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EVALUATING FEYNMAN PATH INTEGRALS VIA
THE POLYNOMIAL PATH FAMILY

GABRIEL BOUCH AND PHILIP L. BOWERS

ABSTRACT. We present a difficult and detailed calculation of propagators for
quadratic potentials using a filtration of the space of variational paths around
the classical path by the dense set of polynomial paths filtered by degree. This
presents evidence for a cohesive explanation of path integrals as limits of finite-
dimensional integrations using a sequence of filtration measures determined for
specific dense families of paths by the requirement that the limit yield the free
particle propagator.

INTRODUCTION

The main purpose of this paper is to present a detailed derivation of the propagator
for the harmonic oscillator potential using an interpretation of the Feynman path
integral as a limit of integrations over finite-dimensional families of polynomial
variations of the classical sinusoidal path. It is known [E] that the Feynman path
integral cannot be interpreted as a usual Lebesgue integral since there is no measure
on the space of paths connecting two space-time points that has all the properties
required to produce propagators for standard potentials. Feynman’s solution for
calculating path integrals was to approximate arbitrary paths by piecewise linear
ones, or by trigonometric paths in case of quadratic potentials. Other methods of
approximation have been used, usually with orthogonal families of approximating
functions [E, p. 117] where the full power of orthogonality simplifies calculations.
However, in these approaches there is no general theory that identifies appropriate
conditions on approximating families that would guarantee which families will work,
and which won’t. Several other approaches to articulating a rigorous version of the
path integral have appeared in the literature since 1960. Very sophisticated finite-
dimensional approximation approaches that give rigorous computations for fairly
general approximating sequences, under suitable assumptions on the potential in
the Schrodinger equation, appear in [E] and [m] An informative short review of
five different approaches between 1960 and 1999 appears in [E] In comparison
to these previous approaches, ours is rather transparent and direct and, though
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yet to be generalized to cover a large class of potentials, yields a beautiful, if
complicated, calculation of propagators for quadratic potentials using a filtration
(see the definition subsequently) of the space of variational paths by the standard
polynomial path family filtered by degree.

We begin by filling out a dense subset of the space of paths by the sequence
of polynomial paths of bounded degree N, N =1,2.... We want to integrate over
these finite dimensional families and take a limit as IV increases without bound,
but the problem is that we do not quite know the measures over which to integrate.
Our strategy is essentially that of Feynman’s in his approximation by piecewise
linear families, viz, to backward engineer the measures on the filtration sequence
by calculating the known free particle propagator as the limit of integrations over
these finite-dimensional subsets of paths, using ‘natural’ measures defined with
unknown normalization constants. These constants are then determined by the
requirement that the final limit must yield the known free particle propagator as
well as by a certain sense of elegance and aesthetics. It turns out that there is a
pleasing way to define these normalization constants so that the procedure works
to yield the free particle propagator. This of course is not much. We then apply the
approach to calculate propagators of particles moving in a potential field, using the
backward engineered measures for our integrations. These dense families of nice
paths seem to capture the full effect of the whole path family, and the method works
to produce rigorous calculations of propagators, at least for quadratic potentials.

It is a surprise that the general polynomial family works as there are no or-
thogonality conditions invoked. The calculations can get very complicated, much
more so than some of the heuristic calculations physicists use. In fact, computa-
tions using Fourier families turn out to be much easier than those using polynomial
families, primarily because of the orthogonality of the Fourier families. Were the
point the ease of calculations, we might as well have abandoned this project from
the beginning, for the calculations others use are easier than those presented in this
paper using polynomial families. But the real point of this paper is that in veri-
fying, through extremely tough and rigorous calculations, that correct propagators
crystalize from computations with polynomial families, there is the strong hint of
a deep theory underlying the calculations.

We begin in Section Elwith a brief review of Feynman’s approach to the prop-
agator via the path integral. This section is for the novice and may be skipped by
the initiate. In Section Ewe use polynomial path families to calculate the free par-
ticle propagator, using the known propagator to determine normalizing constants
for our measures. As a quick test case, we apply this to give a rigorous calcula-
tion of the propagator for a particle in a constant field. The primary goal of our
efforts is realized in Section E, where the propagator for the harmonic oscillator is
worked out. This ends up being quite an interesting and lengthy computation with
beautiful surprises along the way. Next, in Section , we apply the procedure using
finite Fourier sums instead of polynomial families, recovering Feynman’s original
Fourier series computations from scratch. In a final section, Section E, we discuss
how general our approach may be and give hints for further developments, as well
as try to isolate our view of the significant insights this interpretation affords.
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1. THE PROPAGATOR VIA THE FEYNMAN PATH INTEGRAL

Following Felsager [ﬂ, pp. 41,42], we write the laws of quantum mechanics a la
Feynman.

Axiom 1: To each event F is associated a complex number ¢(FE), the prob-
ability amplitude for that event. In the case of continuous spectra, this
is to be interpreted as a probability amplitude density. The probability
(density) for the event is p(E) = |¢p(E)|?.

Axiom 2: If E may be realized as one of several independent, alternate events
E;, the total amplitude for £ may be written as

A(E) = o(Vil;) = Z (L)

Axiom 3: If E' may be decomposed into several individual steps E;, the total
amplitude may be written as

H(E) = ¢(NEj) = H¢(Ej)-

Simple enough, but the real problem is in interpreting Axiom 2 when the index
parameter ¢ is uncountably infinite rather than discrete. How is the sum to be
interpreted? The immediate answer is as an integral, which works rigorously in
some cases, but leads to great difficulties in others. Most would and do view these
axioms of quantum mechanics as intuitive and heuristic, supplying some tentative
physical insights, but not to be taken too seriously. It is a tribute to the genius
of Feynman that he did take these axioms seriously and produced a calculus that
works even in cases where rigorous argument fails. He reproduced much of canonical
quantum mechanics from this approach and even used his powerful methods to go
beyond the canonical. Our interest is in Feynman’s use of Axiom 2 in calculating
propagators for particles moving through space-time.

1.1. Feynman’s Propagator Calculus. We consider a quantum particle in space-
time. For space-time points (tg, 2o) and (¢1, x1), the Feynman propagator denoted
as K(t1,21;t0,20) is the amplitude for a particle to be at position x; at time t;
given that it is at position xg at time tg. Let W(¢, 2) be the amplitude for the parti-
cle to be at space-time point (¢, z). Obviously, |¥(¢,)|? is the position probability
density, so that U(t,z) is the Schrodinger wave function of wave mechanics. By
Axiom 3, the product K (¢, z; to, o)V (to, zo) is the amplitude density for a particle
to be at position z at time ¢t and position xg at time ty. Applying Axiom 2, using
the natural interpretation of the sum as integral, we get

U(t,x) = K (t,z;t0, 20) ¥ (to, xo) dxo. (1.1)
R3
This is a case where the axioms lead to rigorous results. In the parlance of math-
ematicians, K (t,x;to,zo) is known as the Green’s function for the Schrédinger
operator.
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One of the more important formulae for propagators that follows, at least
formally, from the axioms is the group property:

K(tlazl;thzO) = K(tlvxl;tlv'r/)K(t/v'r/;thzO)dzl' (12)
R3
Here a particle travels from position g at time tg to position x; at time ¢;. At
a time t' intermediate between ¢y and t;, the particle passes through point z’.
The amplitude for this event, by Axiom 3, is the integrand in Equation E The
equation itself then follows by applying Axiom 2.

1.2. The Path Integral. Taking the axioms seriously, Feynman reasoned as fol-
lows. The crux of time evolution in quantum mechanics is embodied in Equation D:
if the propagator K (t1,21;t0,zo) is known, then the wave function at time ¢; can
be calculated from that at time t5. Let I' be the collection of continuous paths
x: [to, t1] — R3 with x(tg) = 2o and x(t1) = z1. To get from xq at time to to x;
at time ¢, the particle must traverse some path x in I". Let ¢(x) be the amplitude
for the traversal of the path x € I'. According to Axiom 2,

K(t1,z15t0, 0) = Z (). (1.3)
zel
The central challenge of the Feynman formulation of quantum mechanics is to de-
termine what this sum means! This sum is ususally written as a formal integral,
the path integral,

K (a1 to, 20) = / 6(x) D((1)). (1.4)

At this point there are two problems to overcome. The first is to determine
what form the amplitude ¢(x) should take, the second to determine how to per-
form the ‘integration’ given that that there is no measure on I' that has all the
properties expected of this formal integral [ﬁ] For the former, Feynman, inspired
by a comment in Dirac’s classic treatise [, defines the amplitude as

é(z) = exp <%5[:¢]> = exp <% /tt Lz, ,1) dt>, (1.5)

where S[z] is the classical action associated to the path and L(z,d,t) is the la-
grangian for the particle. Of course this choice for ¢ immediately restricts the
path family to piecewise differentiable paths rather than general continuous paths.
Almost any text that describes the path integral gives a plausible physical expla-
nation for this choice. We recommend Feynman and Hibbs’s [, pp. 29-31]. The
latter problem is tougher to solve. Feynman indeed knows well the difficulties in
providing rigor to his definition of path integral.

There may be other cases where ...the present definition of a sum
over all paths is just too awkward to use. Such a situation arises
in ordinary integration in which the Riemann definition ...is not
adequate and recourse must be had to some other definition, such
as that of Lebesque.
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The necessity to redefine the method of integration does not de-
stroy the concept of integration. So we feel that the possible awk-
wardness of the special definition of the sum over all paths ...may
eventually require new definitions to be formulated. Nevertheless,
the concept of the sum over all paths, like the concept of an ordi-
nary integral, is independent of the special definition and valid in
spite of the failure of such deﬁnitions.ﬂ

Feynman gives a general presciption, the “present definition” of the quote, for
constructing the sum B by partitioning the time interval and approximating paths
by piecewise linear ones. This is presented in almost any text that describes the path
integral. His scheme involves the introduction of unknown normalizing constants
that are determined by the requirement that the path integral approach must lead
to the Schrodinger equation. Feynman’s argument for this is very clever, but glosses
over difficult points. He replaces the propagator between space-time points using
the action for a single path, with the justification that the time variables are close,
but then integrates over space variables. Moreover, he approximates the integrand
by a quadratic Taylor approximation in the space variable, which he points out is
good as long as the space variable varies over a small interval, but then immediately
integrates over all of space. In defence of this argument, Feynman does explain the
intuition that suggests that as one integrates over the space variable, it will be only
a small variance of the space variable around the classical path that contributes to
the integral. Though we are sympathetic to this last argument and are extremely
impressed with Feynman’s physical intuitions, the development at best is a formal
plausibility argument that, as a whole, lacks rigor.

1.3. Evaluating Path Integrals: Quadratic Lagrangians. One of the most
beautiful and useful results for evaluating path integrals is Feynman’s observation
(see [B, Section 3-5]) that when the lagrangian is quadratic in z and its derivative
2, the path integral reduces to a calculation for which x¢y = 27 = 0. Indeed, if the
lagrangian is of the form

L(x,#,t) = a(t)z? + b(t)zd + c(t)i® + d(t)x + e(t)d + f(2), (1.6)
then

K (t1, @15 to, 1g) = e* 5

. t1
« / {exp (% / [a(t)e? + b(t)ai + o(t)i?] dt)} D(x(t)), (1.7)
Ty to
where S is the action associated to the classical path the particle traverses between
space-time points (to, o) and (t1,21), and T'g is the space of loops based at the
origin. Thus, for quadratic lagrangians, the phase enS< is expressible exactly in
terms of the classical path. This is probably the single most useful result that aids
in the evaluation of path integrals. The following comments of Lawrence Schulman

are particularly appropriate.

‘], p. 34
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For all path integrals evaluated above, the result was expressible
entirely in terms of the classical path. It turns out that every
propagator that anyone has ever been able to evaluate exactly and
in closed form is a sum over “classical paths” only. There has even
appeared in the literature the claim that all propagators are given
exactly as a sum over classical paths.ﬂ

1.4. Our Approach. In the spirit of Feynman, our approach to interpreting the
path integral is to replace the idea of some sort of integration over all paths with
integration over a dense subspace of paths. We begin with a filtration of the
space I' of all paths between (tg,z¢) and (t1,21). This is an increasing union
U¥-1I'ny € I', where I'y C I'y41, each I'y is finite dimensional, and the union
Ul is dense in I'. T'yy is parameterized by a euclidean space and, using the known
free particle propagator, the euclidean measure is adjusted to a measure duy so
that an appropriate notion of the restriction of duyy1 to I'y equals the measure
duy, and so that the free particle propagator may be written as

lim (x)dpn- (1.8)
N —o0 T'n
We then use the filtration measures duy and the limit above to evaluate prop-
agators of particles moving in nonzero potential fields.

2. CALCULATING THE PATH INTEGRAL WITH POLYNOMIAL PATHS

In this section we use the family of polynomial paths to calculate path integrals
for the free particle and for the particle in a constant field. We use the known free
particle propagator to help define our ‘measure’ on the space of polynomial paths
and we then use this measure to verify that we get the correct propagator for the
particle in a constant field.

For a positive integer IV, let I'y denote the collection of polynomial paths
x(t) = Ziv:o ant™ between space-time points (tg, zo) and (t1,z1). Let X = 1 — xo
and T = t; — to, and replace x(t) by x(t +to) to assume, without loss of generality,
that to = 0 and t; = T'. For the path z(¢) we have z¢o = 2(0) = ag and x; = 2(T) =
ZN a,T". The classical average velocity is

n=0
N N-1
_ X _ Tn—l _ n
V=== an = Gp+1T
T
n=1 n=0
so that
N-1
’UQT: 2 :ai+1aj+1TZ+j+1
1,j=0
N-1 N-1
= G%T + 2(11 E an+1T”+1 + E ai+1aj+1TZ+j+l. (21)
n=1 i,j=1

2.1. The Free Particle.

tid, p. 39]
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2.1.1. The Free Particle Lagrangian and Action. The free particle lagrangian is just
L(z) = 2mi? and the corresponding action is

2
T T N-1 2
:/O %mj:th:/O Im <Z(n+1)an+1t"> dt

/ im Z i+ 1)+ Daipra;41t7 dt.

1,7=0
Integrating and substituting Equation @ gives

N—
_1 (+D)E+1) i+j+1
Slz] = 5m Z a1 ——aiy1041 7"
N—1
= malTJr maq Z 1 T™ n+l
n=1
N—1
(+1@G+1) i+l
+3m Z ——————a;1a;1 1"
=
N—1
=1mv®T — Im Z Qip1a4, T
ij=1
N-1 ,. .
1 N2 DG+ .
+-m Z 2 aiaj T
2 Py 1+7+1
N—1 ,,. .
1,2 1 (i+1)(+1) i+l
= §mv T+ §m Z (7 -1 ai+1aj+1T
Py 1+75+1
N—1
= —m’U2T+ m Z ﬁai+1aj+1Tl+]+l'
Let a be the column vector a = (as a3 --- ay)’ and let By_; be the positive

definite symmetric matrix

N-1

_ ij i+j+1
By = |———T"J
v L’+j+1 L,j_l

The free particle action over the path z(t) may be written as
Slz] = tmv®T + tma'By_sa. (2.2)

2.1.2. The Free Particle Propagator. The free particle propagator is given by the
Feynman path integral that heuristically sums ‘over all possible paths’ between the
space-time points (tg, zg) and (¢1,z1):

K(t, 21 t0, 70) = /Fexp (%S[x]) D(a(t)), (2.3)
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where T is the space of all paths between space-time points (to, zg) and (t1,21). As
recorded in the Section , the challenge of this approach is to make sense of this
sum ‘over all paths’. We are attempting to see how far we can get if we interpret
the sum as a sum over polynomial paths. To this end, with the aid of Equation E,
we interpret Equation E as

. i (LT 4 dmat
K(t,1;3t0, 9) = lim erlzme THzmaiBy1a) gy
N—o0 T'n
imv2T im o
=e 20 lim eanaByag, o (2.4)

N —o00 T'n

for appropriate measures duy on the a-parameter spaces I'y = R¥~! and an
appropriate limiting process, both to be determined subsequently. Notice that the
integral term on the far right in Equation @ depends only on the time difference
T so that we may write

imv3T im(x1 — x9)?
Kt it = F(T = F(T _ 2.5
(1,040.00) = () exp 0L = P(1) e L0 (25)
The term So = mo?T _ m(zi—z)® o exactly the action associated to the

2 2(t1—to
classical path a free particle travers(es bet)ween space-time points (¢, o) and (t1, z1).
This illustrates the observation of Feynman reported in Section E In this case
then the problem of the interpretation of the path integral becomes the problem
of finding the dependence of the integral on the time difference T' = t; — t9. Our
formula for this dependence in the setting of the free particle is

F(T)= lim [ e%aByaag,, (2.6)

N—o0 T'n

2.1.3. Ewvaluating F(T). In this section we fix N, we let

I'n

and we assume that the measure duy is of the form

d,LLN :51(52da2 /\53da3/\~'/\5NdaN) :5(N)da, (27)

where §(N) = 6192 - - - dn, for constants d,,. Since the matrix By_1 is symmetric,
there is an (N — 1) x (N — 1) orthogonal matrix D that diagonalizes By _1:

A =D'By_ 1D =diag(Xa A3 -~ \n), (2.8)

where the \; are the eigenvalues of By _1, all positive since B _; is positive definite
and symmetric. We perform the change of variables a = Du in the integral for
Fn(T) in Equation P.q to obtain

Fx(T) = 6(N) / e 2 AN qot J(D) du.
RN—l
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As D is orthogonal, its Jacobian determinant det J(D) is unity. We then have

im

Fx(T) = 6(N) / eTruAu gy
RN—l

. N
im
:6N/ exp§ = Au? 3 du
o [ ]S

n=2
N X imAn, 2
:5(N)H/ e 2 Un duy,.
n=2"Y ">

Each of the integral factors is a complex gaussian integral and may be integrated
using the formula

- -
/ eilew®+Buty) g, ﬂe—i—ﬁZZiM fora > 0, (2.9)
«
—o0

where we have written v/i = 1—\;%1 This gives
N-—-1

N . N~ )
Fe(m) = o) TL 20 = o) (220) 7 araseoan) 4

Of course, as D is orthogonal, we have det By_1 = det A = A2 A3 - -+ Ay, so that

2mih
m

Fyn(T) = 6(N) ( ) 7 (detBy_1)" 7. (2.10)

2.1.4. FEvaluating det By—1. We shall calculate a general formula for the determi-
nant of By, for an arbitrary positive integer N. In computing this determinant,
the Hilbert matrices

T 1Y
Hy=|—F— and Cy=|—— 2.11
N |:i+j_1]i,j—1 Y |:i+j+1:|i,j—1 ( )

will play an important role. We begin by writing the determinant formula:

N
kU(k) N
det By = __RoR) ) i (e (m)+1)
etby Z sena (k_lk—f—a(k:)—i-l) ’

ceSN

where Sy is the symmetric group on N letters. This simplifies to

det By = (ND)2TVWV+2) det C . (2.12)

Following Melzak [E, pp. 151-153] we may evaluate det Cx as a special case
of the Cauchy determinant

(2.13)

det{ ! ]:Hi>a‘[(5isj)(titj)]_

si+ Hi,j(si +t5)
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Taking s; =i —1and t; = j for Hy and s; =i+ 1 and t; = j for Cy gives, after
some manipulation,

(T2t (T2t (Vi + 112

It then easily follows that
det Cxy = (N +1)?det Hy 1. (2.15)

Still following Melzak [El], we may get an idea of the size of these determinants by
applying Stirling’s formula to derive the approximate identity

(27T)N_1
922N2 °

Putting together Equations .19, and R.15, we get

det Hy =

(=)’

H2N71 n!

n=1

det By_1 = (N)2TN "1 det Hy = (N1)2TN~1

2.1.5. Ewaluating F(T), continued. Our formula for Fy(T) from Equation
becomes

N[

Now define

_ m o \z (n—1)n! g
= (QM'FLT) [(2n — 2)!(2n — 1)1]3 e (2.17)

This definition is designed to cancel most of the meat of Equation E.IE with as uni-
form and succinct a formula as possible for the §,’s. From Equations ﬂ and ,
the measure on RV ! is the euclidean measure da scaled by

_ 2
5(N)=5152---6N=( - )ﬂ (Hg_lln!)lN!TN%m”f”- (2.18)
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A short calculation using Equation in yields

1
m 2 1
Fy(T) = (QMHT) T3, (2.19)

from which we calculate the free particle propagator by taking the limit as IV
approaches oo:

Fin)= i = (520 o

so that, from Equation E,

m re im(z1 — o) (2.21)

27Tih(t1 - to) 2h(t1 — to)

We have backward engineered the measure of Equation in our definition of
0, in Equation in our desire to cancel from Equation exactly those terms
necessary to leave only the known propagator for the free particle. Nonetheless,
it is encouraging, if not compelling, that there is one formula dependent only on
n that works for each §,. Having backward engineered the measure to give the
correct free particle propagator, we now use this measure in calculations of the
propagator for particles in nonzero potentials. One should not be too critical of
the use of this backward engineering for obtaining the correct normalizing constant
for our measures. Afterall, the standard approaches for obtaining the propagator
from a path integral all use backward engineering to fix normalizing constants.
For example, Feynman’s original calculation required a proportionality constant A
to take the value /27ihT/m in order for his approach to yield the Schrédinger
equation for a particle moving in a potential in one dimension [E, pp. 76-78];
see also @, pp. 389-393]. Most texts use Feynman’s calculation, though some,
like Shankar @], also use the known free particle propagator to fix normalizing
constants.

K(t1,z15t0,20) = {

2.2. Particle in a Constant External Field. The standard calculation for the
propagator for the particle in a constant external field uses the results recorded in
Section and, once the free particle propagator is known, reduces to nothing more
than calculating the classical action along the classical path. We shall nonetheless
evaluate the propagator for the particle in a constant external field from scratch,
without using the results of Section , and demonstrate the way the propagator
crystalizes from our approach. This section thus represents something of a test case
for the approach. It is interesting how the spacial dependence separates out early
in the calculation, the full time dependence requiring all the heavy lifting.

2.2.1. The Lagrangian and the Action. The lagrangian for a particle in a constant
external field K generated by a linear potential is

L(z, %) = imi® + Kx.

With the polynomial path z(t) = Zﬁ;o a,t"™, the action becomes
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S[x] = Streelz] + KZ — — T,

where Stree|x] is the action for the free particle from Equation E By peeling off
the n = 0 and n = 1 terms of the sum and using z(0) = 9 = ap and z(T') = 1,
we may write, after some manipulation,

N-1

S[x] = Streelr] + KT (w0 + 21) — 1K Z ——a, T2 (2.22)

+2
Recalling that a = (a2 a3 --- ay) and setting b = (b b3 --- by)" where

by = 21T+, we get from Equations .2 and
Slx] = mv®T + LKT(z0 + 21) + 4ma’By_1a — 1 Kb'a. (2.23)

2.2.2. The Propagator. The propagator becomes

2 (1 2 1
K(t1, 15 t0, 30) = e (xmv THa KT (wote))

%(%maTBN,laféKbTa)

X lim e dun

N—o0 T'n

= F(T)et GmT+3KT(wote) - (2.94)

To evaluate F(T') we proceed exactly as in Section for evaluating F(T).
First, diagonalize By _1 via an orthogonal matrix D to obtain

]:N(T) :/ e%(%maTBN,la—%KbTa) d,U,N
I'n

_ 5(N) eg—’guTAu—%bTDu du
RN-1

H/ exp{zmAn u? — Z;; [bTD] Un, } diiy,.

Each of the integral factors may be integrated using Formula @, which results in

Fn(T)=Fn(T) exp{ 7 (?ﬂj Z /\1n [bTD}i>}
= Fn(T) eXp{—% (?—;bTBNllb) } (2.25)

where Fiy(T) is the free particle time dependence of Equation . The last line
of Equation follows from Equation @:

N
3 Ai [bD]’ = bIDA~'D'b = bIBj. b.

n=2



FEYNMAN PATH INTEGRALS 13

2.2.3. Evaluating bTBz}alb. We will obtain a general formula for the N-dimensional
form bTBx,lb. Notice that By decomposes as the product T'TxCnTyn, where Cy
is the Hilbert matrix of and Ty = diag(T 272 --- NTV) is the diagonal ma-
trix whose nth entry is nT™. Writing b" = (by by --- by) where b,, = HLJFQT"Jr2

and setting ¢ = (c; ¢z --- cn) where ¢, = we get

_1
n+2’
b'B,'b = % (bITy") C' (TR'D)

= % (T2%c") C¥' (T%c) = T3cTCRle.  (2.26)

Instead of calculating the inverse of the Hilbert matrix Cp, we finesse the
problem by observing that c is exactly the first column of the matrix Cp, which
implies that ¢ = Cyd where df = (100 --- 0) is the standard unit basis vector
whose only nonzero entry is a 1 in the first position. Thus Cy'c = d and

b'By'b = T3c'Cyle = T¥c'd = T%¢; = 1T°. (2.27)

This is rather interesting in that our form b'By'b reduces to the constant 373
independent of N.

2.2.4. The Propagator, continued. From Equations and , our formula for
Fn becomes

Fn(T) = Fn(T)exp {% <K2T3) } : (2.28)

24m
Taking the limit as N approaches oo and using Equation gives

i o - () o4 (K2} e

The propagator for the particle in a constant field K becomes, from Equation ,

1
Al
K(t1, z15t0, 20) = (27rihT) 2

; K273
X eXp{% (%mzﬂT—i— %KT(,TQ +x1)— Y )} .

This again is of the form F(T)e(”/™S as Feynman and Hibbs [f] promise, for the
term

K273
Sl = %vaTqL %KT(:L‘O +x1) — 2
m(z1 —x0)? K213
=M — 20 g _
o tafT(we e = S

is precisely the action associated to the classical path a particle in a constant field K
traverses between space-time points (¢g, zg) and (t1,21). The reader might notice

a discrepancy between the final term — z;g: in our formula for the propagator and
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that of Feynman and Hibbs in [, Equation (3-62)], which reports only —KQ—ZS. The
term in [, Equation (3-62)] is a typo, having left off the factor £

3. THE HARMONIC OSCILLATOR

The calculation of the propagator for the harmonic oscillator is the primary goal
of this paper and promises to be quite interesting. We are using polynomial paths,
a set dense in the space of all paths, to perform our calculations. In the previous
calculations for the free particle and for the constant force field, the classical path
the particle traverses is in fact a polynomial path. This is why the free particle
action for the classical path and two of the three terms in the constant force action
for the classical path appear quickly, in the initial calculation of the action. This
will not happen for the harmonic oscillator since the classical path in this case is
a sinusoidal that can only be approximated by polynomial paths, and the action
associated to the classical path contains sinusoidal terms. Rather than enduring
the quite formidable calculation that approximates the general path family by poly-
nomial paths, we simplify by approximating the general path family by polynomial
variations around the classical path. Since the harmonic oscillator propagator is
quadratic as in Equation E, the results of Section B apply and an examination
of Formula B shows that the general propagator for the harmonic oscillator may
be written as

K(t1,z15t0,20) = K(tlvo;t()vo)e%Sda (3.1)

where the action S¢; over the classical path is given by

mw
-~ 2sinwT

We are left with the still quite formidable task of calculating the propagator
K(t1,0;t2,0) for the oscillator particle that begins and ends at the origin, i.e.,
where g = 1 = 0. The only lapse of rigor in our derivation of the propagator of
Equation B.1is in the use of Feynman’s observations of Section E, which he derives
in the context of the full path integral. This easily is remedied in the context of
polynomial path families by a straightforward calculation that confirms Feynman’s
observation in our special context.

el [(z§ + #7) coswT — 2xpa1] .

3.1. The Lagrangian, the Action, and the Propagator. The harmonic oscil-
lator lagrangian is

L(z,4) = dmid® — mw?z?

The initial conditions translate to ag = 0 and a1T = — 22;2 an,T™ for the polyno-

mial path z(t) = Ziv:o ant™. A lengthy calculation using these initial conditions

to eliminate the ag and a; terms eventually yields the action as

S[x] = Stree[z] + So[z] = ma'By_1a — tmw?T?alIy_1a, (3.2)

ima'By_;ais the free action of Equation B.9 with average velocity
v=0,a=(azag - aN)Jr is the vector of coefficients, and J_1 is the positive

definite symmetric matrix

where Seo[x] =
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. . . . N
NI e
3i14+23534+2i4+54+1 ij=2
[l i G 4400 N=1
3i+3j+3i+j+3 o

Exactly as in Section ending in Equation , since By_1 — w?T?Jy_1 is a
symmetric matrix, the propagator

K(t1,0;t0,0) = lim R/
—o0 Jry

may be calculated as

N—1

2mih\ 2 -1
lim 5(N)< Uk > [det(By_; — w?T?Iy_y)] 2
N —o0 m
. detBN_1 B
=1 Fn(T 3.3
NLI};O N( )(det(BN1w2T2JN1)) ’ ( )

where Fiy(T) is given by Equation . Assuming the square root term in Equa-
tion @ has a limit, we get

m \3 . det By_1 2
K(t1,0: t0,0) = ( / ) 1 . 4
( ! 0 0 0) 2mihT Nggo (det(BN_1 —w2T2JN_1)) (3 )

3.2. Evaluating the Limit of the Square Root Term. We shall demonstrate in

a rather lengthy calculation that the limit of the square root term in Equation @ is
1

(Sing) ?, giving the propagator for the harmonic oscillator with initial conditions

o =21 = 0 as

mw 3
2mih sin wT)
In this section we present the overall attack on the problem and reduce the cal-
culation to a calculation of six terms, labeled a, b, ¢, d, e, and f. In subsequent
sections we address the calculations of each of these terms.

The reciprocal of the square root term in Equation @ may be written as

K(t1,0:t0,0) = ( (3.5)

det(BN_1 — w2T2JN_1)

det BN, 1
where Iy _1 is the appropriate identity matrix. To evaluate the determinant of the
matrix Iy — w?T?By! Iy, exactly as in Section P.2.3, write By = TTyCnTy and
Jny =TTNyKnNTy, where Cp is the Hilbert matrix of and Ky is the matrix

1
2
) = \/det(IN_l —MQTQB]}alJN_l),

11 1 z’+j+6}N

Ky = |3 - . —
3i1+3j+3t+5+3

ij=1
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Obviously, det(In — w?T?By'Jy) = det(Iy — w?T?CR'Ky). The evaluation of
the latter determinant is quite involved. The Hilbert niatriX Cy is an example of a
. We already have applied
the general formula for the deternnnant of a Cauchy niatrlx Formula P.13, to find
the determinant of Cp. There is also a general formula for the inverse of a Cauchy
matrix found, for example, in , Problem 41, p. 38]. Applying this with s; = ¢
and t; = j + 1 gives

071: (7 )z+_] H]ch 1(Z+k+1)(j+k+1) "
N (i+i+ D -G —DUN —)(N =5

B {(1)1*]‘ ij <N+z’+1) (N) (N+j+1><zv>r
N i+j+1 N i N 3] )i
It follows that the i, k entry of the matrix product C&lK N i8S
1 i (N+4+i+1\/N
Ai”“_(_)ﬁk 3( N )(z)

ij: (N N 1> (]JV> i +i+ L(j +je)+(gi€:k6+ 3) (3.6)

The key to evaluating these sums is to write explicitly the i, k entry of the matrix
product Iy = C;CN. With §; . as the Kronecker delta, we get

iy = (_1)ii(N +]$'+ 1) (]Zf)
XXN: (N+j+1)(]j)z‘+;+1j+li+1' (87)

We expand the term % in Formula B.4 as

j+k+6 _k+3 1 3 1
G+3)G+k+3) k j+2+1 kj+(k+2)+1
Substituting this into Equation @ and comparing with Equation @ gives, for
1<i<Nand1<k<N-2

1 k+3 3
* T30k + 3) ( E Pk *’“+2> (3.9)

The reader will notice that the only nonzero elements in the first N — 2 columns of
C;\,lK N are

(3.8)

1
A = —
2k 3k

~1
k(k + 3)

k=1,...,N—2. (3.10)

Ak42,k
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The form of the matrix Iy — w?T?CH' Ky is illustrated by the example

1 00 0 0 Ofuy NI,S_
koock ok ckox X | o7 28
* 01 0 0 0|ps7 pags
0O = 01 00 a7 H4,8
0 0 « 0 1 Ofus7 pss
00 0 % 0 1|uer Hes
00 0 0 = O0|pr7 prs
0 0 0 0 0 =|us7 Kss)

for N = 8, where each asterisk represents a nonzero entry calculated using , and
where we have written the i, k entry of Iy —wQTQC;VlKN as ik = 0ik —w2T2)\i7k.
The determinant will be evaluated after a sequence of column operations yielding
a matrix My, followed by a sequence of row operations yielding a matrix A .

We begin with a sequence of column operations using the ‘1’ entry in column
k on the diagonal to eliminate the k,k — 2 entry in column k — 2, successively,
starting with column k = N — 2 and moving to the left one column at a time until
column k = 3 is used to eliminate from the first column. The result is a matrix
My, illustrated for N = 8 by

100 0 0 Ofpyr pis
* p o okoox x|\ lo7 28
0 01 0 0 0|ps7 Wss
0 001 0 O0|par pag
00001 0luss pss|’ (8:11)
0 0 0 0 0 1| us7r Wes
* 0 % 0 % O0|pr7 prs
10 ¢ 0 % 0 x|pus7r pss]

where we have written p for the 2,2 entry and ¢ for the 8,2 entry. More generally,
we write py for the 2,2 entry and gy for the S, 2 entry of My, where S = N if NV
is even and N — 1 if N is odd. Now this 2,2 entry is very interesting: we will show
that it is the mth Taylor polynomial expanded about the origin for the function

%, for m = L%J Indeed, the reader may wish to check now that
w

ﬂ(u’)% (3.12)

We continue to reduce the matrix My using row operations, but we shall do
nothing to change the 2,2 and S, 2 entries. Apply row reduction using the diagonal
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‘1’ to eliminate the two nonzero entires in column k, for kK = 1,3,..., N — 2. The
result is a matrix A, illustrated for N = 8 by

1 00 0 0 O0fuy ,Ul,8_

0O p 00 0 0| e f

0 01 0 0 O0fps7 Wss

0 0 01 0 O Ha, 7 H4,8

00001 0luss pss|’ (8.13)
00 0 0 0 1|usr pues

0 000 0 O0fa b

0 ¢ 00 0 0] ¢ d |

where a, b, ¢, d, e, and f are appropriate linear combinations of the p;7 and
tis’s. In the general case, the only entries in the last two columns needed for the
determinant are the second row terms ey and fy and the lower right 2 x 2 block

anN bN :
(CN dn ) We arrive at

p(ad — be) + q(eb — fa) if N is even;

3.14
p(ad — be) — q(ed — fe) if N is odd, (3.14)

det(Iy — w?T?*Cy'Ky) = {
where we have suppressed the subscripts N. We need explicit formulae for the a,
b, c, d, e, f, p, and ¢ terms and for this we first need to identify explicit formulae
for the p; k = 0k — W?T?\; i, i.e., for \; g, in the last two columns.

3.3. Determining \; y_1, \i.n, PN, and gy. We were able to identify explicit
formulae Equations @ and B.10 - for the entries in the first N — 2 columns of
Cy 'K y by using the partial fraction decomposition of Equation @ Unfortunately,
no such simple trick presents itself to us for determining closed form expressions for
the entries of the last two columns. Fortunately, though, our formulae for the A; 1 ’s,
Equations @ are of a special type, namely, of hypergeometric type, for which
a general algorithmic theory exists for simplifying, if possible, such sums. This
beautiful theory was brought to completion in the last decade and is presented fully
and with great skill in the text }, appropriately entitled A = B. There the details
of the theory as well as descriptions of the Maple and Mathematica implementations
of the algorithms are presented. We used Maple in our calculations.

The Maple simplifications of the sums of Formulae @ for \j ., fork = N—1, N,
are

i = (—pN+it N R kN ) L
N1 ANFL(i +1) T(i)2D(N — i +2)0(5 + N)

and

1 (N +i+2)I'(N +3)y/7
ANFIN(i — N —2)2i(i+ 1) T(4)2I(N —i + 1)I'(2 + N)

Rewriting the Gamma functions in terms of factorials yields

Aivor = ()T S 1)(izv —it D) (]zv) (N I 1) (QNN+ 1) h

)\i,N — (_1)N+i
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(3.15)

and

: / N\ (N +i+1) /2N +3\ "
U ) L L — .31
Ay = (=1) 2N(N —i+2) \i N N+1 (8.16)

The entries of the matrix My are obtained by performing a sequence of column
operations,

Cr — Cr — pi+2,5Cr2, k=N-4N-5,...,1,

on the matrix Iy — w?T?CHy'Ky in the order indicated, where O} is the kth
column of the matrix. Recall this yields a reduced matrix in the form of .
Notice that the only nonzero entries in the first NV — 2 columns of My appear in
the second and last two rows. A straightforward calculation using the entries of
Iy —w?T?CHy'Ky computed using Formulae yields the following formulae for
these nonzero entries M; ;. The second row, with k =1,2,..., N — 2, is

2y |
My =02 + % Z ﬁ(uﬂ“)%, (3.17)

which, for k = 2, yields , a Taylor polynomial for S‘Z—¥T The nonozero entries
of the (N — 1)st row are

N = DN = 28)! oy,

(71)k+1 (

My_1,N—(2k+1) = (N — 2k~ )N w , (3.18)
fork=1,2,..., L%J, and those of the Nth row are
N(N — 2k +1)!
My ok = (=1)*! ( th) W Tk, (3.19)

(N —2&)(N + 1)!

for k=1,2,..., L%J pn(wT') = Moo has been identified as in Equation

and gy is now identified as

5(53751)!@7’)5—2, (3.20)

where S = N —1if N is odd and S = N if N is even.

gy = Ms2 = (-1)

3.4. Determining ay, by, cy, and dy. We now reduce My with a sequence of
row operations, first using the diagonal ‘1’ to eliminate all the nonzero entries in
the last two rows given by Formulae and . This will give us the formulae
for ay, by, cn, and dy. For simplicity we assume N = 2m is even, the case for N
odd requiring no significant changes. The row operations used to obtain ay and
by are

RNflﬂRNflfMNflykRk, k:1,3,...,N73, kodd,

where Ry, is the kth row of the matrix. Those used to obtain ¢y and dy are
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Ry — Ry — My xRy, k=4,6,...,N—2, Fkeven.

The resulting terms, simplified, are

m—1 .
ay =1+ M ( )j+1 (47’71 - 2])' w2j+2T2j+2
2(4m +1)! = (2 + 2)!(2m — 2j — 1)!
y o _ (mt)(m? — 1)(2m +1)!
N m(4m + 3)!
m—1 .
x Y (=1)7tt (4m — 2))! W22+
= (27 +3)(2j + D!(2m — 25 — 1)!
~ (4m — 2j + 1)
j — Ww2it22ite
o= 4L14 1:2 ]2 Tiom g T
(4m (4m + i (27 +D)!(2m — ])
m—2
iy — 14 mEHEm 1! (m =2+ 1) oiin0ie
(4m + 3)! ]:o ;+1( )l(2m — 25)! '

(3.21)

3.5. Determining ey and fy. We continue to row reduce My, this time using
the diagonal ‘1’ to eliminate the entries in the first N — 2 columns of the second
row given by Formulae , except for the diagonal term, which is left unchanged.
The terms ay, by, cn, dy, pn, and gy remain unaffected by these row operations
and are reported in Equations B.21], B.12, and B.20. The row operations we now
employ are

Ry — Ry — Mo R, k=1,3,4,...,N —3.

The resulting matrix, Ay, illustrated in for N = 8, has determinant equal to
that of Iy —w?T?C{'Ky and given by Equation B.14. The resulting terms ey and
fn are very complicated. In terms of the entries of My, they are

N-2
en = pa,N—1— Mo 1p1 N_1 — Z M s N—1 (3.22)
i=3
and
N-2
N = pe,n — Majp,n — Z My ipi,N, (3.23)

=3
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where the My ;, are given in Formulae and the pu; y—1 and p; v are calculated
from and . After some simplification, these formulae reduce to

a;w T (3.24)

e — m?(2m — 2)!(2m + 3)! 2TQ+m(2m —2)!1(2m)! ’”i

3(Am+ 1) 3(4m + 1)

j=2

where N = 2m and the coefficient «; is

2m—2j-+2

g (2 —3+4)!2m—+1—i)!’

2m+2)(2m+ 1)

g 1 (
(=1 (27 —2)!

and

fv=

(2m + 1)!(2m + 2)! (2m+3)!w2T2+(2m+1 (2m + 2)! ZB 22
24m?2(2m — 2)!(4m + 3)! 3(4m + 3)!

(3.25)

where the coefficient 3; is

2m—2j-+2

j 1 (2m +2) (—=1)*a 2m+1+419)!
(=0 (25 —2)! Z 2m (25 —3+)!(2m —)!(2m +2—14)’

From Equation det(In — w?T?Cy'Ky) = p(ad — be) + g(eb — fa), where
we have suppressed the subscripts. Having calculated a, b, ¢, d, e, f, p, and g, the
next task is to prove that the limit as N tends to oo of ad — bc is 1 while that of
q(eb — fa) is 0. This will show that

=3

= (~1)F . sinwT
1. I _ 2T2 —1K — 1 — E ( T 23 —
NS det(Iy — W T"Cy Kn) N PN o (25 +1)! (W) wT

3.6. The limit of ad — bc is 1. Let Ay = aydy — byeny. From Formulae ,
Ay is a polynomial of degree N — 1 in z = w?7T? with constant term 1. As such,
we write

Z) =1+ Z D]\]JCZIC7
k=1

where Dy = 0 for K > N. To verify that limy_,oc Ax(z) = 1, it is enough to
show: (i) for each fixed k > 1, limy_oo Dy x = 0 and (ii) there exists a sequence
of positive terms 1 such that the series Y 9;2* converges and such that, for large

enough k, |Dy x| < Uy for all N. A quick calculation yields the first two coefficients
as

Dyi= Nl and Dyo = N
N7 90N +1)(2N +3) N2 T 16(2N 4+ 3) (AN — 1)’
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from which (i) is evident for k = 1, 2. For the full verification of (i) we find, after a
lengthy calculation, that for k > 3,

Dngp=Domp =05+ + I3+ 1y +Is + Ig + J1 + Jo, (3.26)
where

I = (1)1 (m+1)2m + 1)!(4m — 2k + 3)!

' k(4m + 3)!(2k — 2)!(2m — 2k + 2)!

m(m + 1)(2m + 1)1((4m — 2k + 5)!

I = (*1)"”’*12@ ") (dm + D)(dm + 3)1(2k — 4)!(2m — 2k + )1’

(m 4+ 1)(2m)!(dm — 2k + 4)!

Iy = (—1)k‘14(4m T 3)(@dm + 1)I(2k — 2)1(2m — 2k + 3)!”

(2m)!(4m — 2k + 2)!

= (_1)k2(4m + DI(2k)(2m — 2k + 1)

Iy = (—1)* m(m + 1)(2m)!(4m — 2k + 5)!

5 3(4m + 1)(4m + 3)(4m + 1)!(2k — 3)!(2m — 2k + 4)!”
Ig = (-1) (m+1)2m+ 1)!(4m — 2k + 4)!

(2k — 1)(4m + 3)1(2k — 3)1(2m — 2k + 3)!”

and J; = Jo = 0 for k = 3, while

w1 (m+1)(2m)!(2m + 1)!
2(4m + 1)!(4m + 3)!
(4m — 25 + 2)!(4m — 2k + 25 + 3)!

= (k— ) 2)(2m — 25 + D)2k — 25 — 2)1(2m — 2k + 2j + 2)!"

Ji=(-1)

k—2

w(m+1)(2m)!(2m + 1)!
(4m + 1)!1(4m + 3)!
(4m — 2j + 2)!(4m — 2k + 2j + 3)!
(27 4+ 1)(25 — D!(2m — 25 + )12k — 25 — 1)1(2m — 2k + 25 + 2)!"

Jr = (1)

E

-2

<
/|
v
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for k > 4. Assume for the moment that &k is odd so that I, Is, and I3 are positive.
Taking the limit of the I-terms yields

o ZI 22k 2k: T
1 1 1
+ +
{Qk(% —2)(2k —3)  2(2k—2)  2(2k —2)(2k — 3)
B 1 1 1
2k(2k —1)(2k —2)(2k —3)  3(2k—3)  (2k —1)(2k — 3)

2k —9k2 + 10k —3  (k— 1)(2k2 7k + 3)
3k(2k —1)122k 3k(2k — 1)122k

(3.27)

Notice that this limit is zero when k = 3, verifying (i) in this case. When k is even,
the limit is the negative of that above. Taking the limit of the J-terms yields

k—2 1

> 22k (| — ) (2)1(2k — 2 — 2)!

j=2

Iim Jy + Jo =

k—2 1

]Z:; 22k(2j +1)(2j — 1)!(2k — 2 — 1)’

Multiplying by (2k)!/(2k)! and rearranging yields

2k—3

. 1 2k
mlgnooJﬁLJz:W > (-1 (j1)<3>’

Jj=4

which Maple evaluates as

22k(12k)! {zg: J: 3 (24k) S 111((2]112_1231{: 0 (2k2k 2)} '

This simplifies as

, (k — 1)(2k2 — 7k + 3)
1 = —
S T2 3k(2k — 1)122F

(3.28)

Again when k is even, the limit is the negative of that above. A comparison of the
results of B.27 and B.29 verifies (i) for all k > 4.

We now determme a bound 19k on |Dy |, independent of N. Notice that in
Equation , there are six J-summands and a total of 2(k — 3) summands in the
J-sums. Each of these 2k summands is bounded by (22*~1(k — 2)!)~! so that

k

k= o3 )1
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bounds | Dy k| for k > 4. Since >, -, V1.2¥ converges, (ii) is verified and we conclude
that limy e An(2) = 1.

3.7. The limit of g(eb — fa) is 0. Actually, each product, geb and ¢fa, limits to
0 separately. We demonstrate this only for gfa as that for geb is in no essential
way different. Let IIy = gy fyvan. First we derive separate bounds on the three
factors of Il . Immediately from Equation ,

3N N 6m 9,0 OQ1)
— = Mmme g L Lgem 3.29
(N+1)° Cm+ 1" = Emy” (3:29)
where Z = max{1,z}. We obtain a bound on ay by rewriting its expression in
Formulae .21 as

m—1 —1 .
. 2m\ (4m m—j -
ay =1+ 1]+1< >< ) - PR
N Z;( "o o) @mrneiro

Jj=

lgn| =

2my (4my—1 .
: =0,...,m — 1, (2j)(2j) is
bounded by 1 while WM is bounded by %, so that |ay| is bounded by

1+ % > ity 7. We get the bound

A straightforward calculation shows that, for j

lan| < O(m)Z™. (3.30)
For a bound on fy, first note that the coefficient of 2z = w?T? in Equation .29 is

bounded by O(m3)(3z)71. For j = 2,...,m — 1, the coefficient of 27 is bounded

by O(l)(éz)_lwﬂ. We obtain a bound on |§;], independent of j, by rearranging
factorials and bounding factors separately to obtain

2m—2j+2 om+1+i il 29\ (2m + 1
8j] < O(m) + ; (gm)(2m+2z‘)(i+2j3)!(i)< 2 )

com S ()05 om (£ 03

<o+ (m)oon () = (sm)orm (),

(3.31)

where 0 < mg < 2m is the integer that gives a maximum for the expression (2”21;”)

To find out more about mg, for i = 0,...,2m — 1, note that

<2m2+ i+ 1) _ <2m + z> (2m + i+ 1)(2m i) _ <2m + Z)g(i), (3.32)
i+2 2i (20 +2)(2i + 1) 2i

where g(i) is the fractional expression. Equation implies that the expression
(*2+") increases when g(i) > 1 and decreases when g(i) < 1. Since g(0) = m(2m +
1) > 1, g(2m) = 0, and ¢'(x) < 0 for all 0 < z < 2m, there is an integer 0 <
mo < 2m such that, for integer ¢, g(i) > 1 whenever 0 < i < mg and 0 < g(i) <1

whenever mg < i < 2m. Of course, the maximum for the expression (2”21:”) occurs
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at i = mg. By setting g(i) = 1 and solving for 4, one may find an exact formula for
mo, which is useless for us (asymptotically, mg = 0.89m). Instead, first note that
mo < m since g(m — 1) < 1. We have

olimo) > glma-+ 1) > v+ glom 1) > glm) = ORI L

the last inequality holding for m > 2. Therefore,

3m\  (2m+mg 2m—+mo\ 1\
(o) = (om0 (7507 (3)
This with the bound of gives the bound
4m 3m
. < 2m—’m0 . .
1< (o Jotmz— (37) (3.33)

Since the coefficient of z is bounded by O(m?) (;%) - and, for j =2,...,m—1, the

coefficient of 27 is bounded by O(1) (32)_1|5j |, it follows from the bound that

] < Om2)zm—mo @”ﬂj) . (3:34)

From B.29, B.30}, and B.34,

1 3m
< 9gm 3 4m71.
M| < 270(m )(Qm)! <2m)Z

3m

Since (2'rln)! (2m

)<%,Weget

22m0(m3)Z4m—1
from which it follows that limy_ .. IIxy = 0.
This completes the proof that

det BN_1 wT

I _
N det(By_y — w?T2dn_1)  sinwl’

in Equation @ and so verifies the propagator Formula @

4. EVALUATING PATH INTEGRALS VIA FINITE FOURIER SUMS

On pages 71-73 of [E], Feynman and Hibbs derive the propagator for the harmonic
oscillator using Fourier series. We recover their computations in the context of
Section here. The computations are very easy and serve to illustrate the power
of orthogonality. It is interesting that in the calculation of the propagator for the
harmonic oscillator using polynomial families in the previous section, sinwT' arises
as a Taylor series while, in the calculation using Fourier families in this section,
sinwT arises as its classical infinite product formula.
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4.1. An Easy Calculation. We will derive the measures by examining the free
particle propagator K (7', 0;0,0). The collection {¢,(t) = sin(ZE)}22 is orthogo-
nal in the usual inner product

- /0 f(D)g(t) dt

defined for real-valued functions on the interval [0, 7], and is complete in the sup-
norm metric with respect to real-valued continuous functions that vanish at 0 and T';
ie, each such function is the uniform limit of a sequence of real linear combinations
of the ¢,,. With z(t) = 25:1 anen(t), the action for the free particle is

T1 2 mr? o 2 2
S[z]:/o 5 dt:F;na

Notice that the orthogonality of the derivatives of our approximating sequence,
ie, {pn(t) = % cos(ZEL)}o2 ,, yields a particularly simple expression for S[z] as all
the cross-terms (¢;, ¢;) vanish when ¢ # j. Compare this with the expression

for the free action when the polynomial family is used. The propagator by E is

K(T,O,O,O) = lim eé iT 17l an d,uN

N —oo RN

i mr? N 2 2
lim ¢ er AT 2n=1""% da; A --- Aday

N—o0

(N) /
N wrmr
]\}Enw 5N ];[ / n’a;, dan,
v
W1l

w2

= lim §(NV
N—oo

AiRT \ 2 [ OQN) (T
= lim —-~2
mmn? N—ooo N! mm

Setting

N 1
mm \ 2 m \2
(V) =N () ( )
(W) 4ihT 2mihT
yields the free particle propagator.
The action for the harmonic oscillator is

where z = % Again the orthogonality of the derivative functions ¢,, is exploited,
but the orthogonality of the original approximating sequence {y,} this time also
comes into play to yield this particularly simple expression. Compare this with the
expression @ for the action when the polynomial family is used. The propagator
for the oscillator is
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K(T,0;0,0) = lim 6(N )/ et TN =% go A A day

H/ %4T Zn 1(”*2)’1 da
N—oco

I
=
=)
=3

7( m )% ad n? :
 \2mihT n? — 22

7(m)%(7rz)% ( mw )%
 \2mihT sin Tz 2mihsinwT/

5. EPILOGUE

How general are the calculations of the two previous sections? What dense sets
of paths provide a filtration of the space I' of all paths between spacetime points
(to,x0) and (t1,21) whose filtration measures duy yield correct propagators in
the limit B when applied to, say, quadratic potentials? In Sections E and E we
calculated the propagator for the quadratic potential using the set of polynomial
paths dense in the set of all paths. The lack of orthogonality resulted in difficult
calculations, but nonetheless succeeded in obtaining the correct propagators. In
Section @ the orthogonal family of trigonometric polynomials, with their orthogonal
derivatives, reproduced the propagator for quadratic potentials quite easily. Would
any dense filtration of I work to produce correct propagators?

In this last section we will explore this question very briefly, and for simplicity
only for filtrations arising from orthonormal sets of differentiable functions complete
in the set of paths with tg = 0,t1 = T, 29 = 1 = 0 in the sup-norm metric on
C(]0,T)). Specifically, let {f,} be an orthonormal set of differentiable functions in
the path space, so that (f;, f;) = d; ;. Define a filtration by I'y = span{ fi,..., fn},
the set of real linear combinations of {f1,..., fn}, and let I'ny = U2 T'y. We
assume that the closure in C([0,7T]) of ', equals T', the the set of continuous real-
valued functions z(t) with 2(0) = 0 = «(T'). Note that this implies that each f,
vanishes at both 0 and T', and each path x € T" is the uniform limit of a sequence
from I',. We now derive the filtration measure as usual. The free particle action
for the path z(t) = vazl a;fi(t) in Ty is

T T
Stree|z] = / %m:'c2 dt = / %m(alfl + et aNfN)2 dt,
0 0

or in matrix notation,

_1 _1
Stree[r] = 5m g a;a;C; 5 = §maTCNa,

1,j=1
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where

T
Cij = {fi, fj) = /O fif;dt. (5.1)

As in Section , the propagator is found by integrating against a measure duy =
d(N)da and yields

K(T,0;0,0) = lim eFON duy = lim Fy(T), (5.2)

O JT' y=RN

where, as in Equation ,

2mih
m

=

N

2
Fn(T)=0(N) ( ) (det Cn)~
The most straightforward and naive way to force the propagator of Equation @

1
to take the correct value of (527%=)? is to define the measure duy = 6(N)da by

d(N) = (27:;17“)5 (2::71)

The validation of the definition of the measure duy using 6(N) from Equa-
tion E would be accomplished with calculations of other propagators for nonzero
potentials using this measure. We derive the validation condition for the harmonic
oscillator potential. The action is

vlz

(det Cy)? . (5.3)

T

= Stree[x] — %mwQ/ (arfi + - +anfn)*dt
0

= lma'Cya— %mwQaTINa,

where Iy is the N x N identity matrix. Note the use of orthonormality in yielding
the simple expression a'Iya. The propagator is

a lmaT aflmuﬂaT a
K(T,0;0,0) = lim eh[z Cra—3 In ]dMN

lim e%aT [Cwale]a&N) da
N—oco RN

w2

i 5(9) (257 ) (@t - 2Ly

N—o0

( m )% . det(Cn — w?Iy) =3
- lim .
2mwihT /) N—oo det Cy
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The condition then that would validate the definition of our filtration measure using
Equation E is

. det(Cn — w?Iy) . _
ML oGy A ety WOy =

sinwT'

wT
where, of course, the entries C;; are given by Equation @ The confirmation
of Condition E for the Fourier orthogonal family accomplished in the previous
nnt

section is particularly easy, since not only is the Fourier family f, = ¢, = sin "%

orthogonal, but its family of derivatives fn is also othogonal, making the matrix
Cy diagonal. In what generality Condition @ holds is an open question.
If orthogonality of the family {f,} is not assumed, the condition for validation

(5.4)

is

sinwT

wT
for appropriate matrices Ky, as in Section E The fact that Condition @ holds
for the polynomial family seems to us quite surprising and very suggestive that the
validation condition holds quite generally.

Jim det(Iy — WICH'Ky) = (5.5)
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