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HOMOGENEOUS AND ISOTROPIC STATISTICAL SOLUTIONS
OF THE NAVIER-STOKES EQUATIONS

S. DOSTOGLOU, A. V. FURSIKOV, AND J. D. KAHL

ABSTRACT. Two constructions of homogeneous and isotropic statistical solutions of the
3D Navier-Stokes system are presented. First, homogeneous and isotropic probability
measures supported by weak solutions of the Navier-Stokes system are produced by av-
eraging over rotations the known homogeneous probability measures, supported by such
solutions, of [VF1], [VE]]. It is then shown how to approximate (in the sense of con-
vergence of characteristic functionals) any isotropic measure on a certain space of vector
fields by isotropic measures supported by periodic vector fields and their rotations. This is
achieved without loss of uniqueness for the Galerkin system, allowing for the Galerkin ap-
proximations of homogeneous statistical Navier-Stokes solutions to be adopted to isotropic
approximations. The construction of homogeneous measures in [], then applies
to produce homogeneous and isotropic probability measures, supported by weak solutions
of the Navier-Stokes equations. In both constructions, the restriction of the measures at

t = 0 is well defined and coincides with the initial measure.
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1. INTRODUCTION

The Kolmogorov theory of turbulence describes the behavior of homogeneous and isotropic
fluid flows, i.e. flows with statistical properties independent of translations, reflections, and
rotations in 3D-space. The mathematical equivalent of such flows are translation, reflection,
and rotation invariant probability measures P supported by Navier-Stokes solutions. Given an
appropriate initial measure p on the space of initial conditions and any finite time interval [0, T,
the measure P should yield p at ¢t = 0 is some sense. It should also yield measures p; for each
time ¢ in [0, T, each invariant under space translations, reflections and rotations, that represent

the flow of ;1 under the Navier-Stokes equations as in [HJ.

The existence of such measures P that satisfy all the assumptions above for translations in
space, called homogeneous, was proved by Vishik and Fursikov in [VF]] and is included in
detail in [VF3J]. See also [ET]. This note adopts the construction from [VE1], [VF2] to produce
measures P that, in addition to being invariant under translations, are also invariant under
rotations and reflections. Such measures will be called homogeneous and isotropic. (To
emphasize the new elements of the construction, the convention here will be that “isotropic”

does not imply “homogeneous.”) One of the main results of this note is:

Theorem 1.1. Given [i homogeneous and isotropic measure on a space HO(r) of vector fields on
R3 with the finite energy density, there exists measure P on L?(0,T,H°(r)), homogeneous and
isotropic with respect to the space variables, supported by weak solutions of the Navier-Stokes
equations, and with finite energy density that satisfies the standard energy inequality. On the
support of P right limits with respect to time are well-defined in an appropriate norm and the

right limit at t = 0 yields [1.

(For the definitions of all notions used in the formulation of Theorem [.1], see sections P and J
below.)

To prove Theorem the homogeneous statistical solution P constructed in [VF1], [VFZ
with initial measure i is averaged over all rotations and reflections. The resulting measure
P satisfies all conditions of Theorem above and is therefore the desired homogeneous and

isotropic statistical solution. This plan is realized in sections ] and |

It has to be emphasized, however, that existence theorems obtained via convergent sequences
of “simpler” approximations of the constructed solution are as a rule much more useful in
mathematical physics than the so called “pure existence theorems.” For this reason, sections f,
fl, and [ below are devoted to constructing such approximations of isotropic statistical solutions.

The construction of homogeneous statistical solutions in [VFT], [VE2] is based on Galerkin
approximations of measures that are supported by divergence free periodic vector fields with
trigonometric polynomials as components. The main difficulty in extending this construction to
isotropic measures is that the space of such vector fields, whereas invariant under translations,

is not invariant under rotations.



HOMOGENEOUS AND ISOTROPIC STATISTICAL SOLUTIONS 3

The construction in sections fl, |, and [ is based on the observation that the space of such
vector fields AND all their rotations and reflections should suffice for invariance under rotations
and reflections.

It is then necessary to construct Galerkin approximations of isotropic measures on this class
of vector fields. In this sense, the crux of the matter is Sections E.3 and 6. Note that
the constructions of sections [, fl, and | not only offer approximations of the isotropic statistical
solution constructed in section ] but they also allow for a construction of isotropic statistical
solutions that is formally independent on the results of section f

This paper considers the case of 3D Navier-Stokes equations, although the arguments here

are applicable in 2D case as well.

2. ISOTROPIC MEASURES

2.1. Definitions. Non-trivial measures invariant under translations exist on weighted Sobolev
spaces of vector fields defined over R3, p. 208, [VFJ]:

Definition 2.1. For k non negative integer and v < —3/2, define H*(r) to be the space of

solenoidal vector fields

u(z) = (uy (), uo (), uz(x)), == (r1,z9,23) € R3,
(2.1) ou
divu = Z@mi =0,

with finite (k,r)-norm:

@2 i, = [ QRS

|la|<k

a\alu( )
8x 18x 231‘

where o = (a1, a, az) s multi index and |a] = o + a9 + as.

Here the equality div « = 0 is to be understood weakly, i.e.
(2.3) /u(m) Vo(z) dz =0 V ¢ € C(R?)

Observe that the restriction on 7 implies that constant vector fields are in H*(r). This paper
uses H*(r) only for k =0 and k = 1.
For u in H°(r) let T}, be the translation operation defined, also weakly, by

(2.4) Thu(x) = u(x + h).

For M a metric space denote by B(M) the o-algebra of Borel sets of M. Let My, Ms be metric

spaces, and ¥ : M; — My a measurable map, i.e.

(2.5) V BeB(My) U 'B:={mec M :¥(m)c B}cB(M).
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It is well known that ¥ generates a map on measures: For every measure v(A), A € B(M;)
(2.6) U*v(B) =v(V'B) V B e B(Ms,).

The measure U*v is called the push forward of the measure v under the map V. Equality
(@) is equivalent to

(2.7) / £(u) W v(du) = / () v(dv).

Definition 2.2. A measure p defined on B(H(r)) is called homogeneous if it is translation

nvariant:

28) Tin=pe [ P T - |
HO(r) HO(r)

for any p-integrable F on HO(r) and for all h in R3.

F(Ty) () = | o F) ),

As for isotropic flows, they should have statistical properties invariant under rotations of
the coordinate system, [MY], [[[J. To find how a vector field u(z) = (u1(x),us(z),us(z)) is

transformed under rotation of the coordinate system it is convenient to write it in the usual
manifold notation, cf. [DFN], p. 15:

(2.9) u(z) = ug(x) 0

day,

(using summation on repeated indices). Let v(y) = vj(y)a%j be the description of the vector

field (R.9) after the transformation y = wz where w = {w;;} is a rotation matrix (i.e. w™! = w*).
Since a—xk = wjka—yj, then
0 0
Vi (Y)=— = up(w Yy )wjr=—-

In other words, returning to the standard notation for vector fields on R® where u(x) =

(ur(2), uz(2), uz(x)), v(y) = (v1(y), v2(y), v3(v)),
(2.10) v(y) = wu(w™y).

Observe here that since w is othogonal the differential form ) u; dx; transforms under w in the

same way, cf. [DFN], page 156.
Then for w belonging to the group O(3) of all orthogonal matrices (with detw = +1), define

its action on vector fields as

(2.11) (Rou)(z) = wu(w'z)

Observe that the standard action identity holds

(2.12) Ry (Ruyu) () = wi(Royu)(wi'e) = wiwsu(wy 'wi ) = Ryywu(z),
that

(2.13) Rou=v & u=(R,1)v,
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and that
(2.14) ThR,u = R,T,,-1,u.

Lemma 2.3. For every w € O(3) the operator R, : H°(r) — H°(r) is an isometry, i.e. if
divu = 0 then divR,u =0 and

(2.15) [ Roullrory = llullpoq-

Proof. The transformation formula for multiple integrals, [Al, page 421, gives for the change of

variables y = wa:

(2.16) (wz) dz = [(det w)" / fly) dy = / ) dy, ¥ w € O(3)., f € Ly(RY),
RS RS RS

since |det w| =1 for any w in O(3).

Now (R.2) and (R.16) yield

IRaulfe = [ (14 jo) louo ) do
= / (1+ w2z} Ju(w '2)? do
R3

_ /R (1+ |22)" Ju(z)? dz

= |lull3

(2.17)

which proves (R.19).

If w = (w;;) € O(3) then x = wy is equivalent to ¥; = w;jy; and y = w™*

xr = w*r is equivalent
to y; = wixk (using summation on repeated indexes). Then

0 0

2.18 ) Wkt = 0j1,

where 8y, is Kroneker symbol. Using these equalities, (R.16), and assuming that u satisfies (P.3)),

obtain
/Rwu(x) -Vo(z) de = /wu(w_lx) -Vo(x) dx
0p(w
(2.19) = /wkjuj(y)wkl %( v) dwy
Yl
99(wy)
= [ uj(y dy =0,
where the last equality holds because of (R-3) and the inclusion ¢ o w € C§°(R3). Therefore
divR,u = 0 if divu = 0. U

Definition 2.4. A measure p on HY(r) is called isotropic if it is invariant under rotations:

For all w in O(3),

@20)  Ru=p = [ 1) pdn) = [ fFRa) udn) = [ ) Ropla),

for any p-integrable f on HO(r).
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Remark 2.5. The choice of O(3) as space of rotations captures the usual conventions of isotropic
flows as flows invariant under “proper” rotations and reflections with respect to coordinate

planes, see [RoH], p 212. Le. the measure is invariant under the transformations
(2.21) (u1,ug,us)(xz) — (—u1, uz, us)(x)

for T = (—x1,z2,23), and similarly for the indices 2 and 3.
It also follows from the definition that the correlation function and all statistical expressions

of such a p have the usual form for isotropic flows, see for example [MY], p. 39.

2.2. Examples of isotropic measures. Homogeneous and isotropic measures can easily be

constructed from homogeneous measures by standard averaging:

Definition 2.6. If i is homogeneous, define fi on B(H(r)) as
(2.22) A = [ Rua) do
0(3)
for any A € B(H%(r)) and for dw = H the standard Haar measure on O(3) normalized.

By definition (R.7) of the push forward measure and by Fubini’s Theorem, equality (£.22)) is

equivalent to
(2.23) [ it = [ [ ) donta

for each p-integrable function f(w). This definition of 1 is sometimes more convenient than

(R.22), as will become clear below.

Proposition 2.7. Let y be a homogeneous probability measure on H°(r). Then [i is isotropic

and still homogeneous.

Proof. Invariance under rotations follows from
[ Regitd) = [ [ fReny) do ()
0(3)
(2.24) = / f(Rou) dw p(du)
0@3)

— [ £ ftaw),

with the second equality following from the fact that O(3) is compact, therefore unimodular,
therefore the “change of variables” w — wwy has “Jacobian” 1, see [R], p. 498.

Invariance under translations follows from the fact that

(2.25) ThRou = R,T ,~1u< T,nRou= R,Thu
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and
[ ) T = [ [ J0R) oy
:/ /f(RwTw—lhu) p(du) dw
0(3)
(2.26) = /0(3)/f(Rwu) p(du) dw

= / f(Ryu) dw p(du)
0@3)

~ [ £ taw).

3. EXISTENCE OF HOMOGENEOUS AND ISOTROPIC STATISTICAL SOLUTIONS.

3.1. Definition of Statistical Solutions. The following preliminary definitions are required

to state the properties of statistical solutions of the Navier-Stokes equations:

Definition 3.1. Define Gng to be the set of all generalized solutions of the Navier-Stokes system,

i.e.
Gns = {u € L*(0,T;HO(r)) :
! 0¢ - 09
(3.1) L(u,¢)z/0 <u,a>2+<u,A¢>2+Z<uju,%j >o | dt =0,

j=1
for all ¢ € Cg°((0,T) x R*) N C((O,T);Ho(r))},

where < u,v >9= [ps u(z) - v(x) d.

To define restrictions at any time ¢ € [0,7] one works with the following norms: For By =
{|z] < N} the ball of radius N in R3, and for ||.||s the standard Sobolev norm in W*?2(R3) =
L?(R3), define the dual norm

<v,w >
(3.2) llpyll-s = sup ———2
weCE®(By) [|wls
Using this and following [, p.245, define
> 1
(3.3) ull py—s = llull 2(0,7;10(r)) + NZ1 m|U|N-

Here C(N) are constants from (5.3)) and (.4) (see below) and |u|y is defined as follows:

l
(34) |ulny = vrai sup [u(t,)|pyll-s +sup Y vrai sup [(ult,") = u(r,)By s
te[0,7 tj} j=1 t,TG[tjfl,tj)
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where sup () is the supremum over all partitions tg < --- < t;, | € N of the segment [0, 7T]].
Define

(3.5) BV~ = {u e L*(0,T; H°(r)) : lu|| gy—s < oo}
The merit of the BV % norm is that for « in BV~ the limits

(3.6) Yo (w) == lim w(t,.)

t—td

exist for all tg € [0, 7], if taken with respect to the norm

0 1/2
(37) le(t, la-s = (Z muua,mu%s) ,

N=1
see [VF]], Chapter VII, Lemma 8.2.

Note also that for a homogeneous measure u the pointwise averages

(3.8) / ul?(2) (), / Vul?(z) p(du)

can be defined by the equalities

(3.9) [ [ u@Po) de udn) = [ 1u@) tan) [ o) do

1) [ [19u@)P0@) do aldu) = [ 190 ptda) [ o) da ¥ 6 € Li(®)

and they are independent of x € R3, see Chapter VII, section 1 of [VEJ]. The expressions in
(B-g) are well defined since the left hand sides in (B.9)), (B-10) are finite for each ¢ € C§°(R?).
The first expression in (B.§) is the energy density and the second one is the density of
the energy dissipation.
Since the translation operator T}, (along z) is well defined on the space L2(0,T;H°(r)) of
vector fields wu(t, x) dependent not only on x but on ¢ as well, one can introduce the notion of

homogeneity in x:

Definition 3.2. A measure P(A), A € B(L*(0,T;H°(r))) is called homogeneous in z if for
each h € R3:
(3.11) TyP =P <— f(u) Ty P(du) = / f(u) P(du),
L2(0,T;yHO(r)) L2(0,TyHO(r))
for any P-integrable f on HO(r).

The following definition summarizes the properties of homogeneous statistical solutions of the
Navier-Stokes equations as they were produced in Chapter VII of [VF2]:

Definition 3.3. Given homogeneous probability measure p on B(H(r)) possessing finite energy
density, a homogeneous statistical solution of the Navier-Stokes equations with initial
condition y is a probability measure P on B(L%(0,T;H°(r))) such that:
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(1) P is homogeneous in x.
(2) P(W) =1, where W = L2(0,T;HY(r)) N BV~ NGng, s> L
(3) For all A € B(H'(r)),

(3.12) P(ygtA) = w(A), where vy 'A={uc W you € A}

(4) For each t in [0,T],

(3.13) /<\u ) / Vul2(r, 2) dT> P(du) gc/\u(a:) 2

where the expression in the left hand side of ([5.13) is defined similarly to (B.§).
The main result of [VEJ], Chapter VII, then reads as follows:

Theorem 3.4. Given u homogeneous measure on H(r) with finite energy density,

(3.14) /HO( ) lu?(x) p(du) < oo

there exists homogeneous statistical solution of the Navier-Stokes equations P with initial con-

dition .

Remark 3.5. The definition above is a rephrasing of Definition 11.1 of [VE9], with one minor
change: It asks that P is supported by L?(0,T; H'(r))NBV ~*NGns rather than some subset of it.
Since [VFJ] produces some subset supporting a homogeneous statistical solution, it automatically

produces a homogeneous statistical solution according to the definition here.

Remark 3.6. In addition, the family of homogeneous measures 14 ‘= Po%_1 on HO(r) satisfies
the Hopf equation, [VFJ], Chapter VIIL.

Define now isotropic and homogeneous statistical solutions. First define isotropic in =z
measures P on B(L%(0,7;H°(r))). (This can be done since for each w € O(3) operator
Rou(t,z) = wu(t,w 1) is well defined on L2(0,T;H°(r)).)

Definition 3.7. A measure P(A), A € B(L?(0,T;H%(r))) is called isotropic in x if for each

w e 0(3):

(3.15) RP =P F(u) R:P(du) = / F(u) P(du),
L2(0,THO(r)) L2(0,T;HO(r))

for any P-integrable f on L?(0,T;H°(r)).

For the definition of homogeneous and isotropic statistical solutions one has only to add in

Definition B.3 the property of rotation and reflection invariance:

Definition 3.8. Given homogeneous and isotropic probability measure fi on B(H°(r)), a homo-
geneous and isotropic statistical solution of the Navier-Stokes equations with initial

condition 7i is a probability measure P on B(L2(0,T; HO(r))) such that:

(1) P is homogeneous and isotropic in x.
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(2) P(W) =1, where W = L*(0,T;H'(r)) N BV =" NGyg, s> ol
(3) 13(70_114) = 1i(A) for every A € B(H(r)).
(4) For each t in [0,T],

t
(3.16) / (]u(t,m)2+ / Vul?(r, 2) dr) Plaw <c [ |u@)? ftdu).
L207H0() 0 o)

3.2. Construction of homogeneous and isotropic statistical solutions. To construct
homogeneous and isotropic statistical solutions several preliminary assertions need to be proved
first. For these, use the definition of the norm || - ||5 of Sobolev space W*2(R?) through Fourier

transform:

1) ol = [ 0+ IEPrIPE) e where 3(6) = o [ e o(a) .

Lemma 3.9. For any matriz w € O(3) the following equalities hold:
[1Rudlls = ll9]ls,
(3.18) [Ruoll py—s = ¢l By
[Rodllo-s = [|@llp-s-
Proof. By the definition of Fourier transform and by virtue of (R.16)

— 1 o1 -1
Rw¢(§) - (271')3_/2 /RS e W T W £w¢(w71x) dx
1 1 ~
= o L 0t = R0

(3.19)

By 17, (B19), and (R.I6)

1RI2 = [ (14w Py ludw o) P de
(3.20) R ~
=/ (1 + ) fwe(m)* dn = [l9]2,
R3
which proves the first equality in (B.18).
Equalities (B.20), (P.16)), and (B.2) give:

< vaa¢ >2
[Rov|Byll-s = sup ——r—
sece(By) |18l

— Sup < U? (Rw)_lqb >2 — H’U‘B H
sece(By)  (Bw) 710l M

since R, : C§°(Bn) — C§°(Bn) is an isomorphism.
Equality (B-21)) and definition (B-4) of | - |x imply the equality

(3.22) [Rudln = [¢]n.

This identity, (B.21)), and the definitions (B.3), (B.7) of the norms ||-|| gy—s, || - ||¢—s, imply directly
the second and third equalities in (B.18). O

(3.21)
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Lemma 3.10. For every w € O(3) and for each homogeneous measure u(A), A € B(H°(r))

[ 1@ Reptdn) = [ futoP
[ IVu@P Boutan) = [ 1Vu@)? uldw).
Proof. By (B0), (B), (B9), and (EIG), for each w € O(3)
[ 1@ Bantan) [ o) o= [ [ ouon)Powe0) do duu
= [ [, nwPotey) dy duta)
= [P dutw [ otwn) a
= [@P dutw) [ o) da

which proves the first equality of (B.23). If y = w™lx, i.e. y; = wyak, then by (R.16), (R.18),
obtain

(3.23)

(3.24)

/ZW“ 2 o dx—/2|8““’ Ol %) o)

Qup(y) — Fup(y)
(3.25) = / ijl 01 ij Do P(wy) dy
-77p

= [19,u)Potwy) d
Using these identities, the second equality of (B.23) can be proved similarly to (§.24)). O
Recall now that the set Gyg has been introduced in Definition .
Lemma 3.11. For each w € O(3) the equality R,Gns = Gns holds.

Proof. Prove first that if u satisfies (B.1]) then R, u satisfies (B.1]) as well, for every w € O(3).
For this note that, by Lemma .3,

(3.26)
w e L*0,T;HO(r)) = Rou € L0, T; HO(r)),

¢ € C((0,T); HO(r)) N C5((0,T) x R?) = R, € C((0,T); HO(r)) N C§°((0,T) x R3).

So let u satisfy (B.1)). Then (R.16) and the well-known fact that Laplace operator is invariant

under orthogonal change of variables yield:

d¢

vy a(Rw*1)¢
"ot

2 w
(3.27) < Ryu 5

+ Ap >=< u, + A(R,-1)p > .
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If y = w e = w*z, ie. y; = wyxy, then taking into account (R.1§) and ( calculate:
/(Rwu)iju : g—fj de = /wjkuk(wlx)wlmum(wlx)aglix(j) dx
0oy (w
(3.28) = [ srunweimn () 2B g
Yp
awlmgbl(wy)
= [|u U (Y) ————= dy.
[ wun) =2 g
Then
09 - I(Ry1)0
3.29 Rou);R,u, —— >o= i, ———> .
(3.29) j:1<( u); % B >9 ;«w o >4

Adding (B-27) and (B.29), integrating the resulting equality with respect to ¢ over [0,7], and
taking into account that u satisfies (B.I)), shows that R, u satisfies (B.])) as well. O

Lemma 3.12. vg commutes with R, for any rotation w.

Proof. By Lemma B.9, ||lu(t,.)|l¢-s = |Rou(t,.)||o—s. Therefore if lim, o+ u(t,.) = yo(u), then
lim; o+ Ryu(t,.) = Ruyo(u), and lim,_ g+ Ryu(t,.) = yo(Ryu), i.e. yo(Rou) = Ryyo(u). O

Recall that for each B € B(H’(r))
(3.30) Yo' B = {u(t,z) € W you € B},
where W is the set of Definition B-3 or (equivalently) of Definition B.§
Lemma 3.13. For B € B(H°(r)),
(3.31) Ry, (B) =4 (R,B), YweOo3).
Proof. Using (R.1§), one can prove similarly to Lemma .3 that
(3.32) RH\(r) =HY(r) YweO(3),
for H'(r) as in Definition R.1. This, together with lemmas B.9 and B.11}, imply that
(3.33) RW =W VYweO(3).

Therefore
u € Ryyy ' (B) = u = Ryv,v €75 (B)
= you = Y0(Rwv),v € 75 (B)
= you = R30(v), v € % (B), by Lemma BT3,
(354 = yu=R,bbe B
=u=n",'Ryb,be B

=u €7, (R,B).
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Conversely,
u € vy (RyB) = v(u) = Ryb,b € B
= R,-17(u) =b,be B
= Y(R,-1u) = b,b € B, by Lemma B.12,
(3.35)

= R,-1u= Val(b%b €B
= Rw—lu € ’}/al(B),
= u € Ry, H(B).

0

Theorem 3.14. Given ji homogeneous and isotropic measure on H°(r) with finite energy den-

sity,
(3.36) / uf?(2) i(du) < oo,
HO(r)

there exists homogeneous and isotropic statistical solution p of the Navier-Stokes equations with

initial condition [i.

Proof. Ignoring for the moment that i is also isotropic, let P be the homogeneous statistical
solution with initial condition the homogeneous & guaranteed by Theorem The set W =
L%(0,T;HY(r)) N BV=° N Gys is invariant under rotations by (B-33). Applying the analogue of

operation (2.22) on the homogeneous measure P obtain:

(3.37) P(A) = /O o R:P(A) dw = /O o P(R,-1A) dw,

for any A € (B)(W). Repeating the proof of Proposition B for the measure P shows that P is

—

homogeneous and isotropic in z. Since P(W) = 1 by Theorem B.4, equality (B.-33) implies that

R*P(W) = P(R;'W) = P(W) =1 for each w € O(3). Hence, P(W) = 1 by definition (8:37).

That P has initial condition i follows from

P(y'B)= [ P(R,17'(B)) dw
0(3)

= P(vy*(R,-1B)) dw, by Lemma
(3.38) ()

-/  fUe-+B) o, by BT
O3

= 1i(B), since i is also isotropic,

for any B € B(H(r)).
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For the energy inequality, use (B.37), Lemma B.1(, and (B.13)) to get:
t
/ <]u(t,m)2 +/ |Vul|*(7, x) d7'> P(du)
L2(0,T;yHO(r)) 0
t
= / / <|u(t,x)2 —|—/ |Vul|? (7, x) d7'> R,*P(du) dw
0(3) JL2(0,T;HO(r)) 0

t
:/ (!u(t,m)Q—i—/ \Vu]Q(T,x) dr) P(du)
L2(0,T;yHO(r)) 0

<C Ju(@)[?* fi(du),
HO(r)

(3.39)

which proves (B.10). O

4. GALERKIN APPROXIMATION OF ISOTROPIC STATISTICAL SOLUTIONS

4.1. Isotropic measures on periodic vector fields. Let M; be as in [VEJ]:

(4.1) M, = { Z ape®® cap k=0, ay=a_p v k},
keTZ3,
|k|<l

the finite-dimensional space of divergence-free, 3D, real, vector valued trigonometric polynomials
of degree [ and period 2[. Then the inclusion

(4.2) My € HO(r)

holds for all I. [VFJ], Appendix II, shows explicitly how, starting from any homogeneous prob-
ability measure on H°(r), one can construct homogeneous probability measures p; on H%(r),
supported solely by M; for each [, and approximating u in the sense of characteristic functionals.
The trouble, of course, is that M; is not invariant under rotations. The following definitions

address this point.
Definition 4.1. Let //\/l\l be the union of all rotations of elements of M;:

(4.3) M= |J R.M()
weO(3)

in HO(r).
Consider on ./T/(\l the topology 7 generated by sets of the form
(4.4) {Rym :w € p,m € o, where p C O(3),0 C M, are open sets}.

Since O(3) and M; are finite-dimensional sets, the topology 7 coincides with the topology
generated by the enveloping space H(r). Therefore, the Borel o-algebra B(//\/l\l) is generated by
sets of the form (f.4). Moreover, it is clear that

(4.5) B(My) = B(H(r)) N M; = {ANM, : A e B(H(r))}
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Note that for each fixed w the elements of R, M; are of the form

(4.6) > bpe™F T by wk =0 for all k.

keTZ3,
|k|<I

Using definition (B-6) of the push forward measure, proceed to:

Definition 4.2. Let fi;j(A), A € B(//\/l\l) be the push-forward of the product of the Haar measure
on O(3) and the measure p; on M; via the map (w,u) — Ryu:

(4.7) fi(A) = (H x w){(w,u) € O3) x M;: Ryu e A}.

As for any push-forward measure, by (R.7),

(4.8) [ 1) i) = /Ml /O | FU) dona,

for any fi;-integrable f.

Since y; is supported on M; C H°(r) and fi; is supported on ./T/(\l C H%(r), the domains of
integration M;, M; in ([£]) can change to HO(r). Comparing then (£7), (f=§) to the definitions
of averaging (2.22), (R.23) it follows that the measure j2; is the averaging of 1; over O(3):

(49) A4 = [ Rin(4) do ¥ A€ BHOW)
0(@3)
Proposition 4.3. [i; is homogeneous and isotropic.

Proof. Using the equality quf/l\l = ./T/(\l and the invariance of the Haar measure, obtain for

each fi-integrable f:

(w)RE fu(dw) = [ f(Rugv) fuldv)
M,

= / / f(RyyRou) dw py(du)
M, Jo@)

- /Ml /O o U)o gl

= | _ f(v) [u(dv),
M,

S
M,

(4.10)

i.e. [ is invariant with respect of rotations: R} ji = ji for each wy € O(3).
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Similarly, the equalities 7}~ 1./\/(1 ./\/(l, ./\/ll M, imply:
- f)Ty(dw) = [ f(Thv) fu(dv)
Ml Ml
= / f(ThRyu) dw py(du)
M; JO(3
— [ AR ) do
0O(3) J M,

:/ f(Ryu) py(du) dw, by the homogeneity of py,
0@3) IM,

— / f(Rou) dw puy(du)
M; JO(3)

0

4.2. Galerkin equations for Fourier coefficients on R,M;. Let H*(II;) be the space of

periodic vector fields

(4.12)

H(IL) = {um = Y T ap = (g, ap ), Jul2= 3 (1 K2 arf? < oo}.
ke%Z?) ke%Zi’)

Here

(4.13) I = {z = (x1,22,23) : |z;| <, j=1,2,3}

is the cube of periods for these vector fields.

On the space C*(0,T; H?(II;)) the Navier-Stokes system can be written in the form:
(4.14) Ou — Au+ 7(u, V)u = 0, div u=0,

where 7 : L?(II;) — {u € L?(IT;) : divu = 0} is the projection on solenoidal vector fields. It is
standard that substitution of the Fourier series u(z) = 3, axe’*® into (JE14) yields the following

system for the Fourier coefficients ay(t):

(ar - K)(ar - k)

8tak + ’k‘Qak + k/_}_%;]ﬂ i((ak/.k”)aku — ’k‘Q
(4.15) K k€273

/{?)ZO, ak-k:O,

ke %Z?’.

Let p; : H*(II;) — M be projection on trigonometric polynomials:

(4.16) H*(11}) > u(x Z ape™ — pu(z) = Z ape’®
keTZ3 ke 773 |k|<I
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As is well-known, to get Galerkin approximations of Navier-Stokes system one restricts ({.14))

to C1(0,T; M;) and applies the operator p; to (f.14) to obtain:

(4.17) Ou — Au + pym(u, V)u = 0, div u=0,

where u € C1(0,T; M;). In terms of the Fourier coefficients of the Galerkin approximations this

will have the form:

Qg * ]{?”)(ak// . k)

Otak + |k|2ak + Z i((ak/-k‘”)akn — ( |k|2 kj) = 0,

K +k'=k,
(4.18) k' K'€T T3,

|k |<1, k"<

ke %Z?’, k| < 1.
Proposition 4.4. For each w € O(3) the following holds:
(4.19) R.M; = {v(m) = > bmeim}.
mE%wZﬁ‘,
Im|<i
Moreover,
wz) = 3 ape’*T
keTz?
4.20 Iol<? | = by = Wagy—1,.
(4.20) Roul)= S byeims m = Wy
mE%wZ3
Im|<l

ar - k=0,

Proof. Let u(z) = > ;< arpe’® € M;. Then using the definition R u(z) = wu(w 'z) and

applying the change of variables wk = m get:

(4.21) Rou(z) = Z waye“h = E Wy~ 1,, €™
keZ 73, meFwZ3,
k| <l Im|<i

This proves ([.19) and (JL.20).

0

Proposition 4.5. For each w € O(3) the Galerkin approximations for the Navier-Stokes equa-

tions on the space C(0,T; R,M;) are of the following form.:

(4.22)
. b ’ . m” b no-Mm

(1) + Il + 3 z<(bm/.m”)bmu _ (b ’W)L(‘Qm )

m +m’'=m,

m' m/ € TwZ3,

Im/|<I, |m"|<I

T 73
m€7wZ , m| <.

Proof. To obtain the Galerkin approximations on C1(0,T; R,M;) for the Navier-Stokes equa-

tions, repeat the procedure above that leads to the Galerkin approximations ([.1§): Re-write
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(E14) on the space of periodic fields C1(0,T; R, H?(II;)) in terms of Fourier coefficients to get
the following analog of ([15):
(4.23)

O¢bp, + |m|2bm + Z ’L'<(bm/'m”)bm// —

m'+m” =m,
m',m" e LWz

T
m € 7(4)23,

and then repeat the derivation of (.17), (E1§) from (E14), (15) to finally get (f22) from
(E23). O

Now supplement ([.17) and ([.I§) with the initial condition

(4.24) ult,@)limo = Y art)e* im0 =uo(z) = Y are’™

keZX7Z3, keZZ3,
k<t k<t
and
(4.25) an(t)|imo = aro, k€ %Z?’, k| <1

Moreover, supplement (%.29) with the initial condition
(4.26) bon (£)1—0 = bmo, M € ng?), k| <1

Then, as is well-known, the Cauchy problem ([.17), ([.24), (equivalently, the Cauchy problem
for the ordinary differential equations ([.1§), (E.25)) has a unique solution in C'*(0,T; M;). Call
this solution Sj(ug). Analogously, the Cauchy Problem ([.22),(J£.26]) possesses a unique solution.

Write this solution as the Fourier polynomial

(4.27) Si(vo) = Z b ()€™ where vy = Z bmoe'™*
mE%wZS, mE%wZS,
|k|<l |k|<l

Lemma 4.6. Let ug € M;. Then R,S;(uo) solves ([[.23) with initial condition vy = R ug.

Moreover, if Si(ug) admits the Fourier decomposition

(4.28) Si(ug) = > ax(t)e’™,

ke 73,
|k|<t
then {way} satisfies
(4.29)
- wk” n - wk
hway, + wag + 1| (wag - Wk ) wagr — wag: - wh")(wagy - w )wk =0
Oua + > i ok way - : ,
k/+k//:k, |k|
k’,k”E%ZS7
K" <1, k"<

way, -wk =0, ke ?Zi", k| < 1.
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Proof. Let
(4.30) R,Si(ug) = > bp(t)e™
mE%wZS,
lm|<i
where, by ([.20),
(4.31) b = Q1.

The assertion of the Lemma will be proved once it shown that the {b,,(¢)} satisfy ({.23). Sub-
stitution of ([.31)) into the left hand side of ([£.29), the change of variables m = wk, and the fact
that w € O(3) yield:

Ve §Z3, k| <1

drway + |wkPway, + E i((wak/ - wkwagy —
Kk =k,
k’,k”E%ZS7
K| <L, |k <l

oK n-k
= w{@tak + |k5|2ak + Z i((ak/ . k:”)ak// — (ak ‘k):’(;tk )k‘} = 0,
k' +K'=k,

k! k”GEZS
K l b
&' <1, k"<

(wag - wk™) (wagn - wk) k
Wk }

(4.32)

since {a(t)} satisfies (1.1§). O

Remark 4.7. As will be shown, more is true: The Galerkin PDE has a unique solution for any
initial condition v in //\/l\l, see ([441) below.

The task now is to show that inclusions u; € M; and R,u; = us € M, for some w, implies
that for the same w, R, Sjuy stays in M; for all ¢, still solving the Galerkin system on M;. This
will then show that R,S;u; = Sjus.

Definition 4.8. Given an isometry w of R3, let K, be the set of all elements k in the lattice
%Z?’ such that wk also belongs to the lattice.

Lemma 4.9. Let uy,us be vector fields of the form

(4.33) up(x) = Z are®® uy(x) = Z bre*®,  where all ke ?Z:’z,
k|<t Ik|<t

not necessarily divergence free. Then for some w isometry of R®, Ryuy = us if and only if all

k’s in the representation of uy are in ICy,.
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Proof. Since R,u1 = us , R,u; is periodic of period 2. Therefore

Z wakeiwk-x _ Z wakeiwk-(x+(2l)j)

|k|< |k|<i

(4.34) A A
— Z wakeﬂl(wk)j ezwk-x, j=1,2,3,
|k|<

for (21); denoting the vector with 2 as j coordinate and zeroes on the rest. Now since e
are orthonormal on the image of the cube II; = [—[,[] under w, this implies that
(4.35) 1 = 2wk
therefore
(4.36) 2l(wk)j = QWNkj,Nkj € 7.
Therefore wk € ?Z?’. The converse is clear. 0

Lemma 4.10. Let uy in M; of the form ,

(4.37) up = Z are™®, ke k,.

Then the Galerkin solution in M with initial condition uy is of the form

(4.38) u(t) = Z ar(t)e*® an(t) =0 for all t for k ¢ K.
|k|<i

Proof. In My, first solve the system

Orap = —|k]Pay, k¢ K, |k <I

. (08°% 'Z'k/-,ak// -k
(439) at(lk; + Z <(ak/)jzk:}’aku — ()‘7‘]{:—72145) == —’k‘|2ak, k € ’Cw, |k5| S l
j k“l‘—};ki//7k;
"<
k<t

with initial conditions

ak(O) = 0, ]{7 Q:L ,Cw

(4.40)
ak(O) = ag, k e ,Cw,

using the ay’s from ([L.37).

In particular

(4.41) ar(t) =0, for all t, for k£ not in IC,,.
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Now if k ¢ K, and k' + k" = k, then either k' ¢ K, or k” ¢ K. Then the unique solution
of (.39) (f.4Q) also solves the system

ap’ Zk? ag! - k‘
D+ D (k )jik] ak//—(’“)—’“k):—wak,keucw, k| <1

K2
j K 4E'=k
k"<l
k"<l
(4.42) = (ap) ik agn - k
’)j . "o
D+, Y ( aw) ik} agr — Wk) = —[k[%ay, k € Ko, k] <1,
J k'+k"=k
Ik'|<l
k"<l
i.e. solves the Galerkin system with initial condition wu;. O

Proposition 4.11. Let uy,us be in M; of the form
(4.43) ui(z) = Z are® T uy(x) = Z b €7,
|k|<l k<l

Then uy = Ryuy implies Sjug = R, Sjuq .
Proof. Let

(4.44) Sy = Z ae(t) €% a.(0) = ay, Spug = Z be(t) €%, be(0) = by.

|| <l k| <l

By Lemma [.6, R,S;u; is the unique solution of the Galerkin system on R,M; with initial
condition R,u1, i.e. by (f29) it solves

(4.45)
wag ) it(wk" ) ;wapr - wk
Oyway + Z Z < way) ji(wk”) jwapr — (war);i( |wk?; k wk> = —|wk|2way.
i KA+R=k
|K'|<1
[E"]<1

Observe that in this system if wk # x for some & in the lattice lZ3 then way(t) = 0 for all ¢, by
Lemma [L.I0. Now rename wk = k, way(t) = cx(t), wag(0) = ¢, (0) = by, wk/ = K/, wk” = " to
get

e )it(K")icen - K
(4.46) e+ Y Z ( () g — (s w > _ e,

with initial conditions Ray. This gives a permutation of the Galerkin system on M; with initial
condition uy. Therefore ¢, (t) = by(t) for all k € FZ2. O

4.3. Isotropic Galerkin approximations of statistical solution. Now given v in //\/l\l, there
are w in O(3) and w in M; such that v = R,u. Extend S; from M; to //\/l\l as

(4.47) S = R,Su.
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This is well defined by Proposition .11: If R,,u1 = R,,us then a straightforward calculation
shows that Rw;mul = w9, therefore Rw;1wlSlu1 = Sjug, or Ry, Siu1 = R,,Sius. In particular,

:9\1 satisfies
(4.48) SiRou= R,Su Y ueM,.

Let v = R,u and w = Ry, v = Ry, u where u € M;. Applying R, to both parts of (£.47)
gives Ry, S;v = Ry, Sju. On the other hand, (JE47) for w can be written as Sjw = R, Siu.

Comparing these two equalities gives

(4.49) Rwlglv = @Rwlv, Voe .//\/l\l
[VEZ], p. 219 shows that
(4.50) TS = ST,
Applying to both parts of (J.47) the translation operator T}, and using (P-25), (f50) gives
(4.51) TS = RyT,-1,Siu = RySiT,-1),u.

On the other hand, applying S, as defined in (#47) to Thv = TpRyu = R,T,,-1,u, obtain
Sy Tv = R,S|T,,-1,u. Comparing this equality with (4.51)) obtain

(4.52) TSw = SThw Y oveM,.
Define
~ a1
(4.53) P(A) = m(S A,

for any Borel subset A of L2(0,T,H°(r)) where, recall,
~_1 ~
(4.54) S1 A=vANSM).

Since the measure fi; is supported on //\/l\l it is enough to consider Borel sets A satisfying A N
SiIM; # 0.
Definition ([.53) is the isotropic version of the measure P; defined in [VFZ]:

(4.55) Pi(A) = (S A)
for any Borel subset A of L2(0,T,H"(r)).

Lemma 4.12. ﬁl 18 homogeneous and isotropic.

Proof. Tt suffices to show that for all A € B(L?(0,T;H°(r))):

(4.56) 5 'R,A=R.S A
and
(4.57) ST A=T,5 A

since P(A) = [i1(S; A) and /i; is homogeneous and isotropic.
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Using ([.54), (L.49),

5 'RuA = vo(RuAN RuR, 18 M))

= R, (AN SR, M)
(4.58) .
= Ru0(ANSIM)

— R,5 A

Also, by (L.54), (52

~_1 o~
Sp ThA =y (ThAN TR T pSIM;)
= YTh(A N ST M)

(4.59) o
= Thyo(A N SM)

—T.5 A

0

The following relation between P; and 131 allows the known estimates on for P, to be carried

over to 131 Once again, let a to be the action map of rotations on vector fields:
(4.60) a(w,u) = Ryu
Lemma 4.13. The equality holds:
P(A) = (P x H)(a 'A).
where H is the Haar measure on O(3), normalized.

Proof.

( )
( )
(4.61) — (u x H)
( )
( )
( )

= (u x H){(ug,w) € M; x O(3) : R, Sjug € A}, by (43
= (P, x H){(Sjup,w) € C10,T; M) x O(3) : R,Sjug € A}
= (P, x H)(atA).
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5. CONVERGENCE OF ISOTROPIC GALERKIN APPROXIMATIONS

5.1. Galerkin Approximation of Homogeneous Statistical Solutions. This section sum-
marizes the Galerkin approximation in [VEFJ]. Recall that the following are shown in Chapter
VII there:

Given any u homogeneous probability measure on H°(r), there exist for each I homogeneous

probability measures j; on HY(r), supported on M;, converging to p in characteristic i.e.:
(5.1) / e 1y (du) — e p(du), 1 — oo,

HO(r) HO(r)
for any test function v.

5.1.1. Convergence. The probability measures P;, defined by ([f.55) are homogeneous in z if
the initial p is homogeneous, and converge weakly to a homogeneous probability measure P on
L?(0,T; HO(r)). Weak convergence relies on the following three uniform estimates on P;: There
are constants C, C(N) independent of [ such that for each ¢ in [0, 77,

(5.2) / (\u(t,xn? T /O [V (r,) dT) Bi(du) < C / o (2)[? pu(duo),
(5.3) / lulsy||—s Pi(du) < C(N),

(54 [ 1o, - Ptan) < o)
for ||v|g,||-s the dual norm (B.4), and with s > 11/2.

5.1.2. P is a homogeneous statistical solution of the Navier-Stokes system. As already remarked,
the weak limit P is supported on L2(0,T; H!(r))N BV ~*NGns so that each u(.,.) in the support
of P satisfies the weak form (B.1)) of Navier-Stokes equations, and the right limit in time vysu

exists for each ¢t with respect to the ® ~® norm. This extra regularity of P relies on the estimate

(5.5) /HUHBVS P(du) < oo, s>11/2
for ||u||gy s the norm (B.3). In addition, P satisfies energy estimate (B.13)).

5.1.3. P solves the initial value problem. The measure defined by P(v, ' A), for A Borel of HO(r),

is the initial measure p. The proof of this relies on the convergence (b.1]).

5.2. Homogeneous and Isotropic Statistical Solutions via isotropic Galerkin Approx-
imations. In the setting of isotropic measures, the construction of the previous subsection can

be repeated as follows:
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5.2.1. Approximation of initial measure. Given initial homogeneous and isotropic i on H%(r),
construct its (merely) homogeneous approximation g, with p; — [ in characteristic as in the
previous section. Then use Definitions and to obtain from the pu;’s probability measures
1 that are now homogeneous and isotropic and supported by //\/l\l Convergence in characteristic

still holds, thanks to the following:
Lemma 5.1. [i; converges to [i in characteristic as | — oo.

Proof. For [i; defined as above,

X () = /H e iy(du)

o(r)
— / / e duy g (du)
HO(r) JO(3)
:/ / eiu.Rw_lu Ml(du) dw
0(3) JHO(r)

= / X (Ry-1v) dw.
0(3)

Since |xu, (Ry-1v)] < 1 and fO(B) 1 do = 1, (B.1) implies, via the Lebesgue Dominated

Convergence Theorem,

(5.7) X (V) = / X (Ry-17) dw — Xi(Ry-1v) dw
0(3) 0(3)
as [ — o0o. Therefore, since
(5.8) / Xi(Ry-1v) dw = / / eV fi(du) dw = xz(v),
0(3) O(3) JHO(r)
X (V) = xa(v) as | — oo. d

5.2.2. Convergence to a homogeneous and isotropic measure. Now construct the homogeneous

and isotropic measures ﬁl according to (4.53). To prove weak convergence the following is needed

Lemma 5.2. The following estimates hold:

9) [ Il s Pan) < cv)

(510) [0l - Pitan) < cv)
Proof. By Lemma and relations (B.21)),

/ 1vul 5y |- Bi(du) = / / | Rudrulpy s dw Pi(du)
(5.11) °®

— [ 10l - Piu)
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Chapter VII, Theorem 3.1 proves that the right hand side of (f.11)) is bounded by a
constant C'(N) that depends on N but does not depend on [. This proves (p.10)). The bound
(b-9) is proved similarly. O

The following is also needed to repeat the proof of the weak convergence of the ﬁl’s.

Lemma 5.3. With pointwise averages defined as in (3.8),(8.9),3.1d), for any t in [0,T],

/ <\u!2(t,m) + /Ot (Jul*(r,2) + |Vul*(1, z)) dT) P,(du)

(5.12)

Proof. Using an equality similar to (B.9), (B-10) one can show that

(5.13) [ 1t.2) st = /O ) [ 10 t.0) Reguta) de

[ (e + [ (e + 190 e.0)) ar) Ba

/ 3)/<!u\ (t,z) / (\uy (t,x) + [Vul(t, x)) d7> R:P(du) dw.

Applying to (5.13), (.14) Lemma and taking into account the inequality for Galerkin

approximations of the homogeneous statistical solution

/<|u|2(t,x)+/0t(|u|2(t,x)+|Vu\2(t,:n)) dT) Py(du)

(5.14)

(5.15)

that was proved in [VFQ] Chapter VII, Lemma 2.4, yields (p.19). O

Lemma 5.4. The measures [1; satisfy

(5.16) [ e) ) < [ 1uP@) i)

Proof. This follows from (f.13) and Lemma B.10. O

With Lemmas [.9, p.3, p.4 established, there are no further obstacles in repeating the argu-
ments in [VEJ to show that the family P, is weakly compact. The argument for this in [VEFJ]
is that the measures P, are supported on the space € of elements in L2(0,T; H(r)) with the
following norm finite:

[e.e]

1
5.17) Z W(]V)(HUHLQ(OTH s(By)) T H ”LI(OTH sBy)) T Ul L2 0,m0 1)) < 00,
5.17) N=1

3
s>11/2, r<r1<—§.
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Then € is compactly embedded in L2(0,T;H%(r)), [VEZ], Chapter VII, Lemma 5.2, and
(5.18) sup/ llullo Pr(du) < oo
1

[VEZ], proof of Theorem 6.1 in Chapter VIL. From the estimates of Lemmas p.2, for the
measures ﬁl, the energy conservation (f.12), and the uniform estimate (f.4), it becomes clear
that the all measures ]31 are supported on 2 and the uniform estimate (f.1§), with P; changed
to P, still holds.

Let @ be the limit of some weakly convergent subsequence of ]31’8, as [ — oo.

Lemma 5.5. If]3l are homogeneous and isotropic and ]31 = @ weakly on L*(0,T;H°(r)), then

@ 18 homogeneous and isotropic.
Proof. If P = @ weakly then by definition

(5.19) [ 1w Bian) — [ ) Qa

for any f continuous and bounded on L?(0,T;H(r)). Since the measures P, are homogeneous

and isotropic, by definitions P.3, P4
[ ) Bitan) = [ (@) Piaw

(5.20) )
:/f(Rwu) Py(du),

for any h € R? and w € O(3). These equalities and

3)
/ F(Thu) By(du) — / f(Tyu) O(du),

(5.21) R R

/ J(Rou) Bi(du) — / F(Rou) Q(du),
imply

/ F(w) Q(du) = / F(Tou) Q(du
(5.22)

— [ #(Ra) Qau).

5.2.3. Ezxtra regularity for right t-limits and the initial condition. That the support of @ is in
addition in L?(0,T;H!(r)) N BV ~* (where right limits with respect to time are well defined by
[VEZ], Chapter VII, Lemma 8.2) uses only the estimate

(5.23) / lull e G(du)

for ||ul| gy —s the norm (B.3), which follows as in the proof of Lemma [.2 Define therefore ¢ by
(B.6) and think of @ as the initial value of @

0
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That the initial value v P of the the homogeneous statistical solution P of Theorem B.4is the
initial measure p is shown in [VFZ] as Theorem 10.1, Lemma 10.1, Lemma 10.2, and Theorem
10.2 of Chapter VII there. Of these, Lemma 10.1, Lemma 10.2, and Theorem 10.2 of Chapter
VII are valid verbatim for @ Theorem 10.1 uses only the convergence in characteristic of the

wi’s to . The analogous convergence of the fi;’s to [i was established here as Lemma p.1]

6. THE SUPPORT OF THE MEASURE Q.

This section uses the approach of Chapter VII, Section 7, to show that the homogeneous
and isotropic measure @ is supported by generalized solutions of the Navier-Stokes equations. To
realize this approach, some subtle points regarding the definition of the equations for isotropic

Galerkin approximations in the z-representation need to be addressed first.

6.1. Equations for isotropic Galerkin approximations in the z-representation. Sec-
tion [ defined isotropic Galerkin approximations by introducing and investigating the Galerkin
equations in terms of Fourier coefficients. Here, a complete description of the Galerkin equations
in the z-representation is given, beginning with a more precise determination of the domain of
their definition.

In addition to the sets M; and //\/l\l defined by ([.1)), ([£.3)), introduce the set of periodic vector
fields AV; with the cube of periods II; defined by (f.13):

(6.1) N; = {u(x) = (u1,u2,u3) € L*(IT}) : div u(z) = 0},
for divu understood in the weak sense, see (.3)). Also define the space
(6.2) N = Usco RN

which, of course, is not linear. Since .//\\/'1 c HO(r) for r < —3/2, J/\\/l is a metric space with the
metric generated by the norm of H%(r). Now use the set C'(0, T’ .//\\/'l ) to define the Galerkin equa-
tion, recalling that this equation was defined in ([.17)) only for v € C1(0,T; M;) € C*(0,T; N;).
To extend this definition from C'(0,T; M;) to C(0,T; ./T/l\l), first extend the operator p; to N}
as in (f.16):

pri N — Mg
(6.3) N3 u(x) = Z ape® — pu(z) = Z ape® e M,.

kefz3 ke T Z3,|k|<I

For each w € O(3) the operator p; induces operator
(6.4) Prw = RopiR," + RuNi — RuM;.
The family of operators p; ., w € O(3) defines the operator

(6.5) B N— M
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as follows: Since for each u € N there exist w € O(3) and v € N such that u = R,v, define
piw = pru = Rypv. This is well defined by the obvious extension of Proposition Q to infinite
series.

Similarly, the projection operator m; : L2(II;) — A of periodic vector fields onto solenoidal

periodic vector fields yields an operator on R, L2(II;) by
(6.6) Tw = RomR," © R,L*(IT)) — RLN,

and the family m;,, w € O(3) defines the operator

(6.7) 7 ¢ Upeo@RuL2(IL) — N,
by
(6.8) Uweo(g)Rsz(H) Su= Ryv — Tu = T ,u = Ryymu.

The remaining operators A and V in equation (J[L.I7), are already well defined on the larger
space C1(0,T; H?(r)) D C(0,T; X/l\l) and therefore need not be redefined specifically for C'1(0, T} .//\/Tl)
Thus, the Galerkin equation on the set C'*(0, T} .//\/Tl) is now defined as follows:

(6.9) Oru — Au + piay[(u, V)u] = 0, where u = u(t, z) € C*(0,T; /T/l\l)

Equation (6.9) is the z-representation of the Galerkin equation that was written in terms of
Fourier coefficients and was studied in Section il In particular, the resolving operator §lv of the

Cauchy problem for this equation was defined in ({£.47)).

6.2. Definition and estimates on a functional. Let

(6.10) v(t,r) € G = C((0,T) x R N C(0,T; H(r))

be a vector field and B C R? be a ball with center at the origin, satisfying
(6.11) supp v(t,z) C B Vte[0,T]

Then there exists [y > 0 such that for each [ > [,

(6.12) Bc (] wI.
weO(3)
From now on consider only [ > lg. For every such [ and for each w € O(3) extend v(t, z)|(0,7)xwr,
from (0,T) x wll; into (0,T) x R3 as a periodic in x vector field vy, (t, ) with cube of periods
wIl;. Denote the family of functions v, (¢, z), w € O(3) by v;.(t, x).
Note that (p.1)) implies

(6.13) R.N; = {v(z) = (v1,v9,v3) € LA(WIL}) : div v(x) = 0}.

For u,v € L?(0,T; R,N;), define

T
(6.14) [u, V] = /0 /H u(t,z) - v(t,x) dx dt.
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Finally, for v € G*° as above define, for each j = 1,2, 3, the functional F}, on Cl(O,T;X/l\l)
as follows: If u € C1(0,T; .//\/Tl), with u = (u1,uz,u3) = wi for w € O(3), & € C1(0,T; M), then

(6.15) Fj,v(u) = [(I _pl,w)ﬂ'l,w(uju)’vlvw]l,w’

for I the identity operator.

Lemma 6.1. For each u € Cl(O,T;/T/l\l) the functional ([6.13) satisfies, for all j, the estimate :

(6.16) |Fjo(u)| < C(1+ 312)71“7~LHL2(0,T;H0(7~)) ”U”C(O,T;HS*TH(B))y

where s > 3/2, r < —=3/2, and C > 0 does not depend on 1, u, or v.

Proof. Using the decomposition in Fourier series one sees that the operators p;, and 7, com-
mute: p; 7T, = T wPle- In addition, the operators p;, and m, are symmetric. Therefore,

with div v, = 0, obtain:

Fjﬂ)(u) = [(I - plw)(uju)a 7-‘-l,wvl,c,u] lw

(6.17) :
= [UJU, (I - pl,w)vl,w] Lw'

Using the Sobolev Embedding Theorem: H*(wlIl;) C C(wIl;) for s > 3/2, and (B.17),

|Fjo(u)] < Cl”“”%%o,T;HO(le)) sup (I — prew)viel
(618) [O,T]Xle

< CHuH%2(O,T;HO(le)) H ([ - pl,w)vl,wHC(O,T;HS(le))7

with s > 3/2. Clearly, for periodic vector fields with cube of periods wll;
(6.19) HUH%Q(O,T;HO(le)) <@+ 312)_r“u”%2(0,T;H0(7"))’ for r <0.
Decomposition in Fourier series yields:

(I = prw)viwllcor;ms wm)) = sup S Jpm)PA+|mf?)”
t€[0,T] meTwZ3,m>l

(6.20) < (14320 sup Joge (s oy
t€[0,T]

< (1438 Mllow,rms-+1(B))

where the last inequality holds by (p.12)). Now (b.16) follows from (B.1§), (F.19), (b.20). O

6.3. The main result. The goal of this subsection is to prove

Theorem 6.2. Let @ be a weak limit of isotropic Galerkin approximations ]31 of statistical

solution as | — oo. Then @ 1s supported on weak solutions of Navier-Stokes equations, i.e. on

the set Gns of Definition
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Proof. Let the function ¢r(A) € C*°(R) satisfy

1, AN<R
6.21 A) = ’ -
(6.21) or(N) {0’ A> R4l

For v, ¢ in G* (see (p.10)), construct the families v;. = vy, (¢, x), 1@7. = Yy, (t,x) as explained
immediately after relation (p.13). Analogously to (p.17), define the following functionals on
CH0, T; M)): If u = wii for w € O(3) and @ € C1(0,T; M,), then

(622) u — [’LL, Tl)\l;]l,- = [U,%Z)l,w]l,wa
and
3 87}1
(6.23) u— Li(u, ) = [u, Opvy e + Avp 1w + Z[pl,wﬂ-l,w(uju), ﬁ]lvw'
j=1 J

By the definition (f.53) of the isotropic Galerkin approximations ﬁl of a statistical solution and
taking into account that §lv is the solution operator of the Galerkin equations (.9), the measure
P, is supported by solutions of (6.9) belonging to C'(0, T .//\/Tl) Therefore, comparing (.9) to

629),
(6.24) —pr(lull 20 rm0(r )LJ(U,@)BHU’%]“E(CZU) =0
(0,T;HO(r))
C1(0,T;M)

for each v,9) € G and | > Iy, with ly defined by (f.13), and with the ball B now containing
both the support of v and .
Let

T

(6.25) [u, V] :/ / u(t,z) - v(t,z) dzdt.
0o Jrs

Since v and ¢ satisfy (.11]), then

(6.26) [w, 0 )1 = [w, 0], [w,db )i = [usp] ¥ ueCH0,T; M),

where [u ¢l Ji.., [u,¢] are defined by (.29), (6.25) respectively. Therefore,

(6.27) Ly(u, ) Zgaa: u) Y ueCH0,T; M),
where L;(u,v;.), L(u,v), and Fj,(u) are defined by (6.23), (B.1]), and (B.15) respectively.
Substitution of (.26), (B.27) into (p.24) yields:

[ ontluliz o) L v)e Bu)
(6.28) 3 4
=3 [ enllulzomao)E g (w)e™ Pi(dn) =0,
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Since the integrand of the first integral in (p.28) can be extended to a bounded continuous
functional on L2(0,T;H"(r)), the of weak convergence 131 — @ on this space gives:
(6.29)

/SDR(||U||L2(0,T;H0(r)))L(U,v)ei[u“”ﬁz(du) — /SDR(||U||L2(O,T;H0(T)))L(uav)ei[uﬂﬂ@(du)a

as [ — oo. Moreover, by Lemma .1, for j = 1,2, 3,

[ onllullzozom)F, g (e Fa)
J

(6.30) 19|
V|12 07T;Hs—7"+1 B ~
< (BRI OD [ ol lellz rome) Filde)
therefore
3 . o~
(631) Z/SDR(||U||L2(0,T,H0(r)))FJ7§:(U)ez[uvw]Pl(dU) — 0, | — 0.
j=1 ’

Equations (p.28), (6.29), (p.31]) imply

(6.32) /@R(HUHB(O,T;HO(T)))L(%U)ei[u’w@(du) =0 Vou,yeG™.

With this, repeat the arguments from [VE2], p. 243-244, to derive from (.32) the assertion of
the theorem. O

As a final result obtain the following theorem:

Theorem 6.3. @ is a homogeneous and isotropic statistical solution of the Navier-Stokes equa-

tions with initial condition [i.

7. COMPARISON OF P AND (@

To conclude, observe that the isotropic solutions of section P and the isotropic solutions
constructed in sections [, [, and fj coincide in the following sense:

Let P be a homogeneous statistical solution with initial condition zi according to Theorem §.4],
and let P its isotropic average according to (B.37). (Whether z is only homogeneous or not is
irrelevant to the point about to be made.) The construction of P is via Galerkin approximations,
therefore P is the weak limit of a sequence of homogeneous P;’s. Construct the corresponding
P, for each [ according to ([L53).

Probability measures on metric spaces are determined by their integrals on bounded and

continuous functions, see [B]], page 8. For the probability measures P and @, calculate for each
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f continuous and bounded on L?(0,T;H°(r)):

(7.1)

S
S

VF1]

[VF2|

/ f(u) P(du) = / / f(Rou) P(du) dw  (by (B3D)
L2(0,T;HO(r)) O(3) JL2(0,THO(r))

= lim / / f(Ryu) P(du) dw
=00 JO(3) JL2(0,T7HO(r))

( by weak and dominated convergence)

— lim f(u) Pi(du)  (by Lemma [ET3)

=00 J12(0,T7HO(r))
~ [ £ Qtaw.
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