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§1. — Anosov maps and thermodynamic formalism.

This section reviews the basic results of Sinai’s theory of transitive Anosov diffeomor-
phisms. It is meant for the reader with some familiarity with the subject and it should
be used for notations only. Expert readers will probably find the rest of the paper self
contained, without this section.

Let C be a d-dimensional, C'*°, compact manifold and let S be a C'*°, transitive Anosov
diffeomorphism, [AA], [S]. If WY, W? denote the unstable or stable manifold at = € C,
we call W2 W2? the connected parts of W% W2 containing = and contained in the
sphere with center x and radius ¢. Let d,,ds be the dimensions of W2 W?: d = d,+ds.
It is convenient to take 6 always smaller than the smallest curvature radius of W', W7
for x € C. Transitivity implies that W}, W7 are dense in C for all z € C.

The map S can be regarded, locally near z, either as a map of C to C or of W} to W§_,
or of W, to W¢,. The jacobian matrices of the "three” maps will be d x d, d,, x d,, and
ds x ds matrices denoted respectively 0S(z), 0S(z)u, 0S(x)s. The absolute values of
the respective determinants will be denoted, respectively, A(z), Ay(x), As(z) and are
Hoélder continuous functions, strictly positive (in fact A(z) is C*°), [S], [AA]. Likewise
one can define the jacobians of the n—th iterate of S which are denoted by appending a
label n to A, Ay, As; and are related to the latter by:

n—1 n—1
An(z) = [T AS72),  Aun(z) = J] Au(S72),
J=0 Jj=0
" (1.1)

snST; H SnSI A()_Aun( )Asn( )Xn()

and xn(z) = % is the ratio of the sines of the angles a(S™z) and a(z) between
W* and W* at the points S™z and z. Hence y,(z) is bounded above and below in
terms of a constant B > 0: B™! < y,(z) < B, for all z (by the transversality of W
and W?).

A set E is a rectangle with center r and azes A™, A® if:

1) A" A*® are two connected surface elements of W* W7 containing .

2) for any choice of £ € A" and n € A® the local manifolds Wg’é and W,;"‘s intersect in
one and only one point x(&,n) = Wg’é N W,;"‘s. The point z(£,n) will also be denoted
£ xn.

3) the boundaries A" and OA® (regarding the latter sets as subsets of W' and W)
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have zero surface area on W' and W .

4) E is the set of points A" x A®.

Note that any ' € E can be regarded as the center of E because there are A'™, A'®
both containing z' and such that A" x A®* = A'™ x A’*. Hence each F can be regarded

as a rectangle centered at any z' € E (with suitable axes). See figure.

Exn

The circle is a small neighborhood of z; the first picture shows the axes; the intermediate picture shows
the x operation and W’ﬁu’é, W;’é; the third picture shows the rectangle F with the axes and the four

marked points are the boundaries 9A* and JA?®. The picture refers to a two dimensional case and the
stable and unstable manifolds are drawn as flat, i.e. the A’s are very small compared to the curvature
of the manifolds. The center x is drawn in a central position, but it can be any other point of F
provided A" and A® are correspondingly redefined. One should meditate on the symbolic nature of
the drawing in the cases of higher dimension.

The unstable boundary of a rectangle E will be the set 0, E = A" x 0A*; the stable
boundary will be 0, E = OA" x A®. The boundary OF is therefore OF = 0, EUJ, E. The
set of the interior points of E will be denoted E°. A pavement of C will be a covering
& = (E1,...,Ex) of C by N rectangles with pairwise disjoint interiors. The stable (or
unstable) boundary 0s€ (or 0,€) of £ is the union of the stable (or unstable) boundaries
of the rectangles E;: 0, = U;0,E; and 0,€ = U;0, E;.

A pavement £ is called markovian if its stable boundary 0,& retracts on itself under
the action of S and its unstable boundary retracts on itself under the action of S~™1, [S],

[Bol; this means:

SO,E C O,€, S0, C 9,& (1.2)

Setting M, =0, 7,57 € {1,..., N}, if SE? N E?, = () and M, j = 1 otherwise we call
C the set of sequences j = (jr)p2_o, Jk € {1,..., N} such that Mj, ;,., =1. The
transitivity of the system (C,S) implies that M is transitive: i.e. there is a power of
the matrix M with all entries positive. The space C will be called the space of the
compatible symbolic sequences. If £ is a markovian pavement and ¢ is small enough the

map:

X:jeC—az= () S*E; ecC (1.3)

k=—c0



% __S*9€ and
the complement Cy C C of X ~'(N). This map is called the symbolic code of the points

of C: it is a code that associates with each z ¢ N a sequence of symbols j which are

is continuous and 1—1 between the complement Cy C C of the set N = U2

the labels of the rectangles of the pavement that are successively visited by the motion
Siz.

The symbolic code X transforms the action of S into the left shift ¥ on C: SX(j) =
X(¥7). A key result, [S], is that it transforms the volume measure py on C into a Gibbs
distribution, [LR], [R2], @y on C with formal hamiltonian:

H(j)= > h-(0"])+ho( +Zh+ J) (1.4)
where, see (1.1):

h-(7)=—log As(X (7)), h4(7) =log Au(X(])),

. (1.5)
ho(j) = —logsina(X(j))

If Fis Holder continuous on C the function F(J_) = F(X(j)) can be represented in
terms of suitable functions ®¢(j_k,...,Jx) as

=3 Bk adi) Bk ge)] < e (1.6)

where ¢ > 0, A > 0. In particular h4 (and ho) enjoy the property (1.6) (short range).
If i, ,;z_ are the Gibbs states with formal hamiltonians:

S on@t), Y b)) (17)

k=—o0 k=—o0

the distributions g+ on C, images of g via the code X in (1.3), will be the forward
and backward statistics of the volume distribution g (corresponding to i, via the code

X), [S]. This means that:

N

li S
T1—I>noo T

F(S*) = / s (dy)F(y) = pa(F) (18)

e
I

0

for all smooth F and for pp—almost all € C. The distributions p4 are often called the
SRB distributions, [ER]; the above statements and (1.7),(1.8) constitute the content of

a well known theorem by Sinai, [S].



An approximation theorem for puy can be given in terms of the coarse graining of C
generated by the markovian pavement &7 = \/Z:_T S—kel If E; o . jr= ﬂ[‘kr:_T
S=*E,, and z;_, . so that its

symbolic sequence is obtained by attaching to the right and to the left of j_p,...,j7

is a point chosen in the coarse grain set Ej—T,~~-,jT7

T
arbitrary compatible sequences depending only on the symbols ji7 respectively. We
define the distribution p7 r by setting:

. (F) _ /MT (dw)F(w) B Ej_T,...,jT ‘/\u,r('rj—T,-nsz )F(‘T’.j—TV"’jT)
\T == T - ——1
¢ Zj_T,...,jT /\IL,T(:Ej—Ta“'ajT)

T/2—-1

Kr(@E T Au(s*2)

k=—1/2

Then for all smooth F' we have: limys, /2 r—oo pi7,7(F) = py(F). Note that equation

(1.9) can also be written:

SN2 g (9% 59) .
S g€ e D Py
Iu’TaT(F) = T/2-1 h 9k 50 (110)
E‘ i e_zkz—'r/2 +( l)
J=T,--JT

where j° € C is the compatible sequence agreeing with j_7, ..., j7r between —T and T

(i.e. X(j_'o) =2 o, ir € Ej_, . jr) and continued outside as above.

Notation: to simplify the notations we shall write, when T is regarded as having a fixed
value, ¢ for the elements ¢ = (j_r,...,j7) of {1,... JNPPTHL and E, will denote
E

i_r,....jr and x4 the above point of E .

Remark: Note that the weights in (1.10) depend on the special choices of the centers z,
(i.e. of ]_'0); but if z , variesin E, the weight of z , changes by at most a factor, bounded
above by some B < oo and below by B!, for all T > 0, and essentially depending only
on the symbols corresponding to the sites close to £7. This is a consequence of the
short range properties of hy expressed by (1.6); and B can be taken to be the same

constant introduced after (1.1).2

1 Where V denotes the operation which, given two pavements £, £’ generates a new pavement £V &’:
the rectangles of £V &’ simply consist of all the intersections E N E’ of pairs of rectangles E € £ and
E'e&l.

2 a previous version of this paper I claimed that the choice of the point z, could be done arbitrarily
in E4: this was wrong and I am grateful to N. Chernov for pointing it out to me.



The last formula shows that the forward statistics of g can be regarded as a Gibbs
state for a short range one dimensional spin chain with a hard core interaction. The
spin at k is the value of j; € {1,...,N'}; the short range refers to the fact that the
function hy(y) = log Au(X (7)), (Au(z) being Hélder continuous), can be represented
as in (1.6) where the ®; play the role of "many spins” interaction potentials and the
hard core refers to the fact that the only spin configurations ; allowed are those with
M

ks = 1 for all integers k.

§2. — Reversible dissipative systems and results.

Let (C,S) be a transitive, smooth Anosov system, see §1, and let A(z) = | det 3S(2)|;
let u4 be the forward and backward statistics of the volume measure pg (i.e. the SRB
distributions for S and S ~1).

Definition (A): The system (C,S) is dissipative if:

- /c pt(dz)log AT (2) = o4 >0 (2.1)

If a system (C, S) is dissipative then the system (C', S") with C' =C x C and S'(z,y) =
(Sz,S7'y) is an example, defining i(z,y) = (y, ), of the following more general class

of “reversible” systems:

Definition (B): The system (C,S) is reversible if there is an isometric involution i :

C—C, (i* = 1), such that: iS =S ~1i.
We consider from now on only dynamical systems (C,S) verifying (A),(B).

Remarks:

1) (A),(B) imply 04y = o_ and A(z) = A~!(iz); furthermore iW! = W and the
dimensions of the stable and unstable manifolds dg, d,, are equal: d, = d; and d = d,+d,
18 even.

2)if Ay(z), As(x) denote the absolute values of the jacobian determinants of S as a map

of W to W& and of W$ to W§_, then A,(x) = A(iz) 1.

Definition: The dimensionless entropy production rate or the phase space contraction

rate at x € C and over a time 7 18 the function e.(x):

r/2—1
——1

4 1
T —er(z) = p Y log AT (Sz) = ——logA, () (2.2)

o4 T
j=—1/2 *



with K- (2)< T2 A(S7) (see (1.9)).

—7/2

Remarks:

i) by definition (see (2.1)):

(o) = glim 23 er(Si0) = [ pa(dn)enty) =1 (23)

with po—probability 1.
ii) Note that, on the other hand, lim, .o e-(z) = 0 with po—probability 1, by the
reversibility (B).

Here we prove the following fluctuation theorem:

Fluctuation theorem: There exists p* > 0 such that the SRB distribution py verifies:

B Lo w({er(e) ep—bp+ 8]} .
p—06< lim U+Tl 8 i (en (o) € —lp— 6. 611 <p+6 (2.4)

for all p, |p| < p*.

The above theorem was first informally proved in [GC1],|GC2] where its interest for
nonequilibrium statistical mechanics was pointed out. Although I think that the phys-
ical interest of the theorem far outweighs its mathematical aspects, see also [G1], it
appears that it might be useful to write the explicit and formal proof (more detailed
than [G2]) described below. The theorem can be regarded as a large deviation result
for the probability distribution p .

The strategy that I shall follow to take advantage of the existing literature is the

following. First the function (2.2) is converted to a function on the spin configurations

J € C (see §1):

L T2

&(j)=ce(X(j)) == L(v*j 2.5
(1) =e(X(})) Tk:;/z (0" 5) (2.5)

where L(j ) = i logAil(X(j_')) has a short range representation of the type (1.6).
The SRB distribution p4 can be regarded as a Gibbs state p, with short range po-
tential on the space C of the compatible symbolic sequences, associated with a Markov
partition £, [S], [R2]. Therefore there is a function ((s) real analytic in s for s € (—p*, p*)
for a suitable p* > 0, strictly convex and such that if p < p* and [p— 6, p+ 6] C (—p*, p*)

we have:

1 .
—log Iy({é-(j)Ep—0,p+ 0} ) == X —((s) (2.6)
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and the difference between the r.h.s. and the L.h.s. tends to 0 bounded by D7 ~! for a
suitable constant D. The function ((s) is the Legendre transform of the function A\(5)
defined as:

1
A(B) = lim —log/ TP T (dg) (2.7)

T—00 T

13_1 A(l[)))

i.e. AM(B) = maxe(_p» (35 —((s)), where the p* can be taken p* = limg_. |
and the function A(f) is a real analytic, [CO], strictly convex function of € (—o0, )
and ﬂ_l/\(ﬁ)m + p*, s.e. it is asymptotically linear.

The above (2.6) is a "large deviations theorem” for one dimensional spin chains with
short range interactions, [L].

Hence it will be sufficient to prove the following; if I, s = [p — 6,p + 6]:

1 fy({E-(j) € I sn(n}) {<p+5+77’(f)

lo ~T
oir BT (e (J) ET_pszan]) L>p—6—1'(r)

with n(7),n'(7)=—=0.

T— 00

§3. — Thermodynamic formalism (proof the fluctuation theorem).

In this section X will denote a lattice interval, i.e. a set of consecutive integers X =
(z,x 4+ 1,...,2+n—1): hence it should not be confused with the code X of §1,2.

Let j . (‘]z,]z+1,...,jm+n_1) if X =(x,z+1,...,24+4n—1)and n is odd, and call
X =zx+ (n —1)/2 the center of X. If J € C' is an infinite spin configuration we also
denote Jx the set of the spins with labels € X. The left shift of the interval X will be
denoted by ¥; i.e. by the same symbol of the left shift of a (infinite) spin configuration

Let Ix(j ) = 1™ Jottse - osdotnat)s and h%(5 ) = B8 (Gavdatts- oo Jotni) be
translation invariant, i.e. functions such that lyx(j)=1Ix(y) and th(]_'): h"i{((l),
and such that the functions hy(j ), see (1.5), and L(j ), see (2.5), can be written for

suitably chosen constants by, bs, b, ':

Y= Y= (3.1)

(7 Ol Sbre™", R34 ) < be
Then 7&.(j ) can be written as ZYE 2 21] Ix(j J 5 )-
Hence 7&.(j ) can be approximated by 7&7 Mj j) = E( )Zs(( ) where E( ’ means
summation over the sets X C [—37 — M, 27 + M], while X is in [—37,37 — 1]. The

approximation is described by:



72 (1) = mEr(f)] < bae™™M (3.2)

for suitable® b3, by and for all M > 0. Therefore if I, s = [p— 6,p + ¢] and M = 0 we
have:

<L ({&) € Iy stbayr})
er(z) el DHATr o powos/T 3.3
pillerto) € 1) { ST € Jrerare) (53)
It follows from the general theory of 1-dimensional Gibbs distributions, [R2], that the
i, —probability of a spin configuration which coincides with ‘i[—‘r/Z /9] in the interval

[—%T, %7‘],4 is:

{G—E*hqu

P(‘i[—r/2,r/2]) (34)

2 g
=[-7/2,7/2]
where Y denotes summation over all the X C [-7/2,7/2 — 1]; the denominator is
just the sum of terms like the numerator, evaluated at a generic (compatible) spin
configuration ‘iE—r/Z,T/Z]; finally P verifies the bound, [R2]:

B < P(j ) < B (3.5)

with By a suitable constant independent of j (7 /2,7/2] and of 7 (By can be explicitly
estimated in terms of b,b"). Therefore from (3.3) and (3.4) we deduce for any T' > 7/2:

py({er(2) € Ips}) < BL({E2 € I sypayr}) <

g BZ MT,T({ég- € Ip,&—l—bg/r}) S B2 MT,T({éT € Ip,&—l—Zbg/T})

for some constant By > 0; and likewise a lower bound is obtained by replacing B by
Bz_l and 63 by —b3.
Then if p < p* and I, s C (—p*,p*) the set of the rectangles E € \/TT S—kE with

center x such that ,(z) € I, 5 is not empty, as it follows from the strict convexity and

(3.6)

the asymptotic linearity of the function A\(3) in (2.7).

We immediately deduce the lemma:

Lemma 1: the distributions py and pr ., T > %T, verify:

3 One can check from (3.1), that the constants bs,bs can be expressed as simple functions of b1, bs.

i.e. the spin configurations j’ such that j. = j,, z € [—%7‘, %7‘]



log B2 1 r({é-€lp5})
2 = .
roe e (e (@) € “pssansr]) | > —UEE 4 1 jog prcllerEi)

for I, s C [—p*,p*] and for T so large that p+ 6 + 2bs /T < p*.
Hence (2.8) will follow if we can prove:

Lemma 2: there is a constant b such that the approzimate SRB distribution UT, - verifies:

L, #rr({ér € Tps}) {g p+6+b/7
o4 T ,U’T,T({é:‘r € _Ip,é}) Zp—é—b/’?'
for 7 large enough (so that 6 +b/7 < p* —p) and for all T > 7/2.

(3.8)

The latter lemma will be proved in §4 and it is the only statement that does not follow

from the already existing literature.

84. — Time reversal symmetry and large deviations.

The relation (3.7) holds for any choice of the Markov partition £. Note that if £ is a
Markov pavement so is i€ (because iS = S™'i and iW!* = W£ ); furthermore if £ and

&y are Markov pavements then £ = & V & is also markovian. Therefore:

Lemma §: there exists a time reversal Markov pavement &€, i.e. a Markov pavement such

that £ = €.

This can be seen by taking any Markov pavement & and setting & = & V 1&. Al-
ternatively one could construct the Markov pavement in such a way that it verifies
automatically the symmetry [G2]. Since the center of a rectangle E, € £ can be taken
to be any point z, in the rectangle E, we can and shall suppose_that the centers of
the rectangles in Er have been so chosen that the center of 1By is 1z, t.e. the time
reversal of the center z, of E. B B

For 7 large enough the set of configurations ¢ = j 7]
all z € E, is not empty® and the ratio in (3.8) can be written, if x, is the center of
E, € ET,_as: B

such that e,(z) € I, s for

—-1 —-1
Za.,.(zz)efpﬁ Au,r('rg) Za.,.(z:q)efpﬁ Au,'r('rg) (4 1)

—-——1 = = — 1. .
Zsr(zg)e—fp,s Au,r(fﬁ'g) Za,-(zz)ejp’s AU’T(Z 531)

5 Note that p* = sup, limsup, _ 4 ., e-(S7/2z) and let p € (—p* 46, p* —6); furthermore ¢ (s) is smooth,
hence > —co, for all |s| < p*.
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Define A, () as in (1.9) with s replacing u: then the time reversal symmetry implies
that A, ,(z) = K;:(ix), see remark 2) following definition (B), §2.° This permits us to
change (4.1) into:

__1 _ _
EaT(xz)eIM Au,r(xg) { < max, Au’j_(xg)As’:(:pg)
Ze.,-(xz)efpﬁ AS,T( T )
where the maxima are evaluated as q varies with e-(z 4 ) € Ips.
By (1.1) we can replace K;i(r)K;:(x) with K;l(x)Bil, see (1.9), (2.2); thus noting
that by definition of the set of ¢’s in the maximum in (4.2) we have ﬁ log Kr_l(;t? q) €
I, 5, we see that (3.8) follows with b = i log B.

_— _ (4.2)
> ming Au’i(x q )As’rl(x q)

|

Corollary: the above analysis gives us a concrete bound on the speed at which the limats

in (2.4) are approached. Namely the error has order O(t~1).

This is so because the limit (2.6) is reached at speed O(7~!); furthermore the regularity
of A(s) in (2.6) and the size of n(7),n'(7) and the error term in (3.8) have all order
o(r=1).

The above analysis proves a large deviation result for the probability distribution p:
since p4 is a Gibbs distribution, see (1.7), various other large deviations theorems hold
for it, [DV], [E], [O], but unlike the above they are not related to the time reversal

symmetry.
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