Proposition 1.1.9, ¢(t) < t?, for t > 1, where 3 = B, < 1. Hence

t q
— ) >wd-H t>1
p(t)) — ’ N

and therefore

/ wi(s)ds = lim wi(s)ds > Cthm 1a(1=8) —
0 —00

t—o0 0

1
We still need to show that w(t) ~ m But
w

-1

() = G /0 (e ds) (w(t)) "

_ (1 /Ot (Soi)q @)_1 (w(t))#/4  (by Proposition 1.1.8- (13))

t (s)) s
< (LY - w q/q’:ww /9" — (($)) " (w ¢-1 - 1 |
~(; (o) ) @O = 28w = woywer -
Now, 1/w(t) = t1=1/9 /4(t), where 1)(t) = t/¢(t) and by Proposition 1.1.12-(20),

we have that ¢ € By.
Thus, by the last corollary,

(A%(w))" =T7 (1/w) = A7 (1/w) - i

COROLLARY 2.1.10. Suppose 1 < p,q < 00, ¢, 1 € By and consider the weights
w(t) =tV p(t), v(t) =t /().
(a) For1 <p<qg<oo, AP(v) C Al(w) if and only if ¢ (t) < Cp(t), t > 0.
(b) For 1< ¢q<p< oo, AP(v) C AY(w) if and only if
/°° ( t))r dt
— < 00,
0 )/ ¢

where 1/r =1/q —1/p.

PROOF: To prove (a) we use (iii)-(a) of the theorem:
1/q r P 1/p
t dt
v e = (] (—) ) = Ga) ¥)
) o) o \om)
— <C , >0 by Proposition 1.1.8-(13
0 =50 Y 1)
< Y(r) < Cp(r), forall r>0-
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Similarly, to prove (b) we use (iii)-(b):

@/j(
(

/
0

= () ) S o
e SCOREE

REMARK 2.1.11:
(i) Since LP? = A9(w), with w(t) = t'7Y/9/p,(t) and ¢,(t) = t'~1/? € By and

¥po (t) < Cop, (t) <= po = p1 and

/ <90P07(t)) @ = oo, for all choices of 1 < pg,p1 <
0 ¥p1 (t) t

then we conclude that
Lp07q0 C Lp17QI <:>p0 :pl and qO S ql
(ii) By Proposition 1.1.9, it is very easy to see that a necessary condition for

part (b) of the last corollary to hold is that a, < By and oy < B.

A priori, it is not clear that we can find two functions ¢, 1 € By satisfying

condition (b). The following proposition shows that even more is true.

PROPOSITION 2.1.12. Suppose 1 < ¢ < p < o0 and ¢ € By. Then we can find
¢ € By such that ifw(t) = t*=1/9/p(t) and v(t) = t'=Y/? J4(t) then AP(v) C AI(w).

PROOF: We know that it suffices to find 1) € By such that

/OO" (%) % <oo, l/r=1/q—1/p
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By Proposition 1.1.12-(17) we can assume that » = 1. Also, by Proposition 1.1.6
we only need to find g € Bk satisfying the above condition.
By Proposition 1.1.8-(11), there exists 0 < £ < 1/2 so that
. C'te, ifo<t<1
p(t) < e
Ct'=¢, if1<t< oo

Pick 0 < 6 < min(a,,¢) and set

@y_{ﬁww 0<t<1
o= t0p(t) 1<t<oo,

g is a continuous function, g(1) = 1 and g is non-decreasing. In fact, if 0 < ¢ < 1,

then ¢ is the product of two increasing functions, and if 1 < t < oo then we
te'(t)

> §. But
©(t)

have that ¢'(t) = t79¢'(t) — 6t~ 1p(t). Hence ¢'(t) > 0 +—=

10/ (1)
o) ©

A simple calculation shows that

ay > 0.

Tﬂ<{t4¢® 0<t<1
g = 9p(t) 1<t< oo

Therefore,

1 oo
<C (/ =01 gt +/ gT2otl—e dt) <00, since d<e- 1
0 1

(§2) Atomic decomposition and discrete characterization of AY(w).

We now introduce a family of sequence spaces that allows us to give a discrete

version of the A?(w) spaces.
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DEFINITION 2.2.1. Let w = {wy}r be a sequence of non-negative numbers and let

0 < q < oo. We define the weighted Lorentz space of sequences,
9 1/q
)\q(w) = {{ak}k : ||{ak}k||,\q(w) = ( Z Qk(wka;:)q) < OO}
k=—oc0

where {a} }1, is the non-increasing rearrangement of {ay}r, as in Definition 2.1.2.

PROPOSITION 2.2.2. Let w be a non-negative weight and let 0 < q < oo.

(i) Assume there exists C' > 0 such that

ok+1
(4) wi(t) dt < C2kwi(2"), all ke Z
2k
Then,

112wy < CILF () allna gy

(ii) Assume there exists C' > 0 such that

2k‘+1
(5) . wi (t) dt > C2Fw (281, all k€ Z-
Then,
£ las ) = CIL*(25) Nl xe )
t1—1/4q
(iii) Ifw(t) = OB with ¢ € By, then
@

11wy 2 1L 2) bl aa )

PROOF: To prove (i) and (ii) we use the fact that f* is a non-decreasing function:

1R ) :/0 (w(t) f*(t))? dt
2k+1

S / (w(t) f (1)1t < C S 2F(w(2¥) f5(24))0
k=—oc0 2k

k=—0o0

and similarly,
oo

1% = C S 25 (w2 fo(2 ).

k=—o0
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To prove (iii) we want to show that there exists C' > 1 such that

<%)q% SC(%)q, all k € Z-

gk+1

1 [ 2kt1 \?
— ) <
C <90(2k+1)) - /zk

LGl G
Sc(so(%“)) = (W%)) (ﬁ) |

For the other estimate, we must carefully keep track of the constants in Proposi-

t \'dt [/t \'dt
t o(t) t o(t) t
7) (o) 1( )
t 9k+1 q
dt 2k+1 g 2))s 2kt N1
t 2k+1 q @(2k+1)
2k'+1 q
) (w(2’“+1)) |
Thus, we only need to show that

> @(t))th |
Y S Z9ma(p(2)7
[T (B) %> o)
But, by Proposition 1.1.8-(8):
)

[T(RL) s [T (BD) L e [T = Ly

Before proving the atomic decomposition for A?(w) we need the following obser-

But

tion 1.1.8-(13):

gk+1

o\

Il
VR
N
>—"‘\
7N

‘GI

~ [ —~
N
~_
Q
uE
N~
|
Q| =
to
/\
ol
—~
[\
SN—
=

vation:

LEMMA 2.2.3. Let 0 < g¢ < oo. Then

(6) 1 llaacy = 15,
and
(7) e bellowy = IHa@3ul 2, -

PROOF: This follows easily from the fact that A« (t) = Af(t!/9) and, as a conse-

quence (f7)*(t) = (f*)1(¢) - W
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THEOREM 2.2.4. Suppose 0 < ¢ < oo and w is a non-negative weight satisfying (4),
(5) and

2t
(8) / wi(s)ds =~ twi(t), for all t > 0-
0

Then, the following are equivalent statements:

() 1 € A9(w).

(ii) There exist {ay}r € A?(w) and {g}r C L such that
(a) llgklleo < 1.
(b) [supp gx| < 2¥*1.
(c) |[supp gr Nsupp g;| =0, if j # k.
(d) f= Zk: G-

In this case, || f| @) ~ inf |[{ar}x|xa(w), Where the infimum is taken over all

sequences satisfying (d).

PROOF: Suppose f € A4(w). Define

gr(w) = ﬁ@)fWH”ﬂNM<FW)

0 otherwise

and a3, = f*(2%). Then (a) is obvious,

[supp gi| < [{z : [f(z)| = fH(25F)} = Ap(f7(25)) < 28

and (¢) and (d) are immediate. By Proposition 2.2.2, we get that {ag}r € A\ (w).
Now suppose that (ii) holds. We can assume that {oy}r = {a] }x. Suppose first

that ¢ = 1. To estimate || f|| a1 () We calculate |gx|[a1(w) for each gg:

o) [supp gkl
HMWMZA1WM@ﬁ=A w(t)gh (1) dt
gk+1

< HgZIIOO/O w(t)dt < C2%w(2%), (by (8) and (a))

Thus,

£ Aty < C Y lanl llgrllarw) < C Y ai2bw(2¥) = Cll{ar}kllaw):
k k
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Hence, || fl|a1(w) < Cinf |[{a}rl[x1(w). Proposition 2.2.2 gives the desired equiva-
lence.

Now suppose that ¢ > 1, and assume that (ii) holds; i.e.,
F=Y" argr,  {ontk € M(w), |lgklleo <1, |supp gi| < 28
k

and [supp g; Nsupp gx| =0, j # k-

Set v =w?, h= f9, B =«af and u = gj. Then,
h=> Bruk, Btk € X'(), {urte C A, [[uklloo <1, [supp up| < 25
k

and |supp u; Nsupp ux| =0, j # k-
Moreover, v satisfies (4), (5) and (8), with ¢ = 1. Hence, by the first part we con-
clude that h € A'(v) and ||A|[a1(v) ~ inf [[{Bk}k][r1(v)- Therefore, by Lemma 2.2.3:

1 . 1 .
| fllasqw) = IR16E,) = inf {83307, ~ inf [{on}ellrow) - B

COROLLARY 2.2.5. Suppose 0 < q < oo and w(t) = t'=1/9/p(t) where ¢ € By.
Then w satisfies conditions (4), (5) and (8) and hence the above atomic decompo-

sition holds true for A9(w).

PROOF: (4) and (5) are proved in Proposition 2.2.2-(iii) and (8) is a consequence

of Proposition 1.1.8-(13) and the fact that ¢(t) ~ ¢(2t). 1

REMARK 2.2.6: For the case of LP*9-spaces (ii) of Theorem 2.2.4 can be found in

[COL]. A similar result, for LP'! is also proved in [BO-JO].

(§3) Interpolation results. Main theorem.

Interpolation Theory has developed considerably since the classical results of

Riesz-Thorin and Marcinkiewicz were announced (see [BE-LO] Chapter 1). The
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proof of the former contains the idea behind the complex interpolation method of
Calderén (see [CA]) and from the latter one can see the main ingredients of the real
interpolation method of Lions and Peetre (see [LI-PE] and [PE 1]). Both methods
of interpolation have been studied and generalized to more general settings. In
particular, we want to mention the work of Coifman, Cwikel, Rochberg, Sagher and
Weiss for a theory of complex interpolation for families of Banach spaces, indexed
by the boundary of the unit disc on C (see [CCRSW 1-2]). With regard to
real interpolation, we have already mentioned the method of interpolation with a
function parameter (see [KA] and [GU]).

The results in this section deal with both methods simultaneously. We find a
reiteration theorem that relates the interpolation of a couple of Banach spaces with
a family of function parameters, which can then be interpolated using the method
of CCRSW. As a consequence of this theorem, we can identify the interpolation
spaces for A%(w). We will see another application of the reiteration theorem for
Tent spaces in the next chapter.

Before stating and proving our results, we give a brief description of the complex

and real interpolation methods.

The complex method of interpolation.

We describe the complex method of interpolation for families of Banach spaces
as given in [CCRSW 1]. Let T = {z € C : |z| = 1}. To simplify notation we shall
write § € T instead of e € T. Let {B(6)}ger be a family of Banach spaces. We
say that this family is an interpolation family of Banach spaces (or interpolation
family, for short) if each B(0) is continuously embedded in a Banach space (U, ||-||v),

the function § — |[|b]| p(g) is measurable for each b € Nger B(0), and if we define
27
B=1{be nper B(O): / log™ [[b]l 5(s) 6 < o0}
0
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then [|b]lv < k(0)|b]| ) for all b € B, with log™ k(9) € L'(T). The space B is
called the log-intersection space of the given family and U is called the containing
space.

Let us denote by N (B) the space of all B-valued analytic functions of the form
g(z) = i X;(2)b; for which |glloc = supg||g(8)| By < oo, where X; € Nt and
b; € B,];lz 1,...,m. (NT denotes the positive Nevalinna class for the unit disc
D ={z € C:|z| <1}.) The completion of the space NT(B) with respect to || - ||
is denoted by F(B). For z € D, the space [B(#)], will consist of all elements of the
form f(z) for f € F(B). A Banach space norm is defined on [B(#)], by

lvoll: = inf {|[fllo : f € F(B), f(z) =v}, wve[BO)., z€D

These spaces are also called in the literature the St. Louis spaces. It can be proved
that ([B(0)].,]||») is a Banach space and B is dense in each [B(#)],. Other proper-
ties of these spaces, such as the interpolation property and reiteration are discussed
in [CCRSW 1-2]. The only one we shall need in order to prove our main theorem

is the following subharmonicity property, which is contained in Proposition (2.4) of

[CCRSW 1]:

PROPOSITION 2.3.1. For each f € F(B) and each z € D,
IF &= < eXp/ (log [ (0)lI5(s)) P=(0) df
T

1 1+ ze %
21 — ze—%0

where P,(0) =R ( ) is the Poisson Kernel for D.

For further references see also [HE].

The real method of interpolation with a function parameter.

Let Ap, A; be two Banach spaces. We say that Ay and A; are compatible if

there is a Hausdorff topological vector space U such that Ay and A; are subspaces
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of U. We then can form their sum and their intersection. We set A = (Ao, A1) and

Y (A) = Ag + A; and define the Peetre K-functional by

K(t,a) = K(t,a; A) = _inf ([lao]la, +tllarlla,),  all >0, a € B(A)-

a=ao+a1

It is easy to see that for each t, K(t,a) is an equivalent norm on X(A). More
precisely, we have ([BE-LO] Lemma 3.1.1):
(9) K(t,a) <max(1,t/s)K(s,a).

We also need to introduce the J-functional. Set A(A) = Ag N Ay, and for each

a € A(A) and t > 0, define
J(t,a) = J(t,a; A) = max([lal| ay, tlla]| 4, )-

Clearly J(t,a) is an equivalent norm on A(A) for a given ¢ > 0. More precisely,
we have (see [BE-LO]):
(10) J(t,a) < max(1,t/s)J(s,a)
(11) K(t,a) < min(1,t/s)J(s,a), all a € A(A).

Given a couple A = (Ag, A1) of compatible Banach spaces, a function parameter

@ € By and 0 < ¢ < oo we define

A T (1 “at
Atp,Q,K = (A07A1)¢,Q,K — {a/ < E(A) . ||a||:107q7K :/0' (mK(tya)> ? < OO} .

Ay = {a €S(A): a= /OOO u(?) %}

where the integral converges in ¥(A) and u(t) is measurable with values in A(A)

/1 ¢ dt
—J(t,u(t — < 00-
[ (o) g
In this case, we have

lallz, , , = inf (/OOO (ﬁJ(t,u(t)))q %)l/q.
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In the classical case ¢(t) = t?, 0 < § < 1, we have the equivalence theorem ( see

[BE-LO] Theorem 3.3.1):

(12) A%q,K = A%%J’

with equivalent norms.
The results needed to prove (12) are based on a discretization of the corresponding
quasi-norms and an extension of the fundamental lemma of interpolation theory (see

[BE-LO] Lemma 3.3.2).

PROPOSITION 2.3.2. If ¢ € By, 0 < q < oo, then

- q\ 14
(13) lalls, . . ~ ( > (@(;")K(W’a)) ) :

n=—oo

oo

(14) ||a||ZM,J ~ inf {( Z ((pén)J@”,un))q) 1/q }

n=—oo

where a = Y u,,, with convergence in ¥(A) and u,, € A(A). In particular,

n

|meJSC(AmW@mm“§ﬁ§)(

PROOF: Similar to the case ¢(t) = t? ( see [BE-LO] Lemmas 3.1.3 and 3.2.3). I

1/q

£ ()

n=—oo

PROPOSITION 2.3.3. If p € By, 0 < g < o0, then,
K(t,a) < Co®)al5 -

In particular, |l ag+a, = K(1,0) < Cllall

w,q, K

PROOF: By (9), min(1,s/t)K(t,a) < K(s,a). Hence,




Changing variables and using the definition of ¢ (see (6) Chapter I):

lalls. ., = K(t,a) (/0” (@min(l, 1/u))q (i—u)l/q

(/OOO (¢(u) min(1, l/u))q d;u) v (by (6) Chapter I)

- KQD(Z)G) (/OOO (ﬁmin(l, 1/u)>q %“)Uq

-5 (] () )™

and the integral is finite by Proposition 1.1.5 and Proposition 1.1.8-(12). 1

>

PROPOSITION 2.3.4. (Fundamental lemma of interpolation theory )

If p € By and 0 < g < oo, then for each a € z%q,;{ and for all € > 0 there exists

a sequence {un}, C A(A) such that a = > wu,, with convergence in ¥(A) and

n=—oo

J(2" u,) <3(1+4+¢e)K(2",a), n € Z-
PROOF: Since, by Proposition 1.1.9 we have that

p(t) <max(te,t%)  and  K(t,a) < Co(t)llal;

@,q, K

then

min(1,1/t)K(t,a) — 0 as t — 0 or oo

Now apply Lemma 3.3.2 in [BE-LO] to obtain the desired sequence {uy},. 1

NOTE 2.3.5:
(a) Because of (12) we will denote by A, , either of the spaces A, . i or Ay 4.7
(b) We can now give the result that is equivalent to Proposition 2.3.3 for the

J— functional; i.e.,

HGHZM <C a € A(A)-



In fact,

and the integral is finite, since ¢ € Bg.

We are now ready to prove the reiteration theorem mentioned above. We will
now be dealing with functions F' : T x Rt — R™ such that Fp(t) = F(6,t) is
measurable on 6 for every t > 0 and Fy € By for every # € T. Given ¢: T — RT

measurable, the basic assumption on F' is the following:

DEFINITION 2.3.6. Let F' and q be as above. We say that F' satisfies the condition

(A), with respect to q, if:

(15) /:ﬂ log™* (/OOO (Fo(t) min(1,1/£))"” %)I/q(e) df < oo-
(16) /027r log (/OOO (Fo(t) min(1,1/¢)) %) df < oo

(17) /OQW log* (/OOO ((Fo)™ min(l,t))qw) %)_W(G) df < oo-

As we shall see later in the proof of the theorem, condition (A) is the appropriate

one for the complex method of interpolation of families.

THEOREM 2.3.7. Suppose A = (Ag, A1) is a pair of compatible Banach spaces,
and F' satisfies condition (A) with respect to q. Set A(0) = (Ao, A1)p,,q(6)- Then

{A(0)}geT is an interpolation family of Banach spaces and

[A(0)]> = (Ao, A1) . q(2)5
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with equivalent norms, where

1 1
FL(t) :exp< /r (log (6, 4))P.(0) de) md = /T P00

PROOF: We begin by showing that F, € By for all z € D, so that it makes sense

to write (Ao, A1)F, q(z). For Fy € By we set

_ tF()
GG(t) - Fg(t)
As in Proposition 1.1.7 we get
t
(18) Fp(t) = exp ( / Gols) ds) .
1S

Thus,

F.(t) = exp ( /T ( /1 t GQS(S) ds) P.(0) d@) = exp ( /1 t GZS(S) ds)

where G, (s) = G(z, s) is the Poisson integral of G(-, s). Hence,

B tF.(t)
- F.(t)

G.(t)
The Maximum Principle and the continuity of F'(6,-) show that

sup(G(t)) < supsup(Gy(t)) < 1
t>0 t>0 0T

and similarly

inf (G (t)) > 0-

>0
Therefore, F, € By as we wanted.
Our next step is to prove that {A(#)}gcT is an interpolation family. To see

this, observe that A(f) — Ag + A; and by Proposition 2.3.3 we have the estimate

lall ag+a, < E(0)|lallaw), with

k(0) = (/OOO ((Fe(t))_l min(l,t)>q(0) %)_1/(1(9)
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so that by (17), log™ k() € L'(T), which is all we need to show.

We now come to the main part of the proof. We first prove the inclusion

(19) [A(0)]= C (Ao, A1), q(2)

and the corresponding norm inequality.

Let a € [A(0)]. and take € > 0. We can find f € F(A) with f(z) = a such that

(20) [flloo < llall- (T +€)-

By the subharmonicity of log K (¢, f(z)) (see Lemma 4.1 of [HE 2]) and the
definition of F,(t) we obtain

lallr..qz) = (/Ooo (%@K(t’ﬂz)))q(z) Cit)ﬂq(z)
- </ooo (le(t) exp ( /T (log K (t, £(0)))P-(6) dg))q(z) cit>1/ )
B (/OOO (eXp (/T tog < Fel(t)K (t, f(e))) P.(0) d@))q(z) % ) e .

We need the following result:

LEMMA 2.3.8. (Fundamental inequality, Proposition 3.1 in [HE 1])

Let p : D — [1,00) be a function such that 1/p(z) is harmonic in D and
G : T x Rt — C be a function for which

1606100 P- (0 80 < o,
T
for some z € D, (G is called p-admissible). Then

log [lug (2, ) e S/logIIG(G,-)I|Lp<e>Pz(9) do,
T

where

G (z,) = exp < /T log |G/(6, 2)| H.(6) de)
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and

P.0) = R(L0) =% (12,

21 — ze—i0

for all z € D-

Using the lemma and (20):

o 1 a®) g 1/4(0)
ol < x| [ 1og (/O (1)) 7) P.(6) b

< exp </T(10g||f(9)||F9,q(e))Pz(9) d9) < [ flloo < flall=(1 +€)-

The inclusion (19) now follows with norm less than or equal to 1, upon letting
e — 0.

To prove the inclusion

(21) [A(0)]> D (Ao, A1) F. q(2)

and the corresponding norm inequality, we need the following lemma:

LEMMA 2.3.9. Under condition (A), Ao N Ay C A, where A denotes the log-

intersection space of the family {A(0)}ger.

PROOF: Since K (t,a) < min(1,t)| alla,na,, we deduce

1 () o0 (9)
ol < 1ol ( [ () 2+ [ () %)
Fo,q(0) — ApNA; 0 F@(t) t 1 Fg(t) t

Using Proposition 1.1.8-(13) and (14), with s = 1, we obtain

0 0 ® = . (0) dt
ol o) < a2, ([ o) minta, /)" ).

The desired result now follows from condition (15). 1

To prove (21) let a € (Ao, A1)F, q») and € > 0. By Proposition 2.3.4, there

is a representation of a of the form a = > w, (convergence in Ay + A;) with
n

u, € Ao N Ay and such that

(22) J(2" uy) <3(14+¢)K(2",a), for all n € Z-
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Fix t > 0 and let G(&,t), £ € D be the harmonic conjugate of G(-,t) normalized
by G(z,t) = 0. Similarly, let (1/¢)~ be the harmonic conjugate of 1/q such that
(1/)(2) = 0. Set W(¢,t) = G(¢,1) +iG(& 1), and

1 1 1N\ ”
o wg i) © een
_ S D), at is
Let H(&,t) be so that W (€, t) = HE ) ; that
H(&,t) = exp </1t W(f,s) ds>-

Define

CHEY) (I )|
An(§) = F.(27) ( (27 )

, nei

We now show that A,, is bounded for every n. In fact,

2™ n
[H(€,2)] = exp ( / Mczs> <om,

since G(&,s) <1 and

These two estimates give the desired result.

Set gn () = gj fn(€), & € D where f,(§) = upAn(§) € Ag N Ay, so that by
n=—N

Lemma 2.3.9 and the boundedness of A, we have gy € NT(A), for all positive

integers N. Let

c(0) = C’/OOOE(S) min(1,1/s) @,

S

be the constant coming from the equivalence of norms in Proposition 2.3.2-(6).
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Using this proposition and the definition of A,,, we obtain

N q(0) 1/4q(0)
1
HgN<e>||F9,q<e>sc*<9><Z (572" ) )

—_N
- q(0)\ 1/4(9)

al 1 [H,27) (T )\ |
=0 2\ B Ry (") A )
N 1 . q(z) 1/q(0)
= C(6) (n;N (Fz(Q”) J(2 ,un)) )

Using (22), we obtain

N 1 a(z)
||gN<e>||F9,q<e>ss<1+s>c<9><Z (4 o) )

n=—N

Proposition 2.3.1 now implies

1

low ()l < 3(1 + &) exp ( /T (log C(0)) P (6) d&) ( f: (%)W)ﬁ

=—N

where C(z) = exp ([ (log C(0))P.(6) df) is finite due to (16) of condition (A).
Notice that limy_, o, gy (2) coincides formally with i Uy = a, convergence in
Ag + Ay, so that a density argument will give ||al|. Sn;(loo+ e)C(2)|lallF, q(z), after
using Proposition 2.3.2-(5).
The details of this density argument are similar to the ones given on page 89 of

[HE 2] and therefore, omitted. The inclusion (21) follows upon letting ¢ — 0 and
hence Theorem 2.3.7 is proved. §

Before using this theorem to get the interpolation results for the A%(w) spaces, we
want to show, as a consequence of it, two particular cases that were already known
in the literature. The first one deals with the classical real interpolation method,
and it is due to E. Herndndez ([HE 2]) and the second result involves the classical
complex interpolation of Calderén, and it is due to Karadzov ([KAR]) and Berg
(see [BE-LOJ]).
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COROLLARY 2.3.10. [HE 2]

Suppose 0 < a(f) < 1, 1 < q(0) < oo are two measurable functions defined on T
and A(0) = (Ao, A1)a(6),q(6), Where Ag, A is a pair of compatible Banach spaces.
Then {A(0)}geT is an interpolation family of Banach spaces. If, in addition, we

suppose

27 27 27
(A / L do > 0, / log a(6) df > —o0, and / log(1 — «(6)) df > —o0
o a(f) 0 0

the spaces [A(0)]. and (Ao, A1)a(z),q(z) coincide and their norms are equivalent,

where z € D and «(z), 1/q(z) are the harmonic functions on D whose boundary

values are a(0) and 1/q(0) respectively.

PROOF: Set F(0,t) = t*®) 9 ¢ T, t > 0. Then condition (A’) implies condition
(A) of Theorem 2.3.7 and since

F.(t) = exp (/ (logt*) P. () d9> =tz e@P@80) _ ot
T

we obtain the corollary. |

We need the following proposition to prove our next result.

PROPOSITION 2.3.11. (Corollary 5.1 in [CCRSW 1])

Suppose Ty, T are two disjoint measurable subsets of T, whose union is T,
and A = (Ag, A1) is a pair of compatible Banach spaces. If {A(0)}geT is such that
A(0) = Ap for all 0 € T and A(9) = A; for all § € Ty, then [A(0)]. = [Ao, A1]oz),
where

)= [ ap.o)

COROLLARY 2.3.12. Suppose A = (Ag, A1) is a pair of compatible Banach spaces

and ¢y, p1 € By. Then, if0 <0 <1, 1<qy,q1 <0 :

[ASOO#IW Awl,ql]G - Aw,q

where
1 1-0 0

o(s) = (900(8))1_9(901(8))0 and a — " + q_1
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PROOF: Let T ={e"" €T : 0 <~y <270}, To =T\ T, A(Y) = Apy,q if v € To

and A(y) = Ay, 4, if v € T1. Put

@o(t) ve€Ty g €Ty
and  q(y) = ~
p1(t) yeTy g1 veT

F(%t)z{

We are then under the hypotheses of Theorem 2.3.7 and Proposition 2.3.11; hence,
[A(7)]z=0 = (Ao, A1) Fy,q(0), Where

Fy(t) = exp ( /T log po(t) dy + [_F logsol(t)m):(soo(t))lg(wl(t))e

and

1 / 1 / 1 / 1 1-60 6
— = —— dPy(y) = — dy + — dy = +—
q(0) T q(7) b(7) T, 490 K T, 91 q0 q1
Thus [A(7)].=0 = (Ao, A1)p,q = Ap.q. Now, by Proposition 2.3.11, we know that

[A(7)]2=0 = [Ago.q0> Ap1,q:]0- Hence,

[Z¢07QO7ZS@17Q1]9 = Z%q |

COROLLARY 2.3.13. (See Theorem 4.7.2 in [BE-LO])
If0< b0y <6 <1, 0=01-nby+n01,1 <p; <oo, i=0,1, and if we set
1/p= (1 —n)/po+n/p1, then [Ag, py, Ap, p,]n = Ao p-

PROOF: In the last corollary, take po(t) = t%, ¢i(t) = t and § = 5. Then
Z%‘,Pi = Zgiypi and [290,1307291,]?1]77 = Ze::ﬂ? because 7 = (900(75))179@01(15))9' |

We now want to show the interpolation property for the weighted Lorentz spaces,
when using the complex method for families of Banach spaces. We do this by show-
ing that this is a consequence of our main result, Theorem 2.3.7. The corresponding
result, for the real method of interpolation has been proved by Gustavsson in [GU]:
first one shows that A?(w) is an intermediate space between L' and L®°, and then,
using the reiteration theorem it is easy to identify the intermediate spaces of the
spaces A?(w). (See [ME 2] for more details). We shall need Gustavsson’s theorem

to prove our result:
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THEOREM 2.3.14. ([GU])
If p € By, 1 < q < o0 andw(t) =t""19/p(t), then (L', L), , = A%(w), with

equivalent norms.

The proof of the previous theorem is a simple consequence of the fact that
K(t, f; LY, L>) = fot f*(s)ds and our Theorem 1.2.7. Notice, that using Propo-
sition 2.3.2, this theorem also gives an equivalent discrete norm on A?(w), as in

Theorem 2.2.4.

We now prove the interpolation result:

THEOREM 2.3.15. Suppose ¢ : T — [1,00) and w : T x RT — R™T are mea-
surable functions on T such that pg(t) = t'=1/9) /1)(,t) belongs to By, for every
0 € T and satisfies condition (A) of Definition 2.3.6. Then {A%®) (w(h,-))}ser is

an interpolation family of Banach spaces and
(AT (w(8,))]. = AT (w(z,)),

with equivalent norms, where

and

wlzs) =exp [ (logu(o.5)P.(0)a0).

PROOF: By Theorem 2.3.14
A (w(8, ) = (LY, L) (0),4(0)°
By Theorem 2.3.7, {A9® (w(0,-))}ger is an interpolation family, and

A w0, )]s = (L1, L¥)g. g2y = MO (w(z,)) -
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COROLLARY 2.3.16. Suppose ¢g, 1 € By, 1 < qo,q1 < oo and consider the
weigths w;(t) = t*71/% /p,(t), i = 0, 1. Then,

(A% (wo), AT (wr)]o = AT (w)

where w(s) = [wo(s)]* ?[w1(s)]? and 1/q¢ = (1 —0)/q0 + 0/q1-

PROOF: Use Corollary 2.3.12; and argue as above. 1

(§4) Reiteration.

As we saw in the previous section, the weighted Lorentz spaces A%(w) show up
naturally as the intermediate spaces between L' and L*. In this section, we will
show that this correspondence also holds for other endpoint spaces such as the
Hardy space H', the space of bounded mean oscillation functions BM O, the space
of continuous functions that tend to zero at infinity Cj, the space of finite Borel
measures M, etc. In particular, for the case of H! and Cy, or similarly for M and
BMO, this gives an answer to a question that Yoram Sagher asked the author.

The idea of the proof is to reduce the interpolation with a function parameter to

the classical case, by means of a reiteration theorem, (see [GU] and [PER)).

THEOREM 2.4.1. Suppose A = (Ag, A1) is a pair of compatible Banach spaces,
©0,%1,V € By, and 1 < qo,q1,q < 00. Let Ay, 4, = (Ao, A1)y, .4, # = 0,1. Assume
also that if we let o(t) = @1(t)/po(t) then [t (t)/p(t)| > € > 0. Then

(Zwo,qov Awl,q1 )‘I/,q = (A0> Al)&m

where

0 = oty (214,

PROOF: We only need to show the following two estimates:
(23) K(t,a;Ap, A1) < C’gpi(t)HaHZ@. Lo @€ Y(A), i = 0,1; ie., Ay, 4 is of class
Cr (pi, A).
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24) |lal|l+ <
2 bl < 5y
CJ(SOivA)'

(23) is proved in Proposition 2.3.3 and (24) is Note 2.3.5-(b). Thus, Theorem 2.3
in [GU] finishes the proof. 1

J(t,a; Ao, A1), a € A(A), i = 0,1; ie., Ay, 4 is of class

LEMMA 2.4.2. Let ¢ € By, 0 < po < 1/(1—-0,) and 1/(1—03,) < p1. Let
a=1—1/py and b=1/py —1/p1. Set U(t) =t=¥’p(t}/*). Then ¥ € By.

PROOF: Since

—Q ., p t—a/b—l—l/b—l
W) = () e (1),
then
tv'(t)  —a N 1 t1/0y! (£1/0)
Tt) b b et
Hence,
_T % )
That is,
1(1 1+ a,) >0 By <1< p; > !
= —(— — 6% .
ay b o ® ’ R4 b1 1 —6@

Therefore 0 < ay < By <1 and so ¥ € By. 1

THEOREM 2.4.3. Suppose ¢ € By and 1 < ¢ < co. Set w(t) = t'=%/9/¢(t). Then

) (

)ULBM')g=A%M,
(c) (L', BMO)y,q = A(w),

) (H',BMO)y 4 = A(w).

PROOF: We only need to give the proof of (a), since the others are similar.

If (t) =t?, 0 < 6 < 1, (a) follows from Theorem (4) of [RI-SA] and the fact
that A9(t'=1/9=9) = P9 where 1/p =1 — 0.

Choose 1 < py < 1/(1—ay,) and p1 > 1/(1—,). Set §; =1—1/p;, i = 0,1,
and define W(t) = t0o/(0o=01) 5($1/(01=00))  Then, by Lemma 2.4.2, ¥ € By. Also,

43



(LPo, LP')y , = AY(w). In fact, since LPi = (L', L>)y, ., i = 0,1 and we have that
o(t) = t%W(t%1=%) then by Theorem 2.4.1 and Theorem 2.3.14 we get that

(LP°, L)y q = (L', L)y ,q = A?(w)-

Again, by Theorem 2.4.1 and the result of [RI-SA],

(H1700)<P7q = ((H17CO)90,1707 (H17 00)91,1?1)‘1’# = (Lpoval)‘I’,q = Aq(w) . |

REMARK 2.4.4:

(i) One can also get the theorem for the case of quasi-Banach spaces; i.e., when
0<g<l.

(ii) It is also possible to give a direct proof of some of the previous results. For
example, to prove (a), if we denote by M,.(f)(z) = (M(]f|7")(ac))1/r, x € R", and

1 < r < oo, where M is the Hardy-Littlewood maximal operator and
£ = (S (M) ()", £> 0
then it is proved in [RI-SA] that
K(t, f; H', Cy) < Ctf.(t), t >0
and f € Cp- One shows that if p € By, 1 <g<ooandif 1 <r <1/(1— ) then
M, : A (w) — AY(w),

where w(t) = t'7%/49/p(t)- Then using the weighted Hardy’s inequalities of our
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Theorem 1.2.7, we conclude that

oo 1 q d 1/q
11l ,c0) g = (/0 (mK(t,f;Hl,Co)) Tt)

o 1/q
<C (/ (w(t) (M, f)*(t))? dt)

0
= C|M; fllaaw) < Cl fllaa(uw),

for all f € Cp, and hence, by a density argument AY(w) C (H*',Cp)yq-

The other inclusion follows easily, since
(H17CO)<NI - (LlaLoo)w,q = A (w)-

(iii) As in (ii) one can also give a direct proof of (c) by the same argument that
shows the result for the case ¢(t) = tY, 0 < # < 1, (see Theorem 8.11 [BE-SH]):
the condition needed there to get (L', BMO), , C Al(w) also holds now; i.e., if
f € (L',BMO),,, then

o0 * ds
(25) [t e <

1

S

where
By — 1 B _ 1 .
f7(t) ilelg ,Q’ZIf(y) foldy, fa |Q‘Q/f(y)dy
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To show (25) one uses the equivalence
K(t, f; L', BMO) ~t (f#)" (t)

and the estimate

/ 1/q
[e%e] . d [e%e] q d
/1 (f%) (s) ?8 <oo< (/1 (@) ?t) I fllzr,Baroy,.,

The integral is finite by Proposition 1.1.11-(15) and finally, Theorem 1.2.7 gives

the desired norm estimate.
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Chapter III

Tent spaces

(81) Introduction.

The theory of Tent spaces was first developed by Coifman, Meyer and Stein
(see [CO-ME-ST 1]), as a tool to get a simpler proof of the boundedness of
commutator integrals of Calderdn, that are related to the Cauchy Integral operator
(see [JOUY]). Later, in [CO-ME-ST 2], they studied in detail properties of Tent
spaces, as (quasi) Banach spaces of measurable functions on the upper half space.
The main results that they obtain deal with the equivalence of norms on these
spaces in terms of several functionals (balayages), the atomic decomposition, from
which one can obtain a simple and elegant proof of the atomic decomposition of
the Hardy spaces HP, interpolation theorems for both the real and complex method
(results that can be used to get the similar theorems for Hardy spaces), and finally

a very interesting conection, by duality, with Carleson measures.

As is written in [CO-ME-ST 2], “... these spaces lead to unifications and
simplifications of some basic techniques in harmonic analysis.” Besides the ones
already mentioned, one can also point out the recent works of Alvarez and Milman
(see [AL-MI 1], [AL-MI 2]) and Bonami and Johnson (see [BO-JO]), where
applications to maximal operators, square functions, weighted norm inequalities, as
well as other applications are given. These authors have also extended the class of

tent spaces by considering not only LP- but also LP'9-norms.
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Our goal in this chapter is to further enhance the range of the tent spaces to
include the more general weighted Lorentz spaces A4(w). One way to justify this
comes from the fact that the spaces that one gets, are precisely the intermediate
spaces obtained when one applies the real method of interpolation with a function
parameter to the Tent spaces of Coifman, Meyer and Stein. Another feature is that
the duality theorems now give a richer class of Carleson-type measures. As we shall
see later, this can be used to get more general weighted inequalities for maximal

operators.

(§2) Definitions and first properties.

DEFINITION 3.2.1.

(i) Let z € R™. We shall denote by I'(x) the standard cone of aperture 1, whose

vertex is x € R™. That is,
I'(z) = {(y,t) € Rfrl e =yl < t}-

(ii) For any set F' C R™, RF = U,crI'(z) is the union of the cones with vertices
in F.

(iii) Let 2 be the set which is the complement of F', Q =¢F. The tent over ) is
denoted

T(Q) = Q=°RF = {(z,t) e R™ . B(xz,t) C Q}-

Notice that T'(€2) coincides with the set lying below the Lipschitz graph
{(z,t) e R} : dist(z, F) =t}

DEFINITION 3.2.2. Let 0 < ¢ < co. The A, functionals mapping functions on Rj‘_“
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into functions on R™ are defined by

1/q

AD@ = | [ Ireorss if g < o0
I'(z)

Aso(f)(@) = sup [f(y, 1)

T'(2)

DEFINITION 3.2.3. Let w be a weight on R*, 0 < ¢ < 00, 0 < p < co. Assume that
wP is a locally integrable function on R™; i.e., /b wP(t) dt < oo, 0 <a<b<oo.
The tent space T, (AP(w)) is defined as the spaceaof functions f on R such that
A,(f) € AP(w).

Ty (AP (w)) = {f = I fllz,arwy = [ Ag(F)llarw) < 00}

The case ¢ = oo, requires a natural modification: T, (AP(w)) will denote the
class of all f which are continuous in R}, for which Ao (f) € AP(w) and such
that || fo — fllr..(ar(w)) — 0, as € — 07, where f.(x,t) = f(z,t +¢€).

REMARK 3.2.4:

(i) If w(t) = t'/7=1/P then we obtain the spaces TP =T,(AP(w)) of [AL-MI 1,2]
and [BO-JOJ. In particular, if p = r then TP = T, (AP(w)) as in [CO-ME-ST 2].
(ii) Tt is clear that || - ||z, (Ar(w)) 15 @ quasi-norm. Moreover, if 1 < p, 1 < ¢ and
w(t) = t1=1/?/p(t), where ¢ € By, then || - |7, (AP (w)) 18 equivalent to a norm, by
Corollary 2.1.8.

(iii) The completeness of T, (AP(w)) follows as in [CO-ME-ST 2] and [BO-JO].

For ¢ = o it is easy to show

[fz. )] < inf Ax(f)(y),

yEB(x,t)
which implies that
|f (@, )X By (y) < A (f)()

for all y € R™ Taking the A?(w) (quasi) norm on both sides,

(@, )] IXB,)lar@w) < CIfllTe (ar(w)):
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Therefore, since by the hypothesis on w, 0 < |[Xp (g || ar(w) < 00, We get

1) Ft) ¢

| <
IXB (2,0 | AP (w)

1Al 7 cap (-
If { fi. }x is a Cauchy sequence in Ti, (AP (w)), (1) shows that there exists a function
f such that limg—o fx(7,t) = f(z,t) for all (z,t) € R*™'. Thus
o) = £ )] = T [fulest) = f(e,0)] < Tm Aw (= £)(0)
for all y € R™ and (z,t) € I'(y). Thus,
Aso(fi = N)(y) < N Ao (fie = f5)(y)-

Now taking “AP(w) norms” we obtain

1k = fllre (arwy) < |l Jim, Ao (fie = fi)llar ) < Jim 1k = Fill 7o (av )
by the Fatou property for rearrangement invariant spaces (see [BE-SH]).
Finally,

Jim (1 fe = fllre ey < lim o[ fe = fillz. e w) =0
The case ¢ < oo is handled similarly, except for using the following inequality:

for any compact set K C Rfrl, there exists zp € R™, and a constant C' (K, q) such

that .
(/K | f (@, 1)]9 d:cdt) < C(K,q)Ag(f)(x0) < 0
for all f € T,(AP(w)), (see [BO-JO]).

(§3) Atomic decompositions.

As in Chapter II, where we considered the atomic decomposition of the A?(w)
spaces, we now want to obtain a suitable “discrete norm” in terms of a distribution
function. This will be the right tool to get the needed estimates for the atoms
introduced below. We achieve this using Theorem 2.1.6 and a rather technical

result which has independent interest of its own.
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DEFINITION 3.3.1. Let 0 < x < y < oco. We define
K(z,y)={keZ : x§2k<y}

and also

C(z,y) = Z 2k,

keK(x,y)
If K(z,y) =0 then C(x,y) is understood to be zero. The following result shows
the close connection between the function C(z,y) and the linear measure of the
interval (x,y), though as we will see later, they are far from being equivalent. The

difficulties arise when K (z,y) = 0 or 1. £ denotes the cardinality of the set E.

LEMMA 3.3.2. Let 0 < x <y < o0.

(i) If K (z,y) > 1 then C(z,y) > 3(y — z).

(il) If 4K (x,y) # 1 then C(z,y) < 3(y — z).

2N+1

11) Suppose tha ere exists an € suc a < < , en
iii) S that th ist N € Z such that <y < 2N, th

C(x,y) <3(y — z).

PROOF:
(i) If x = 0 the inequality is trivial. Now, if x # 0 and K (z,y) > 1 then there exist
keZand [ =0,1,2,--- such that

Pl < < 2P <L <R < g < ORI

ktl
Hence C(x,y) = Y. 20 = 2kHi+l ok — ok (2l+1 1) Also y — < 2FHIHL _2k=1 =
j=k
2k (2141 — 1) Thus, we need to show that 21 — 1 < 32141 1) 1 =0,1,---; ie,

2 1
2<§ xz > 1.
2t —1 — 27 -

But




(ii) If K (x,y) = O then the inequality is trivially true.
Observe also that §K(x,y) = oo if and only if z = 0. Hence if 2¥ < y < 2k+1,
some k € Z, we have

k
C0,y)= > 2 =2"1<2y <3y

Jj=—o0

If 2 <§K(z,y) < oo then there are k € Z and [ = 1,2, --- so that
oF =l o < 2P <o < M g < R AL

Hence,
k41

Cla,y) =) 2 =2k@2" —1)

j=k
and y —x > 28 — 2k — 9k (2! _ 1), So we need to show

2% -1 1
7>_’
20+l 1 = 3

22 -1 1 . 1 >1 . 1 1
2z+1 1 2 e+l _ 1 ) = 2 4—-1) 3

2N+1

x> 1.

But

(iii) Suppose that <y < 2% some N € Z By (ii) we may assume that

(K () = 1 i

Hence, C(z,y) = 2¥~1 and

> _ —
y—r="3 3

Since the proof of Theorem 3.3.4 is rather involved, we want to present first the

simple case n = 2 , to make things clearer.

LEMMA 3.3.3. If 0 = xg < x1 < x9 and ry > ry > 0, then

DN —

2 2 2
3
D riClaja, ) <Y il —w5) < 3 > riClaj, ).
Jj=1 j=1 j=1
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PROOF: To prove the inequality on the left we may assume
0=uxz0 < 2" <z <2F < gy < 2FH2

(any other possibility is already taken care of, by (ii) of the previous lemma). Then

2

1 T
> riClaj1,25) = 5(7’12k+1 + 7928y = 28 (ry 4 rp) = 28 (14 T—Q)
] 1
Jj=1

N | —

Thus, we want to show: 2%(1 + r—2) <z + T—Q(xg —x1). But

1 T1
T T T T T T
T4 2 (me —31) > a1 (1 — 2) 4 22kl >0k = 2 4 972y —ok(1 4 22).
r1 1 1 r1 r1 r1

To show the inequality on the right, we may also assume that 2¥ < z; < x5 < 281,

for some k € Z (by (i) of the previous lemma). Thus, we have to show

r2 3 k41
22 (19 — 1) < 22k,
T+ o (xg —x1) < 5

But z1 +7(2e —21) < 21 + 29 — 27 = 29 < 2P < %2’“’1. 1

We now prove the result for a general n.

THEOREM 3.3.4. Without loss of generality, we may assume n > 2. If we choose

two sequences satisfying 0 = xg < 21 < x3 < -+ < Ty, and 1 > --- >, > 0, then,
1 ~ n 3 n
(2) 2 Z’f’jC(SE’j—bSCj) < Z'r‘j(azj — :I,‘j_l) < 3 erc(xj—l,l’j).
Jj=1 j=1 j=1

PROOF: Let k € Z be so that 28 < 1 < 2FF1. Let 0 =1y <14 < --- < l(n,l),

l; € Z, so that
(3) 2Pl < gy <oMlo-oF =1

Suppose first that lp = Iy = -+ = l,—1) = 0. Then, C(0,21) = 2¢! and

C(:L‘j_l,:lfj) :O,jZQ,'-- , M.
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Hence,
1 n r n
1
2 ero(xj—laxj) - EQkH <7riry < E ri(x; — xj-1)-
j=1 j=1

Let us now assume that there exists 1 < jo < n such that [;, > 0, (choose the

least jo satisfying this property). Also choose l;, so that
(4) ljp > l(jp—l)a 1.e. ljp > l(jp—l) + 1, p= O, cee L m.

Notice that this is equivalent to C(x;,,x;,41) > 0.
Then, 1 < jo <+ < jm <n—1and
O=h =" =lg-1) <l =lGorny = =lG -1
(B) e
< lj(m—l) - lj(m—l)‘H - l(jmfl) <l = ljpr1 =+ = l("*1)7

in particular l(;, 1) = I;,,_,,)- Now we calculate the infimum of

n
Tj(l‘j — LL’j_l), 2k+l(j_1) < Z; < 2k+l(j_1)+1'
j=1
Claim: Setting [; _,, = 0, then
n m
S rilwy —aioa) =28+ ) (2 - 2" e-n).
j=1 p=0
In fact,
n n
> v —aia) =+ Y ey —x)
Jj=1 j=2
Jo+1
>r12F (=2 + Y ey — )+
j=2
Jm-p+1 Jm+1
+ 0> rmm—re)+ Y rlry— )
J=J(m—2)+2 J=J(m—-1)+2

>r12% 4 v (21 — 28) + rjo (1 — 1) 4
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et rj(m71)+1(xj(m71)+1 - xj(m72)+1) + rjm+1(wjm+1 - xj(mfl)‘i’l)
ZT12k + T’j0+1($j0+1 — Qk) + -+ 'rj(mfl)—’_l(wj(m—l)'i_l — 2k+lj(mfl)
+ okt 1) _ xj(m_2)+1) + T’jm+1($jm+1 - $j<m_1)+1)
>11 28 11 (Lo — 25) 1 (@ 41 — 25T
A+ 741 (T 41 = T 1y +1)

m
) k+1;
ZT12k + E ij+1(2k+ljp -2 Tip—1) )
p=0

On the other hand:

1 — 1 =
5 > riClajor,z)) = 5 26T 4y "2kt (2l — 2lu-2)
j=1 Jj=2

since C(xj_l, :I;j) — 9k+lG-2)+1 T ok+li-1) But

n
er(zlu—l) —2li-2) =
j=2

Jo J1
er(zlo—l) —2lG-2) 4 Z ri(2l-n — 2lu-2) 4 ...
Jj=2 Jj=Jjo+1
Im n
Y e 2y 3l —2en)  (using (5) )
J=J(m—1)+1 J=jm-+1

l

=0+ Tj0+1(2lj0 — 2l(j0—1)) o T (27(m-1) — 2lj(m—2))

m
+ rjm+1(2ljm _ 2lj(m71)) — Z rjp+1(2ljp . 2lj(p71) )
p=0

Hence,

1 n 1 m n

2 > riClaj 1, a5) = §(T12k+1+z rip1 28 (20 —25e-0)) <3 (2 —a1)-
j=1 p=0 j=1

Now we show the inequality on the right. As before, suppose

ok+lG-1) zj < oFH G- +1 j=1,--,n
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If lo = ll = = l(n—l) = 0 then C(O,IL‘1> = 2k+1 and C(Ij,1,$j) = 0, for all
J=2,---,n. Thus

n
ZTJ — Ty 1 < "In S 7°12k+1 erC’(a:j_l,a:j)-

If there exists 1 < jo < n such that [, > 0 then choose [; as in (4) and (5).

Then, by a similar argument to the one used in the first part, we get

Z rj(@j = i)
g r12k+1 g (28I G- ok FLy e (@RI -y 9R G -1 L

— ,rlzk-i-l + Tj0+l(2k+l+lj0 _ 2k—|—1) + L. + rjm (2]€+1+ljm _ 2k—|—l(jm_1)—|-1)

m
=T12k+1+z ij+12k+1(2ljp _ 9ligp- ) E riClxj_1,2;5) - 1
p=0

REMARK 3.3.5: The theorem also holds for any a > 1, namely

n
2l X Z ry(@; = x5-1)
Jj=1 keZ

Tj—1 Sak<m]

We now give the discrete version of Theorem 2.1.6.
THEOREM 3.3.6. Suppose ¢ € By, 0 < ¢ < oo and set w(t) = t*~Y/9/p(t). Then
1/q
(6) [ f1laaw) = (Z(ka(kf@k)))”f@kg :
kEZ

PROOF: Asin the proof of Theorem 2.1.6 it suffices to show (6) for simple functions
of the form f(x Z a;Xg; (x), where the sets E; are pairwise disjoint with finite
measure and a; > a2 > - > a, > 0. As the proof of the theorem shows

e = 2 () et = ki)

e p(m;)
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J
where m; = Z |E;|. Now
i=1

D (2Fw(Ap(27))) A (25) =

keZ keZ

aj11<2"<a;

Hence, we only need to show

— \»(m;)

n q
M
j=1 p(m;) keZ
aj+1<2" <ay

n= () = () e ()

-, x, = af and a = 29. Then (7) is equivalent to showing that

<

Il
3
S —— e
=
ANg
VS
(\V)
ol
K
VN
S}
3|3
o
N——
Q
N——

Set

3
3

(8) rj dood | =D i —xi)
j=1 keZ Jj=1
acj_lgak<xj

m;
p(m;)
get ry >rg > - >1r, > 0. Also, x, > xp_1 > -+ >x1 >0 and a > 1. Hence

q
Since m; is an increasing sequence, then ( ) increases also and thus we
we can now use Remark 3.3.5 to show that (8) holds true and this completes the

proof. 1

REMARK 3.3.7: Theorem 3.3.6 is trivially true if either w is an increasing function
or a power function, since then it suffices to write the integral as a sum of integrals
2k‘ 2k‘+1

over disjoint dyadic intervals of the form | ) and use basic estimates.

Our goal now is to find an atomic decomposition for functions in a suitable class
of weighted Tent spaces. As in [BO-JO] we shall be most interested in the case of

those spaces based on the Lorentz space A(w). We first give the definition of atoms:
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DEFINITION 3.3.8. Suppose 0 < p < ¢ < oo and w is a positive weight in R™ such

that
t (¢—p)/pa
(9) 0< ( / (w(s))Pe/(a=p) dt) < oo, forallt> 0
0

We say that a measurable function a : Ri“ — C is a (w, q, p)-atom if:

(10) There exists an open set 2 C R™ such that supp a C T'(2)-

1/q

. 0
(1) [ latw ot g(/ <w<t>>pq/<q-p>dt)

T()

(r—q)/prq

If ¢ = o0, (11) has to be understood as

2 U
sup  Ja(z,t)] < / (w(t)? dt) -
(z,t)ET(Q2) 0

REMARK 3.3.9: Suppose ¢ € By, 1/(1—3,) < q and w(t) = t'~Y/?/p(t). Then
the condition (11) is independent of p; i.e., a is a (w, q, p)-atom if and only if a is a

(w, q,1)-atom, up to a multiplicative constant. In fact:

T (a—p)/pPq " ya(p—1)/(a—p) (a—p)/pq
/ (w(t))p‘”(q_p)dt _ / T
0 o P/ (a=D)(t)

B (/ (wf(t))s %) o

where s = p(q—1)/(q —p) and @4(t) = ¢ @ Y(t). Since 1/(1 — 3,) < ¢ then
¢4 € By and, hence, by Theorem 1.1.8-(13),

r " s ﬂ (¢—p)/rq e
~T o(r)
0 Soq(t) 13

which is independent of p- In this case, we shall say that a is a (w, ¢)-atom, with

no reference to the p parameter.
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DEFINITION 3.3.10. (See [CO-ME-ST 2]). Let 2 be an open set with finite mea-
sure, F' =°Q and 0 < v < 1. We say that x € R" is a point of global y-density

with respect to F' if
[F' N B(z)|
o =7
| B(x)|
for all balls B(x) centered at x.
We define F* to be the set of all points of global v-density with respect to F' and

QO = F*

REMARK 3.3.11: Notice that Q" ={z: M(Xq)(z) > 1 —~}. In fact

FNnB
x € Q* <= there exist a ball B(x) such that ﬁ <y
12N B(z)|
—— > 1—-y<= MXq)(z) >1—7-
| B(x)|

Also, since F' is closed F* C F, hence ) C Q* and

C
1—

] < 7 IXel = &0

Clearly, 2* is open, and thus, F™* is a closed set.

We shall also need the following estimate.

LEMMA 3.3.12. (See Lemma 2, [CO-ME-ST 2]). Suppose F' is a closed set whose
complement has finite measure and ¢ is a non-negative function. Then there exists

ay, 0 <~y < 1 sufficiently close to 1 such that

(12) / oy, )t" dydt < C, / ¢(y,t) dydt | dz
R(F*) FA\JI(2)

where F'* is the set of points of global y-density with respect to F'.
We now give the atomic decomposition for the spaces T, (AP (w)).

THEOREM 3.3.13. Suppose ¢ € By, 0 <p <1< ¢g<o0,andq>1/(1—f,)- Set
w(t) = t'=YP Jo(t)- Then

(13) TN w) = {f: f=3 mia;},
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where a; is a (w,q)—atom and ) |r;|P < co- Moreover,
J

£l 7, (Ar (yy = 0O |y [P)7,

j
where the infimum is taken over all sequences {r;} satisfying (13).
If ¢ = oo then for all f € T, (AP(w)) there exist a sequence {a;}; of (w, 00)-atoms

and a sequence {r;}; such that
f=Y ma;  and (Y|P < Ol flre (ar )
J j

PROOF: Let a be a (w,q) — atom, that is, there exists an open set @ C R™ such

that supp a C T'(2) and

1/q -1/q
L dydt e J .
( [ w00 ) < ( | dt)

Since supp A,(a) C Q and using Holder’s inequality (with exponent ¢/p > 1):

12

[all%, (rrayy = / T ((Ag@) )it = / ((Ag(@)* (Dw(t))Pdt

0

< ( / 'Q'<<Aq<a>>*<t>>wt> " ( / 'Q'<w<t>>m/<q-”>dt>
o[ <<Aq<a><x>>ww)p/q ( / . <w<t>>pq/<q-p>dt>
<o <<Aq<a><x>>qu)p/q ( / 'Q'<w<t>>q’dt) .

by Remark 3.3.9. But

[ (sar@yras = | ( / . \a(y,tw%) o

— dydt dydt
dx | la(y,t)? _—/ B(y,t) N |a(y, t)[?
/’R(Q) (/B(y,t)rm ) oy, 0) g+l T(Q)| (1) | la(y,t)] 1

/

B qdydt 19 y a/q
e /T ol so( / (w(t)) dt) -
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Therefore, ||al|z, Arw)) < C and so, if f =} rja; then
J

1l )y < C DLl < CO Iry)M?-
j i

Conversely, let f € T,(AP(w)). We want to find an atomic decomposition in
terms of tents over open sets.

Let k € Z and set
Or={z e R™: Ay(f)(z) > 2’“}-
Fix 0 < v < 1 and consider the set O; as in Definition 3.3.10. It is clear that
supp f C UpT(Og), Okl < O[Ok
Define

e(l0x)

re = ct/a

c will be chosen later, and

ap(y,t) = Tzzle(o;)\T(o;H)(y’t)f(yyt)'

Clearly, f = Zrkak, and also supp ax C T(Oy). Thus it only remains to show
k

(10) and the equivalence of norms:

Set F'= “Opq1, F* = “Oj4, so that R(F™) = “T(Oy,,) and set

P(y,t) = \f(y7t)|qXT(o;)(y,t)t_l_”-

Using Lemma 3.3.12, we get

dydt _ dydt
[ atnp e | 7,72
T(0;) T(O:)\T(O

;2+1)

o / oy, 1)t dydt

. dydt
<cyry q/ / [y, )" Xr o) (y,1) 57 | de
cOk+1 '(x)
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cyp?(|O%]) / / dydt
<k fly, )| dx
2B DO Jorn cop s, F(m)‘ (9, tntt

_ CvﬁoqﬂOZD / q
SO Jornr o, ArlDE)

C’Y@q”OZD *gq(k+1) _ C_V x11—q q *
S—CQQ(k+1)|OZ|q|Ok|2 = 01" (10g )

As we proved in Remark 3.3.9, we have

|0k J o 0%l '
- |, e~ b

Thus

1/q -1
dydt Cyn1/ (|OZ|1_1/q)
ar(y,t)]? < (=) e

;] o\ Ve
gﬁ%w(é wmwﬁ -

Hence, if we choose ¢ = A, then a satisfies (11); i.e., a is a (w, ¢)-atom. Finally,
5] M@\
Aq(f)
ri|P =C ( ok+1 | ) <C ok MO\
Z Z e(105) Z P(Aa,(5)(2Y)
—cz wda, (5 (2))" Aay( f)(2k) (by Theorem 3.3.6)

SCHAq( )HAp(w) = CHf”qu(Ap(w))'

For the case ¢ = oo we define r; and aj as above, with
Op = {z € R™: A(f)(z) > 2"}

Now we can easily get the norm estimate for aj since

. O -
sup  |ag(z, )| < vt sup |f(z,t)] < SOT‘OO*’“‘D ~ (/ w(t) dt)
k 0

(z,t)eT(O}) (z,)¢T(Ok+1)

and hence ay, is a (w, co)-atom. To get the norm estimate for {r;}, one now argues
as before. |
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REMARK 3.3.14:
(i) We see from the proof of the theorem that for any (w, ¢, p)-atom a, where w only

satisfies condition (10) and any 0 < p < 1 < ¢ we get

lallz,ap @) < C

uniformly on a-

(ii) From the proof of the second part we can also obtain an atomic decomposition
of the space T, (AP(w)) for all 0 < p < ¢-

(iii) If p = 1, r > 1 and w(t) = t'/7~1 then T,(AP(w)) = T;’l and the theorem gives

the atomic decomposition proved in [BO-JO].

(§4) Duality and Carleson measures.

The duality results for the Tent spaces TP, 1 < p < 00, 1 < ¢ < oo and Té"vl,
1 < p < g < o0, have been proved in [CO-ME-ST 2], [AL-MI 1] and also in
[BO - JOJ. The most interesting case is given when ¢ = oo, since then we get
a family of measures that extend the definition of a Carleson measure given in
[CAR]. This turns out to be extremely useful to obtain different pointwise and
norm estimates for certain operators.

We find now the dual spaces of the weighted Tent spaces T, (AP(w)) and for the

case ¢ = co we introduce a new class of Carleson-type measures.

THEOREM 3.4.1. Suppose ¢ € By, 1 < p,q < oo, and w(t) = tl_l/p/go(t). Then
the pairing

)= [ Fata@ SR, F e T W), g€ Ty (1/u)

shows Tq/(Ap,(l/w)) to be equivalent to the Banach space dual of Ty (AP (w)).
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PROOF: First, by Corollary 2.1.9 implies (A”(w))" = Ap/(l/w). Let f € T,(AP(w))
and g € Tq/(Ap/(l/w)). Then

dydt
t

- dydt -
= C’/ i </|a:—y|<t |f(y:1)g(y, t)] th) dx (Holder’s)

< C’/ ) A (f)(z)Ay(9)(x) dx (Theorem 2.1.7)

/ |y 0)g(y: 1)

< CllAg(Dllar ) 1 Aq @ ar 17wy = ClF Iz, arn lgllz,, (ar (7w

For the converse, we only give the proof for the cases where p and 1/(1 — f3,,) are
less than ¢. The other cases follow by showing that Tj,(AP(w)) is a reflexive space
(see [CO-ME-ST 2] for more details).

Let | be a bounded linear functional on T,(AP(w)), K a compact subset of R},
and let f be a function with supp f C K. Then there exists K ¢ R®, (f( depends
only on K'), compact, such that supp A,(f) C K. Hence if r. =1+ ¢ and r/ is its

conjugate exponent, we have
p D &l * D
L2, cavy = IAa (P < / ((Ag(F)" (D(t))" dt

R 1/re K| )
< ([ o) ([ oy oy a)

Now choose € so that:

r r
(15) pre B, < 1, (notice that Pre
pre — ¢ pre —¢

(16) r/2 s, (rd — oo ase — 0).
q

1/rc

— lase — 0) and

Hence,

</O|f<| (w(t)P" dt) 1/re ) </0|K (@prs/(pi_a)(t)yrs_s %>1m .

since P/ (P"==¢) ¢ By by (15) and using Proposition 1.1.8-(13).
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On the other hand

K| / |
[ iy @) = [ i

pre/q
dydt
= f yat ? dx
/f< </1"(3c)ﬂK‘ T
(by (16) and Jensen’s inequality)
I‘(x)ﬂK t"“

<c / / dz | | (y, )7
K K ( Bly.t) ) |f(y )’ tn+1

. dydt rt
<cK/\f%|p = Ol 717 s ey

Therefore,

£l apwy) < CllfllLore ()

Thus, if we set a = pr/, then [ induces a bounded linear functional on L*(K) and
is thus representable by a g = g € La/(K ). Taking an increasing family of such
K which exhaust Rﬁ“ produces a function ¢ in Ri“ which is locally in L and

such that

dxd
1= [ Sw0en S5

whenever f € T,(AP(w)) and f has compact support.
For K an arbitrary compact subset of Rfrl set gk = gXk. Then it suffices to
show that

(17) 19\l z, (av" (1 /w)) = 1A (98 | ar (1/00y < CHII,

where C is independent of K. Set r = p(q — 1)/(q — p) and u = w? . Without loss

of generality let us assume that g is non-negative. Then

4 0%y =510 [ AL ) @)
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where the supremum is taken over all functions satisfying ||¢||a~ () < 1, (this holds

since (A" (u))* = AP/9 (1/w?)). Set

M (¢)(z) = sup 1 (x —y) dy-
ls|<t 8" Jly|<s
Then
dydt
Al z)de = d
/n ( e /"/la: y|<t|gK v t”+1¢( z) de
, dyd
= [ a0 M) 0) = (£,
where
Folyst) = lgxc (v, )7~ My (9) (y):
Therefore,

1A (9 1y < SUP{F59) < 5D Cl fo I, an oy Il
(jw) =75 P

with f, as above. But,

1/q
Aq(fo)(z) = (/F( )IgK(y )77 (M () (y))? fﬁf)

< OM(6)(x) (Ag (g5) ()7,

where M is the Hardy-Littlewood maximal operator.
We now recall the following result (see [KR-PE-SE] p. 67): Let F, G be two

measurable functions. Then

(FG)" (t1 + t2) < F*(t1)G*(t2), t1, ta > 0
In particular, if t; = t5 = % then
(18) (FG)™ (t) < F*(t/2)G"(t/2):

We also recall that w satisfies the As-condition; that is, there exists a C' > 1 such

that
(19) —w(t) <w(2t) < Cw(t), for all ¢ > 0-
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Now
I follz, arw)) = 1A (fo)llAa(w)

<CIM(6) (Ag (95)" " v ()

1/p

¢ ([ (66 (@)™ @uiv) at) oy (15)

=¢ (/OOO (1)) /207 )" (((Ag (9" (/200" (1)) dt) o
(Holder’s with index % and (19))

q' -1
§C||M(¢) ||Ar(u) ||Aq/ (glf) | AP’ (1/w) ’
Since ¢ > 1/(1 — f,) then ¢’3, < 1 and hence M is a bounded operator on A" (u)
(see [AR-MU]). Therefore,

'—1 -1
1fellz,ar(wy) < Cllllar 1Ag ()13 1)y < CllAG (92150 1y
Thus,
[ Ag (91) lar (1) < CIILI -

We now consider the duality of the Tent spaces when ¢ = oco. As in the case of

L°°, the dual spaces consist of measures defined on measurable subsets of Rf'l.

DEFINITION 3.4.2. Suppose w is a weight on R that is locally in L(R™), and p
is a Borel measure on Rj‘_“. We say that p is a w-Carleson measure, and write
we Vv if

|14](2)
(20) pllve = Sgp o < 00,

0

where the supremum is taken over all open and bounded 2 C R™ and Q is the tent

over §).

EXAMPLES 3.4.3:

(i) If w(t) = t*!, a > 0, condition (20) gives
k(@) < cl0°
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which coincides with the definition of a Carleson measure of order « given, for

example, in [AL - MI 1]. In particular for o = 1, these are the measures defined

tal

originally by Carleson (see [CAR]). In this case we will denote V< by V
(ii) If d(z,4,) is the Dirac mass at (z,to) € RY™! then for any Q C R® we have

~ 1 if B(I‘o,to) cQ
6(390,150)(9) = { ’

0 otherwise

Hence |Q| > ¢,tfy it B(zo,t0) C 2, and so

1 < (/Ocntgw(t) dt) (/Oﬂlw(t) dt).

. enty AL
O(ao,t0) (1) < (/O w(t) dt) (/0 w(t) dt)
cnty -1
10(z0,t0) Ve < (/0 w(t) dt) :

(iii) Let W € LP(R™), W > 0,1 < p < co and o a positive finite measure in R™.

—1

Therefore,

that is

Let w(t) = W*(t) be the non-increasing rearrangement of W and set
du(x,t) = W(z)dzxdo(t)-

Then p € V¥ and ||ullve < ||o||. In fact, since W € LP(R™), then w € LP(RY)
and, hence, w € L] (R"). Now if Q@ C R™ then

/ du(z,t) = / (/{O<t<d(m3 . da(t)) W(zx) dx
<lol [ Wrde <ol [ ul .

REMARK 3.4.4:

(i) If & > 1 then ||u||v~ is equivalent to taking the supremum in (20) over all cubes
Q C R™. In fact, given Q@ C R™ we can find a Whitney decomposition {Qy}x of
Q; that is, Q is a cube contained in Q, Qr N Q; = 0 if k # 1, Q = UpQr and
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d(Qr,°Q) < Cly, where i is the length of Q. Set @k to be the cube centered at
xy, (the center of k) and whose side-length equals (C' + 3)lj. Then

el
k

In fact, let (x,t) € Q). Then B(z,t) C Q. Let Qi be such that z € Q. If
z € B(z,t), then

|z —xp| < |z —a|+ |x — x| <t + 1

Since B(z,t) C Q we have t < 2l + Cli. Therefore, |z — x| < (C + 3)l) and
B(z,t) C Qy; that is, (x,t) € Q1. We see that

\M@SW(U@JSXNM@MQ]M@WS%XMM“ (a>1)
k k k k

SCH (Z |Qk|) - C,u|Q|a'
k

1
(ii) Let ¢ € By and w(t) = ——. Then condition (20) is equivalent to

o(1)

11l (©) < C|lpl|ye

since by Theorem 1.1.8-(13)

. (Mt a9
A w@“‘A o0 = 50a

(iii) If we consider A(w) as a rearrangement invariant space, then the quantity in

/ () dt,

is the Fundamental function of A(w); that is, the norm of the characteristic function

the denominator in (20),

of any set whose measure equals s (see [KR-PE-SE] for more details).

69



THEOREM 3.4.5. Suppose w is a weight in R™ that is locally in L(R™). Then
(Too (A(w)))" = V"

PROOF: Let p € V¥ and f € T (A(w)). We want to show that

[ 70 dutet)| <l I sy

RO
Let us assume that p is a positive measure and f > 0. Then
[ s aen| = [T s
R} 0

where f is the rearrangement of f with respect to u; that is, if

pp(s) = p({(z,t) = f(x,1) > s})

then
fn= inf{r : pp(r) < s}
But
(21) {(z,t) + flz,t)>s} CT({y + Axs(f)(y) > s})-

In fact, if f(z,t) > s and z € B(z,t) then

Aoo(f)(Z) = sup f(x/>t/) > f(mat) > S,

|o'—z| <t/
and so z € {y : Ax(f)(y) > s}; thus, B(z,t) C {y : Ax(f)(y) > s}, which is
equivalent to (21). Since f is a continuous function {y : A (f)(y) > s} is an open
set. Now

pr(s) STy = A(f)(y) > s}))  (by (20))

/I{y D Ao (f)(y)>s}

mas(s)(8)
<l w(r) dr = |||y / w(r) dr

0

where m is the Lebesgue measure in R™. Since A (f) is a continuous function then

—1

(A ()" (8) = (ma_(p))
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(if ¢ is an invertible function, we will denote by ¢! the inverse function of g). Set

and
H(t) =W (man(®))-
Then
H™H(s) = (A ()" (W H(s))
Now,

fils) =inf{r : ps(r) < sy <int{r : |ulvoH(r) < s} = H (W)

Thus,

[, s [ () o
[ (e () )

. Y0 Talve  Tallvew(®
= [ v (A" @0yt = il vy

ds

Conversely, if | € (T (A(w)))™ by exhausting R} with an increasing sequence
of compact sets K,,, we obtain a measure y on Rﬁ“. If f is a continuous function

with compact support, then
RO

Without loss of generality, we may assume that u > 0. Let €2 be any open and
bounded set in R™. If {f,,} is a sequence of continuous functions with compact

support such that f,, T X5. Then

[ et )| < 10 Wlrcacn,
RT*
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hence,

‘/ﬁdu(x,t)’ = () < 1] [ Ao (X))

But
Asc(Xg)(2) = Xa(z),

thus
H%ﬂ@hwzé %ﬁ@W@MZAJWMWM®%=A wis) ds-
That is,
. ||
MMSMAU@%-I
COROLLARY 3.4.6. If0 < p < oo, then
(1) = v

PROOF: Set w(t) = tY/P~1 Then w € Li, . (R") and Tho(A(w)) = TE!, since
A(w) = LP'. Thus, by the theorem and Example 3.4.3-(i)

(T2 = (T (A(w))) =V = VP, g

REMARK 3.4.7: The previous corollary gives a generalization of Theorem (5.1) in
[AL - MI 1], where 1 < p < co. Our proof differs from theirs in the fact that we
consider norms in terms of rearrangement of functions instead of the distribution

function.

We want to also mention another duality result closely related to the above the-

orem, (see [CO-ME-ST 2] and [AL-MI 1]).

THEOREM 3.4.8. (T2)" =V'/P 0<p<1.
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(§5) Maximal functions over general domains.

Several authors have studied of the boundedness of maximal operators defined
by means of general subsets. For example, in [NA-ST], a Hardy-Littlewood type
operator is associated with a collection of subsets Q(z) C Riﬂ, x € R™. The
natural way to define the balls for these sets is to take the subset of Q(z) at level ¢,
that is the set of points z € R™ so that (z,t) € Q(x). Our idea is to also replace the
sets I'(x) in the definition of the Tent spaces by a more general family of subsets of
Rfrl. We will restrict ourselves to finding the dual space for a particular case and
make some comments related to radial maximal functions and to the announcement

of some negative results.

DEFINITION 3.5.1. Let Q = {Q(x)}zern be a collection of measurable subsets,
Q(x) C R} For a measurable function f in R we define the maximal function

of f with respect to () as

AL (@)= sup  |f(y. 1)

(y,1)eQ(x)

We will always assume that Q is chosen so that ASL(f) is a measurable function.

We also define
zbzfggz{fzéyﬁeL%Rﬂ}

where f satisfies the conditions of Definition 3.2.3 for the case ¢ = oo, and

1l = 1A% ()l 21 Ren):
REMARK 3.5.2: It is clear that if Q(z) = I'(x) then T is precisely the Tent space
TL. If Q(z) = {(x,t) : t> 0} then AL (f) is the radial maximal function of f.

DEFINITION 3.5.3. Suppose Q = {Q(x)},ern is as above and F is any subset of

R™. We define the tent over F', with respect to €, as

Fo =R\ )
x¢F
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For a measure p in Rf’l we say that p is an Q-Carleson measure and write

1l (Oa)

Vg, = Sup ————— < 00,
Iullve = sup—

we Vo if

where the supremum is taken over all open and bounded O C R™.

REMARK 3.5.4: If Q(z) = I'(x) then Fo = F, the usual tent over F. If we choose
Q(z) = {(z,t) : t >0} then Fo = F x RT and it is denoted by C(F).
LEMMA 3.5.5. Suppose F' C R™ and Q) = {Q)(x)},crn are as above. Then

(1) AL (X;;) (x) < Xp(z) for all x € R™.

(i) A2 (X;;) (x) = Xp(x) if and only if Q(z) N Fo#0 forallz € F.
PROOF:
(i) Observe that

1, if (y,t) & Q(z), for all z ¢ F

22 X(y, ) =
(22) Fﬂ(y ) {0, otherwise

Suppose x ¢ F. Then if (y,t) € Q(x) we have that Xﬁ;(y,t) =0 (by (22)), and
this shows (i).
(ii) AL (Xﬁ;) (z) = Xp(z) if and only if for all z € F, AZ (Xf«“;> (x) =1 if and
only if there exists (y,t) € Q(x) such that (y,t) € Fq if and only if Q(x)NFq £ 0- 1

THEOREM 3.5.6. Let Q = {Q(x)},crn be as above. Then
(Ta)" = Vo

PROOF: As in the proof of Theorem 3.4.5 it is easy to see that if | € (Tq)" then there
exists a measure p on Rf’l that represents [ over functions in T with compact

support. Thus, if O C R™ is open and bounded (by the lemma)

il (0n) = | v Y 0l (2:0) < Gl

SCMHXOHL1 = CM|O|'
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Conversely, if f € Tq and if we set F* = {y € R*: AL (f)(y) > A}, then
(23) {(z,t) e R® . [f(z,1)] > A} C )

In fact, if | f(z,t)| > X, AL (f)(z) < A, implies that (x,t) ¢ Q(z) and, hence,

(@) e REFN || Qz) | = F
2&F>

Therefore, for u € Vg, we have

'/’ ﬂ%ﬂ@@ﬁ‘
Rfl
< [T 0 €RY 5 [£0] > X)) dr (o (23)

S/O |ul(FQ) dA < ||M||vg/0 [FALA = [lullve I fllz, - W

As was proved in [FE-ST] the non-tangential maximal function and the radial
maximal function of Poisson integrals of functions (distributions) in the Hardy space
HP(R™) have an equivalent LP-“norm”, p > 0. This leads us to consider how this
result could be extended for all functions in the Tent spaces T% relative to both
cones I'(z) and lines {(z,t) : ¢ > 0}. From the point of view of the dual spaces we
see that the latter is a much bigger space than the former. We give the details in

what follows.

EXAMPLE 3.5.7: As in Example 3.4.3-(i), given a family of sets Q = {Q(z)},ern
and a > 0, we can introduce the definition of («, {2)-Carleson measure; that is, a

measure 4 satisfying
(24) u (Oa) <clof (nevs)

for all open and bounded O C R™. In particular, if Q(x) = {(z,t) : t > O} then
Oq = C(0) = O x R and condition (24), for a > 1, is equivalent to checking the
inequality only for cubes @ C R™. Let us denote V%, = V{§, where Q(z) is the

a

vertical line above z.
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First suppose that 0 < o < 1, f € L/ (17 (R"™) and o is a positive finite measure
in R*. Then

dp(a,t) = f(z) de do(t) € Vi

In fact, if O C R™ then

‘/C’(O) (%) ‘ (/ |£(z,1) ’dx) (/OO dU(t)) <ol [ fllL1/a-e|O]*

An example of a measure that is in V' but not in V,% ; is the Dirac mass at the
point (zg,tp) € R, This follows by considering a collection of cubes converging
to xg.

For the case a > 1 we get the remarkable fact that

rad {O}

To show this fix a cube @ C R® and N € ZT. Decompose @Q in 2™ subcubes Q;
\Q!

such that QZﬂQ] =0, i #j, Q=U;Q; and |Q;| = —. Now, if u € V&, we have
l(C(Q)) < [ul (LiIC(QM)) < Z Ll(C(Q) <G> 1Qil°
5 lar
=Cy Z ganN — Cu|Q|a2nN(1ia) — 0, as N — oo-

Hence p = 0.

(§6) Interpolation of Tent spaces and Carleson measures.

As we did for the weighted Lorentz spaces, we will now study the interpolation
results of Tent spaces for the real method with a function parameter and the complex
method for families, and hence also for the method of Calderén. We first extend the
results of [CO-ME-ST 2] to parameters in the class By and then, by reiteration,

we get the result for a general Tent space. Once the intermediate spaces for this
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method are known, we can apply our reiteration theorem, to families of Tent spaces
parameterized by the unit circle (see Theorem 2.3.7), to find the interpolated spaces
for the method in [CCRSW 1]. As is indicated in the previous chapter, one
can easily get the interpolation results for the method of Calderén. Finally, by
a duality argument, we can also interpolate the spaces of w-Carleson measures in

some particular cases. We now give the proof of the main theorem.

THEOREM 3.6.1.

(i) If 1 <pg<p <o0,1<q,r<o0, and ¢ € By, then

(T2, TP, = T, (A" (w)),

,T

where
t1/po—1/r

w(t) = gg(tl/Po-l/P1>.

(i) If 1 < py <p1 <0, 1 <r < oo and g € By, then
(TC]:(;)’T&)SQW = TOO(AT(/I’U))7

with w as before.

PROOF:

(i) We first notice that, by definition, we have
Ag TP — LP 1=0,1

is a bounded, positive, sublinear operator. Since LP¢ is a lattice space, then A,
satisfies the interpolation property (see [ME 2]); that is,

Ag: (T, T — (L™, 1),

for all p € By and 0 < r < oo. Thus, by Theorem 2.3.13 and the observation made

in the proof of Theorem 2.4.3, we have

A, (Tg’o,Tfl)w — A" (w),

,T
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boundedly, with

t1/po—1/r
w(t) = (p(tl/po—l/pl)‘
Thus,
(25) (T30, T7") . = Ty(AT(w))-

Lp”r‘

For the converse, we make use of (25), for the conjugate indices; that is, if ¢ € By

then
(1.33), = Lo )
where
3 $1/po’=1/7’
’U)(t) = (b(tl/lﬂo'—l/pl’) ’
By duality, we have
20 (mz), ) = (T @)
Using Theorem 2.4 in [PER], we obtain
(27) ((Té’,ﬂ Ty )W/) = (T ) g
where ¥(t) = 1/¢(1/t) and, by Theorem 3.4.1, we also have that
(28) (T (A" (@) = Ty(A"(1/)):
If we choose ¢(t) = 1/¢(1/t), which is easily seen to be in By, we obtain ¢ (t) = ¢(t)
and
1 —1/r
~1 - 1/ ’ /tl/pOI_l/T/ - & - w(t)
w(t) gp(t—(l/Po —1/p1 )) (p(tl/po—l/m)
Therefore, by (26), (27) and (28)
(T30, T3"),,., = Ty(A" (w)):
(ii) Assume now that ¢ = oo, 1 < r < oo. A first step is to interpolate

(T%,,L>), - To do this we use the following equivalence for the Peetre K- func-

tional (see [AL-MI 1))
Kt f; T, L) =~ K (t, Axo(f); LP, L) -
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Hence,

o 1 S dt\Y*
ez, = ([ (K@ rmme) T)

(/OOO (%K(t,Aoo(f%Lp’Loo))s %>1/s

= | Acc (Nl(zr, =)y, = 117 (a5 0))

Q

where,

29 t) = /et
(29) v(t) = W

since (LP, L®)4 s = A%(v). In particular, if ¢(t) = ¢, 0 < § < 1, we obtain

(T£O7LOO)97p9 = ngv
with 1/pg = (1 — 0)/p. Thus,
TV = (T, L) 4, i=0,1

Pi/ yPi

By the reiteration theorem in [PER]

7 sP0

PO

(T2, 1), = ((T;o,Loo) : ,(Téo,Loo)ﬁm)W

= (TOIO,LOO)¢ , (Where ¢(t> — tl/P0'¢(t1/p1'—1/po'))
=T (A" (w)),
where, by (29),

f1-1/r t1/po—1/r
w(t) = t1/p0/¢(t1/p1’—1/po’) - (p(tl/po—l/pl) .

COROLLARY 3.6.2. Suppose ¢, 1 € By and if we set 7(t) = ¢1(t)/¢o(t), then

tr'(t)

7(t)

for allt > 0- If 1 < ro,71,7,q < 00, ¢ € By and w;(t) =t~/ /p;(t), then

(30)

‘25>0,

(Tq (A" (wo)) , Ty (A" (w1))), . = Ty (A" (w))
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where

A similar result holds if g = oo and 1 < r; < oo, i =0,1-

PROOF: This is a simple consequence of the theorem. We first find 1 < pg, p1 < o0

and ¢; € By such that

(31) (T3 T3") 4, 0, = Ta (A7 (wi)) -

q

Fix po sufficiently close to 1 and p; close to oo and set ¢;(t) = té(%fl)% (£,
where o« = 1/py — 1/p1- Then (31) is given by the theorem. Therefore, by (30) and

reiteration, and by Theorem 3.6.1,

(T (A7 (w0)) Ty (A7 (), = (T30 T2 o0, = TalA7 (),

where, o t1/po—1/r B $1-1/r
W) = o )50 — woDer)po@) 1

COROLLARY 3.6.3. Suppose g, p1 € By satisfy condition (30), 1 < ro,71,q < 00
and 0 < 0 < 1. Set 1/rg = (1 —0)/ro + 0/r1 and w; = t*~1/7 /;(t)- Then

(T, (A" (wo)) . Ty (™ (w1)))y,,, = Ty (A" (wg~"w])) -

PROOF: Set o(t) = t? and apply the previous corollary. Observe that

1/ H(1=1/10)(1-60) 4(1-1/r1)0
w(t) = = - =wy (i) 1
ol (t) ety L) 0 !
900(75) 0
800(75)

COROLLARY 3.6.4. Suppose g, 1 € By satisfy condition (30) and w; = 1/¢;(t),
fori=20,1- If p € By, then

(Vwo vy =V,

©,00

where w(t) = wo(t)p(wy (t) /wo(t))- For the particular case, o(t) = tY, we obtain

[4

(V10,V1)g o = V0 4.
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PROOF: We know, by Theorem 3.4.5, that
VY = (To (M(wi))",  i=0,1:
By the duality theorem in [PER],
(oo, v, o = (T (M), Too (M)
where ¢(t) = 1/¢(1/t)- By Corollary 3.6.2,

(Too (A(wo)) s Too (A(wn))) 1 = Too (A(w)) ,

1 _ (o) /¢1(t))
wo(t)p(p1(t)/wo(t)) po(t)

Again, by Theorem 3.4.5,

w(t) =

= wo(t)p(wi(t)/wo(t))-

(Too (A(w)))" =V"- N

We move now to complex interpolation. The main tool we use is Theorem 2.3.7.
First, we parameterize a family of Tent spaces, according to the index set T. As
in Theorem 2.3.14, we fix two measurable functions r : T — (pg,p1), where
1<py<p <oo,and w: T x RT — RT such that the function

A-1/r(0)

po(t) = w08
belongs to By, for every # € T. We will also need to assume that the auxiliary
function ¢g(t) = t(M/Po=D/epy(t1/*) o = 1/py — 1/p; satisfies condition (A) of

Definition 2.3.6. Fix 1 < ¢ < co. Our family of spaces is then defined by

(32) 7= {1, (A (w.-)) |

Recall that

0T

[Tq (AT(G)(w(0,~))>] L <1

z

denotes the intermediate space given by the complex interpolation method for fam-

ilies, as in [CCRSW 1].
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THEOREM 3.6.5. Let 7 be defined as in (32). Then 7 is an interpolation family of

Banach spaces and

7, (A O@w,)] =T, (MO (w()

with equivalent norms, where

and
w(z,t) = exp ([F(logw(@,t))PZ(G) de) .

PROOF: By Theorem 3.6.1 we have

T, (A6, ) = (T2, 71, )

and, hence, Theorem 2.3.7 shows that 7 is an interpolation family. Again, using

this theorem we get (by Theorem 3.6.1)
1 (0] =17

=1, (A O (w(z,))).

where / .
t1/po—1/7(z 1 .
’LU(Zyt) = ¢Z(t1/p0—1/p1)a % :/I,%PZ(G) do
and
¢z(t) = exp </ (log ¢(9,t))PZ(9) d0> .

T

Finally,
-1
X —(log t)P,(6) dé
IU(Z,t) _ t1/po—1/r(2) e exp (/1‘ 70<‘9)(Og ) ( ) )

¢ (t1/po=1/pr) exp (/r log(t'/P0= Y (1)) P, (0) dé)

 exp (/T <(1 _ %) log t — log @9(75)) P.(0) d@)

— oxp (/T log (%) P.(0) d@) — exp (/T log (6, ) P. () da) -
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COROLLARY 3.6.6. Suppose ¢o, 1 € By, 1 <rg <r; <ooand 1l < q < oo. Fix
0 <@ <1 and set w;(t) = t*=1/" /p;(t), i = 0,1. Then,

[Ty (A" (wo)) , Ty (A™ (w1))]y = Ty (A (wy ™ wi))

where 1/rg = (1 —0)/ro 4+ 0/r1-

PROOF: We use the same argument given in the proof of Corollary 2.3.11. Fix
two numbers 1 < py < ro < 11 < p; < oo and set ¢;(t) = t(H/Po~D/ap (t/),
1/a=1/po —1/p1- Then,

Ty (A (wi)) = (T3°, T7") . .
Hence,
T, (A7 (w0)) Ty (A™ (w1))]y = | (T3, 1), o (T2 T2, ]
= (170, 12"),,, ., = Tu (A" (w)),
where,
40(t) = (o) (01(0), =4 T

and w(t) = t/Po=1/70 /$o(t*). Tt only remains to show that w = wi %w?. But
Bo(t%) = 10000 (1) 00D g8 1)
and so,

t1/po—(1=0)/ro—0/r1

(/o= 1)(1=0) o0 (1)49(1/p0—1) 0 (1)

t(l—l/ro)(l—e) t(l*l/rl)e
0o (1) Pi(t)
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Chapter IV

Applications to the theory of Hardy
spaces and weighted inequalities

In this final chapter, we will present a variety of results, dealing with the Hardy
spaces, that are closely related to the theory developed in the previous chapters.
These spaces have been studied intensively from different points of view, (see, for
example, [FE-ST]). We will be concerned with their definition in terms of maximal
functions, specially those given by a not necessarily smooth kernel. The main tools

are the properties that the Tent spaces T, (A(w)) satisfy.
(§1) The maximal Hardy spaces.

In [WE], G. Weiss proposed the consideration of the following spaces:
For a function ¢ € L'NL> with / ¢(x) dxr # 0 we can define the non-tangential

n

maximal function, with respect to ¢, of a function f as

(1) me(f)(x) = sup [(f *p0)(y)]

|z—y|<t

where pi(z) =t "p(x/t) is the usual dilation of ¢. Observe that in our previous

notation

(2) My (f) = Aso(f 1)
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The Hardy space is defined as
H,={feL"R"”): my(f) e L'(R")}

with
1l = [lme(H)llzr@mny (= [1f *e()llre) -

In [FE-ST] the authors showed that if  satisfies certain smoothness conditions;
e.g., ¢ has compact support and satisfies the Dini condition, then Hé coincides
with the space real-H'. That not every ¢ satisfies this equality is easily proved by
choosing ¢ to be the characteristic function of the unit ball in R™. It turns out that
the space H é consists only of the zero function.

The question raised in [WE] was whether there exists a function ¢ for which
H 39 is neither the trivial space nor H'. A complete answer, for n = 1, was given
in [UC-WI] where the authors showed that it is possible to find such a function.
Moreover they proved that if we know that HJ # {0}, then H contains the so

called special atom function

1, f0o<z<l
alz)=¢ -1, if-1<z<0
0, otherwise
which is equivalent to saying that H ; contains the space of special atoms of O’Neil
and de Souza, which coincides with the Besov space By'', (see [SO]). Another
treatment of this fact can be also found in [HA].

We generalize this result to higher dimensions, for which we use the discrete
characterization of the Besov spaces given in [FR-JA 1]. We also show how the
minimality property of the space B?’l can be related to some other embeddings
between the Besov spaces and the Lorentz spaces LP'9. We now define the maximal

Hardy spaces with respect to A(w).

DEFINITION 4.1.1. Suppose ¢ € L' N L*™ satisfies / p(x)dxr # 0, and w is a

n

non-negative weight in L] (R"). We define

Hy ., = {f € A(w) : my(f) € A(w)}
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and
[ £l 20 = M (F)llAcw):
REMARK 4.1.2:

(i) It is clear that if w = 1 then H,, ,, = H}. Also, if ¢ is the characteristic function
of the unit ball then

(3) me(f)(x) < Mf(x)-

Thus, if w is a weight for which the Hardy-Littlewood maximal operator is bounded

on A(w), then
[me (Dl acw) < IM P a@w) < CllflAw),

which shows that H,,, = A(w). An example of such a weight is given by

(4) w(t) = ¢ € By,

1
o(t)’
(see Theorem 1.2.7). In particular (4) holds for w(t) = t=%, 0 < # < 1. Another

way to show this equivalence is given by the fact that

t1—1/aq

(t)

(5) | M ()l aa(w) = 1 f]] A w)s w(t)
To see this, recall that
(M) (@) = ¢80 = [ 7 (5)ds,
0
and hence,
11 Ra ) = /Ooo (f*(tw(t)?dt < /OOO tS(f*)(t)w(t)) dt
< [T (1) @) de = ML) < CI Ty

For the case w(t) = t'/P7Y9 we have |M(f)||zra = ||f|lzra, if 1 < p < oo and
1 < ¢ < oo As a side remark, we notice that (5) has an L!-version (see [SJ]),

namely

[z~ [M ()] zree
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In fact, fix a cube @ C R™ and set ig = ing M f(z). Then ig > 0, if f # 0, and
e

/Q (@) dz < Qlio < {z € R™ : Mf(z) > ig}lio < |Mf]lo-
Thus, if we let ) increase to R™,

[fllzr < IMfl[oree < Clfllzr

(ii) If A(w) is a Banach space (e.g, if 1/w(t) € By), it is easy to show that H, .,
is also a Banach space (see [HA]). Also, as in the case of H}, one can show the

following property:

PROPOSITION 4.1.3. Suppose ¢ € By and w(t) = 1/¢(t). Then the convolution

with an L' function is a bounded operator in H, ,,.

PROOF: Let g € L*(R™) and set C,(f) = f *g. Then we trivially have that
Cy - L' — L' and Cy : L™ — L, boundedly. Hence, by real interpolation
(L', L>=)41 = A(w)) we get that C, : A(w) — A(w). Now, if f € H,,, it is
easy to show that
my(f = g)(x) < (lg]* my(f)) (@),
and hence,
1 * glle, . = Ime(f * 9llacw) < gl*me(Fllaw)
<Cllglllme(Hllae) = Clglhllflim,.. - 1

We now introduce briefly the (homogeneous) Besov spaces Bg"q. Instead of given
their rather complicated definition, we will directly assume as our starting point
the discrete characterization provided by the work of M. Fraizer and B. Jawerth
(see [FR-JA 1]). We will restrict ourselves to those cases that will be needed in
the proofs of the results. For a good reference about the Besov spaces see [PE 2].

Fix a >0, 1 <p,qg < oo. Let ¢ € S satisty

supp ¥(¢) C {£ € R

3 |

<[l <}
(6) :

~

P(E)=c>0, if %s\g\gz

87



We parameterize the family of all dyadic cubes () C R™ as follows
Qui={rxeR": k27" <uz; < (k;+1)27", 1=1,--- ,n}
for each v € Z and k € Z™ and we set

vol(z) = Q7 22" — k),  Q=Quui

Then, a function f belongs to the (homogeneous) Besov space Bg’q if it admits a

representation of the form
(7) F=>" s,
Q

and

a/p\ V4

Ilgga =inf S [ S {30 (l@Ie/mm1r2ysq) ) < oo,

veZ \Il(Q)=2—v

where the infimum is taken over all possible sequences {sq}, satisfying (7). Observe
that if p = ¢ then

1/p

: —a/n — P
[l = inf & | 3 (1QI7/ /712 sq))
Q

The following lemmas are the key arguments to understand the proof of the mini-

mality theorem.

LEMMA 4.1.4. (Wiener, see Theorem 7.2.4 in [RU])
Suppose f,g € L*(R™) satisfy that supp f is compact and g(&) # 0 for all
¢ € supp f. Then there exists a function h € LY(R™) such that g+ h = f.

LEMMA 4.1.5. Suppose ¢ € L' N L™ is a radial and real-valued function satisfying
/ o(z)dx # 0. Then the space H, é is invariant under orthogonal transformations;
that is, if f € H} and o € O(n) and if we set f,(x) = f(o(z)) then,

foeHy and  |follm = |fllmy-
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PROOF: Suppose f € H} and o € O(n). Then, since ¢ is radial

o1 * fo = (ot * [o

Hence,
my(fo)(x) = |(pe * fo) (y) = Mo (e f)(o(y))]
= O (e * F) ()| = my(F)(o(2)),
and so,

1follzy = lIme(fo)ller = [lme(H(e( Dl = [1fllay - B

THEOREM 4.1.6. Suppose ¢ € L' N L™ is a radial and real-valued function and

/ ) o(x)dx # 0. If H), contains a non-zero function, then
B(l)’l — H;«

PROOF: We first observe that since BY"' ¢ H' ¢ L'(R™), we only need to show
the norm estimate. Let f € Hi, such that f # 0. Our main goal is to construct
another function g € Hé satisfying the condition g(§) # 0 if 1/7 < [£] < w. We will
achieve this by rotating and dilating the function f and then pasting together all
the pieces we get. Recall that for r > 0 we denote f,.(z) = =" f(z/r) and hence,
Fr(€) = f(ré)- Also recall that if ¢ € O(n) then f,(€) = f(o(€))- Since f # 0 then

there are §; € R™ and r¢ > 0 such that for some Cy > 0,

(8) 1f(O1>Co>0 if |€—&| <o

(we may assume that 0 ¢ B(&p,r0)). We can choose 1y small enough so that for all

N eZ" and all &, ,&n € B(&,70) we have

(9) 1f(&) +-+ f(En)] > Co >0

with the same constant Cy as in (8). Choose € > 0 sufficiently small and a bump

function n € S such that

0<n<1 7 =1if |€—=¢&| <rp—cand 7)) =0 if and only if | — &| > ro-
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Since the space H is invariant under convolution with L' functions we have that

hzf*nEHé,
ﬁ(ﬁ):{f(g)’ if [ —&o| <ro—¢
0, if [ — &l = 7o

and

(10) ’iL(fl) + +iL(fN)| >0 for all 51,"' ,fN S B(fo,T‘o)-

This follows immediately from (9). Set sg = 19 —e. Suppose first that we have the

following condition:
1
A= s =<l < B .
{e: T<iznfc Y st

Since A is compact we could find a finite number of those o € O(n), say o1, , 00

such that

<] < 7r} C UB(Ui(fo)»So)'

=1

1
T

(11) {5:

Consider now the function
gEhal_l —f—”-—f—ha;ll'

We know, by the last lemma, that g € H, and if 1/7 < |{| < 7 then

~

9(&) = h(o7 (&) + -+ + Aoy (9)):

Clearly ﬁ(a;l(g)) # 0 if and only if o; 1 (¢) € B(&,r0)- Since, by (11), there exists
at least one iy € {1,---, M} for which this happens then, by (10) we have that
9(&) # 0.

Suppose now that (11) does not hold. Then we have to dilate h on both directions;
(i.e., for r > 1 and also r < 1) until we find a set that will satisfy (11), in place of
B(&o, o). Here are the details.

First observe that if » > 0 then

Suppi/I;ZE(g_Oar_O> ’

r r
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In fact, since ﬂ:(ﬁ) = h(r€) then
o~ = (S0 7o
Eesupp hy <= |l —ré| <ro ==& B = )
Secondly, we choose a finite sequence of numbers

O<apy<apy_1<---<a1<ay=1=byg<by <by<---<by <00,

such that the following properties are satisfied:

B(g—o,r—o)ﬂ3< & _To );é@ j=1,---,M

a;’ a; ai_1 a;i_
(12) 53 J 2 1 -1
B _07T_0) B(_077”_0) 0 =1, ,J
(bj bj ﬂ bj—l bj—l 7& g
1 1
(13) So < — and S0 > —-
by T ay T

To show that one can find this family of balls, we observe that if 1 > a;_1 > aj,

then
B(£—0 @)ﬂB(fo 7’0)7&@(:)|§0|+7’0>|§0|—7’0
a;’ aj aj-1’ aj1 aj—1 aj
1€o| — 7o
<:>aj>aj_1m'
Thus if we take
ol — 70
ag=————+0<1
' &0l + 70
€0l — 70 <|§0|—7’0)2
ay=a >t 0y 5= (BN 4 ps
? l|fo|+7“0 10| + 70 2(9)
€0l — 70 (’fo’—ro)j
g, 0T s (ol TN b
= H1€o] + 70 ol + 70 5(9)

(where Pj(0) — 0 as 6 — 0T), we see that for j big enough and ¢ small, these
numbers satisfy conditions (12) and (13). Similarly one can find the sequence of

)
b;’s.
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Now define the function

and set

Then ! € H} and [(€) # 0 for all £ € U:
That | € H é is clear, since it is the sum of dilations of functions in H }0. Now if

& € U then

o~

hay (§) #0, (hoy(€) £0)  ifandonlyif  a;€ € B(&,r0), (b€ € Bl&o,m0)) -

Thus, by (10)
M J
h(a;€) + ) h(b;€) #
7=0 7=1

Notice that [ also satisfies property (10), namely

(14) () +-+1(En) #0  forall &, - Eny €U

By (12) and (13) and by a similar argument as in the previous case, we can find a

finite sequence o1, -+ ,0n € O(n) such that

{5:ss}©

3 |

Hence, if we set

gElgf1—|—~~~—|—lgf1,
1 N

we have that g € H, and so if 1/7 < [¢] <,

§(&) = Uo7 (€) + -+ Uoy'(€)) #0,

by (14). If we choose the functions ¢ as in (6) and g as above then we are under
the hypotheses of our Lemma 4.1.4 and we can find a function K € L'(R™) so that
g * K =, and hence, applying Lemma 4.1.5 we have that ¢ € H.
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We want now to estimate the maximal function, with respect to ¢, of a function

in BY', (recall that if f = >-0 SQ¥q then HfHB?,l = inf{>_, [sq| 1QI~/2}). We
start with the function ¢g, Q = Q. k:

o)) = [ e etufine - -wa {0 T2

—nv/2
N / n : p(v/(270)1(2%y — k — v) dv = 2" (pouy x 1) (2"y — k):

t’I’L
Thus,
me (Vo) () = sup (¢ *Pg)(y)]
|z—yl<t
= sup 2"|(pe x )2y — k) = sup  2"P|(ps % )(u))|
lz—y|<t |z— 2tk | <2-vs

PId

= sup  2"PY(pg k) (u)] = 2" Py (9) (2 — k)-

[(2¥z—k)—u|<s

Therefore,

Il = Imo(bells =272 | ()27~ ) da

=27 [ ) (o) de = 27y

Hence, if f € B(l)’l, f= ZQ 5Q¥¢q we have
£ < 1ol Ivellay = 1lay > sl Q1>
Q Q

Thus, taking the infimum over all possible decompositions we get
[flley < (1l 1F g0 - W

REMARK 4.1.7: As we mentioned in the introduction we can relate this result to
some embeddings between the Besov spaces and the Lorentz spaces LP:?. With more
generality we can consider the Besov spaces with a function parameter ¢ € By. See

[CO-DF] for a detailed study of these spaces. Set

w(t) = and w(t) = sup



We say that a function f € B, if f = ZQ sQ¥¢g and
1£llp, =inf ¢ > 27™/2w(27™)|sq| p < oo
Q

where 1) is chosen as in (6). Observe that if ¢(t) =t%, 0 < 6 < 1, then w(t) = ¢t°

and hence,

1f1l5, = inf § D 27m/220|sq
Q

=inf § > 1QI"* [sql ¢ = |l fll gon-
Q

By Remark 4.1.2 we know that if ¢ is the characteristic function of the unit ball

then H, ., = A(w) and, in particular, we obtain directly that ¢ € H, ,,, since
YpeL'NL>® C (L L™®) 41 = Alw):

Using the last estimate of the proof of the theorem, but with A(w) in place of
L', we get that

[l < 1Olm, .1 f1p,;

i.e., B, — A(w)- In particular, for w(t) = t~% 0 < 6 < 1 this gives
(15) BI™ e Lol

Much more can be said about this inclusion. We will use the techniques already
described of [FR-JA 1] plus the following interpolation result to get (15) for a

bigger class of spaces, (see [JO] for another proof).
THEOREM 4.1.8. (See [PE 2])
If0<agy<a;<oo,0<0<1,1<p<ooandl<qy,q,q <00, then
(BIO;O:(IO, Bgl’ql )07(] — B;é’q’
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where a = (1 — 0)ay + Oy .

THEOREM 4.1.9. If0 <6 <1 and 1 < q < oo, then
Bfn’q [N LlTlgaq

PROOF: We first prove that B(l)’l — L' and B?’l — L°°- That B?’l — L' was

already mentioned in the proof of Theorem 4.1.6. If f € B}"', then as in (7),
f= ZQ s5Q¥q and so

f@)] <D Isollbo@)] <Y lsql Q17>
@ Q

Taking the infimum over all decompositions and then the supremum with respect

to x we obtain

1flloo < 11£1

Sn,l
Bl

By the previous result with ap = 0,1 = n and p = g9 = q1 = 1 we get
560, 50,1 15n,1 A
By = (B, B )o,q = (L', L®)pg = LT=77- 1

We consider now some properties of the dual space of H 30, using the duality results
for the Tent spaces TL. The idea is not new and goes back to the work in [HA].
There, it is proved that a new representation of functions in BM O, is given by the
action of a Carleson measure on a modified version of the function ¢;(- — y), for
(y,t) € R}, (see Theorem (2.27) in [HA] for details). The starting point is the
isometric identification of H, }p with a closed subspace of TL . In fact, if p € L' N L™,

/ o(z)dz # 0, ¢ > 0 and continuous then the mapping

H! 2. 7!
© 0o
f— (f* ) ()

is clearly an isometry onto its image. Notice that since {¢; }+~0 is an approximation

of the identity, we have that
o~ (g)(x) = lim g(a,t),
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for all g € ¢(H)- Thus, the dual of the space H, can be identified as a quotient

space of V1 = (T'L)*. In more detail, if we denote by

Nwz{/LEVl; /I{n+1(f*gpt)(m)du(x,t):0, for alleH;}

then we have that
(Hy)™ = (B(Hy))" = V!N,
For the particular case where n = 1 and ¢ is smooth enough so that H é = H' it

was proved in [HA] that if one considers the function

- oe(x) if |z >Tort>1
Plx,t) =

0 otherwise

then we have that the function

‘pt(x - y) - 95(377 t)

is p-integrable (u € V1), in the variables (z,t), for almost every y € R®. So, by
Fubini’s theorem and the fact that / f(z)dx = 0 for all f € H!, one gets, for
R

€ Ny:
/RQ (f x o) (x) du(x,t) = /R? (/R fW) (pe(z —1y) — @(z, 1)) dy> dp(z, t)
- [ 1w ( [, e =) - plat) du(w,t)> dy = 0.

Thus, we conclude that
/| (e =) = @(as0) dule.
must be constant, for a.e. y € R.

We will find a class of Carleson measures N that is contained in all of the above
N,. Thus, if we now take the quotient & /N, we find that it satisfies a maximality
condition; namely, the dual of H é can be identified as a closed subspace of V!/N.
Notice that a similar result holds if we recall that if ¢ is radial and H, i, is not trivial
then Bg’l — H; and therefore, since the dual of B?’l is the Bloch space ngjoo (see
[PE 2]), we also have that (Hj)* — B%%°. We give now the definition of a class

of measures that contains the class V.
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DEFINITION 4.1.10. Suppose p is a Borel measure in Rfrl. We say that p is
invariant under horizontal translations if for all measurable sets E C Rfrl and all

x € R", if we denote by
r+ E={(zx+uy,t): (y,t) € E},
we then have that u(x + E) = u(E). For a > 1 we define
N® = {,u € V*: p is invariant under horizontal trans]ations}-
Our goal is to completely characterize the class N®. For this, we need the fol-
lowing definition.

DEFINITION 4.1.11. Suppose o is a Borel measure in RT. We say that o is a

measure of order 3, with # > 0, if there exists a constant C' > 0 such that

¢
(16) / dlo| < Ct?, for all ¢t > 0-
0

In this case, we write o € M” and also
llollare = inf{C : C satisfies (16)}-
Note that if 3 = 0 then MY is the space of finite measures in R*. Also if
B>0, 1<p<oo, y=pF-—1/p and f € LP(R™T,dt) then, by Holder’s inequality
we have that do(t) = t7f(t)dt € MP and ||o||ye < Cs,llfllp- We now give the

characterization of N¢.

THEOREM 4.1.12. Suppose o > 1 and p is a Borel measure in RI}FH. Then € N¢
if and only if p is a product measure of the form dxdo(t), for some o € M™Y.

In this case we have that ||u||ve = ||o|| prme-1)-

PROOF: Suppose first that du(x,t) = drxdo(t) for some o € M™@=D . Then, it is
clear that p is invariant under horizontal translations. By Remark 3.4.4-(i), since

a > 1 we need only consider cubes Q C R™. Now, @ C Q x (0,1(Q)) and hence,

@) < ([ az) ( / " drar>

<1Q! llol|arna—n (U@)™ ™ < Cullo |l arnce—n QI

97



that is, [|pllve < Chlloflpnea-1.
Conversely, if © € N® we want to show that for all measurable sets A C R™ and
B C R we have that
WA % B) = |Alo(B),

where o € M™>~1D. Without loss of generality we may assume that p > 0. Fix

B c R measurable, and define
vp(A) = u(A x B), ACR™

Then, it is obvious that vg is a positive Borel measure in R™ and vg is invariant

under translations, since
vp(y+A) = p((y + A) X B) = p(y + (A x B)) = p(A x B) = vp(A)-

Hence, by the uniqueness of the Haar measure in R™ (see [RU]), there exists a

constant Cg > 0 so that
(17) vp(A) = CplA|

Thus, if we fix A C R™, with 0 < |A| < oo, we find that

(18) Cp = % (independently of A)-

Define o(B) = Cp, so that u(A x B) = |A|o(B). Then by (18), it is also obvious
that o is a positive Borel measure in R*. Thus, it only remains to show that
o € M™e=D Fix t > 0 and choose a cube Q@ C R™ such that I(Q) = t. Then, by
(18) with A = @ and the fact that p € N* we have that

Ll — a0, — @ x (0.8) _ (@)
| il = 1e0.0) = PSR < IS

< callullvel@1*H = Cullullyat™=Y;

that is, [|o [ yrna-1n < Cullpllve. 1
Finally, if we set N = N! we find the following minimality property.
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COROLLARY 4.1.13. Suppose ¢ € L' N L™, / o(x)dr # 0, ¢ > 0 and ¢ has

n

compact support. Then N C N,,.

PROOF: Let p € N, that is, du(x,t) = dzdo(t) with o a finite measure in Rt (by
the above theorem). Let f € H é. Then by Fubini’s theorem,

| rseadeast = [ ( [ swete -y dy) g do (1)

:Ln+1 (/nsot(x—y)dx) f(y)dydo(t) = |l¢l /R+ ( - f(y)dy) do(t) =0

since, as we pointed out earlier if ¢ has compact support then H é C H'! and hence
fly)dy=0.1
Rn

We now continue the study of embedding properties for the spaces H é. We will
first give a brief description of the (homogeneous) Triebel-Lizorkin spaces F]f"q along
the same lines as our comments about the Besov spaces. As in that case, we will
take as the definition the characterization obtained now in [FR-JA 2]. Fix ¢ € §
satisfying (6) and the additional condition
(19) D WP =1 if ££0

VvEZ

For a > 0, 1 < p,q < oo we say that a sequence s = {SQ}Q, (where @ runs over

all dyadic cubes Q = @, C R™), belongs to the space f;j"q if

1/q
~ q
sl jen = || [ D2 (1QI/"1s0/%e) <o, (p# o)
Q
Lp
where X = \Q]_l/QXQ, and for p = oo,
1/q

sl 5 [ 3 (10 salRale)” dx | <
S| g = sup —_ S xr X oo

7" payadic \ [P] Jp @Ihe

QCP

Notice, that if 1 < ¢ < oo then Hs”'}a,q is equivalent to the V! norm of the measure
—a/n— a
(20) > <|Q| / 1/2|SQ!> QI O(2-vh,2-v),
Q
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where ¢ is the Dirac mass. We say that a function f belongs to the (homogeneous)

Triebel-Lizorkin space F]?"q if f admits a decomposition of the form
1) =2 st £z = it { {5} jzue .
Q

where the infimum is taken over all sequences satisfying (21). It is easy to show,
just by looking at the definitions, that B(f’l = Flo 1 Also in [FR-JA 2] it is proved
that F"> = H'. On the one hand we know that under some conditions on ¢, H. é
is non-trivial if and only if it contains B{"' = F{"'. On the other hand, if ¢ has
compact support, we always have that H; Cc H' = Flo 2 Thus, we see that the
spaces Flo 1 and F 10 -2 play an important end-point condition for the Hardy spaces
H é. We address now the following question: under which conditions on the kernel
( can one get that Flo 1C H 3] where 1 < ¢ < 2. This is the right scale of spaces to
consider, since

OV C P CcF? 1<q<2
We will need to use the following duality result (see [FR-JA 2]).
LEMMA 4.1.14. If 1 < p,q < oo, then
() -

For a kernel ¢ and v as above, and for each dyadic cube Q C R™, we define the

linear functional, T, g , acting on the space of Carleson measures:

(22) 1200 = [ (e vo)(o) duat)

. . . 1 . . . 1
We notice that T, (22 is well defined if H, # {0} and ¢ is radial, since then ¢ € H,

and hence |TZ ()| < [Pl l[pellve

We now give the characterization:

n

THEOREM 4.1.15. Suppose ¢ € L' N L™, / o(z)dx # 0, supp ¢ compact and

TE is as in (22). Fix 1 < p < 2. Then the following are equivalent:
(i) FYP — H).
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(ii) {T% (,u)}Q is uniformly bounded in fO?"; i.e, there exists a C' > O such that

T2l jor < Cllulys-

(iii) (If1 < p <2). The mapping

’

T P
p—> Z <2m/2T£)(M)) 27 da-vr2-v)
Q
is “bounded” on V'!; i.e, there exists a constant C' > 0 such that

1T (1) llve < Cllpliya

PROOF: That (ii) and (iii) are equivalent, for 1 < p < 2 is a consequence of (20),

since |Q| =27, a =0 and p’ < co we have

/

p
ITa()llve = |3 (277212 (w) 27 Sorr o)

Q Vi

' / /
=12 (IR 2T ()1)” 19l b2z || < CHTE el < Cllul
Q -

To prove that (i) is equivalent to (ii) we choose f € Flo Powith f =3 sgvg and
Q

s={sq}o € f{’*. Then

1Ly = I * @il = sup
el <1

| o @) dua, )]
Rffl
But
(23) / (e % £)(2) dulz, ) ZSQTQ
Ri“
Hence, if (i) holds we have that
sup | s@TE (W] < Cllfllgor < Cllsll o

lellya<t 4G
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and, so {T2(1)}q € (£7) = J2%, with HTZ (W}l oo < €. if Jpullvs < 1,
from which (ii) holds.
Conversely, if (ii) is satisfied, then by (23) we have that

[fllmy < sup \ZSQTQ (1)]

lelly1 <

< sup ||8Hf~f,p||{T§(M)}Q”f0m’SCHSHff’p'
i1 <1 -

Taking the infimum over all such s = {sg}q, we get (i). §

Notice that for p = 2, the above theorem characterizes those functions ¢, with

compact support, for which H ; =H.

(§2) Carleson measures and pointwise estimates.

We are going to consider now the study of pointwise estimates for a class of op-
erators, using the properties we have shown for certain types of Carleson measures.
In particular, as a consequence of this argument we can get the boundedness for a
family of bilinear operators defined on the product of L? and some space of mea-
sures, into a Lipschitz space, we give yet another proof of the pointwise boundedness
for the Fourier transform of distributions in H? and we improve and generalize the
Féjer-Riesz inequality for harmonic extensions of HP functions.

We begin with a simple but very useful observation.

1

LEMMA 4.2.1. Let f € LY(R?),1<q¢< 00,0 € M*, with = — + @ > 1 and set
qg n

du(z,t) = f(z)dxdo(t). Then

peVv? and  ulve < llollaellfllze

PROOF: Since 3 > 1, we only need to consider cubes Q C R™ to show that u € V7.

Now,

#1@) < ( [ 176wl ) (/'Q'Undw(t))

<Nl QI ol arel Q1™ = || fll ool g QI
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and so, ||ullvs < |[[fllzellolare - B
For our next result, we need to introduce a densely defined bilinear functional. We
will restrict the action of this operator, when considering distributions in H?(R"),

to the dense subspace Sy of those functions in S with mean zero.

DEFINITION 4.2.2. Fix 1 < q < co. Suppose F : R™ x R® — C is a measurable
function such that if we set F,(z) = F(z,z), z,x € R™ then F, € L1(R™). Let
a > 0. For g € 8, set

(Rp(9)) (0, 2) = / (W) F(zy + ) dy

n

We define, for 0 € M“,

Tr(g,0)(z) = / T (Re(9))(2)  P) (0) dor(t)

where P is the Poisson kernel in R™-

EXAMPLE 4.2.3: Suppose ¢ = oo and F(z,z) = e "**. Then ||F|lo = 1 and if

g € 8o we have that

(Rr(g)) (.2) = / g(y)e= V7 dy = 27(2).

n

Hence,

~

(Br(9)(-; 2) * P;) (0) = / e g(2) Py(x) dz = §(2) Po(2)-

n

If 0 < p < 1 and we consider the measure do(t) = il =1)=1 dt, then o € M”(%_l),

since
/t dlo](t) —
g = — p ;
0 n(% —-1)
and so,
B 1
loll,,nx—n = nI-1)
Therefore,

TF(g,a)(z):/ g(z)ﬁt(z)t”(%1>1dt:cng(z)/ e~ 2mtlzl (311 gy
0 0

and the integral is finite since n(% —-1)>0.
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THEOREM 4.2.4. Suppose 1 < q¢ < 00, a > n/q and 1/p = a/n+ 1/¢’, so that
0 <p<1. Then

Tr(g,0)(2)| < cnllollmelFellpa@me) |9l me me),
for all o € M* and g € Sy-

PROOF: The proof is a simple consequence of the previous lemma and the fact that
9| e (mmy = |PI(g)|| 72, where PI(g)(x,t) = (P g)(x)- To estimate this quantity
we use Theorem 3.4.8: (T2)* = V/P, 0 < p < 1. First notice that, since P is an

even function,

Te(0.0):) = [ ([ Pl @Rel@) 0,2 du) ot
= [RnH 9(y) </ ) Pi(u)F(z,y + u) du) dx do(t)

_ /Rn+1 a(v) </nPt(fu—y)F(z,v) dv) dz do(t)

:
_ / PI(g)(w, ) F (2, v) dv do(t)-
R
For a fixed z, consider the measure
du(v,t) = F,(v) dvdo(t)-
Then, by the lemma, we have that u € VY/? and ||u||y1/» < ||o||are||F2||e- Thus

(9. < [ IPT@) 0] dpel(0.0)

+

< |[1PL(g) e llullvrre < enllolare [ Fllzallgllee -
COROLLARY 4.2.5. If0 < p <1 and g € So(R"™), then

~ 1_
9(2)] < Crpl2™ = Vllgl o,

for all z € R™-

PROOF: It suffices to consider the case 0 < p < 1 and z # 0. We recall that by

Example 4.2.3 we have
Tr(g,0)(2) zcng(z)/ o= n(E 1)1 g,
0
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But,
/oo —2mtlelgn(G=1=1 gt = C|z| " —”/ e 2D gy = |2 TG Y.
0 0

Hence, by the theorem,

Tr(9,0)(2)] < enllollare |Fzlloollgl e gn);

that is,
Ch,

plg(2)| 2|77 < nl-1) gll e,

which gives the result. I

REMARK 4.2.6: Corollary 4.2.5 was first proved in [FE-ST], using a different ap-
proach. Later in [TA-WE], it was also proved using the atomic characterization
of HP. We want to yet give another simple proof using now the duality of the H?
spaces. In [DU-RO-SH] it is shown that (H?(R"))" Bn( R ,0<p<1,
where the norm on this Besov space coincides with the Lipschitz norm of order
n(l/p —1), (see [ST]); namely,

(AL ) ()]

zern  |p|"GD
heR™\{0}

1/l e

where, k € N, k£ > a and

=3 () tia o

r=0

Now, we have the following

LEMMA 4.2.7. Fixy € R®, a > 0. Then
le™ || g = [yl

PROOF: Let k € N, k > a and suppose y € R™ \ {0}. Then, for h € R

(A (a) = 3 (’“) (1) e-ivtetra)

r=0

r
r=0

k
B [ e e—
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Hence,

[(ARe™™)(@)[* = (2 — 2 cos(yh))"-

Thus,
sup (Ake=iv) ()] — sp 22 (1 — cos(yh))k/?
sER® s heRm\ {0} s
heR™\{0}
1— k/2 1— a/2 i
< Culyl sup LW o g gy LSy gy 5 o
ue€R* u® wERF uc
S Ck,a|y|a7

since k > a. Conversely, we want to show that for any y € R™ \ {0}, there exists
an h € R™\ {0} such that |y| = |h|7! and 1 — cos(yh) = 1 — cos(1) > 0- In fact, if
h =y/|y|? then trivially |y| = |h|~! and y - h = 1. Hence

&7 [ geue 2 2731 = cos )2yl

n(%—l),oo
oo

Thus, by the duality between H? and B , 0 < p < 1, and using this

lemma, we find that if g € S

i1 = | [ st o

—iy- 1_
< lgllaelle™ 1 ng-n . < Crply™ %l gll 110

As a curiosity, and from the proof of Corollary 4.2.5, we see that

—1

oo
e pem ([T BOeta) a0
0
One can also get very easily that, for s > 0, 1 < ¢ < oo we have

le=*"]

S
B~ ly|®

Hence (see [TR]), since

. - —S 'I’Ll_ 7’ 1
By =BT 0<p<1 0<g<oo, 0<s <n(- —1),

p
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and

. —s—l—n(% —1),00

. 1
(Fy9)" = Bo 0<p<1,0<q<oo,0<s<n(]—9—1),
where ¢’ = o0 if 0 < ¢ < 1, then, by a similar argument as above, we obtain
£ —s+n(+— 1
’f(y)‘fcwl * (117 I)HfHB;"U 0<p§17 O<q<OO, 0<S<7’L(]—9—1),

and

1f(y)] < Cly| =GV 1]

1
B2 0<p<1,0<q<oo,0<3<n(2—)—1)-

COROLLARY 4.2.8. Suppose 1 < ¢ < oo, a« > n/q and 1/p = a/n + 1/q. For
f e LYR"™) and 0 € M® define

K(f,0)(y) = / (P x D) (y) do()

(i) If0 < p <1 then

. n(%—l),oo

K :LYR") x M* — B

Y

and

IS vz -0 < Cullollare |l fllzorn

(ii) If p=1 then
K : LYR™) x M® — BMO,

and

|K(f,o)lBmo < Cullol|ae || fllLa@n):

PROOF: We will only show (i), because the proof of (ii) follows similarly. Since
-n 1_ ,00 =N 1_ ,O0
(HP(R™))" = B(xfp Y , then to show that K(f, o) € oo(” D e only need to

see that
[ s)K (G010 dy] < Collalsel el
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for all g € Sy. Set F(z,z) = f(z), for all z € R™. Then,

[ s awdr= [ g [ @) dattidy = Te(e.0)).

for all z € R™. Hence, by the last theorem,
[ s W] < ol sl 8

We give now another application of our duality techniques to estimate harmonic
extensions to RT’l of functions in HP. The next theorem gives, as a particular case
a generalization to higher dimensions of the Féjer-Riesz inequality (see [GA-RU]
Theorems 1-4.5 and II1-7.57, for the case p = 1), and shows that it can be also
proved in all cases 0 < p < 1. Moreover, in the previous theorems, the authors
work with the atomic characterization of H' and some extra conditions on the
kernel are required, that will not be needed in our proof. This inequality gives the
behavior in the vertical t-direction for the extension ¢ * f(z), relative to a kernel ¢,
with f € Sy, instead of the well known growth on the x-direction for the harmonic
extension u = PI(f); namely,

sup [ Ju(e, ) de < CI1 1

t>0

The proof is based in finding the right pairing for an appropriate Carleson measure.

THEOREM 4.2.9. If0 < p <1, F € T?, and o € M™/P, then

sup / |F(z, t)] dlo|(t) < [lo||amel| Fllrz -
zeR™ JO

PROOF: Fix x € R™ and set du(y,t) = 0,(y)do(t), where ¢, is the Dirac mass in

R™ at the point . Then g € VY7 and ||p|ly1/» < ||o||psnse- In fact, since p < 1,

then if @) is a cube in R™ we have that

1l(@Q) < (/Q 5x(y)) (/OlQll/n d\al(t)> < Q1| ]| pgns
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Therefore, since (T2)* = V/P, we get that

/Ooo |F(z, t)] d|o|(t) < /RM \F(y, )| )l (y, 1)

+

< E Nz llpllvere < lloflame [ Fllzz, - 0

For the next result we introduce the following notation: if f € Sp, 0 < p <1
and we choose ¢ € L' N L™, / ¢(r)dr # 0 then we say that f € HE if

n

111 mz = llpe * fllz, < oo
COROLLARY 4.2.10. Let ¢ be as above, 0 < p < 1.

(i) (Féjer-Riesz inequality, if ¢ is the Poisson kernel).
If f € HY, then

wp/rMammﬁ*as%mm@-
0

rER®

(ii) With more generality, if p < ¢ <1, then for f € H} we have

qn_l

sup [l s @) 157 de < ol
zeR™ JO ®

PROOF:

(i) Consider the function F(x,t) = (¢4 % f)(z) and the measure do(t) = t» ' dt.
Then F' € T? and o € M"/?. Hence, by the theorem,

pr|wMﬁ@m%ﬂﬁ=pr F(z,1)| dlo](t) < Copll sz

rzeR? reR®

(ii) Let p < ¢ < 1 and consider now the function F(z,t) = |(¢¢ * f)(x)|?. Then
F e T with ||F|| e = | fI|%s. Also, if we set do(t) =t " dt then o € M/

and hence, since p/q < 1,

o0
an
“p/|@wn@thlwsawmmw=&ww%w i
zeR™ JO oo ©
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(83) Weighted inequalities for maximal functions.

We will present an application of the atomic decomposition of the Tent spaces to
get some weighted estimates for a maximal operator that generalizes the fractional

maximal function.

DEFINITION 4.3.1. Suppose ¢ € Byg. We define the fractional maximal function

with respect to ¢ as

1
M, f(x) = sup o /Q )| dy

For our main result we need to introduce the following notation. If ¢ € By then,

by Proposition 1.1.12-(20) we have that if p,(t) = t/¢(t), then, p, € By. Hence,

1

the function o, = (p,) ™" is well defined and it is an increasing convex function.

THEOREM 4.3.2. Suppose ¢, g, ©1 € By and let 1 < p < oo be chosen such that
@b/t~ € By. Let w;(t) = t'=Y/P/p;(t), i = 0,1. Suppose u is a measure in R®
and let AP(wq,p) be the weighted Lorentz space, with respect to the measure .
Suppose finally that p satisfies the following property

p(1€2]) )

vo(|€2])

for all open and bounded Q2 C R™, where 01(t) = 0, (t). Then

(24) () < Coy (

(25) My : AP (wo) — AP(wi, p)
as a bounded sublinear operator.
PROOF: Suppose f € AP(wg), f > 0 and set
1
fla,t) = t_n/ f(y) dy, F(z,t) = fP(z,1):
lz—y|<t

Then A F(z) < C (M f(z))” and also

o’ <0 ((557) 70
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By Theorem 1.2.7 we have that M is bounded on AP(wy) and so,

1Pt ) < CHOLElas gty = CIMEI ) < CIEI gy < 50

Therefore F' € Too (A (wh)) and by hypothesis and Theorem 3.3.13 we can find a
decomposition ' = Zj Ajb; where,
e and Yo\ CF|

5 an il Too (AL (wP))"
125 |wg (19251) - ()

J

supp b; C T(2)),  [|bjllc <C

Therefore,

Set

Then, supp A; C ; and

U1\ (oD ©o(125)\”
(26) 450 < PolLINT_ o (eollBDY"
” A0un) el A1)
Using (24) we also get
w(2;) P(Q). 0. D
(27) [ wryans ) g (M) |
0 O (1(925)) eo([€2])
These estimates allow us to show the following uniform bound for the functions A;;
namely,
p(£25)
H&mmﬂmswﬂml W (1) dt < C-
Thus

1
1M Fllaron.y = Lo PP IR

1/ 1
< C(Z ‘)‘j‘) ? < CHFHTZ(Al(wg)) < CHfHAP(wo) . |

J

REMARKS 4.3.3:

(i) If we choose ¢(t) = t1=/" with 0 < a < n, then M, f = M,f, is the fractional
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maximal operator of order . If we set pg(t) = t'=1/7 (t) =t'"Y/9 and p=1in

the conditions of the theorem, we get, that if
n(Q) < C«|Q|q(1/7"—0é/n)7

then M, is a bounded operator from L™' into L?!. This result is a weaker version
of Proposition 3.10 in [BO-JO].
(ii) Another interesting example is given by the following choice of the function

parameters: Suppose 0 < 6 < 1 and 0 <y < min(26,2(1 — 6)) and set
FON () = (1 + (log 1)) /%

Then f(%7) € By and in fact

0<Ozf(9,w):9—1<9+

~y
L = o <1
5 SO0+ 5 =00

Since the function f(©7) is pointwise equivalent to t’(1+|logt|)~" and by the exam-
ple given after Definition 2.1.3 we have that if 1 < ¢ < oo and w(t) = t'=1/2/f(07)(¢)
then A9(w) = LP9(log L)7, where p = 1/(1—6)- We choose numbers 0 < 6,6,,60; < 1

and

0 <5 < min(26,2(1 —9))
0 < v < min(26,2(1 — b))
0 < v < min(2601,2(1 —61)),

and we define the functions:

o= f(9,’v), Qo = f(f)fmo)7 01 = f(eh'Yl)'

As in the theorem, we define the maximal function My , f = M, f and if 1 < p < oo
we also define the weights w;(t) = t'=/?/p;(t), i = 0,1. Since we need to assume
the condition ¢} (¢)/tP~! € By we easily find that this is equivalent to also assuming

that p < 2/(2 — 26y + 70)- Now, condition (24) is equivalent to

(28) (@) (14 (log u(€2))*)/? < CIQI" (1 + (log 000/
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Thus, under the above conditions, if u satisfies (28), we have that
My« LPP(log L)" — LEVP(log L)7*-

It is clear that if
p() < Clay e/,

with 6y < 6 and 71 < 79 — 7, then u satisfies (28).
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