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Abstract

In this paper we develop the theory of discrete averaging designed
to study discrete time dynamical systems defined by iterates of a map.
The discrete averaging uses weighted averages over a segment of tra-
jectory to find an autonomous vector field that approximates the orig-
inal map. The method provides a simple and effective tool for finding
adiabatic invariants, both numerically and analytically. It is capable
of strengthening various theorems of the classical averaging theory
because it eliminates two intermediate steps used in the classical aver-
aging: the suspension procedure that assigns a rapidly oscillating flow
to the map and time-dependent coordinate changes that eliminate the
dependence on time. We discuss two applications of the discrete aver-
aging — to the dynamics of a near-identity map and to the dynamics
of a map in a neighbourhood of a resonant fixed point. We show that
the discrete averaging provides explicit uniform bounds for approxi-
mation errors. We also show that the discrete averaging can be used to
establish domain of validity of adiabatic approximations in numerical
experiments.
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1 Introduction

In Dynamical Systems there are two parallel and, to a large extent, equivalent per-
turbative theories: one concerns rapidly oscillating vector fields, while the other
addresses near-identity maps. For flows, a powerful collection of analytic tools has
been developed on the basis of averaging methods [1, 2, B, 4]. By contrast, nu-
merical investigations and visualization of dynamics are often performed in terms
of maps. The transition from a flow to a map is achieved via a Poincaré section,
whereas the inverse transition relies on a suspension construction that represents
the map as the time-one map of a non-autonomous time-periodic vector field.

Averaging theory has numerous applications in the study of resonant phenomena
across a broad range of disciplines, including classical mechanics—particularly in
problems of stability and Arnold diffusion—plasma physics, and singular pertur-
bation theory, among others. Its effectiveness frequently rests on the existence
and properties of adiabatic invariants coming from the study of averaged systems.
From a practical perspective, it is essential to obtain either analytic or numerical
expressions for these invariants and to determine domains in which they provide
accurate approximations of the dynamics.

In plasma physics, the averaging theory for near-identity maps and the corre-
sponding adiabatic invariants are routinely used for analysis of accelerator beam
dynamics [5]. For example, the paper [6] presents the analysis of beam splitting
that relies on an adiabatic invariant associated with a return map to control trap-
ping into resonances. In this context, the conservative Hénon map serves as the
simplest standard model. Of particular interest is the bifurcation near the 1:4 res-
onance, which produces large trapping regions due to a degeneracy in the model
[7]. In [6], the adiabatic invariant was computed through a transformation to a
higher-order normal form. Using this study as a motivating example, we show that
the discrete averaging procedure allows one to determine the adiabatic invariant
directly in the original coordinates, without recourse to normal form transfor-
mations, and to carry out a systematic analysis of the domain of validity of the
adiabatic approximation.

The standard construction of an approximating vector field proceeds in two stages.
First, a near-identity map is interpreted as the time-one map of a non-autonomous
ordinary differential equation with rapidly oscillating time dependence. Second,
successive near-identity coordinate changes (averaging transformations) are em-
ployed to eliminate the time dependence order by order, yielding an autonomous
vector field whose time-one flow approximates the original map. An alternative
direct approach is based on expansions in powers of a small parameter €, com-
bined with a sequence of transformations removing the time dependence order by
order in €. This semi-algebraic formal procedure is often referred to as the Takens
process [8].



In general, a near-to-identity map cannot be embedded exactly into a flow [9].
Consequently, the procedures described above typically lead to divergent series for
the approximating vector field. The accuracy of an optimal truncation depends
both on the distance from the identity and on the regularity of the system. Neish-
tadt [9] proved that an analytic family of maps tangent to the identity can be
embedded into a family of autonomous flows up to an exponentially small error.

The classical averaging approach has intrinsic limitations, as it relies on coordinate
transformations that are not always amenable to precise analytic control or efficient
numerical implementation. In this paper, we develop an alternative method based
on weighted averages of iterates of the map. It generalizes the method introduced
in [10, [11].

Discrete averaging is particularly advantageous in numerical simulations, since its
implementation is straightforward and computationally efficient. For instance,
in [I0], interpolating vector fields were used to visualize the dynamics of four-
dimensional symplectic maps via a discrete-time analogue of Poincaré sections,
combined with effective computations of adiabatic invariants in the original coor-
dinates.

The discrete averaging procedure provides explicit expressions for the approximat-
ing vector fields and yields a direct mechanism for controlling the approximation
error. Such estimates were instrumental in the proof of a discrete version of the
Nekhoroshev theorem in [I1]. In this paper, we derive explicit bounds for error
terms in the approximation by the time-one flow map. As a consequence, we ob-
tain a refined version of Neishtadt’s theorem with quantitative estimates. Unlike
the original result, our assumptions do not require the map to be a member of
a tangent-to-identity family and the approximation error is explicitly controlled
by the ratio d/e, where € measures the distance to the identity in a complex o-
neighbourhood of the domain.

Finally, the explicit construction of the Hamiltonian associated with a symplec-
tic tangent-to-identity family of maps provides a systematic framework for the
analysis of bifurcations of fixed points. It suffices to iterate the jet of the map
(with respect to the phase variables and parameters) in the original coordinates;
discrete averaging then yields the corresponding jet of a Hamiltonian vector field.
In particular, near a fully resonant point, a suitable iterate of the map becomes
near-identity, and the symmetries obtained via normal form reduction are reflected
in the invariance properties of the Hamiltonian under iterates of the map.

The paper is organized as follows: in Section [2] we describe the definition of an
interpolating vector field used in discrete averaging and compare its definition with
the classical averaging. Then we apply the discrete averaging to the study of the
degenerate 1:4 resonance in the conservative Hénon map. In Section 3| we establish
the decay rate for approximation of a tangent to the identity family of maps by



a family of interpolating flows. In Section {4| we prove uniform bounds for the
approximation error for analytic maps and deduce the refined version of Neishtadt’s
theorem. In Section [5| we apply discrete averaging to obtain approximation for
analytic tangent to identity maps in a neighbourhood of the fixed point. Finally,
in Section [6] to prove exponentially long stability times for a symplectic map near
a fully resonant fixed point.

2 Discrete averaging

2.1 Classical averaging vs discrete averaging

The classical averaging is usually used to study a system of differential equation
having two different time scales. The difference in time scales can originate from an
explicit dependence on a parameter of from scaling of a part of the phases space.
Hence, the classical applications of the averaging theory include the pendulum
with a rapidly oscillating suspension point

&= (1+asin(t/e))sinx
and the pendulum with slowly changing frequency
¥ =w(et)sinz.
In these examples € is a small parameter that characterizes the ratio of timescales.
In general the averaging theory studies systems that can be written in the form
& =alr,e),  ep=0bx,p), (1)

where a and b are periodic in ¢ with a period T' > 0. If b > ¢ > 0, the implicit
function theorem (IFT) can be used to exclude the rapid phase ¢ from the equation
and reduce the study to a non-autonomous equation of the form

v =cef(z,7)

with a non-autonomous time-periodic vector field f. The solution of the averaged
equation

T
v=ef).  whee f)=7 [ fonr

gives the leading order approximation for trajectories starting from a point zq at
7 =0: if 2(0,20) = y(0,20) = x¢ then

x(1,20) = y(1,20) + O(€) for || < C/e.

The averaged equation is autonomous. Its integrals of motion play the role of adia-
batic invariants for the original system as they change slowly in time. The analysis
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of adiabatic invariants often requires development of higher order adiabatic theory:
a close to the identity time-periodic change of coordinates, z = wuy,(x,7), can be
used to eliminate the time-dependence in the leading orders:

2 =efn(z,e) + " g(z,1,6).
An integral h,, of the truncated system
2 =cfn(z,€)

evaluated on a trajectory of the original system oscillates with an amplitude O(g)
but stays near its initial value for substantially longer times O(e~"). Indeed,
suppose that a function h,, is constant on trajectories of the truncated system.
Then the chain rule implies that the time derivative on the solution of the full
system (h,,(2(7)))" = O(e""1). Consequently, h,, stays e-close to its initial value for
times up to O(e™"). Since uy,(x,7) = x+0(g), hy(x(7)) oscillates around its initial
value on the same timescale. It is a remarkable property as the trajectories of the
original and averaged systems do not necessary remain close to each other on the
timescale beyond O(¢™1). This procedure provides a firm theoretical framework
for the analysis of dynamics. On the other hand, computation of an adiabatic
invariant, especially of higher orders, remains a challenging task as it relies on
finding suitable coordinate changes.

The discrete averaging suggests an alternative approach to computation of adia-
batic invariants. Suppose that (z(t),¢(t)) is a solution of the system (). Since
©(t) is monotone increasing there is an increasing sequence ¢, that correspond to
consecutive intersections of the solution with the Poincaré section ¢ = 0 (mod 7).
Then xp = x(tx) is a trajectory of the first return map F; : xp — xp11. Since the
return time is small, the first return map is close to the identity, F. = id +O(¢).
The classical averaging provides an approximation of F. by a time-one map of an
autonomous vector field. In contrast to the classical averaging, the discrete av-
eraging provides explicit expressions for interpolating vector fields X,, . such that
F. = @kw + O(e™*1), the expressions are given in terms of weighted averages
over a trajectory segment. Then the adiabatic invariants can be obtained from the
analysis of the autonomous vector fields X, ..

2.2 Interpolating vector fields

The construction of an interpolating vector field is based on a finite segment of
a trajectory of a map F. This map may depend on one or more parameters but
since all parameters are fixed during the construction we can hide this depen-
dence without risk of confusion. Of course when F' depends on a parameter, the
corresponding interpolating vector field also does.

Let ng and n be two integers with 0 < ng < n. The integer n defines the length of
a trajectory segment and ng is used to select a starting point. There is a unique



P, (t,x), a polynomial of degree n in ¢, which interpolates a segment of the orbit
of a point z:
P,(k,x) = F¥(z) for k= —ng,...,n —ny. (2)

An interpolating vector field is the derivative of the interpolating polynomial at
t=20: 5P

Xa(w) = 2 (0,2). (3)
We call our method the discrete averaging as the vector field X, is a weighted sum
of the iterates of F'. Indeed, the standard Lagrange interpolation procedure gives
an explicit expression for the interpolating polynomial

n—ng

Py(t,z) = Y bp(t)F*(x) (4)

k=—ng

where by are the Lagrange basis polynomials,

t—J
—no<j<n—ng 7

i#k

Consequently,

n—ng

Xo@) = 3 puF), (5)

k=-—ng

where the coefficients p,; = }.(0) depend on the choice of n and ng but are
independent of the map F'. For example, in the cases (ng,n) = (0,1) and (1,2) we
get respectively

Xi(x) = F(z) — x, Xo(x) = %(F(a:) — Fﬁl(x)). (6)

Any interpolating scheme can be used to compute an interpolating vector field.
In particular, the Newton forward interpolation scheme is a convenient tool for
analytical proofs as it avoids inversion of the original map. On the other hand, the
Stirling-Newton central interpolation scheme is often a better tool for numerical
simulations as it provides more accurate approximations. For example, a center
interpolation scheme was used in [10] was used for visualization of dynamics, while
the forward interpolation was used in the proof of the Nekhoroshev theorem [IT].

2.3 An example: the Hénon map near a resonance

Before proceeding to the analysis of the discrete averaging we discuss an application
of the method to the conservative Hénon map written in the form similar to [12]:

H.: (z,y) —~ (¢(1 = (z 4+ 1)) + 2z +y, —z). (7)



The linear reversing symmetry R : (z,y) — (—y, —z) conjugates the Hénon map
to its inverse: H, ! = Ro H,o R. In particular we see that the inverse map H; !
is also polynomial.

A straightforward computation shows that the map has two fixed points at p. =
(0,0) and pp, = (—2,2) respectively. The fixed point p. = (0,0) is elliptic for
0 < ¢ < 2. When ¢ = 1, the point p. is at the 1:4 resonance as the eigenvalues
of H.(pe) are equal to +i. In [7] it was shown that this resonance is not generic:
for ¢ = 1 4 € with € > 0 there is a 4-periodic hyperbolic orbit pff at a distance
O(y/e) from p, whose invariant manifolds form a chain of four islands of stability
containing a 4-periodic elliptic orbit p§ at a distance O(/¢) from pe. This is in
contrast to the case of a non-degenerate stable 1:4 resonance where both elliptic
and hyperbolic 4-periodic points are located at a distance O(y/¢) form the elliptic
fixed point.

A standard approach to analysis of the bifurcation taking place at ¢ = 1 is based
on scaling of a e-dependent neighbourhood of p. and considering the limit vector
field of H{ . as € — 0. In the case of the Hénon map this approach fails to provide
the full picture of the bifurcation: choosing a scaling that places pZ at a unit
distance from p. sends pj to infinity, while choosing a scaling that places p§ at a
unit distance from the origin forces the points of pZ to collide at the origin. Thus,
a more accurate approximation is needed for analysis of the bifurcation.

We apply discrete averaging to the fourth iterate of the Hénon map to obtain a
suitable approximation. It suffices to use the second order central interpolation
scheme @ which yields the interpolating vector field

Xo(w,y,6) = g (Hive(w,y) = Hil(2,y))

Since both Hi4. and H; +15 are polynomial in x,y and e, the interpolating vector
field Xo is also polynomial (of degree 16 in (z,y) and of degree 31 in (z,y,¢)).
Using an algebraic manipulator we check that

Hﬁs — @}(2 = Og(z,y) + eO07(x,y) + 0(52)

where Oy, denotes a polynomial in (z,y) that does not contain any term of order
lower than k. We note that the Hénon map is area-preserving but the vector field
X5 is only approximately Hamiltonian: its divergence is small but not vanishing,

div Xs(z,y,¢) = —12x2y2(:1:3 + y3) + Os(z,y) + e04(x,y) + 0(62).

Since the divergence is small, the interpolating vector field Xs is close to a Hamil-
tonian vector field. We use integration to extract the Hamiltonian part of the
vector field. Let

1
h2($,ya5) = / X2(txaty) ’ (yv *'I)dt
0



where - stands for the standard dot product. The function hy is also polynomial
and the direct comparison of the explicit expressions for Xo and ho gives

Oha  Ohg

Xala2) ~ (G252 ) (0:006) = Os(avp) + 0s(a,0) + O()

Computing the difference with the help of an algebraic manipulator we get that
h2 o H1+E(l’, Y, 6) - hQ(xa Y, 5) = 09(1:7 y) + 607("E7 y) + 0(52)'

Consequently ho is an approximate integral of motion for the Hénon map in a
neighbourhood of the elliptic fixed point. It is a remarkable fact as the construction
of hy is based on Hi ., the fourth iterate of the Hénon map, while we observe
conservation under the first iterate. We provide an explanation in Section [6.2
Expanding hs in Taylor series of order 7 in (z,y,e) and dropping the terms of
order O(g?) we get a simpler polynomial function that provides an approximation
for hg in a neighbourhood of the origin:

6 6
> i
hg:—$2y2—|—m4y—$y4—§+2x3y3—y§+1‘2y5—:€5y

2
+ 5(2 (22 + ) + 2zy(y — 2) + (2° — y?)" + 32y — 22y + 22%y° — 3ay?

2

+ % (—4376 + 62°y — 172%y? + 2423y3 — 172%y* + 62¢° — 4y6)>.
Computing the difference with the help of an algebraic manipulator we get that
iL2 o H1+€(x7 Y, E) - B2<x7 Y, 8) = Og(l’, y) + 807(%, y) + O(€2>'

We see that hs is preserved up to an error of the same order as the error for the
full polynomial ho. Figure [If shows the excellent agreement between level lines of
ho and plots of trajectories of the Hénon map H..

This example shows that the symmetric interpolating vector fields of order two can
be used to construct an adiabatic invariant that is well preserved in a neighbour-
hood of the elliptic fixed point and correctly describes the degenerate bifurcation
in the Hénon map. A higher accuracy approximation can be achieved by using a
higher order interpolation, for example, the fourth order symmetric interpolating
vector field defined by

2 _ 1 _
X4('T7y75) = g (Hél(l‘,y,é) - HC 4(1“73/’5)) - E (Hcg(x7y75) - Hc 8(x7y75)) .
The computations can be repeated with X4 replacing X3, and all errors move to
a higher order. The adiabatic invariant h4 obtained in this computation has the
same lower orders as ho except for two terms in the last line of the expression for hs
where we get —13 instead of —17. Of course, hy is preserved with a substantially

higher accuracy.
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Figure 1: Iterates of the Henon map @ (left) and level lines of the Taylor
polynomial of the adiabatic invariant hs of order 6 in x, y and one in € (right)
for c =1+ ¢ with e = 1073.

Later in the paper we will show that using an interpolating vector field of a higher
order instead of Xy it is possible to derive expressions for adiabatic invariants
preserved up to an error of arbitrarily high order in (x,y,e). We note that the
computation of a higher order interpolating vector field requires the knowledge
of iterates of the map H2*. These maps are polynomial but the degree grows
quickly with k. Since terms of higher orders do not contribute to lower orders of
the adiabatic invariant, the symbolic computation can be substantially simplified
by iterating an n-jet of the map, instead of the full map, dropping the terms of
order n + 1 and higher at each iterate.

Figure [1] shows that the adiabatic invariant is well preserved for relatively large
values of x and y. To determine a domain D where the discrete averaging can
be used to analyze the dynamics we proceed as follows. We consider the square
K = [-1,1]2. On amesh of points (z,y) in K, we compute the integer n minimizing
Gzy)(n) = | Xon(z,y) — Xont2(z,y)|2 where Xy, is the symmetric interpolating
vector field of order 2n. Theorem [3| implies that G(,,)(n) = O(e*"*!) where €
characterizes the closeness of the map to the identity. Accordingly, for points in
D we expect that G, ) (n) first decreases as n increases and then starts increas-
ing. The corresponding minimal value can be used as an indicator for the best
accuracy that can achieved by the interpolating method. Outside D the averaging
approximation does not hold and we expect that n = 1 minimizes G, ,y(n). The
change in this behavior is expected to be quite abrupt, allowing us to roughly
determine the domain D where discrete averaging can be used to approximate the
dynamics. The Hamiltonian hy based on the second order interpolation scheme
defines an adiabatic invariant throughout D. However, outside a neighborhood of
the boundary of D we can construct adiabatic invariants that are preserved with
substantially higher accuracy.

Figure[2]illustrates an application of this analysis to the Hénon map for two values



Figure 2: Domain of validity of discrete averaging for the Hénon map with
e = —1073 (left column) and ¢ = 1072 (right column). In the top row, the
colors indicate the optimal n values that minimize G, ) (n) = |Xon(z,y) —
Xont2(x,y)|2- The bottom row plots exhibit colors representing the decimal
logarithm of the minimum values of G, ,(n) over n. For reference, orbits of
the Hénon map are shown in light gray in all plots.

of the parameter ¢, before and after the bifurcation respectively. The top raw
presents values of the optimal interpolation order n for each (z,y) on the grid. The
black color corresponds to the region where n = 1 and the discrete averaging does
not provide a good approximation for the dynamics. The white region corresponds
to the area where n > 10 and the approximation is excellent. The second raw shows
values of G, ,y(n) for the optimal n. In the middle of the white region the error of
a high order interpolation is below the computational precision and for that reason
we did not test methods above order 10. We see that the boundary of the domain
is indeed reasonably well defined. The domain is rather large and fully covers the
zone that contains the islands of stability created in the bifurcation.

We emphasize that our computations of the adiabatic invariant are performed in
the original coordinates and do not use transformations to a normal form. In order
to accelerate computation of the symbolic expressions for adiabatic invariants we
use jet iteration. On the other hand, the determination of numerical values for
adiabatic invariants can be carried out from numerically computed trajectories of
the map, similarly to [10]. This approach permits analysis of bifurcations (includ-
ing degenerate cases), determine its stability and providing an accurate adiabatic
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invariant via direct computations in the original coordinates of the map, even when
an analytic explicit closed form expression of the map is not available.

3 Approximation by autonomous flows

Let D C R% be an open domain and consider a smooth family of maps F. : D — R¢
that is tangent to identity, i.e.,

F.(z)=x+¢f(x) (8)

where the Taylor expansion of f. with respect to € up to an order n is given by

n—1
fe(x) = Z ¥ () + €™y (z, €)
k=0

with a bounded remainder r,. It is well known that F. can be approximated by an
autonomous flow. The approximation error of the best approximation depends on
the smoothness of the family. The following theorem shows that the approximating
flows can be obtained using discrete averaging.

Theorem 1. If a tangent to identity family F. € C"1(D x [—eq,e0]) for some
go > 0, then there is a unique polynomial in € vector field g.(x) = ZZ;(l) ek gr ()
such that

F.= 8], + 0

uniformly on every compact subset of D. Moreover, for 1 <k <m <n

1 0" X,
o |, O Y
e=

where X, is an interpolating vector field of order m defined by , and conse-

quently
F.=®% +O0(™). (10)

Proof. The time-one flow defined by the ordinary differential equation (ODE)

= eg.(x) (11)

can be written in the form ®., (z) = z + y(t, ), where dyy(t,z) = eg-(x + y(t, z))
and y(0,z) = 0. We suppress the explicit dependence of the function y on the
parameter . Then

07y(t,z) = edige(x+y(t,2)) = ge(z+y(t, 2))ge (x+y(t, ) = €2 Dy, ge (w+y(t, @)

where D, is the directional derivative:

D,f(2) = F'()g(z) = lim TEFOIEN ZIE)

§—0 1)

11



Then for all k
Ohy(t,x) = e DEg. (2 + y(t, 2)).
By expanding the solutions of the ODE into Taylor series in time and evaluating

time derivatives at t = 0, we arrive to an expression for the flow defined by the

ODE (T):
<I>ﬁgg( ) =x +tege(x) + Z x Dk Loe(z) + e g, (t, 2, €). (12)

The Taylor expansions of F. and Q);gg coincide up to the order of €™ if and only if

k+1

1 .
go = fo and gk:fk_Zﬁ[Déslgg]kJ’_l_j fork=1,...,n—1,
j=2

where the operation [-]; extracts the coefficient in front of &/ from a polynomial in
€. Using bi-linearity of the directional derivative it is easy to see that the sum in the
right-hand side is a function of gg, ..., gr_1 and their derivatives. Consequently,
the coefficients g are defined uniquely and explicitly. After making this choice for
the coefficients we obtain the vector field g. such that

Fo(z) = @}, (x) + O(™).

Now consider the Lagrange interpolating polynomial P, defined by . We note
that interpolation procedure is linear with respect to the interpolant and repro-
duces a polynomial interpolant exactly. Therefore, the equation implies that

n—ng n—ng

> par®ly (2) = ege(@) + " Y purk" gk, z,e)

k=—ng k=—ng

where the coefficients p,j, are the same as in (). Since F¥(z) = @lggi (r)+0(e")
for every fixed k, we get

n—ngo n—no
Z Pk FE( Z pnk@gga )+ O™ = gg.(z) + O(e™H).
k=—ng k=—ng

The smooth dependence of the flow on its vector field implies that the Taylor series
of F; and ®% coincide up to the order O(e"). O

Remark 2 (Computing the formal interpolating flow using discrete averaging).
The equations and @ imply that coefficients of the formal interpolating vector
field can be computed using the forward interpolation scheme:



The symbolic computation can be simplified by noting that in order to get an ana-
lytic expression for g,,—1 it is sufficient to compute each of the iterates Fsk keeping
the terms up to the order €™ only.

This approach provides a new method for computation of the formal interpolating
vector field. On the other hand, X,, has an important advantage over the truncated
formal interpolator: its computation does not require knowledge of the derivatives
of the function F. and, consequently, it can be used even in the case when no
explicit analytic expression for F. is available.

4 Uniform bounds in the space of analytic
diffeomorphisms

In the previous section we established the rate of decay for an approximation of a
map F. by an autonomous interpolating flow as the map approaches the identity
when e goes to zero. If the family is infinitely smooth, then for any m there is
an interpolating vector field X,,, such that F, = @km + O(g™*1). The error term
decays faster for larger m but Theorem [[ does not provide any information on the
constant in the O-term. Therefore it is not possible to use this theorem to decide
what order of interpolation leads to the most accurate approximation for a fixed
value of e.

In this section we answer this question for analytic diffeomorphisms. We show that
all analytic maps from a fixed neighbourhood of the identity admit an approxi-
mation by the time-one flow of interpolating vector fields with uniform bounds on
the approximation error. We prove that the approximation error is controlled by
the ratio €/ of two natural parameters: e describes the distance to the identity
map and J characterizes the size of the complex neighbourhood where the map is
e-close to the identity.

In contrast to Theorem the assumptions of the following theorem does not
require the map to be a member of a family, thus we drop notation of potential
dependence of F' on its parameters.

Suppose that ¢ and § are two positive numbers. For a set Dy C C%, let D;s be a
-neighbourhood of Dy. We denote by C*(Ds, C?) the space of all analytic maps
F : Ds — C% equipped with the supremum norm

I1Fllps = sup |[F(z)],
D

rxeDs

where we use the maximum component norm for vectors in C?. Let B.(Dj) C
C*(Ds,C%) be the closed ball of radius € centered at the identity map: an analytic
map F' € B(Ds) iff

IF —id|lp, <e (13)
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If a segment of a trajectory z = F*(z) € Ds for k = 0,...,m, the Newton forward
interpolation scheme provides an explicit expression for the interpolating vector
field of order m at the point x:

Xule) = 3 A (14

m\L) = L k\ZL),
k=1

where the finite differences are defined recursively

Ao(x) =z, Ag(z) = A1 (F(z)) — Ag—1(z) for k> 1. (15)

The interpolating vector field of order one, X;(z) = F(x) — x, is similar to the
vector field of the limit flow that is traditionally used in the analysis of dynamics
of a near-the-identity map. The method also includes higher order interpolation
schemes that correspond to m > 2.

Let ®% denote the flow defined by a differential equation & = X (x). Let integral
My = |co/a] + 1 where the constant ¢g = 1/(6e) = 0.061.. ..

Theorem 3. Let €,0 > 0 be such that €¢/5 < ¢y and Dy C Ce. Then for any map
F € B.(Ds) the interpolating vector field of order one satisfies || X1||p; < € and

[Pk, — Fl|p, < 2¢%/6. (16)

The interpolating vector field of order m € [2, M. 5] satisfies || Xl ps 5 < 2€ and

|8, — P, <3 (6<m5‘1>6>m an)
In particular, for m = M5
H(I%fm_FHDO < 3eexp(—cod/e). (18)
Proof. We consider the family that connects F' and the identity map,

fu= 1= p)id+prF

where p is a complex parameter. Obviously the function f, is analytic in the same
domain Djs as the function F' = fy.

1. The limit flow. First we consider the vector field
X1, = fu—id = p(F — id).
Equation implies

1 X1ullps = [lp(F = id)[lp, < [ule.

14



For |u] < p1 = 0/€, this norm does not exceed d, the distance from Dy to the
boundary of Ds. Consequently, the time-one flow @}(1 . (z) is defined for all x € Dy
and ’

@, ~idl], < lule

Then the triangle inequality implies that
Hq)%(w B f“HDo = H(I%fw B idHDo + Hid *quDo < 2|ple.

Theorem |1 implies that @}(1 LT fu = O(p?). The Maximum Modulus Principle
(MMP[[) on the disk |u| < pg for u =1 implies that

2ep 2¢2
1®x, = Flp, < T%l =5

2. Bounds for the finite differences in Ds/3. Now we consider the contribution
of higher order corrections to the interpolating vector fields. Let m > 2 and

26

fim = 3e(m—1)°

Suppose |p| < pim, 7o € Ds/3 and 0 < k < m — 1. The finite induction in & implies
that xp := fﬁ(xo) € Ds and, consequently, |21 — x| < |p|e. Then the definition
(15) implies that

m—1

Anta) = 3 (-4 (" ) A,

k=0
Since ZZL:_OI (mlzl) =21 and |A1(z)| < |ule, the triangle inequality gives us
18l , <27 ule.

We note that Ag(z) = Ap_1(fu(x)) — Ap—1(z) and, since f,(z) = x + O(n), the
Taylor series in p for Ay start with a higher order than the Taylor series for Ay_1.
We conclude that A,,(z9) = O(p™). Applying the MMP we get

m—1 ‘,U,‘ "
||Am”1:)5/3 <2 Hme (Mm) :

This bound also holds for m = 1.

'We use the following simple statement of Complex Analysis. If a function g is analytic
and bounded in an open disk |u| < 7 and ¢g*)(0) = 0 for k = 0,1,...,m — 1, then the
maximum modulus principle implies that [g(p)| < (|ul/r)™ supj, <, [g(u)]. Of course, if
the function extends continuously onto the boundary of the disk, the supremum can be
replaced by the maximum over |u| = r. For a vector valued function we apply the MMP
componentwise.
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3. Bounds for HXWMHD5 , with 2 <m < M./s. Let the interpolating vector

field X, ,, be defined by with f replaced by f,. We immediately conclude
that X, ,, is analytic in Ds/3 for [u| < i,,. Since py, are decreasing, we get the
following upper bound for |u| < pp,/4:

kHD 2h- 1lulk o 2k 1lulk elul
[ nUHD(;/?, S Z = 62 Z = S = 2elpl-
k=1 k“ k= T 1 = m

Since pi, > 4 for 2 < m < M, /5 we can substitute 4 = 1 and get
||Xm”D5/3 < 2e.

4. Approximation of F by the time-one map of X,, in Djy. Recalling
the definition of u,, we observe that the inequality 2€|u| < m < g follows
from |p| < pm/4. Consequently, an orbit of the vector field X, , with an initial
condition in Dy remains in Ds/3 during one unit of time and

H(bkm,u - ldHDO S Hval‘HDé/ii S 26‘!“" .

Recalling that || f, —id||p, < |p|e and using the triangle inequality we get

12, = full py < @5, = 1]l p, + [lid =Sully, < Belul.

Theorem |1| implies that <I>1 - has the same Taylor polynomial of degree m in
as the map f,. Then the MMP based on the bound in the disk |u| < ji,, /4 can be
applied with ;1 =1 to get the desired upper bound ([17):

4\" 6e(m —1)\™
H(I%(m—FHDO§36<Mm> ~ 3¢ (5> |

In order to obtain the exponentially small approximation error we note that the
right-hand side of the last inequality depends on m and takes the least value near
m = M5 = [0/(6ee)| + 1. Since W/aﬂ > e we conclude that for this m

)
|8k, — F|l,, <3ce ™ < 3eexp <_ee) .

This argument completes the proof of the theorem. ]

Remark 4 (Symmetric interpolation schemes). Theorem @ uses the forward in-
terpolation scheme. A similar statement can be proved for any other interpolating
scheme provided the map and its inverse are both e-close to the identity on the
same domain. The most interesting case is related to symmetric interpolation
schemes as they potentially lead to more accurate approzimations. The analysis
of the inverse map is particularly simple in the class of reversible maps, see the
motivating example in Section and the paper [10)] where the method was used
to study Arnold diffusion in symplectic maps.
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5 Application to tangent-to-identity maps

Suppose that a local diffeomorphism f has a fixed point at the origin, f(0) = 0.
If additionally f/(0) = I, we say that f is tangent to the identity. The study of
the corresponding dynamics in a complex neighbourhood of the fixed point is a
beautiful and complex subject, non-trivial even in the one-dimensional case, see
for example [13], 14} 15, 16l 17]. It is well known that a tangent to the identity
map can be formally embedded into an autonomous flow. However, in general, an
autonomous flow can only provide an approximation up to an error exponentially
small compared to the distance to the origin. Theorem |3| can be used to reproduce
this statement. In this section we will derive sharper estimates taking into account
the dynamics of the map in a complex neighbourhood of the origin. The main
contribution of our approach is the uniformity of the bounds.

Let us state the assumptions formally. Consider the space of local analytic diffeo-
morphisms f such that the Taylor expansion of f —id does not have any term of an
order less than ng > 2, i.e. f(z) —x = O(z") (or equivalently val(f —id) > ny). EI
The inverse function theorem implies that the inverse map f~! has similar prop-
erties. Let rg, €9 > 0 and consider the set B(rg, €9, n0) defined by the inequality

max (||f = id [lr, [ /7" = idlr,) < eo, (19)

where the supremum norm || -||, is taken over the ball {z € C?: |z| < r¢}. Similar
to the previous section we use the maximum component norm for vectors.

For an integer m > 1 the Stirling—Newton symmetric interpolation scheme provides
an explicit expression for symmetric interpolating vector field of order 2m,

(20)

X = ni:l RPN (o) + A (@)
om(7) = —~ (2k+1)! 2 ’

where z;, = f¥(z) are points on the orbit of 2 and the finite differences are defined
recursively: AJt(z) = AJ(f(x)) — Af(z) and Al(z) = f(z) — =.

Theorem 5 (Interpolating vector fields near the fixed point). Let €y, 79 > 0,
€0 < 1o, and let ng be an integer such that ng > 2. There is a constant r1 € (0,70)
and a function m : (0,71) — N such that

1= ()" (b 20 0)

and for any map f € B(ro,e0,n9) and any r € (0,r1) the approximation error is
bounded by
H<I)§(m(r) - er <depexp(—2m(r)).

2The degree of the first non-zero monomial of the Taylor expansion in x defines a
valuation, that will be denoted by val, of the ring of formal series C[[z]].

17



The proof of the theorem is split into several steps. First we obtain an estimate for
escape times from a neighborhood of the origin in C?. These bounds are based on
comparison with the ordinary differential equation R = R™ that has an obvious
strictly increasing positive solution

R(t) = (1 —(no— 1)15)—1/(”0—1)

defined for ¢t < 1/(np — 1). We will also need its inverse function 7 : Ry — R,

T(r)= 1 (1 — r*("°*1)> .

ng— 1

Lemma 6 (Escape times). If a map f € B(ro, €9, n0) and k € N, then |f*(z)| < ro
provided |x| < ay, where

0 —1/(no—1)
QR =To <1 + —(no — 1)]€> . (21)

€
To
Proof. The MMP implies that for any r € [0, r¢]

maxc (|| f —id[],, |7 = id],) < eo(r/ro)™-

Let €1 = €g/ry°. The iterates of the map f and its inverse f~! are dominated by
the solution r(t) = R(eit) of the differential equation 7 = €17 while the point
remains inside the domain of the map. If tg = el_lT(ro), then R(eity) = ro. For
any x with |z| < oy := R(e1(to — k)) we get that | f9(z)| < R(er(to — k + j)) < ro
for all |j| < k. Using the explicit expressions for the functions R and T we get the
explicit expression for ay,. ]

Lemma 7 (Interpolating vector fields). The symmetric interpolating vector field
Xom(x) defined in with m € N is analytic in the disk |x| < qu—1 and

r o\
| Xom|lr < V27eg (7”0) (22)

provided
Qm—1

T < fBm = W- (23)

Proof. The interpolating vector field Xoy,(x) is analytic in the disk |z| < a;,—1 as
it is a linear combination of the points f~™(x),...,z,..., f™(z) and |f*(z)| < ro
for |k| <m — 1.
In order to get the upper bound we expand expressions for the finite differences:
k
AR (g )+ A () S (1)t 2k \ Al(zi_y) + Al(xy)
2 i+ k 2

i=—k

18



Lemma [6] implies that the first k iterates (both forwards and backwards) of a
point z with |z| < aj remain inside the ball of radius r9. Consequently |Az;| =
|xi+1 —.’L‘Z“ Seo for i = —k—l,...,/{ and

k

2k
< = 2%k,
B z;k <Z + k) ° 0

Since AJ(z;) = AV Y(z441) — AT71(x;) and each application of A increases valua-
tion of a series by ng — 1, we get that val(A2**1(z;)) > (2k +1)(ng — 1) + 1. Then
the MMP implies that for r < az

HA%H@’fl) 4 A%—H(:C,k)
2

r

2

AP (g ) + AR ()
(075

) (2k+1)(no—1)+1

.
< 2%¢, <

r

1
Using the Stirling formula v/27mn (%)n < nl < V2mn (%)nem and the classical
bound (1 — 1/n)" = erlee(1=1/n) < =1-1/(27) we get for any k > 1

(k:!)2 _ el 1/ (6k)\ /o ( k >2k+1
QE+1)! ~— V2k+1 2k +1

el +1/(6k) or <1 1 )2k+1 g N

V2k 4 122k+1 2k +1 = 2k + 122k+1°

Obviously this inequality also holds for £ = 0. Using the last two bounds and (20))
we get that for r < ay,—1

HX H _ Tnz:l \/%60 ( r )(2k+1)(n01)+1
e = Lokt '

In order to estimate the ratio of two consecutive terms of the sum we consider

(T/ak)(2k+1)(n0_l)+l r 2(nog—1) Q1 (2k—1)(no—1)+1
(T/Oék_l)(Qk_l)(nO_l)+1 - <Oék) ( oy )

B ( . )2(n01) ( 1+ 2(no — 1)k )(Qk—l)—l-l/(no—l)

an T+ @(ng — L)(k — 1)

r 2(no—1) 1
= | — 1+ T
7’0 n

293

2k—141/(no—1)

0—1)

Using the inequality (1+¢~!)! < e for t > 0 we conclude that the ratio of two con-
sercutive terms in the sum does not exceed 1/2 provided (r/ay)?0=1 < 1/(2¢2).
Consequently, if r < 3,,, the sum is not larger than the first term doubled and we

get the bound . O
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Lemma 8 (Time-one maps). The time-one map of the symmetric interpolating
vector field Xo, defined in with m € N satisfies the inequality

. ﬁm no r 2m(no—1)+1
ke, = 7l <00 (22) () @)
for 0 < r <, where

)—1/(n0—1) (25)

Ym = Bm (1 + (ng — 1)ex oY
and ez = \/2meg /1"

Proof. The bound implies that solutions of the differential equation & =
Xom () are dominated by the function r(t) = R(eat) that satisfies the differential
equation 7 = eor"® while the trajectory remains inside the ball |z| < 5,,. If
to = €5 'T(Bm), then R(eatg) = Bm. For any xg with |zo| < ym := R(ea(to — 1))
we get that ‘@km (z0)| < R(e2(to)) = Bm. Using the explicit expressions for R(t)
and T'(r) we get the expression (25)):

—1/(no—1
Ym = (1 — (no — 1)ea(to — 1))*1/(71071) _ ((no es + /8;1(”071)) /(no—1) .

Then the time-one map of X3, admits the following upper bound

no
|2, —id]. <[ Xomlls, < V2reo (@D

and
1 1 6m o
195, = Flh < 1@k, = il + i < deo (2]
Since val(®Y, — f) > 2m(ng — 1) + 1, the MMP implies for r < Y. O

Proof of Theorem[5 The theorem is proved by choosing m that approximately
minimizes the error in for a fixed r. We note that B,,vm € (0,79) are
monotone decreasing with m and converge to zero when m — co. We define m(r)
to be the largest m € N such that (7,,/r)"~! > e. Then we get

H@}@m — er < 4deg exp(—2m(r)).

We note that for m > 1

€0 —1/(no—1)
Q=T <T0(n0 - 1)m> (L+0(m™)).

Am—1 no—1

Since 8, = Vo) /o) and Y, = Bm (1 + O(B) )) we conclude that
€ —1/(no—1)
Ym = T0 <T\/§e(n0 - 1)m> (1+ O(m_l)) .
0
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Consequently, the equation =, = rel/(m0=1) hag a solution

=" (G o)

and m > 1 provided r < r; = v~ /(0= The function m(r) is equal to the
integer part of the right hand side. O

6 Dynamics near a resonant equilibrium

6.1 Stability of a fully resonant elliptic fixed point

In this section we discuss an application of the theory developed in the previous
section to study stability of an elliptic resonant fixed point. Suppose that an
analytic symplectic map f in a 2d dimensional space has an equilibrium at the
origin. Let Ag = f’(0). The fixed point is called elliptic if all eigenvalues of
Ag are non-real numbers on the unit circle. Since the map is real-analytic, the
eigenvalues form pairs of complex conjugate numbers. Denote by Ai,...,Ag the
eigenvalues with positive imaginary parts. The fixed point is called fully resonant
it A\ = Ay = ... = A] =1 for some n € N. Consider the d-dimensional lattice
L C Z% that consists of all m = (my1,...,mg) € Z% such that

mi mq __
AT AT =

Suppose that all eigenvalues are simple. Then the matrix Ag is diagonalizable and
the normal form theory (for example by combining the results of [18] and [19]) tell
us that there is a formal Hamiltonian function

hy = Z Ck,lzlfl e stiil ... 5([1'1
k—leLl

where z; = pj +igj for j = 1,...,d, and a formal canonical change of variables
such that the Taylor series of

fr=Codp oC™!
where @ is the time-n formal flow of the Hamiltonian vector field defined by hy-.

The formal series hy is called the normal form Hamiltonian for the map f. The
real symmetry implies that c;; = ¢ . The normal form Hamiltonian has the
group of symmetries, a finite group isomorphic to the group of matrices AIS with
k=0,....n—1,as hy = hy o A’S. In this equality we have identified the matrix
with the corresponding linear map. We say that the resonance is strong if the
lattice £ contains a non-zero integral vector with |mj|+ ...+ |mg| < 4. In the
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absence of strong resonances, the leading part of the normal form Hamiltonian
takes the form

d
hy = ¢i(2%)* + Os
j=1
where the coefficients c;; are real. If ¢j; are all positive (or all negative), the
leading part of hy is a strictly convex function. In the original coordinates, the
formal series hx = hy o C~! starts with terms of order four and the Hamiltonian

hx is convex in a neighbourhood of the origin. In this case, we can deduce effective
stability for exponentially long times.

Since hy starts with terms of order four, the corresponding time-n map is O(|x|3)
close to the identity. Consequently, the map f™ satisfies assumptions of Theorem [j]
with ng = 3. Theorem [I]implies that the interpolating vector field X,, of order m
coincides with the formal interpolating vector field in all orders less than N, =
m(ng—1)+ng = 4m+ 1. Truncating the Taylor series for X, at this order we get
a Hamiltonian vector field Xm, the corresponding Hamiltonian function coincides
with A, the truncated normal form Hamiltonian hx truncated at the order N,,.
Then

i © [™(2) — hon(2)] < hmo¢§m@gglwmm‘+‘mno¢§m@)fhmof"@).

The first term vanishes as the Hamiltonian function is constant along the trajec-
tories of its Hamiltonian vector field. We conclude that

im0 f™ () = han ()| < |7y

o 1|

Let us consider the set {z : hy,(x) < E} and denote by D,,(F) the connected
component that contains the origin. Let

En(r) = s%p{E :2 € Dp(E) = |z| <7}

and Dy, » = Dp,(Ep,(r)). The analysis of the leading terms of h,, shows that D,, ,
contains a ball of radius ~ r centered at the origin, while the definition of D,, ,
implies that it is contained in the larger ball of radius 7.

Finally, Theorem [5 implies that a trajectory of f™ that starts in D,, ./ needs
at least exp(—C/r?) iterates to increase the energy and leave D,,, ,. In the 2d-
dimensional case with d = 1 (e.g. in the Hénon map) the stability may be per-
manent as the invariant KAM curves separate the phase space. We note that
convexity of level sets is sufficient but not necessary condition for stability. For
example, near the resonant point of the Hénon map the function h,, is not convex
but nevertheless the corresponding level lines are closed and prevent trajectories
from escaping (see Figure . If d > 1 the permanent stability does not follow
from the existence of an adiabatic invariant and an elliptic fixed point can be
unstable [20].
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6.2 Hidden symmetries of interpolating flows

Without loosing in generality, we may place the fixed point of a map at the origin,
then f(0) = 0. The point is called fully resonant if the Jacobian f’(0) is a root of
unity. Then f™, the n-th iterate of the map, is tangent to identity:

(fM'(0) = (f(0))" = 1.

It is well known that there is a unique formal vector field X such that the formal
series for the time-n flow defined by X coincide with f", ie. ®% = f". For
example, this claim can be deduced from Theorem [1} If f is symplectic, then X
is Hamiltonian and obviously hx o f* = hx o ®% = hx. We show that the vector
field X and the Hamiltonian hx are not only f™-invariant but also f-invariant.

We called this symmetry hidden to stress the fact that the vector field computed
using f", the n-th iterate of the map f, is invariant under the original map f. We
note that an interpolating vector field X, of finite order share a common jet with
the formal interpolator. Therefore the following lemma implies that X,,, possesses
the symmetry up to an error term.

Lemma 9 (symmetries of the formal interpolating vector field). Let f be a formal
diffeomorphism with f(0) = 0 such that f™ is tangent to the identity for some
n € N, and let X be the formal vector field such that f* = ®% . Then the vector
field X is f-invariant, i.e.,

Xof=D(f)X, (26)

where D(f) is the Jacobian matriz of f. Moreover, if f is symplectic, then X is
Hamiltonian with a formal Hamiltonian hx and

hxof =hx. (27)

Proof. In order to check the symmetry, we note that the normal form theory states
that there is a formal change of coordinates C' with C'(0) = 0 that transforms the
map f to its normal form g, i.e., C'o f = go C and g has the symmetry

goLy=1Lgog (28)

where L is the linear map defined by ¢'(0), the Jacobian of g at the origin. Since
Ly Lo ¢ is tangent-to-identity, there is a unique formal vector field Y such that

Py = Lal og.
Substituting this equality into we get
Lyo®i =&} 0L

and consequently
LooY =Y o L.
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The last conclusion may be proved using that discrete averaging preserves linear
symmetries. Alternatively, the normal form theory can be used as the formal
normal form g contains resonant terms only and the symmetry of Y follows from
the symmetry of monomials in the corresponding series.

The symmetry of Y implies that for any ¢
Y 0Ly = Logo .
Consequently ®%, 0 g = &%, 0 ®l o Ly = Lo @i o d!. = g o ®!.. Therefore
<I)§/ ocg=go (I>§/.
Obviously ¢g" is tangent-to-identity. Since Ly and g commute
Y=(Lolog) =Ly og" =g".

Therefore Y is the formal interpolating vector field for ¢". Its uniqueness implies
that
ol =Ctodl oC.

Then we get,
Phof=ClodLoCoClogoC=ClogodoC = fodl.
We have proved that f commutes with the formal flow: for all ¢
Pl o f = fodl.

Taking the derivative with respect to ¢t at ¢ = 0 we see that the vector field X is
invariant under iterates of f and holds. In the case of a symplectic f, the
vector field X is Hamiltonian and it follows that

hx o f — hx = const.

Finally, f(0) = 0 implies that the constant is zero and follows immediately. [

Note that a family of maps f,(x) = f(z, p) that unfolds a fully resonant fixed point
can be considered as the map (x,p) — (f(z,p),p) in the extended phase space.
For example, this argument justifies the application of Lemma [J] and the theory
of discrete averaging of Section [5| to the conservative Hénon map in Section

7 Conclusions

In this paper we developed the theory of discrete averaging that uses weighted
averages of the iterates of f to construct autonomous vector fields X,, such that
the corresponding time-one flows <I>}><m approximate the map. The construction is
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explicit and can be used to analyze long term stability for discrete time dynamical
systems. Moreover, if necessary, it can be easily implemented in form of a numerical
scheme to produce both numerical approximations and analytic expressions for
vector fields and adiabatic invariants.

The discrete averaging provides an alternative to the traditional approach based
on the combination of the classical averaging and normal form theory. In contrast
to the traditional approach the discrete averaging does not rely neither on the
suspension procedure nor on coordinate changes.

We showed that the discrete averaging substantially simplifies analysis of the ac-
curacy for averaging procedures. In the analytic case, we provided explicit and
uniform bounds for approximation errors.
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