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& Motivations: Complexification of real systems
Logarithmic change of coordinates
Projection of transcendental meromorphic maps

& Goal: Get familiar with projections & essential singularities

& Contents: [ Newton maps

4| Projectable maps

Class K (meromorphic outside a small set)

*W

& Logarithmic lift of Fatou components

a| Exploration of a simple Newton map & its Projection

a| Searching possible Wandering domains




1. NEWTON maps

@ Baranski, Fagella,

- Entire function f: C - C | Rootof f | Critical point of f Jargue, Kapiiska [2019]

Voo l

Newton map N, : C — C | Attracting fixed point of f | Pole of f
_ f(z)
f'(2)

N¢(z) =2

f(z) =z2(z—1)(z —a) - \ f(z) =sin(z) # p(z)e‘J(z)

Ni(z) = z — tan(z)

]\9 rational map
transcendental mero.

Riemann sphere:
C=CU {0}

Cylinder:
Cl(n2)




2. PROJECTABLE maps 1 .

w Keen [1988]
- Diagram of semi-conjugation:
Z 6 C - C ® Ni(2)
i 27l
I () = exp(z)| = TI(z) = exp <7Z)
\/ v :
C* > C*
_____________ g

- Projectable maps under the exponential:

[Nf (2 +2mi) = Ny(z )+2mm] m €7 ey Ny(z2+ P) = Ny(2) + mP
( Semi-period P € C*)

- Interesting class of Newton maps:

b
Ni(z)=2z—M(e*) || Mw) = WP \obius map
cw+d
4 w
L, eita#08b#0 f(2) =kev® (ae® +b) "

o fa=0: f(2) = keb?et®

d

e Ifb=0: f(Z)—kebz mae 4



3. CLASS K (mero. outside a small set) T

@ Baker, Dominguez, Herring [2001]
@ Bolsch [1990]

- Meromorphic functions outside a compact and countable set E(f), which is the
closure of isolated essential singularities.

— Class K is a closed system under iteration! E(fog) = E(g) Ug™ "(E(f))

— (Essential) Poles & Prepoles (order m € N'): (@€ C-E(f) st f™(a) =b€ E(f)

— Singular values: -+ Critical values: f(c)eC st f(c)=0 with (9 C—E(f)

S(f)=sing(f™) - Asymptotic values: (a)e C— E(f) st f(4(t) —a
for some path ~(t) — b € E(f)

t— 00

- Fatouset: F(f)={z¢eC:{f"} is defined & normal in some nbd. of z}

— Periodic Fatou component( f(U) CU for some p € N ): Attracting basin (attracting p.),
Parabolic basin (parabolic p.), Siegel disk (irrational neutral p.), Herman ring, Baker domain.

— Wandering domain ( f"(U)N f™(U)=0 forall m>n>0)

- Juliaset:  J(f) :@—F(f)

o lf Joo(f) = G fTM(E(f)) hasatleast 3points = J(f) = Joo(f)



4. LOG. LIFTS of FATOU components

= Bergweller [1990]
w /heng [2009]

Theorem [Bergweiler, 1995]:

Let f be entire, g an analytic self-map of C* and suppose exp (f(z)) = g(e?).
If f is not linear or constant, then: exp™'(F(g)) = F(f)
exp~'(J(g)) = J(f)

Theorem [Zheng, 2005]:
Let f(z) and g(z) both be in with either co € E(f) or f(oco) # .

If exp(f(2)) = g(e?), then: |exp~!(F(g)) = F(f)!
exp~'(J(g)) = J(f)
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14 e
- Newton’s map of f(z) = e“(1 + e*): |Ns(2) =2z — T 2¢
- Fixed points: clj< = mi + 2zik, k € Z (superattracting, deg. 2)
|
. Poles: ¢, = (—=In2 + zi) + 2rmik, e % = — 5

|

INnvariant horizontal lines:
- () =t+i2k+ D=

. Sk(t) =1+ le]Z’

Special vertical line:

- | Baker domain:;

Basins of attraction: U,




Cylinder: C/(2riZ)
Pb =-D2+TT0

“25ﬁ
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_h‘“”i:%w Ny(z) =2 Lte

— 1+ 2¢?
0 '
' Basins of attraction of ¢;* : U, ‘
-| Baker domain: U
w = exp(—2z)
v

(w) w + 1
w) = Wwex —
J P\ w + 2

-| Basins of attraction of —1: V,
- | Basin of attraction of co: V
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6. Searching possible WANDERING domains [ ...

@ Baranski, Fagella,

Theorem [BFJK, 2020]:

Let f be a topologically hyperbolic meromorphic map, and Uy the Fatou component such that f"(U) C Un! . 1 oot 10006
If\U, N P(f) = 0,|then for every compact K C U and every r > 0,
there exists ng € N such that for every n > ng and every z € K: |D(f"(2),r) C U
In particular, diam U, — oo and dist(f"(z),0U,) — oc.

n — 00 n — OO

Jarque, Karpinska [2020)]

¥r Candidate Wandering domains must contain postsingular points.

¥¢ Finite-type functions have neither \Wandering domains nor Baker domains.

. Buff-Ruckert’s famlly — Newton Mmap of f(z)=exp( : <Z+ﬁezﬂiz)> for a e (0,00):

a

- W = H(Z) . eZﬂiZ

1 + 627T7jz

Nf(z) = 2z +

2T
> g(w) = wexp T+ w

e w = (: Fixed point, g'(0) = e

271'2'7:) _ eZﬂ'iNf(z) dria

| g(e

Nf(2+1) ZNf(Z)—I—l

® w = o0: Parabolic fixed point

Y “Note that if we choose|a € Q| N, will have a wandering domain that projects to a parabolic basin’.
10




FUTURE RESEARCH

- Non-trivial Wandering domains for Newton maps of entire functions with zeros”?

- Further investigation on the Newton class:

Np(2) = 2 — M(e®),  M(w) =227

MOobius map
cw +

bc—ad

f(z) = ke? (ae® +b) “

- Other areas of exploration: Quasiperiodically-forced systems”?

F:TxC-—TxC
(0,2) — F(0,2) = (0 +w, fo(z)), weR-Q

11
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