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Abstract

Based on the HVZ theorem, the absence of embedded single-particle
eigenvalues and dilation analyticity of the pseudorelativistic no-pair Jansen-
Hess operator, it is proven that for subcritical central charge Z there is
no singular continuous spectrum in R\[3¢, 2m]. Moreover, for the two-
particle Brown-Ravenhall operator, the absence of eigenvalues above 2m
is shown (if Z < 50).



1 Introduction

We consider two interacting electrons of mass m in a central Coulomb field,
generated by a point nucleus of charge number Z which is fixed at the origin.
The Jansen-Hess operator that is used for the description of this system, results
from a block-diagonalization of the Coulomb-Dirac operator up to second order
in the fine structure constant e? ~ 1/137.04 [E, . Convergence of this type of
expansion has recently been proven for Z < 52 [4), ﬂ], and numerical higher-
order investigations have established the Jansen-Hess operator as a very good

approximation (see e.g. @, ])

Based on the work of Lewis, Siedentop and Vugalter [E] the essential spec-
trum of the two-particle Jansen-Hess operator h(?) was localized in [Zg, 0o) with
3o — m being the ground-state energy of the one-electron ion [@] A more de-
tailed information on the essential spectrum exists only for the single-particle
Jansen-Hess operator, for which, in case of sufficiently small central potential
strength ~, the absence of the singular continuous spectrum oz, and of em-
bedded eigenvalues was proven [[L3]. These results were obtained with the help
of scaling properties and dilation analyticity of this operator, combined with
the virial theorem, methods which, initiated by Aguilar and Combes, are well-
known from the analysis of the Schrédinger operator [[,[3, p.231] and of the
single-particle Brown-Ravenhall operator h% [E, E] For more than one electron
the absence of 04, was only shown in the Schrédinger case [ﬂ, @], the basic in-
gredient (apart from the dilation analyticity of the operator) being the relative
compactness of the Schrodinger potential with respect to the Laplace operator.
Such a compactness property does, however, not exist for Dirac-type operators.
Instead, the proof (of Theorem 1, section 4) can be based on the HVZ theorem
combined with the absence of embedded eigenvalues for the single-particle op-
erators. The absence of eigenvalues above m for the Brown-Ravenhall operator,
the Jansen-Hess operator and the exact single-particle block-diagonalized Dirac
operator is stated in Proposition 1 (section 3). For the two-particle operators
the virial theorem is formulated and a modification of the proof by Balinsky
and Evans [f] is tested on hB% to show the absence of eigenvalues in [2m, 0o)
(Proposition 2, section 3).

Let us now define our operators in question. The two-particle pseudorela-
tivistic no-pair Jansen-Hess operator, acting in the Hilbert space A(L2(R3) ®
C?)? where A denotes antisymmetrization with respect to particle exchange, is
given (in relativistic units, i = ¢ = 1) by [[Lf]

2
K = hER 4 370 4 12, (1.1)
k=1

The term up to first order in e? is the (two-particle) Brown-Ravenhall operator
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where the index m refers to the particle mass, px = —iV}, is the momentum and
xp (with 2 := |xz|) the location of particle k relative to the origin. v = Ze?

is the central field strength, and v(!?) the electron-electron interaction. Uék)

denotes the unitary Foldy-Wouthuysen transformation,
k)

U = Apr) + 8P aWprg(p),

 (Ey+m 3 a 1
ao= () e e (9

and the inverse U(k)_1 U(k)* A(pp)+al® )pkg(pk)ﬂ( ) With a® 3k Dirac

matrices E] Finally, P(12) P(l)P(2) where P(k) 467 prOJects onto the
upper two components of the four-splnor of partlcle k (hence reducing the four-
spinor space to a two-spinor space). In (@) and in the equations below, the

notation lLh.s. ~ r.h.s. means that the L.h.s. is defined by the nontrivial part
(i.e. the upper block) of the r.h.s. (see e.g. [H, [Ld]).

The remaining potentials in (@) which are of second order in the fine struc-
ture constant consist of the single-particle contributions
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where D(()k) has norm unity, V1((;€ )m is bounded and h.c. stands for hermitean

()

conjugate (such that is a symmetric operator). The two-particle interaction

is given by
W1 o (k)y (k) W72\ p2)
(12)NP 1U2_ { _b F +h}U1U2 P12
c .C. ,
o0 1 o 1=
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For later use, we also provide the kernel of the bounded operator Fo(k) in mo-
mentum space,

¥ 1 1

k = — 1- D) D ®)). (.
@0 =~ e e (1= DY@ D)) (1)

h(?) is a well-defined operator in the form sense for v < 0.98 (which follows from
the form boundedness of the Jansen-Hess potential with respect to the kinetic
energy with relative bound less than one; see section 2 for the improvement
of the bound 0.89 given in [E]), and is self-adjoint by means of its Friedrichs
extension.

2 Dilation analyticity

For a one-particle function ¢ € Ly(R?) ® C? and 6 := e¢ € R, we define the
unitary group of dilation operators dg by means of [m]

dop(p) = 072 (p/0) (2.1)

with the property

do,do,p(p) = (0102)"%% p(p/0:102) = dg ¢(p) (2.2)
where 0 := 0,05 = e51752, For a two-particle function ¢ € A(Ly(R?) @ C2)? we
have dg 1(p1,p2) = 0~ >¢(p1/0, p2/0).

Let Oy = dg(’)d(;l be the dilated operator O (e.g. h((f) = dgh(Q)dgl).
From the explicit structure of the summands of A(?) in momentum space one
derives the following scaling properties, using the form invariance (¢, h(?)) =

(do, B dgt) for ¢ € A(Hy 5(R®) @ C2)2, the form domain of ) (see [, [,
13 p.42,73)),

1 1
TH (m) = \/p2/6? +m? = 5 /P +m20? = 5T<k>(m.9) (2.3)

1 1
BRm) = 2 hgRm-0), P (m) = 5 hP(m-9)

where we have indicated explicitly the mass dependence of the operators.

Let us extend 6 to a domain D in the complex plane,
D:={#ecC: 0=¢5 [ <&}, (2.4)

with 0 < & < % to be fixed later. The definition of the dilated operators with
the scaling properties (@) is readily extended to 6 € D.



In order to establish the existence of h‘(f) for 6 € D as a form sum it suffices

for Ty := Te(l) + Tf) to show the |Ty|-form boundedness of the potential of héQ)
with relative bound smaller than one. For the single-particle contributions this
was shown earlier for potential strength v < 1.006 [@]

Let us start by noting that the m-dependent factors appearing in the poten-
tial terms of h(?) are all of the form E;‘, (Ep+ m)*, A €R, as well as Ep+Ep/
(see e.g. (.3J), ([.@)). This assures that h(®e) is an analytic function of m for
m # 0.

For 6 € D we basically have to replace m by m - 6. We can use estimates of
the type [E]

1
1-& < ‘5‘ < 1+2%

(1—=%) Ep < |Eo(p)| < (1+4260) Ep (2.5)

where Ey(p) := /p?+ m202. From these relations one derives the relative
boundedness of the following dilated operators with respect to those for 8 =1,

AP < T 20)
1
|g g6(p)|* < A&7 P’ ¢*(p) (2.6)
1 1 1

Eq(p) + Eo(p') (1—¢&0)3 Ep+ By

As a consequence, the dilated Foldy-Wouthuysen transformation is bounded,
USPL < 140 ()] + 1B go(pi)| < & and also |D)] < b (o1 +mlf]) <&

with some constant ¢.

In order to show the relative form boundedness of héQ), we write h(?) = T+W
and introduce the respective massless (m = 0) operators Ty = p1 + p2 and Wy,

Wl < I Won)l + 0. (Wo- gwa)wl 2)

The form boundedness of W, with respect to Ty follows from the previous single-
particle [@, ﬁ, ﬂ} and two-particle [E] m = 0 estimates. For the single-particle

contributions we profit from [f (1, (px +b§k> +bgk)) ) > (1— =L +dy?) (Y, prt))

YBR
together with bgk) + bgk) < 0 for v < 4. Note that (e.g. for k = 1)
1 = 1x,(x1) acts as a one-particle function depending parametrically on the
coordinates of the second particle. For the two-particle terms, use is made of

(Uék)*wo,pkUék)* o) = (¥, px ¥) where 1o := (%’) denotes a two-particle spinor



whose lower components are zero by the action of P( 2 , showing that the four-
spinor estimates from E] are applicable. Thus,

2

@ W)l < 31 08 +057) 0] + [ W)l + 1,06 )

k=1

2,2 2
. (V%R_dfﬂez o ) (6, Tow) = & (6, Tov),  (28)

where ypr = 2/(2 + 5) ~ 0.906 is the maximum potential strength for which

hBE is bounded from below, and d = 3 (g — %)2

For the proof of the form boundedness with respect to |Ty|, we can estimate

for [Im §| < %
Re \/pi +m?6% > py (2.9)

(setting 6§ = €T and Ey = x+iy leads for z := z? to 42° —4(pi +m?e*" cos 20)z

— m*e*sin? 20 = 0, with a solution that can be estimated by z > p? upon

dropping all terms ~ m), such that

0] - (0, TS )| > [Re (1, /P2 +m202 )| > (4, TeH ). (2.10)

The uniform boundedness of the single-particle remainder in (.7), 07 [(v, (b 512 9

— My )| + ‘9‘ |(1, (b 2771 P — b)) )| was proven in [IJ] based on the respective
results for § =1 [@ H.

For the proof of the uniform boundedness of (1, (¢12) (m - 6) — ¢§'®) ) and
(¢, (V2 (m - 0) — 0812)) 1) we proceed in a similar way. Since ¢! and v(1?)
are analytlc functlons of m, the mean value theorem can be applied in the form
F(m-0) — £O)] < m(| 2L - 0)] + 2L (s - 0)]) with 0 < 7y, iy < m
(adapted to complex-valued functions [[[J]). The kernel of v(1?) is given by
Kv(m) (pl, P2; pll, p/2) : U(2)Ué1)kv(1z) Uéll)*Ué?)* with

e? 1

k — ___§(p, — " 2.11
v(12) o2 |p1 — p/1|2 (p2 P2 +DP; pl)a ( )

such that one gets

‘(Kvuw(m'@) —Kv(gm)(m,pz;p’l,p'z)‘ < mkyaz

8 ’ * ’ * - - -

where () — 7m2) means the first term in the second line of (R.19) repeated
with m1 replaced by ms, and Uék ) is Uék) with pj, replaced by p). Further,

B 6U0

0 ") *
’(9_771 WiVl NP Ui U -




aUéQl)*

1 2 1")%
+ [P U | =

(2.13)

From the boundedness of Uék) and of 0 one gets the estimate (noting that Uék)
is only a function of m/py =: &)

) ’ [d
— U 0y = 2

d
9 - 9)

0] ¢ ¢ ¢

UsF (€ - 9)]

< —

Tk 1HE T petm T pe

with some constants ¢, ¢ independent of m. With this estimate the boundedness
of v (m - §) — v§'® is readily shown (see e.g. [[§] and Appendix A, where a

(2.14)

sketch of the boundedness proof for ¢(*?)(m - ) — 0812) is given).

Thus we obtain

(¥, W) < &0 |(4, Tow)| + C(4, ) (2.15)

with ¢ from (.§) and some constant C. We have ¢y < 1 for v < 0.98 (Z <
134). This holds for all § € D. Besides this Ty- and Ty-form boundedness with
¢ < 1, (:3) assures that for ¢ in the form domain of Tp, (1, h((f)w) is an
analytic function in D. Thus héQ) satisfies the criterions for being a dilation
analytic family in the form sense [[l],[23, p.20].

We remark that for the Brown-Ravenhall operator the relative form bound-
2
edness of the potential and hence the dilation analyticity hold for v < ypr—% =~

0.902 (see (R.9)).

3 Absence of embedded eigenvalues

The scaling properties of the pseudorelativistic operator under dilations allows
one to show that under certain restrictions on the potential strength v there are
no eigenvalues embedded in the essential spectrum. For different methods, see
[@.B2, p-222]. We start by stating some results for the single-particle case.

Proposition 1 Let hPR = T®) 4 bg’f,{ be the single-particle Brown-Ravenhall
operator, b,(fi) = hPR 4 bg’:z the single-particle Jansen-Hess operator and he, ~
Po(k)U(k) (a®py + BFm — 'y/a:k)U(k)_lPO(k) the exact block-diagonalized Dirac

operator (projected onto the positive spectral subspace) from /@] Then

(i) For vy < vpr (Z <124), hBE has no eigenvalues in [m, o).



(i) For v < 0.29 (Z < 40), b¥) has no eigenvalues in [m,00), and for
v < 1.006 the eigenvalues do not accumulate in Ry\{m}.

(i11) For Z < 35, he, has no eigenvalues in (m, 00).

Item (i) was proven in [f] (for v < 2) and in [[J. The first part of (ii) was
proven in [[3], and all proofs rely on the virial theorem. Item (iii) was derived
in [@] with the help of a Mourre-type estimate [Eﬂ

The second statement of (iz) results from aeSS(bgs)e) = O’eSS(Tgk)), based on
the compactness of the difference of the resolvents of bgj,)e and Te(k) [L3 for any

0 € D. We have O'(T(k)) NR = {m} if Im & # 0 [PY, [[0], so there are at most
isolated eigenvalues of b'* )9 in Ry \{m}. Since p* )9 is a dilation analytic family

these cigenvalues are invariant when 6 — 1 (see also section 4).

Let us now turn to the two-particle operator. The virial theorem for the
one-particle case [%18 easily generalized to two-particle operators obeying the
scaling properties (P.3]). Assuming that 1 is an eigenfunction of the Jansen-Hess
operator h(?) to some eigenvalue \ and that § € DNR,, the virial theorem reads

3 (m - 0) — ) (m)
0—-1 )

Lim (o, = Awl?, (3.1)

where the mass dependence of h(? is indicated explicitly. By the mean value

(2) -
theorem, the operator on the Lh.s. is transformed into m (thim))(m - 0) for

some 6 on the line between 1 and 6. Since this operator can be bounded in-
dependently of 6 (see section 2) and ||¢g]| = ||¢[|, the theorem of dominated
convergence applies and the limit § — 1 can be carried out. We get, making
use of the symmetry property of ¥ under particle exchange,

avl) a1 a2 1 e

m m 1 1
Eplw)+(w7<dm + dm +2 dm +2 dm

A 2
= el = v,

(3.2)
This equation has to be combined with the eigenvalue equation which we take
in the following form,

2

A (Fy,9) = (F, (Z(Epk + 0% 4oy 012 +c<12>> ¥),  (3.3)

k=1

m ) 1
EPl Epl +E;D2 -m

In the single-particle case, F' is taken in such a way that the negative contri-
bution (termed B19) to the linear term %= can be eliminated ). Here, only

Fip:= ¢ (1 W = F*q.

a partial compensation is possible because one cannot avoid that F(b(l) + b(2))



is a two-particle operator (which cannot be split into single-particle terms).
The symmetric (with respect to particle exchange) energy denominator (E,, +
E,, —m)~! assures that the operator Fh(?) appearing on the r.h.s. of (E) is
bounded. ¢y € R} is a parameter to be determined later. Let us now restrict
ourselves to the Brown-Ravenhall operator. Then we have

Proposition 2 Let h8% be the two-particle Brown-Ravenhall operator and as-
sume v < 7. with v, = 0.37 (Z < 50). Then there are no eigenvalues in
[2m, 00).

Note that, with o (hER) = [£0,00) and ¥y < 2m [RI], no information on
embedded eigenvalues is provided for the subset [, 2m). This corresponds to
the multi-particle Schrédinger case where the virial-theorem method proves the
absence of eigenvalues only in the subset [0,00) of the essential spectrum [R2,
p.232).

Proof. Defining dr := dp1dpadp}dps we have from @

(1)
(6, Bim ) — Bio(m) + Bua(m), (3.4)

" dm

Buofim) = Re (v (-~ 75 ) 040 0)

Epl - Elgl
Bu(m) = =L dm g(p1)oWp1 Y (p1, p2) L
27T2 R12 |P1 - p/1|2
1 1 )
(E + 5 ) 9(p}) eVp} 8(ps — ph) Y(p], Ph)-
p1 P}

Subtraction of the real part of (B.3) from (B.9), while dropping the second-order

terms b$") and ¢(12), results in

0 = My + yM; + €® My, (3.5)

A 2¢com(1 — Eﬂpl)
Mo = (4, <(1 -5 - m)

E E, —2
-1 - m)(l + co(Ep, + Ep, m))) )
Epl Ep1+Ep2*m

m 1

M, = — l— —) =
Y M1 ﬁlo(m) Re (77[1,00( E;D1) E;Dl + Ep2 -m

(bl +B2) ) + Bra(m)
e?My = Re (¢, (1

m ) 1 co
EPl Epl Epl + E;D2 -m



1 " 1
Epl EP'

1

*/ dm g(p1) eWp1 US™ do(p1, p2) ( )
]R12

i (900 L U do (05, 95))

In the expression for the electron-electron interaction term, e? My, it is used that
') and v(1») have the same structure. Indeed, the kernel of b{") is given by

Uk, U with

ol 1
_ p/ |2 (5(p2 - pl2)7 (3'6)
1

Kby, = ——
b 212 |p1

as compared to the kernel of v(!?) defined above (R.11)). Due to the symme-

try upon particle exchange, the kernel of %% in (@) can be replaced by
UO(Q) %(Uél)k/’v(m) Uél)*) UéQ)*. Therefore (B.4), with k, a2 substituted for ks, ,

is applicable. As in section 2, 1y = (7’5) is a two-particle spinor with the lower
components set equal to zero.

For a symmetric integral operator O with kernel K + K*, we use the Lieb
and Yau formula, derived from the Schwarz inequality, in the following form

RO (see also [14])
(@00 < [ dprdpa [9(p1.po) (h(P1.p2) + B(prop) (37

f(p1) g(p2)
f1) g(py)

and Iy results from the replacement of K (p1, p2; P1, P5) by K*(p}, Ph; P1,P2)- f
and g are suitable nonnegative convergence generating functions such that I, Is
exist as bounded functions for p1,p> € R?. In order to get rid of the particle
mass m, we introduce the new variables p; =: mq;, p}=:mq}, i=1,2. With
s:=1—2co(1 — \/qlfﬁ)/(\/q% + 14 /g2 +1—1) we estimate

0 < My + v |M| + € | M| (3.8)

L (p1,p2) = /de’ldp’z |K (p1,P2; P}, P
R

2m

. A
< m° /RG dgidqz [¢(mar, mqs)|? s (1 - =+ ¢(ql,q2)) :

For ¢g < 2 (or ¢y < 2if g3 #0) we have s > 0 and then

2 5 B
#a1,q2) = é{*(lfﬁ) <1+C VE+1+VE+1 2)

a VA VE -1

+ vq My + € qf Mo} (3.9)

where q%Mi, i = 1,2, result from the estimates of M; and are given in Appendix
B. From (B.§) it follows that if ¢(g1,¢2) < 0, we need 1— 2 > 0 which confines

10



A to A < 2m. A numerical investigation shows that the supremum of s ¢(q1, ¢2)
is attained for q1,q2 — 0o with ¢ < ¢2. Then s — 1 and from the explicit
expression (see Appendix B) it follows that

sup 5 ¢(qr,q2) = lim_d(q1,42) = —(1+co) + 7 (4+2c0) + 4¢® (3.10)

q] — o0

41,9220 92>>q1
For the optimum choice ¢y = 2, we obtain sup s¢(q1,q2) =0 for v =: v, =

q1,9220
0.37.

The proof of Proposition E can readily be extended to the Jansen-Hess op-
erator h(?). However, the so obtained critical potential strength 7. is expected
to be rather small. Recall that the inclusion of the second-order term in the
single-particle case leads to a reduction from 7. =~ 0.906 to 0.29.

4 Absence of the singular continuous spectrum

Dilation analyticity is a powerful tool to show the absence of the singular contin-
uous spectrum [El, E] Based on the additional fact that there are no eigenvalues
of the single-particle operator above m, we shall prove

2
Theorem 1 Let hFR = S (T®) 4 bgg) + v12) be the two-particle Brown-
k=1

2
Ravenhall operator and h® = hBR 4 bng)L + c(12) the two-particle Jansen-
k=1
Hess operator. Let Q := Ry \[Zo, 2m| where $g —m is the lowest bound state of
the respective single-particle operator. Then

(Z) For Y < VBR; Usc(hQBR) = @ in .
(i) For vy < 0.29, o..(h®) = 0 in Q.

Proof.  Let h§)2) be the dilated operator from (E) In order to show that there

are only discrete points of the spectrum O'(hé2)) on the real line outside [3g, 2m)
(note that Yo —m < m [Bd]), we follow closely the proof of the hard part of the

HVZ theorem for §# = 1 [[L5]. We introduce the two-cluster decompositions of
i,

h‘(f) = Tg + aj.6 + 75,6, ] = Oa 1725 (41)
where a; g collects all interactions not involving particle j (j = 1,2 denote

the two electrons and j = 0 refers to the nucleus) and r; ¢ is the remainder.
Explicitly,

ae = B g+ b g aze = by b5 aoe = 0P (42)

11



We note that due to the symmetry of héQ) upon electron exchange we have
o(Tp + a19) = 0(Th + azp) and thus need not consider j = 1 and j = 2
separately.

Let us shortly investigate the spectrum of Ty + a1 9. First we prove

o(Ty+ag) = o(TV) + o(b2,) (4.3)

by showing the sectoriality of Ty 4+ a1,9. According to [@] bfz?e = T9(2) 4 bgi)“g +

b;i)L o is sectorial if there exists a vertex zg € C, a direction 3 € [0,27) and an
opening angle ¢ € [0, 7) such that

(W, b2 ) C {zeC: |arg(e (2 — z))| <

m,0

} (4.4)

ICIRSE

for v € A(Hy/»(R?) ® C?)? with [[¢]| = 1.

Clearly, TG(Q) is sectorial for § = e € D because it is given by the set
{(pe~2m& 1 m2)3 : p e R, } which lies in the sector defined by zo =0, 3 =0
and ¢ = 2|Im¢| < 2&.

(2)

m,0

The |T0(2) |-form boundedness of the potential part of b
following form (with ¢ := 1)x, (x2); see section 2),

was proven in the

1
(0, (62) 5 + b5 ) @)| < 7 B2 +02) 0) + C (2, 9)

< Lo tome) + Cleo), (4.5)

— 10l
where I%I <1426, and g = -~ — dy? < 1if 4 < 1.006. In turn, from (R.10),
%((p,pgap) < (¢, Te(2)<p)|. Moreover, using estimates similar to those given in
(L3, we even obtain (for & < %)

(0, (02) 5+ ) @)l < e1Re (0. T3 @) + C (9,9)

co

C1 = . 46

1-& (4.6)

Since ¢g < 1 we have ¢; < 1 for sufficiently small . According to , Thm

1.33, p.320] (L.§) guarantees that bg?e as form sum is also sectorial, with the
opening angle ¢ given by

tan |I
0 < tan® = oM E e (47)
2 1761

and some vertex zg < 0 which has to be sufficiently small (one has the estimate
8, eq.(VI-1.47)] Re (¢, bg?etp) > —C(p, ¢) with the constant C' from ([L6])).

12



As we have just shown, Te(l) is sectorial with maximum opening angle ¢ = 2¢,

and bfz?e is sectorial with maximum opening angle ¢o =: ¢(&y) (obtained upon
replacing [Im £| by &y in (@) since tan and arctan are monotonically increasing
functions). Let us take §y < % such that ¢p+¢g < w. This is done in the following
way. Choose some &g. If 2&g + ¢9 < 7, we are done. If not, since 0 < ¢ < ™
there is § > 0 such that ¢9 < § < m. Then define &; = %(ﬂ —0) < &. From
(Jt3) and the monotonicity of tan and arctan we have ¢o > ¢(&1) and thus

26 + ¢(&1) < .

Writing ¢ € A(Hy/2(R?) @ C*)? in the form domain of Ty + a9 as a finite
linear combination of product states ¢ ¢® with p*) relating to particle k,
we have

(D@ (Ty + a10) V@) = (o0, TP W) (@, o)

+ (02,02 6@) (oD, o). (4.8)

Thus, the necessary assumptions for Proposition 4 of [@] (which is based on a
lemma of Ichinose) are satisfied, which guarantees that Ty + a1,9 is sectorial, as
well as the validity of (J.3).

Now we derive the explicit form of o (T + a1 ). Since Tgl) = /p3/02 + m2,

p1 > 0, it follows that O’(Te(l)) = O’eSS(Te(l)> is for each @ € D a curve in the
complex plane intersecting R only in the point m.

Concerning the spectrum of bfz)e we know that .. (bfz)@) = Oess (Tf)).
Thus we get from (.3

o(To+ars) = (\/p2/62 + m? i py 2 0} + ({\/p%/fﬂ w2 > 0} U m(bﬁi?@)

= Oess (TG + al,&)- (49)

Any )\g}) € ad(bfi?e) is a discrete eigenvalue of finite multiplicity. Therefore,
since bf?@ is a dilation analytic operator in D it follows from [B, p.387],[@,

p.22] that )\ge) is an analytic function of € in D (as long as it remains an isolated
eigenvalue). If 6 € R N D, )\g’) =X € ad(b,(fl)) because dp is unitary for real
0. By means of the identity theorem of complex analysis one has )\ge) = )Xo for
all # € D [[]. Conversely, assume there exists 5\59) € ad(bg?e) in C\R (called

'resonance’ [P, p.191]) for a given 6 € D. Then from the group property (P.2),

a further dilation by any 0 € R leaves 5\59) invariant. Thus )\g‘g) is invariant in
the subset of D in which it is analytic.

As a consequence [E], resonances are only possible in the sector bounded

by U(Te(2)) and [m,o00). The curve {4/p2/6? + m? : p > 0} lies in the closed
half plane below (respectively above) the real axix, if § = e¢ with Im ¢ > 0
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(respectively Im & < 0). Therefore, if e.g. Im & > 0, no elements of od(bg?e)
lie in the upper half plane (they would be isolated for all § with Im £ > 0, but
such elements have to be real). Moreover, they can at most accumulate at m.
(If they did accumulate at some zy € U(TG(Q))\{m} then, for 6y = £+ (§ > 0)
they would, due to their f-invariance, still accumulate at zo ¢ U(Te(:)) which is

impossible.) Likewise, real elements of Ud(bfi?(,) can only accumulate at m.

From ([.9) it follows that o(Tp + a1 4) consists of a system of parallel curves
each starting at m—l—)\g’) for any )\g}) € ad(bg)e) (with e/ ImER +)\59) as asymp-
tote), supplied by an area in the complex pléme bounded to the right by such a
curve starting at the point 2m. (This curve has the asymptote m + e~#1MER, ;
the left boundary is a line starting at 2m with e *"™¢R, as asymptote.) We
note that in the Schrodinger case this area degenerates to one straight line [E]
From the discussion above, o(Ty+a1,9) NR consists of {2m} plus isolated points
which can at most accumulate at 2m.

As concerns the spectrum o(Tp + vém)), (B-3) leads to

1 1 1
TeJrUélQ) _ 5 /p%+m292 + 5 /p%+m292 + 50(12) (4.10)

with o(Tp) as discussed above. For the two-particle potential we have

1

=3 (012 ) C e MRy U{0}) (4.11)

(0, v5 ) )
since v(1?) > 0. This shows that TeJrvélQ) is sectorial and that o(Tp +v§12))ﬂR C
{2m}.
(2)

When considering the essential spectrum of hg’ one can drop the two-
particle interaction 0(512). In the case § = 1 (and v < 0.66) it was shown for
BéQ) = h((f) — célz) that ess(h(?)) = aess(ﬁ@)) since the difference of the resol-
vents of h? and h® is compact [[3, [[§]. The required estimates hold also for
0 € D due to the dilation analyticity of the involved operators and because the

constituents Ag(px), go(pr) and Fg(py) of h§)2) are estimated by their respective
expressions for § = 1 according to (E) and (@) For the sake of demonstration
we provide in Appendix C the proof of the relative operator boundedness of the
potential terms of h§)2) with respect to Ty (which is required for the compactness
proof and which necessitates the bound v. = 0.66).

Let us now assume that \ € aess(ﬁg)) with A € R, A > 2m. Then
there exists a Weyl sequence (1, )nen € A(CS(R6\B,(0)) ® C*) with ¢, —
0, [¢nll = 1 and [(RSY — A)goull — 0 as n — oo. Using that |(¢n, (AS” —
Nn)l < [nll 1(Ag” = X)bn]], one also has

Tim (tn, (B = X)) = 0. (4.12)
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The existence of a Weyl sequence supported outside balls B,,(0) with radius n

centered at the origin follows from the respective fact for § = 1 @], from the

(2

dilation analyticity of fL(, ) for 6 € D and from 1, being an analytic vector.

For the subsequent argumentation we need the localization formula

2

(lﬂmﬁgf) 1%) = Z(¢ana (TG +aj,9)¢jwn) + O(%) H’l/}nll2 (413)

7=0
where (¢j)j=0,1,2 is the Ruelle-Simon partition of unity subordinate to the two-

2
cluster decompositions (1) with the property 3. ¢5 =1 (seee.g. [, p-33],[L9)).
i=0

This formula was derived in [L] for 6 = 1. Tts pr700f involves the uniform bound-
2 -
edness of > (¢j1m, [h?, ¢;]vn) and of (¢, 7j d;n), the bound being of
7=0

O(%) For 6 € D, the required estimates can be carried out in the same way by
using (R.5) and (R.6) as in the compactness proof mentioned above.

The combination of (f.19) and ([.13) leads to two real equations,

2
A= lim Re ) (&%, (Ty+as0) 65¢n) (4.14)

Jj=0

0 = lim Im Z (b]wn, T9+aj, )Qﬁj"pn)

n—oo
3=0

Since o(Ty + ajg) for § € D\R lies in the closed half plane of C (the lower
one if Im § > 0) for all j, the second equation requires (¢;1¢n, (To + aj,6)P;%¥n)
to be real. From ([..9) and the discussion below we have o(Tp + a1,9) "R C
[0,2m)] since b2 does not have eigenvalues above m (for v < 0.29 according
to Proposition ﬂ Dilation analyticity of b2 )9 assures that also bfn)e does not

have such eigenvalues. Moreover, from the discussion below - ) we know that
o(Tp + agp) NR C [0, 2m]. Therefore

2
A< lim Y 2m (¢, &) = 2m (4.15)
j=0

in contradiction to the assumption A > 2m.

In order to show that there are only discrete eigenvalues of héQ) on the real
line below X we recall that for § = 1, the HVZ theorem states that s (h(?)) =
[Yo,00) where ¥ = inf o(T + a1). Thus h(?) has at most isolated eigenvalues

(of finite multiplicity) below 3.

Due to the sectoriality of Ty + a;¢ and the fact that o(Ty + véu)) NR C
o(Tp+a1,0)NR, there is no spectrum of Ty +a; ¢ in the half plane of C bounded
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to the right by {z € C|Rez = X¢}. Therefore, o(Ty + a;9) NR C [Eg, 00).
Then, repeating the above argumentation for \ € O‘ess(héQ)) with A < ¥g, one

gets from ([.14)

2
j=0

a contradiction. This proves that o.gs (héQ)) N R is confined to the interval
[20,27’)1].

The basic ingredient of the proof of Theorem [] is the invariance of the
resolvent form under dilations with 6 € DNR,

S (2) S Y) = (do¥, 5 — (2) ~doy)  forzeC\R (4.17)

where we restrict ourselves to analytic vectors ¢ € A(Ng, ® C?)? with Ng, :=
{¢ € Hy/5(R?) : dgy is analytic in D}. For z € C\J(h‘(f)), the analyticity of
(h‘(f) —2z)~! and of the function dg7) allows for the extension of the r.h.s. of ([.17)
to complex 6 € D. The identity theorem of complex analysis then guarantees

the equality ([.17) for all & € D. Since N, is dense in Hyjp B3, p.187], (17
holds for all ¢ in A(H/2(R?) @ C?)2.
From ([.17) it follows that (v, ﬁ ) has continuous boundary values as

Im z — 0 for Re z ¢ [Zo, 2m]U (Ud(h§)2))ﬂR). Therefore the singular continuous
spectrum is absent for R\ ([Xo, 2m] Uad(h((f)) (B3, p.137,187]. Since the elements
of od(h((f)) are discrete, there is no singular continuous spectrum of h(®) outside
[20, 2m] .

For the Brown-Ravenhall operator hZ% the proof is exactly the same, be-
cause one only has to drop the second-order potential terms. The less restrictive
bound on 7 follows from Proposition [ (i). O

Appendix A (Boundedness of ¢?(m - §) — V)

From ([.§) and ([L.§) one derives for the k = 1 contribution to the kernel of this
operator [E}, using the mean value theorem,

~ve2m 1 1

(1) (1)
‘(Kc(m)(m 0) - K (12))(p13p27 plap2) (27T)4 |p2 7 p/2|2 |p2 . p/2 + p1 — p/1|2

1
E\Pz—P'2+Pl| + Epll

9 (1))
— AU U™ |

(1 +D{(p)) — DV (p2 — Py + p1)
(A1)
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~D{P (02~ By +p1)DS 01) + ] USUE Y 0) + (i 1)

where h.c. denotes the hermitean conjugate of the first term together with the
replacement (p1,p2) S (P}, P5). (The second contribution (k = 2) to the kernel
arises from particle exchange and is therefore bounded by the same constant.)
After carrying out the derivative, the modulus of each of the resulting terms is
estimated separately, using the boundedness of the dilated Uék), D(()k) and the
estimate (R.6) for the dilated energy denominator. According to the Lieb and

Yau formula (B.7), ¢ (m - 0) — 1 is bounded if the integral

I = [apiap, (KD, kO oy fP)alpe)
(plap2) /]Rﬁpl P2 ( c(12) (m-0) Cé ))(plap2,plap2) f(p/l)g( /)
(A.2)

is bounded for all p1,p2 € R?, where f,g > 0 are sultably chosen functions.
The derivative of the operator D( 9) can be estimated by = o because D(k)
bounded and its m-dependence enters only via m/py (see (R.14)). Finally,

since from (R.5), < (1 —&)72, the derivative of the

energy denominator is estimated by ‘

mo
Eo(p’

< <L
— p pt+p’

om Ee(P)-‘rEe (»)

For reasons of convergence we have to keep, however, the m-dependence of
the energy denominator in those contributions to (JA.1)) which contain the factor
1/ph from the estimate of the derivatives. This can be handled in the following

way: Let f(m)g(m) — f(0)g(0) = [f(m) = f(0)]g(m) + f(0)[g(m) — g(0)] and
interpret g as the energy denominator and f as the adjacent factors inside the
curly bracket in (A.1]). Then, while estimating the derivative of f(m) by an
m-independent function (in general setting m = 0), the energy denominator
can be estimated, using (@), by

1 1 1
<
Ey(Ip2 — Py + p1]) + Eo(p}) (1—60)° Elpy—pytpi| + Epy
C
|p2 —pPh+p1| +p) +1

(A.3)

which relies on m # 0.

For the sake of demonstration we select the contribution to (A1) which

contains the derivative of Ué R , leading to the estimate - accordlng to (R.14).

Absorbing the bounds of Uél), UéQ), Uél * and D((, ) 1nto the generic constant
¢, we get for the respective contribution, say I, to (@)7

1
|p2 — P5|? [p2 — P5 +P1 — PY|?

H(pr.ps) < m-c/ dp,dp)
RG

1 -1 f(p1)g(p2)
p2—phyHpilFpLH 1 ph f())g(h) (A-4)
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We choose f(p) = p? and g(p) = p. Making the substitution q := p} — pa for
p5 and defining &, := q — p1 we have

f(p1,p2) < 2 / dq > P2 / ap, ! !
, <m-c —- — —.
pl p2 pl qu q2 |q+p2|2 ]RBpl |€2+p/1|2 §2+p/1+1 p11/2
(A.5)
For & = 0, the second integral is bounded. For &3 # 0, let y := p}/&. Then
the second integral turns into , Appendix A]

/ dp1 ’1/2 n &2 + P
§2+p1+1 |&2 — P!

1
dy 1+y &y ¢
= 271'/ In < A6
0 T—yl LU+ +1 = 1462 (4.6)

since the last factor can be estimated by HE;I/Z and the remaining integral is
2

convergent. Therefore we get with the substitution qs := q/pa,

- 1 1 1
I(pl,pg) S mcé/d

QG — . (A.?)
w6 a2 tenl® pTE g /p —ep b

where e, is the unit vector in the direction of p;, % = 1,2. The last factor
is bounded for p; < oo, and the remaining integral is finite. For p; — oo, one
gets at most an additional square-root singularity, which is integrable. Thus [
is finite.

The contribution to (@) arising from the derivative of Ué2) which is esti-
mated by p%, is handled by the same integrals if one chooses g(p) = p? instead
of g(p) = p. For the boundedness of the remaining contributions to (A.I]) one
can use similar techniques as for the proof of the p-form boundedness of ¢(12)
[E] One must, however, take care to use the same convergence generating func-
tions in the corresponding hermitean conjugate term entering into the r.h.s. of
(R). (For example, in the estimates of the derivative of Dél), one should take

f(p) =p? and g(p) = 1.)

Appendix B (Estimates for yM; and e?M>)

From (B-4) and (B.5) we have

VR m 1 co (1)
M| d , 1— - b
panl < 5| [ dmdtormn) {0 - 5 (G - g
+oi (1 - 1 0y 1 - ﬂ);b@)

_) ( _
Epl Epl Epl + Ep2 -m
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(2) m 1
— bl (1 - )———————}w@hm)
! Epl Epl + Ep2 -—m

+ |B1i(m)|. (B.1)

Each of the four terms in curly brackets is estimated separately by its modulus.
For the sake of demonstration we select the second term. With ks,,, from (B.6)
and the Lieb and Yau formula (@), we get

1 S E— Ny m
7= 5| [ dm dulprpa) U, UG (1 -
2 RIQ Ep/l
(= ) dulwhont) (B.2)
N T T 1> P2 .
E;D’l E;D’l +Ep/2 —-m
1 (D)* 7 2
< 3 dpidp2 Uy " vo(p1,p2)| - 1o
]RG
5/2
Taking f(p1) = ;“72, g = 1, and estimating \% — 535wl < El/
pitm=+m 31 py TPy Py

(which holds for ¢y < 2) we obtain in the new variables q;, q} after performing
the angular integration in the variable q , Appendix A],

vy ;o m 1 co
Iy = — dpidpy (1l — —) | /— — =——————
b 272 /Re Prdp; ( Epll) ‘Epll Ey + Ep, —m}
1 f(p1)
—————— 6(p2 — P5) B.3
orpie PP B9
Y 3/2 1 /Oo / antq 'y 1
< 1@ — | dgmn e
Y R B o L A E e
In order to get an analytical estimate of (@) we use
L g<l
1
—— < (B.4)
D) = 1
- +1 . 41> 1
ay

such that, upon substituting ¢} =: ¢1 2 [@, Appendix A],

Va 1 1+2 1 [ dz 1+2
dzz? In + = Wln—
0 L=z af Jijq 2% |1 — 2|

3
]bglqil

T g+ 1+1

32

1 1 1 1
2
¢ — | Fp(—) + —G_ —}, B.5
! VE+1+1 [1 1/2((11) Q1 3/2((]1) (B:5)

2 1 1
Fi/o(a) = 3 {ag/an ‘% + 4v/a — 2arctan/a — In 14:% }
+1 2 14
G_3/2(a) :== 2 — 2In ‘ﬁ—l‘ — 4arctanv/a + NG In ‘1_2 .
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For the first contribution to |yM;|, the same functions f, g have to be taken, and
the approximation y/¢;?> + 1 < ¢} +1 is made to allow for an analytic evaluation
of the corresponding integral. For the third and fourth contribution to |yMj]|
we use instead f =1, g(p2) = pg/Z and the additional estimate (for ¢ > 0)

1 <14
1 1+¢’ 7= ¢
< (B.6)

Vi+l+e 1 ,
=, qg >1+c
q
For the estimate of |B11(m)| we define 1 := g(p1)oeMpi, take f(p1) =
pi/?, g =1 and use again (B9). With [U§" o (p1,p2)*> = [1(p1,p2)[* and
7 2 _ 9 p 2 :
[1(P1,P2)° = S gy [¥(P1, o) we then obtain
2 = @ 1 Co q1(q1 +2)
LA+ ||t 1 +@+1 -1 1+1

I 1 1 1 g
+ = (@Fip(=) + =G_g5(=) ) + ¢
2m <q1 1/2((]1) ¢ S/Q(m)) ‘1 V@ +1 -1
Co q2 l l )
+ — (= F_ —) + G_ — B.7
2 (% Faa() + Goa() (8.7

1 2T 1 1
tor ( lql + @ F_12(—) + G—3/2(—))}

Q1 q
where [ = y/q? + 1 and

1 1
F_q)3(a) := Qﬁln’%’+4arctan\/5—21n’£j1‘. (B.8)

For estimating e?M, the same techniques are used, except for the simpler esti-
te ——— < 1 in thel ibuti hich has little eff :
mate \/ﬁ < ;7 In the ast contribution (w ich has little effect on ~. due to

1

the smallness of e?). This results in

2N, = @ 1 co q1(q1 +2)
! LA+ | [T I+@+1—1| 1+1

l 1
+ 5= <Q1F1/2(

- T RN )> + (% n 1)} (B.9)

ot o
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Appendix C (Relative boundedness of the
potential of héz))

First we estimate with the help of (£.9),

10 Topll? = [1(/p} +m262 + /o3 +m262) | (c1)

> (¢, (Re \/p? + m26% + Re \/p3 +m262)> ¢) > (v, (p1 + p2)*¥),

such that ||To| < 0] ||Te?|. Next we decompose for hg) = Ty + Wy analo-
gously to (R.7),
1

We || <
[ I ]

1
Wodpll + [|(Wo — 5 Wo) ¥]. (C.2)
The boundedness of the second term in () follows immediately from the
method of proof of the form boundedness of Wy — %WO (see e.g. Appendix A).
For the first term we estimate, using [[p19[|> = (¥, (p? + p3)¥) < 2(¥, (11 +
p2)* ),

2
Woul < 30 + 68wl + [lvd®w) + lleS vl (C.3)
k=1
1 1 .
< Vew |Tot| + == Vo |ITodl| + 2 —= v | Todl| =:é || Tod]

V2 V2

where ¢, = 4e*, ¢, = (37 + 2+2)? and ¢, = (2 [r2/4 — 1])? ¢, are calculated
in [, p.72]. With the inequality below ([C.I]) this guarantees the relative Tj-
boundedness of Wy. We have ¢; < 1 for v < 0.66.
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