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ABSTRACT. In this paper we discuss a weak version of KAM the-
ory for symplectic maps which arise from the discretization of the
minimal action principle. These maps have certain invariant sets,
the Mather sets, which are the generalization of KAM tori in the
non-differentiable case. These sets support invariant measures,
the Mather measures, which are action minimizing measures. We
generalize viscosity solution methods to study discrete systems.
In particular, we show that, under non-resonance conditions, the
Mather sets can be approximated uniformly, up to any arbitrary
order, by finite perturbative expansions. We also present new re-
sults concerning the approximation of Mather measures.

1. INTRODUCTION

In this paper, we discuss perturbation methods for symplectic maps
that arise from the discretization of the minimal action principle. The
motivation for this work is the following: the phase space of close to in-
tegrable Hamiltonian system can be split into regular parts, composed
of invariant tori in which the system displays very simple periodic or
quasi-periodic behaviour, and in another part where the system may
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exhibit irregular behaviour. As the system gets farther from the inte-
grable, the invariant tori do not disappear altogether but shrink to cer-
tain sets which have a characteristic action minimizing property that
allows to prove their existence by a variational argument. In these
sets, one can define certain action minimizing measures, the Mather
measures. To observe these sets and measures numerically one must
do some type of discretization. In this paper, we discuss a time dis-
cretization scheme for autonomous Hamiltonian systems, and study
the stability of the action minimizing sets and measures under small
perturbations.

The Aubry-Mather theory [Mat894], [Mat89H], studies invariant mea-
sures of Lagrangian systems which have special minimizing properties.
In its origin was the study of discrete systems such as area-preserving
twist diffeomorphisms [Mat79], [Mat81)], [Mat8], [Mat91]. Recently,
the techniques of viscosity solutions [Fat974], [Fat97H], [Fat984], [Fat98H],
[E99], [EGOT] have been used with success to study continuous La-
grangian systems and can be appropriately adapted to study discrete
systems [Gom07].

One motivation to study symplectic maps instead of flows comes
from the fact that by discretizing the minimal action principle from
classical mechanics, one obtains certain maps, which are symplectic,
and have the form

pn+1 — Pn = hDa:H(pn—i—h Xn)
Xn+1 — Xp = _thH(pn-i-la Xn)a

where h is the time step and H the Hamiltonian. Those maps are
discrete analogs of Hamilton’s equations

p= DmH<p7X>
x =—D,H(p,x).

It is very important to notice that this discretization comes from vari-
ational principles, as we discuss in section B, and has interesting geo-
metric and analytic features as will be pointed out later in the paper.

If the Hamiltonian H only depends on p, the dynamics is very simple
since p, = po, and x, = x9 — nhD,H (py). In this case, the system is
called integrable. We would like to study Hamiltonians that are close
to integrable. That is, when H is of the form H(p,z) = Ho(p) + O(e),
for € a small parameter.

There are certain measures, the Mather measures, characterized by
a variational principle (see section P), which are invariant under the
discrete Hamilton’s equations. Our main objective is to understand the
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dependence on € of these measures. In continuous time, this problem
was partially addressed in [Gom0O3. A classical result in Mather’s
theory is that the support of these measures (the Mather set) is a
Lipschitz graph. In [Gom03] was proved that this set can be well
approximated by certain smooth functions. In this paper we extend
substantially the results in [Gom03] as we prove new estimates for
the Mather measures of the perturbed problem (see section [1]). In
particular we give a new expression for an approximate density for the
Mather measure.

We start section | with a discussion of generating functions and
formal integrability methods. These results motivate the methods used
in the remaining sections to study the dependence on € of the Mather
sets. Without these guiding principles it would be extremely hard to
proceed as the equations are extremely complex.

For each P € R", one can construct a Mather measure on T™ x R"
that is supported on a Lipschitz graph. This graph can be determined
from a solution u of

(1) u(z, P) —u(z, P) + hH(P + D, u(&, P),x)—

— hD,u(2)D,H (P + Dyu(%),r) = hH(P),
in which Z is determined implicitly by

& —x=—hD,H(P+ Dyu(z, P), x).

The existence of smooth solutions to this equation can be addressed
using KAM theory. However, in general, there are no smooth solutions.
Thus one has to consider the class of viscosity solutions. Viscosity
solution methods, in particular, definition, existence, regularity, and
basic properties, are discussed in section Bl Although our results look
similar to KAM, they are valid even after KAM torus cease to exist.

Although viscosity solutions may not be smooth, one can develop
a formal expansion @(z, P) in power series in € and P — P of the
solution u(z, P), in a neighborhood of € = 0 and P = F,. There is
a solvability condition in order to construct those expansions, namely
that the rotation vector DpHgy(P,) is Diophantine. These expansions
are constructed in section [, and some technical estimates are proved
in section [.

When considering the Mather set for ¢ > 0 one has two choices.
The first one is, given a vector P, fixed, trying to compare the formal
approximation of the Mather set with the Mather set itself. Unfortu-
nately there are serious problem with this approach as, when € > 0, the
Diophantine conditions may be destroyed. The approach we consider
is the following: for e > 0 we construct a vector P. which keeps an
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approximate rotation vector fixed. Then, in section [, we prove that
the viscosity solution and its approximation at P, are close both in
the supremum norm and its derivatives. To prove these estimates we
use a technique similar to the one in [Gom03], which is based in first
proving estimates along trajectories for finite time. Since ergodization
times can be controlled in terms of the Diophantine properties of the
rotation vector (see [BGWIY, [DDGOI{], [DumdY]), we extend this es-
timate for all points using a-priori Lipschitz bounds for the viscosity
solution and its approximation.

The idea of controlling a viscosity solution during a long time and
then extending to nearby points has been used by other authors. For
instance in the paper [Bed|, a ergodization times techniques are used
to study Hamilton-Jacobi equations perturbed by an elliptic operator.
This problem is also studied, in a different setting, in [FS864], and
F'S86H]. We should note that our results are related to the ones in
IBK®7], as both imply the stability of Mather sets. However, in this
last paper the problem addressed is the persistence of periodic orbits
and their techniques are quite different, whereas in our paper we study
the non-resonant case.

2. DISCRETE VARIATIONAL PRINCIPLES AND INTEGRABILITY

In the variational formulation of classical mechanics, the trajectories
x(t) of a system are minimizers, or at least critical points, of the action

T
/ L(x,%)dt,
0

with fixed endpoints, in which L(z,v) : R* — R, the Lagrangian, is
the difference between kinetic and potential energy. We assume that
the Lagrangian is smooth, superlinear, strictly convex in v (that is,
D? L is bounded away from 0), D? L is uniformly bounded, and that
it is Z"-periodic in x, which means that for all £ € Z",

L(z + k,v) = L(z,v).

This periodicity makes it convenient to look at the Lagrangian as a
function from T" x R™ to R (T" is the n dimensional flat torus).
The minimizing trajectories are solutions to the Fuler equation

(2) —%DUL(X, %) + D,L(x,%) = 0.

In applications, it is important to consider discrete versions of clas-
sical mechanics, for instance, for computational purposes. There are
two alternatives to make this discretization, one is to discretize the
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Euler-Lagrange equations (), the other is to discretize the variational
principle. They are not equivalent, and this last approach has sev-
eral advantages. In fact, in the continuous setting there are certain
invariant sets, the Mather sets, which are obtained using a variational
principle. Using this discretization of the variational principle, one can
construct Mather measures, see for instance [Gom0Z]. Furthermore,
the map that is obtained this way has better geometrical properties as
it preserves the symplectic structure.

The discretization of the variational problem can be done by means
of the Euler method for the ODE

x = v(t).
This yields the discrete dynamics
Xpt+1 = Xp + hVn,

in which A is the time-step.
The corresponding variational problem consists in minimizing the
action

N
hZL(Xn,Vn),
n=0

among all choices of v,,, 0 < n < N, with fixed endpoints zy and zy.
The analog of the Euler-Lagrange equations is

D, L(Xy11,Vny1) — Dy L(x,, Vv,
(3) _ ( +1 +1}2 ( ) + DacL(Xn—I—laVn—I—l) =0.

In the continuous case, (f) can be written in a Hamiltonian form:

p=D,H(p,x)
% = —D,H(p,x),

for p = —D,L(x, %), and the Hamiltonian
H(p,z) = sup|—p - v — L(z,v)].

(2

Similarly, () can be written in the equivalent form [Gom0Z]

(4) Prnt1 — Pn = hDa:H(pn—i—h Xn)
Xn+1 — Xp = _thH(anrla Xn)a

with

(5) Pn+1 = _DUL(XnaVn)~

Note that the dynamics ([l) is semi-explicit, that is, implicit in p and
explicit in z. This may therefore constraint the size of h for which ()
defines a discrete flow, depending on bounds for the derivatives of H.
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We consider the case in which the Lagrangian
L (z,v):T" xR" — R,
is a perturbation of an integrable one Ly(v). More precisely,
(6) Le = Lo(v) + €Ly (z,v),

in which € is a small parameter. When e = 0, the dynamics ([ is very
simple since v,, is constant. The Hamiltonian corresponding to () has
an expansion of the form

H(p,z) = Hy(p) + eHi(p, z) + € Hy(p, ) + - - -

This expression is a straightforward application of the implicit function
theorem for the Legendre transform p = —D,, L..

As in the case of continuous flows (see [Arn8], [AKNI7] or [Gol8(]),
one can use generating functions to change coordinates, and, in particu-
lar, there is a version of the Hamilton-Jacobi integrability for maps. In
the next proposition we prove the main result on generating functions
and change of coordinates, which serves to motivate our methods.

Theorem 2.1. Let (x,p) € R*" be the original canonical coordinates
and (X, P) € R®" be another coordinate system. Suppose there is a
smooth function S(z, P) such that

(7) p=D,S(z, P) X =DpS(x,P)

defines a global change of coordinates (this function is called a gener-
ating function). Additionally, assume that D?,S is non-singular, and

suppose there is a smooth function H(P, X) such that, for h sufficiently
small,

A

(8) S(x, P) = S(&, P) + hH(D,S(&, P),
— hD,S(4, ) H(D,S(%, P),
+hDpS(i, P)DxH(P, DpS(i,

= hH(P, DpS(#, P)),

x)
x)
P)) =
in which
(9) P—P =hDxH(P,DpS(#, P)) &—x=—hD,H(D,S(&, P),x).
In the new coordinate system, the equations of motion (|) are

(1()) Xn+1 _— Xn — —hDPF(Pn, Xn+1)
Pn+1 -P,= hDXF(Pna Xn—l—l)
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In particular, if H does not depend on X, these equations simplify to

) {Xn+1 — X, = —~hDpH(P,)

Pn+1 - Pn = 0

REMARK. 1. When we perform this change of coordinates we obtain
a new dynamics that is semi-explicit as (f), but this time is implicit in
X and explicit in P.

REMARK. 2. In the continuous case, given a Hamiltonian H and the
generating function .S, the new Hamiltonian is fully determined since

H(p,xz) = H(P,X). However, in our case, that is not immediate since
(B) is in fact a partial differential equation for H.

REMARK. 3. In this paper we will use mostly this theorem when
(x,p) € T" x R™. In this case, S is identified with a function in the
tangent space of the universal covering of T".

ProoOF. For simplicity, we will set h = 1 in the proof, by absorbing
it into H (note however that we need h sufficiently small in order
for the implicit expressions to be defined and smooth). Define S =
S(z, P), and we use the convention D,S = (D,S)(&, P), as well as
DpS = (DpS)(&, P), to simplify the notation. By differentiating (F)
with respect to x we obtain,

D,S = D,SDyi = DpSD, P+ D,HD, (D,S) + DoH — D, (D.S) D,H -
— D,SD, (D,H) + D, (DPS> DxH + DpSD, (DxH) =

— DxTD, (DpS) .
Then, by canceling some terms we have

D,S — D,SD,i — DpSD,P + D, H—
— D,SD, (D,H) + DpSD, (DxH) = 0.

Observe that

and
DpSD, (—13 n D;ﬁ) —0.
Therefore

(12) D,S — DS+ D,H =0.
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Differentiating () with respect to P we get
DpS = D,5Dpit — DpSDpP + DyHDp (D.S) = Dp (D.S) D, H -
~ D,SDp (DyH) + Dp (DpS) DT + DpSDp (DxTH) =
— DpH + DxHDp (D,S) .

By canceling we get
DpS — D,SDpi — DpSDpP—
— D,SDp (D,H) + DpSDp (DxH) = DpH.

Note that
Dpit = —Dp (D,H),
therefore
DpS — DpSDpP + DpSDp (DxH) = DpH.

Since A B

DpP =1+ Dp (DXH)
we have
(13) DpS — DpS = DpH.

Define p = D,S, and X = DpS. Now assume that (X, Pn) are solu-
tions to the dynamics (fI). If we set x = x,, and p = p,,, by the change
of coordinates ([]) we have, correspondingly, X = X,, and P = P,,.
Therefore, from ([[J) we get

15 = Pn+1-

Thus, since p = DmS’ we have £ = x,,,1 and P = P, 1. This implies
X = X,,11, and so ([J) reads

Xn - Xn+1 = _DPF(Pna Xn—i—l)a
and we also have
Pn+1 -P,= DXﬁ<Pn7 XnJrl)-
[ |

The previous theorem suggests that we should look for a generating
function S(z, P) = Px+u(z, P), periodic in z, and a new Hamiltonian
H which only depends on P. If such a solution exist, the equations
of motion reduce to ([LI]) and we say that such a system is integrable.
The function u should then satisfy the equation ([ll). As we will discuss
later, see section [J, this equation will always admit a viscosity solution,
which, however, may not be smooth.
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3. VISCOSITY SOLUTIONS

In general, equation ([[) may not admit smooth solutions. However,
see [Gom0Z], theorem 3.1, one can prove the existence of viscosity so-
lutions, which are the correct notion of weak solution. In this section
we review the main facts and prove some preliminary estimates.

For our purposes, a convenient definition of viscosity solution is the
following: we say that a function w is a viscosity solution of ([[]) provided
that it satisfies the following fixed point identity:

(14) u(z, P) = hmin i[L(Xj, v;)+ Pv;+ H(P)] + u(xy, P),

in which the minimum is taken over trajectories (x,,v,), 0 < n <
N, with initial condition xqg = z, and x,,1 = x, + hv,. The next
proposition shows that a smooth viscosity solution is a solution of ([l]).

Proposition 3.1. Suppose u is smooth, periodic in x and satisfies
(15) u(z, P) = min h[L(z,v) + Pv + H(P)] + u(x + hv, P).

Then, u solves ([).

PROOF. Since u is smooth and periodic, and L grows superlinearly
in v, there exists at least one optimal velocity v* in ([[J). v* satisfies
D,L(z,v*) = —P — Dyu(x + hv*, P).
Using the Legendre transform
L(z,v") + (P + Dyu(x + hv*, P))v* = —H(P + D,u(x + hv*, P), x),
and so
v* = —D,H(P+ D,u(z + hv*, P), x).
Therefore, with & =z + hv* =x — hD,H(P + D,u(z, P), x),
u(x, P) —u(z,P)+ hH(P + D,u(z, P),xz)—
— hD,u(%, P)D,H(P + D,u(Z, P),z) = hH(P).
[
The optimal trajectory x, and the momentum p,, as given by (f),

are solutions of (f)) for n > 0.
Let us start by quoting an existence result whose prove is given in

[Gom02]:
Theorem 3.2. For each P € R™ there exists a unique number H(P)
and a family of solutions u(x, P), periodic in x, that solves () in the

viscosity sense. Furthermore, H(P) is convex in P, and u(x,P) is
Lipschitz in x.
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Motivated by the formal change of variables that was discussed in
the previous section, we would like to relate this weak solution with
the dynamics (@) - the next theorem makes this connection.

Theorem 3.3. Let u be a viscosity solution of ([I]). Then:

- For each P € R", there exists at least one subset of T"™ x R™, called
Mather set, which is invariant under the dynamics (|§}) and is contained
in the graph (x,p) = (x, P + Dyu(z)).

- There exists a probability measure u(x,p) on T" x R™ (discrete
Mather measure) invariant under (|]) supported on this invariant set.

- This measure minimizes

(16) /L(:c, v) + Pudy,

with v = —Dy,H (p,x), and p —p = hD,H(p,x), over all probability
measures v on T" x R™ that satisfy

/(b(:c + hv) — ¢(x)dv = 0,
for all continuous function ¢ : T" — R. Furthermore
(17) —H = /L(:c, v) + Pudp,

where H is the unique number for which ([I) admits a periodic viscosity
solution.

One of the main points in the previous theorem is that one can
translate properties of viscosity solutions into properties of Mather sets
or measures and vice-versa.

In the next proposition we discuss some of the properties of viscosity
solutions, and its relations with the dynamics ().

Proposition 3.4. Suppose (x,p) is a point in the graph
G ={(x, P+ Dyu(x)) : w is differentiable at z}.

Then, for all n > 0, the solution (X,,pn) of ({) with initial conditions
(x,p) belongs to G.

A further result that_ we need, taken also from [[Gom03], is a repre-
sentation formula for H as a minimax. This is the discrete analog of
the minimax formula for flows proved in [CIPP9§].

Proposition 3.5. For each P € R",

(18) F(P) = inf sup p(r) - (iL(z + )
® (x0)

— L(z,v) — Pv|,

in which the infimum is taken over continuous periodic functions .
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Suppose that L.(z,v) = Lo(v) + eLi(x,v). The last estimates in
this section show that, even without non-resonance conditions, the
viscosity solution of ([l) has good bounds for the semiconcavity and
semiconvexity constants of u. These estimates should be seen as weak
estimates for the second derivatives of u. Roughly speaking we have

“D2 u = O(y/€)” in the Mather set.

Proposition 3.6. Suppose L. is as in (§), with Lo(v) smooth, strictly
convez, with bounded second derivative and coercive, and Li(x,v) is
smooth, superlinear, strictly convexr in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of ([1).
Then, for any x and y we have

u(z +y) — 2u(z) +u(z —y) < CVelyl”

PrROOF. Let (x,,v,), with x,,41 = x, + hv,, 0 <n < N —1 be an
optimal trajectory with xq = x, such that

N-1

u(z) = u(xy) +h Y [Lo(va) + €Li(Xn, V) + Py, + H(P)].

Then,

Therefore,
w(z +y)—2u(z) + u(z —y) <
<hz [LO (v —i> — 2Lo(vy,) + Lo (v +ﬂ)} +
- " Nh " " Nh
1
N —n
+ he Z {Ll (xn + Y, V, — Nih) — 2L (X, Vi) +
N —n Y
L (x, - 2" RN
+ 1 <Xn N yuvn+ Nh):|
Note that, since D%L, is bounded,

Lo (Vo = ) = 2L0(va) + Lo (v ) < 044
Nh Nh/ —  NZ2hp2
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Also

N —
Ll (Xn + Tny7vn - L) - 2L1(Xn7 Vn)+

Y 1 2
Lo (%, — I V<co(1+—— )P
+ 1<X" N y’V"+Nh)_C( +N2h2)|y|

Consequently, for h small,

1 €
_ _ < _— _ 2
w(z+y) — 2u(z) +u(z—y) <C {Nh + ehN + hN] Y|

By choosing N = O <h+/€) we obtain

u(z +y) = 2u(z) + ulz —y) < CVely|”
n

Proposition 3.7. Suppose L. is as in ({§), with Lo(v) smooth, strictly
convez, with bounded second derivative and coercive, and Li(x,v) is
smooth, superlinear, strictly convexr in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of ([1).
Then, if x is in the Mather set and y is arbitrary, we have

w(@ +y) = 2u(z) + u(z —y) > —CVelyl”

PrRoOOF.  Since x belongs to the Mather set, there is a trajectory
(Xp, Vi), with X, 11 = X, + hv,, 0 <n < N —1 with x = z, such that

N-1

u(xo) = u(@) +h Y [Lo(Va) + €La(Xn, V) + PV, + H(P)].

Note that this identity implies that this trajectory achieves the mini-
mum in (I4). Thus,

N—-1
y n y
<ulzty)+h [L(ni—) L<ni—,ni—>
u(xg) < ul(z +y) + nZ:O o Vet 37 ) + el (%0 £ vt 57 ) +

+P (Vo %) +H(P)],
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hence

u(z +y)—2u(z) +u(z —y) =

> —h [LO (Vn + L) — 2Lo(vy) + Lo <Vn — L)] —

— NH NH
N-1 n y
_ hé g |:L1 <Xn + Ny,vn + m) — 2L1(Xn,Vn)+

_n _ L)}
+L1 <Xn Nnyn Nh .

Note that, since D%L; is bounded,

Lo (Vn + %) — 2Lo(vn) + Lo (vn Y ) <C lyl”

~ Nh h2N2
Also
n Y
Ll (Xn+ Nyvvn+ Nh) 2L1(Xnavn)+
n Y 1 9
Y RV WPl PO I R
Therefore

1 €
_ _ > _ _ 2
u(r +y) — 2u(z) +ulz —y) > —C {Nh + heN + Nh} ly|

By choosing N = O <h%/€) we obtain

u(@ +y) = 2u(x) +ulz —y) > —CVelyl”.
n

Theorem 3.8. Suppose L. is as in (§), with Lo(v) smooth, strictly
convez, with bounded second derivative and coercive, and Li(x,v) is
smooth, superlinear, strictly convexr in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of ([1).
Then, if x is in the Mather set and y is arbitrary then

lu(z) — u(y) — Dyu(z)(y — )| < CVelz —y|*.

PROOF. This follows from the proof of a similar theorem in [Gom0J]
by replacing the semiconcavity and (local) semiconvexity constants by
C'y/e which result from the two previous propositions. Note that the
derivative in the formula makes sense since u is differentiable in the
Mather set. |
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4. FORMAL PERTURBATION THEORY

In this section we discuss formal perturbation methods using an ana-
log of Linstead series. We outline the construction of formal expansions
for the solutions uf(z, P) and H (P) of ([) that we denote, respectively,

by @5 (x, P) and HS(P). Those functions are given in power series of
¢ and P — Py, and satisfy () up to order O(e¥ + |P — Py|V) in a
neighborhood of e = 0 and P = F,. More precisely,
(19) ty(z, P) — uy(z, P) + hH(P + D,u%(z, P),x)—
— hD,ii(%, P)D,H(P + D,u%(%, P),z) = hHy(P)
+O(e¥ + |P = R|"Y),

in which the point Z is defined implicitly by
(20) T —x=—-hD,H(P+ D,u%(z, P), ).

The main difficulty is that an approximate generating function may
not yield a Hamiltonian H(P, X). However, by setting S = Px +
u(x, P), and performing the change of coordinates given by ([]) the

dynamics can still be written in a simpler Hamiltonian form, up to high
order terms.

Proposition 4.1. Suppose u$(x, P) is a solution of ([I9) for P € R"
and x € T". Let

S = Px + ay(z, P),
and define new coordinates (X, P) by (}). Then

1) X1 — Xp = —hDpHG(P,) + O(eN + |P,, — Py|V 1)
Pn+1 — Pn = O(GN + |Pn — P0|N)

Proor. For simplicity, as in the proof of theorem P.1], we set h = 1.
By differentiating ([[9) with respect to x, and canceling the terms, as
in theorem P.1], we get

(22) D,S — D,S+ D, H = O(N + |P — By|"),

in which S = S(&, P). Differentiating now with respect to P, and
simplifying, we obtain

(23) DpS — DpS = DpH§(P) + O(eN +|P — PN 7Y).

Define p = D,S and X = DpS. If we assume that (Xn, Pn) are solutions
to the dynamics ([l]), and set = x,, and p = p,,, in the new coordinates
the corresponding points are X = X,, and P = P,,. Then, from (R2),
we get

P=Pni1t O(GN + ‘Pn - PO‘N)-
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Therefore, the inverse function theorem implies
P..1—P,=0(" +|P, — RY).
Then X = X,.11 + O(eN +|P,, — By|N1). So, equation (P3) reads
X, — Xps1 = DpHy(P,) + O(e" + [P, — B[V 7).
[

The Linstead method consists in constructing solutions of ([J) by
using an iterative procedure that yields an expansion ¢ of the solution
u¢ and HY of the Hamiltonian I, as a power series in € and (P — Pp).
Then, @5 and H satisfy ().

Of course, there are some conditions that have to be satisfied in
order to construct the approximated solution. These can be expressed
in terms of the Diophantine properties of the vector F.

We say that a vector w € R" is Diophantine if

(24) VkeZ™\{0}, mEZ, |w-k—m|>

=, for some C, s > 0.

KI®

We will assume that the vector wy = DpHy(F) is Diophantine.
We look for an expansion of the form

(25)
fL;V(I', P) = 61)1(37, P(]) + G(P — Po)DPU1<.I‘, P(]) + 62’112(.1’, Po)
E(P — P0>2D2PPU1(.T, P(]) + 62(P — Po)Dp’U2<.CL’, P()) +

-1

+
2[\DI|—A

I
Mb

=] (P — Py DI vi(x, Ro),
7j=1 =1

with the notation that, for N = 1, a$(z, P) = 0. Furthermore,
f{]eV(P) :f{()(Po) + Eﬁl(Po) + (P — Po)Dpf{()(Po)+

~ ~ P — Py)? ~
+ €2H2<P0) + 6<P - P(])DPH1<P0) + %DQPPH(](P(]) =+ -
We will try to choose the functions v; in such a way that, formally,

u(z, P) — a5 (x, P) = O(eY + |P — Ry|V),

by matching powers € and (P — P,) in both sides of ([9). The first
term arises from taking € = 0, and P = Py in ([9). Then,

Ho(Py) = Ho(Fy),
and the solution u§ = 0. The first order terms in € yield

v1(x, Py) — vy (z — hD,Ho(Py), Py) + hHy(Py, z) = hH,(Pp),
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and this equation determines v;(z, Py) and Hy(Fy). Furthermore
DpHy(Py) = DpHy(Py).

The function vy(x, Py) and Hy(Py) are determined by solving the equa-
tion

vo(z, Po) — va(x — hD,Ho(Fy), Po)+

+ g(D%v1 (x — hDyHo(Ry), Fy))* D2, Ho(Po)+
+ hDyH(Py)Dyvi(x — hD,Hy(Fy), Py)+
+ hHy(Py, ) = hHy(Py).
To obtain Dpv;(z, Py) and DpH,(P,) we consider the equation
Dpvi(z, By) — Dpvy(x — hD,Hy(Py), Py)+
+ hD,H,(Py,z) = hDpH,(Py).

In general, we will have to solve equations of the form

Guu=f+A
in which the operator G is given by
(26) Goou = u(x) — u(r — wp),

the function f can be computed in terms of functions that are already
known, A is the unique constant for which (f) has a solution, and
Wo = DPH(](P(]).
This operator can be analyzed by using Fourier coefficients. Note
that,
Gwoe27rikx — 627rik:p(1 o e2m’kw0>.

Thus, if n(z) = Z nke™* and u(z) = Z upe?™ ™ the equation
K K

(27) Guou(z) = n(z),
reduces formally to
nke—Qﬂikx
Uk = T camikwo

If wp is non-resonant, the equation in (B7) can be solved formally in
Fourier coefficients, since no denominator vanishes, except for £ = 0.
Moreover, in order for (B7) to have a solution, we need 7y = 0. So this
implies

(28) /\:/f(x)dx.
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Furthermore, under Diophantine conditions on wy, the series for the
solution u converges, in appropriate function spaces, as long as 7 is

smooth enough.
gl(PO) = /Hl(Po,l‘)dl'

From (B§) we have
ngl(Po) = /DPHl(PQ,l‘)dI',

and

~ 1
Hy(Py) = / §(va1(:1: — hD,Hy(Fy), Py))* D2, Ho(Py)da+
-+ / Dle(Po)val(l‘ — thHo(Po), Po) + HQ(PQ, ZL‘)dl‘

Therefore, by computing these expansions we obtain, formally, that
H'(P) = Hy(P) + O(" +|P = Ry|").

This identity will be made rigorous in the next section.

5. ESTIMATES FOR THE EFFECTIVE HAMILTONIAN

In this section we prove that HS(P) is an asymptotic expansion
to H.(P), therefore proving rigorously some of the results from the
previous section.

Proposition 5.1. Let u¢ and H be solutions of (M). Assume that
there is an approximate solution u%, of u® and H6 of H satisfying

(Z9). Then,
(29) H'(P) < Hy(P)+ O(e" + |P = B|").

PROOF. We set h = 1 for simplicity. The inf sup formula ([§) implies
that

H(P) < (sv)[ <z, P) — a5 (x + v, P) — L(z,v) — Pv].

So, the optimal point v* is given by
D,u5(x +v*, P) = —L,(z,v") — P,
and so

L{w,v*) = —H(P + Dyiiy(x + v*, P),z) — (P + Dyiiy( + v*, P))v’
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Therefore,
sup [aSy(z, P) — iy (z + v, P) — L(z,v) — Pv] =
”: uy(z, P) —uy(z, P)+ H(P + D,u%(z, P),x)—
— Dty (z, P)D,H (P + D,uy(z, P),z) =
= Hy(P) + O(e" + |P — P,|™).
Thus by taking the supremum, we obtain the result. |
Proposition 5.2. Let u¢ and H  be solutions of ([l). Assume that

there is an approximate solution u% of u¢ and ﬁf\, of H satisfying
(9). Then,

H'(P) = HY(P) + O + |P = Py| ).
REMARK. This proposition and the previous one, together, imply
(30) H(P)=HY(P)+O0@EN + |P - By|™).

PROOF. Suppose iy (z, P) and H§(P) solve ([9). Using a compact-
ness argument, we can construct a measure i on T" x R™ such that for
all continuous function ¢ with compact support

M
. . 1 R
/ ¢<x7 U)dll - ]\}Enoo M Zl ¢<Xn7 Vn)a
in which (%x,,V,) are given by
Xpt1 — Xp = hv,, = —hD,H(P + Dt (X1, P), Xn),

and the limit is taken through an appropriate subsequence. Note that
fi is a probability measure, and for all continuous function ¢(x) we have

[ ot hw) = o) = o
and
v=—D,H(P+ D,uy(x + hv, P), ),
on the support of ji. Note that
(31) Uy (z, P) — ay(x + hv, P) — Lo(v) — €Ly (z,v) — Pv =
= Hy(P) + O(e" +|P — R["),

forv=—D,H(P+ D,u%(x+ hv, P), z), by an argument similar to the
one in the previous proposition. Therefore, by integrating (BI)) with
respect to i, we obtain

/Lo(v) + €Ly (z,v) + Pvdji = —H§(P) + O(Y + |P — Py|V).
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Then, equation ([[7) implies
H'(P) = Hy(P) + O(" + |P = Ry|Y).
|

Finally, we prove a very simple result which will be essential in the
following section.

Lemma 5.3. Let u¢ and H  be solutions of (). Assume that there is
an approzimate solution u%y of u¢ and HY of H* satisfying ([13). Then
there exists a point xy at which

D,u(xg, P) = D,y (o, P).

PROOF. Since u(x, P)—u% (x, P) is a periodic semiconcave function of
x, then it has a minimum at some point zy. Thus, at xg, the derivative
of u(z, P) — % (x, P) with respect to x, exits and is zero. |

6. UNIFORM ESTIMATES

This section is dedicated to prove two main results. One is that
the solution of ([[9) approximates uniformly the viscosity solution of
(). The other is that the derivatives of the approximate solution are
uniformly close to the ones of the viscosity solution. Since the Mather
set is supported on the graph (z,v(x)), with v given by

v(2) = ~D,H(P + Dyu(x + ho(x), P), ),

this implies stability of Mather sets.

These result should be though of as the discrete analogs to the ones
in for the continuous problem. The main idea is that the
approximated solution, built using the formal expansion, is very close to
the viscosity solution along an optimal trajectory. Under non-resonance
conditions, these trajectories get close to any point in the torus in finite
time. Therefore, since u“ and u%, are Lipschitz functions, we can extend
the estimate to every point. Then we bootstrap these estimates for
estimates on the derivatives.

Theorem 6.1. Suppose the rotation vector
Wy = DpHo(PQ)

satisfies the Diophantine property ([Z9). Assume that € is small enough.
Then, for every M there exists a vector

PE:P0+O(€)

and N such that .
DpHy(P,) = wo.
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Furthermore,
sup [uf(x, P.) — a5 (x, P.)| = O(eM),

in which u®(x, P,) is any viscosity solution of
(32) u(x, P) —uf(&, P.) + hH(P. 4+ Du‘(z, P.), x)—
—  hDu(, P.)D,H(P. + D,u (%, P.),z) = hH (P.),
with
& —x=—hD,H(P.+ D,u‘(z, P,),x),

and a5 (x, P.), Hy(P.) satisfy ([I3), to which an appropriate constant
has been added for normalization.

REMARK. Note that this theorem is still valid even if there is no
uniqueness for viscosity solution of (B2).
PrROOF. Define P. by solving the equation
Wy = ngjev(Pe),
that is
Wy = DPFIQ(PQ) + EDpﬁl(PQ) + (PE — PQ)D?;PFIQ(PQ) + ey,

in which the expansion in terms of P — P, and € is taken up to order
N — 1. Under the strict convexity assumption for Ho(P) = Hy(P) =
Hy(P), we have

det DjpHo(Py) #0,
and so, the implicit function theorem yields a unique solution of the
form

P.=PFP+eP+---,

for € small enough, and
~ -1 ~
P=— [D?DPHO(PO)} DpH\(Py).
Define the new coordinates (P, X) by ([), that is
— P+ D, (z, P
(33) p =P Dutite D)
X =z + Dpuy(z, P).

To simplify the notation we denote X = ¢(x, P). Let xy be the point
given by Lemma [.3. Let

(%0, Po) = (2o, P- + Dyu(zo, P))

be the initial conditions for a trajectory (x,,p,) of (). In the new
coordinates, we have

P0:P€.
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Also the dynamics is transformed into
(30 Xnpi1 — Xy = —hDpH§(P,,) + O(V + [P, — Py[¥71)
Pn+1 - Pn = O(EN + |Pn - P0|N).

From this equation, it is clear that P,, stays close to P, for long times.
The next lemma proves a quantitative estimate that reflects this idea.

Lemma 6.2.
sup |P,— P < O(EN/8).

1
Osns F72

Proor. Note that for any 6 > 0, we have
|Pn+1 - P5|2 - |Pn - Pe|2 = |Pn+1 +P, - 2Pe||Pn+1 - Pn| <

1
<6|Ppy1 + P, — 2P + 5|Pn+1 —-P,[*<

1
S 20 [|Pn+1 - Pﬁ‘Q + |Pn - Pe|2] + 5|Pn+1 - Pn|2-

Moreover,

P —P,)? <OV +CN|P, — PJ?,
as long as
(35) P, — P2 <O,

We will show that this inequality is always satisfied for large NV, and
for the range of values n that will be used in our estimates.
By choosing § = €V and setting

Ap = ‘Pn - Pe|27
we have
ng1 — ap < CN (g + ay) + OV,

To obtain the final estimate, we need an auxiliary lemma:

Lemma 6.3. Suppose a, is a sequence such that ag = 0, and
(1—CeMap < (1+CeMay, + O,

Then, for all0 < n < ﬁ and € small enough, we have

an <V CeN/2pe2mVCeN?.

PROOF. Set a = Ce¥. We will proceed by induction over n. For
n = 0, the estimate is clear. Therefore, we assume it holds for some n
and we will prove it for n + 1. We have

1+«
n < n
a+1_1_&a +1—a

< (14 3a)a, + 2a,
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for av sufficiently small. Then, by the induction hypothesis,
i1 < (L+3a)Vane™Y " 120 < vaeVo U4 /a(ne?V " 12y /ane?Ve").
Since 1 + 2y/a < e?V®, we get

1 < Va(n 4 1)e2vVert,

We should note that both the proof and the result of the previous
lemma are not sharp, however they are sufficient for our purposes. In
fact, this previous lemma implies that

P, — P| < CeM?,
forall 0 <n < eN%’ and therefore (B)) is also satisfied. .

Observe that X = ¢(x) = ¢(x, P,) is a diffeomorphism, for small €.
Let

U(X) = u (¢~ (X), P) — @y (v (X), Po).
Define X,, = ¢(x,,). Then, we have

U(Xni1) = UX,) =
(K1, ) — (ks ) — iy (K1, Po) + (X, P) =
= —hH (P.) + hH(P. + Dyu(Xp11, P.), %) —
— hDu(Xp11, Pe) Dy H(P. + Dyuf (%41, Pr), X))+
+ hHy(P.) — hH(P. + D,y (Xng1, P.), X,)+
+ hD, 0 (X1, Po) DpyH (P, 4+ Dyt (X1, Pr), X))+
+ iy (Rn1, Pe) = iy (Xat1, Pe) + O(Y),
in which
Xpt1 — Xp = —hD,H (P, + Dt (Xni1, Pr), Xn).

Therefore

U(Xp1) = UX,) <
< O|Dyu (Xpi1, P.) — Dyt (Xpi1, P)| + ClXng1 — Xnai1| + O(€Y).
Now, observe that
Pr+1 = P14+ Dyt (Xnt1, Prgi),

together with
Prn+1 = Pe + DmuE(XnJrlu Pe)7
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yields
| Dot (X1, Pe) — Dol (Xng1, Fe)| <
< |Dauf(%p41, Pe) = Datiy (Xn41, Pro) | +
+ [ Dyt (Xp41, Prg1) — Dty (X1, Pe)| <
< C|Puyq — P
Moreover, the equation
Yy — X, = —hD,H (P + D,uy(y, P),%,)
defines y as smooth function of x,, and P. Therefore,
X1 = Xng1| < CPpiq — Fel.
Thus, by using Lemma .9 we have
UXper) - UX,) < O(V5),
forall 0 <n < eN% We may add a constant to u€ in such a way that
U(Xp) =0, and thus
sup  U(X,) = O(eV19).

C
0=n<N/16

The Diophantine property implies that the map
Yn+1 -Y, = _hDPHO(PO)

has an ergodization time of order O (5%), for some exponent r depend-
ing on the Diophantine exponent s in (P4]). That is, given ¢ and any
Y, there exists 0 < n < O (5%) such that |Y —Y,| < §. Consider the
map given by the Hamiltonian dynamics which, in the new coordinates
for0<n< GN%, reads

Xi1 — X, = —hDpHy(Py) + O(eV 7).

Then given € and any X, thereisa 0 < n < er% such that

X, — X| <M,
provided M < %. Furthermore, we have

X5 = ¢(xn, Pr),
and i

X, = o(xn, P.).

So, for 0 < n < EN%, Lemma [p.3 implies
X, — Xn| < O(EN/S).
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Consequently, the sequence X, satisfies that, given ¢ and any X, there
is0<n< ﬁr% such that
X, — X| < CeM,

Since U is a Lipschitz function, by choosing X, as in the previous

formula ) )
UX)| < [UX) = UX,)| +[UXa)| < Ce™.

The same estimate carries over to u(x, P.) — a%(x, P,), as ¢ is a dif-

feomorphism. [ |
REMARK. One should observe that

sup |u6(:1:, Pe) o a;\/«u Pe)‘ = O(€M>

implies
sup |u(z, P.) — a5, (z, P.)| = O(EM),

although this last estimate requires the existence of u$.

Theorem 6.4. Let M > 0 and uf, H be solutions of (). Suppose
wo = D,Ho(Py) is Diophantine, € is sufficiently small and there is an
approzimate solution u% of u¢ and Flfv of H satisfying ([I3) for N
sufficiently large so that Theorem [0.] holds. Then,

esssup| Dyu (&, P.) — Dy (%, Po)| < CeMP?,

in which T and & are defined, respectively by () and (20).

ProOF. Subtracting ([]) to ([9), and using (B0), we have
O(eN) =tusy(x, P.) — a%(%, P.) — u(x, P.) + u*(%, P.)+
+hH(P.+ D,uy (%, P.),x) — hH(P. + D,u(z, P.), x)—
— hD,u5(Z, P.)D,H(P. + D,u5 (%, P.),x)+
+ hD,u(z, P.)D,H (P. + D,u‘(z, P.), x).
Moreover, by strict convexity, we have
H(P.+ D,uy(z, P.),z) > H(P. + Dyu‘(z, P,), z)+
+ D,H(P. + D, u(z, P.), z)(D,u (%, P.) — Dyu(z, P.))+
+ 7| Datiy (7, Pe) — Dou(&, Pe)[.
Therefore, we get
O(eN) > aS(x, P.) — % (7, P.) — u(x, P.) + u*(&, P.)+
+ hD,uy(z, P.) [D,H(P. + Dyu(z, P.),x) — D,H(P, + D,uy(Z, P.),x)] +
+ | D, (2, P.) — Dyu(%, P.)|?.
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Since

h|D,H(P. + Dyu‘(#,P,),x) — DyH(P. + D,ii(%, P,), z)] = & — &,

and
—i% (%, P.) — D% (%, P)(& — &) > —uS(2, P.) — Ce| — 2%,
with
|# — 2|* < C|D,u% (2, P.) — Dyu(&, P.)|?,
we obtain,

O(EN) Z a;\/(l‘v Pe) - ’LNL;V(i‘, Pe) - ue(l,’ Pe) + ue(ja P5)+
+ 3| D, (%, P.) — Dyut(&, P.)|?,

for some constant 7, as long as € is small enough. Therefore, the
previous theorem yields

| D, (%, P.) — Dou(2, P.)|* < O(eM).

[ |

We should point out that this last theorem shows that the Mather

sets can be approximated through a perturbative method. In fact, since
the Mather set is supported in

(x,—D,H (P, + D,u(z, P.), x),
the result implies that this graph is approximated uniformly by
(x,—D,H(P. + D,u% (%, P,), x).

7. APPROXIMATE MATHER MEASURES

For integrable Hamiltonian systems, as discussed in Theorem P}, one
can change coordinates by ([f). In these new coordinates, the Lebesgue
measure dX is invariant by the flow. Thus, by the change of coordinates
formula, the measure

det(I + D?pu)dx

is invariant for the original dynamics. The objective of this section is
to show that Mather measures can be approximated by

det(I + D2pily)dz.

As the Mather measure in general is singular, we do not assert that it
has a density approximated by the above expression but we claim that
the mass in small boxes are comparable.
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Theorem 7.1. Let M > 0. Assume wy = D,Hy(Fy) is Diophan-

tine, and there exists functions u% and He¢ satisfying (Z9) for N large
enough. Let p. be any Mather measure corresponding to P, (see theo-
rem [6.1) . Consider push-forward v. of e by the map ([33).

Let k be an arbitrary integer and € sufficiently small. Then, there

exists a partition of T in bozes { B} of size § such that

kn

Ve(B:;r) > m

B, 1,

for all n.
Additionally, there exists another partition of T™ in bozes {B;} of

size % such that

k™ _
n‘Bn "

VE(B;) < W

for all n.
In both cases, k can be taken polynomially large in €.

Proor. To prove the first estimate, let k£ be an integer and consider
a partition of T" in boxes of size lerl (for the partition we use semi-
open boxes, in such a way that they are pairwise disjoint). Obviously,
for some box B, we have v .(B) > |B|. Now consider an additional
partition of T" in boxes {B,"} of size % such that the center of one of
the boxes coincides with the center of B. As in Theorem [.I], consider
the ergodization time for the linear flow associated with a covering of
T™ of radius smaller that # For e sufficiently small and every n, there
exists a time 7)), smaller than the ergodization time 7', such that the
image of B under the map (B4) lies in the interior of the corresponding
box B; . Therefore, by the invariance of the Mather measure under

this map, we have

kn

ve(B) > |B| = F+1)p

1B, |-

To justify that k can be taken polynomially large in €, suppose k =
e~ ®. The ergodization time for the linear flow corresponding to €2 is
of order T' = O(e~2°"). For sufficiently large N and small €, the image
of the box B under time 7;, < 7' lies in the interior of B;]L .

The proof of the second estimate is similar: one considers a cover
of T" in boxes of size =7. One of these boxes B has v.(B) < |B|.
Consider an additional partition of T" in boxes {B,"} of size % such
that the center of one of the boxes coincides with the center of B. As
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before, we obtain
kn
(B,) <|B| =-+——IB, |
v(By) < 1B| = gy By
[
As a corollary to this theorem we can state:

Corollary 7.2. Let M > 0, J be a positive integer and f be a Lipschitz
function on T". Assume wy = D,Hy(Fy) is Diophantine, and there
exists functions Uy and H€ satisfying ([[9) for N large enough. Let ji

be any Mather measure corresponding to P. (see theorem[6.]). Consider
push-forward v. of ue by the map (B3). Then,

/Tn F(X)dX = /T F(X)dve +O(e”).

ProOOF. We can assume f to be a positive function. Consider a
partition in boxes BﬂL as in the previous theorem. Then we have

/falyE > Zye mlnf

k+1 Z|B+\m1nf

1
2 0()+ (k;+1)n ;

since f is Lipschitz. Therefore

[ sav =00+ ,H / > [r+o@

taking k = e 7, and using the fact that f is bounded.
The other inequality is similar, using the partition B, given by the
previous theorem. [ |
From this corollary we conclude that for any Lipschitz function
f(z,p) and any positive J we can choose N large enough such that

f(x, PADyusdp. = | f(z, PA-Dyasy) det(I+D?pisy )dz+0(e”),

Tn g
as € — 0.
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