An overview on some problems in Celestial Mechanics^�

Carles Simó Departament de Matemàtica Aplicada i Anàlisi Universitat de Barcelona Gran Via 585, 08007 Barcelona E-mail: carles@maia.ub.es

Abstract

Some topics in Celestial Mechanics are presented. After some general facts on the N–body problem, we devote most of the contents to a simple three degrees of freedom Hamiltonian: The spatial Restricted Three–Body Problem (3D RTBP). It is simple enough to keep the technicalities to a minimum and to illustrate most of the difficulties to be encountered in many Celestial Mechanics problems. Libration points and the local behaviour around them, periodic orbits and invariant tori, stability and practical stability are some of the discussed items. The role of center, stable and unstable manifolds is stressed.

1 Introduction

Celestial Mechanics is a part of Dynamical Systems, mainly Hamiltonian Systems, dealing with the study of the motion of natural and artificial bodies under the action of gravitation. Usually the number of interacting bodies is considered not too large. Other problems, like the dynamics of galaxies and clusters, have usually a different approach. The study of the motion of artificial bodies has some peculiarities (design of missions by means of suitable manoeuvres) and is sometimes denoted as Astrodynamics. We shall not make a distintion here between natural and artificial bodies.

Beyond the gravitational forces we can have relativistic corrections, dissipative forces (as in the case of satellites moving inside the atmosphere) or other nongravitational forces, like in the case of comets approaching the Sun. Usually they can be considered as perturbations of the purely gravitational model. Furthermore, the interacting bodies can be considered as punctual or as finite. When dealing with finite size bodies the mass distribution inside them creates a potential which can be expanded in spherical harmonics, to be considered as a perturbation of the punctual mass attraction. This is the usual approach when studying, for instance, artificial Earth satellites. The perturbations acting on them change slightly the orbit and these changes can, in turn, be used to determine the harmonics. Furthermore, real bodies are non rigid, and this gives rise to tidal effects. All of them will be skipped now and only the case of puntual masses shall be considered.

Continuous symmetries in the equations of motion are associated to first integrals. This allows for a reduction in the number of degrees of freedom. Some elementary first integrals will be used in the formulation, that is, we shall consider, directly, the reduced system. So, we shall be faced to the intrinsic problems of some model of a real problem.

Celestial Mechanics is one of the oldests branches of human knowledge. It starts with the interest in predicting the motion of Sun, Moon, planets and stars. It can be considered as old

�Summer Course on “Iniciación a los sistemas dinámicos”, organized by the Universidad Complutense de Madrid at El Escorial, July 7 to 11, 1997. For additional information look at the Internet address

http://www-ma1.upc.es/escorial

as history itself. This part of Celestial Mechanics is known, actually, as positional astronomy. It has influenced many areas in the physical sciences and most of the areas in mathematics. In present times can be seen as a combination of mechanics (both theoretical and applied) and differential equations. It has a strong degree of multidisciplinarity: It has relations with real and complex function theory, functional analysis (harmonic analysis, operator theory and measure theory), topology, differential geometry, number theory, differential Galois theory, numerical analysis, symbolic computation and computer graphics. This list of topics is not intended to be exhaustive!

Some of the usual techniques to deal with problems in Celestial Mechanics can be considered inside perturbation theory. An approximation to the problem can be integrable, so that the solutions can be expressed in a simple form (at least in theory!) and we can look for solutions of the full problem expanded in power series of some parameter. This requires analyticity of the equations of motion and their dependence with respect to parameters. The solution of the integrable system gives the zero order terms of this expansion. It can be also possible to try to perform changes of variable such that the problem is reduced to a simpler form, hopefully integrable. This is not possible, of course, but averaging methods or normal form techniques often succeed in carrying out such a reduction at the formal level. The lack of convergence of these procedures, due to small divisors problems in most of the cases, asks for bounds on the errors done when several steps of an iterative process are performed. Furthermore, one can derive information about the number of steps to be used so that the estimate of the total error is minimized. Typically this minimum is exponentially small in the small parameter involved in the expansions. More refined information requires the use of time as a complex variable.

From a geometrical point of view a key point consists in trying to understand the structure of the phase space. We can find in it fixed points, periodic orbits and invariant tori. Some of these objects can be (at least partially) of hyperbolic character. The related stable and unstable manifolds form a kind of network of connections (the so called homoclinic tangle), which together with the previous invariant objects constitute the skeleton of the system. The dynamics follows closely the “paths” marked by these connections. The objects which are of purely elliptic type, under suitable conditions on the related frequencies, have the nearby phase space “almost foliated” by invariant tori. Here “almost” means that the we have a set of tori depending on parameters (say, amplitudes or “actions”) and the parameters range on a Cantorian set of big relative measure. The “gaps” in the Cantor set are due to resonances, but if these resonances are of high order the gaps can be very small. In them there is a mild lack of predictability (or, if you want, some “chaos”). Notice that these gaps can be connected, leading to a diffusion of the action variables, but at a very slow rate. Other objects are partially elliptic and partially hyperbolic. Among them we can consider the ones having just an hyperbolic plane, that is, only one positive and one negative eigenvalues (with the same modulus because of the Hamiltonian character). These objects have center manifolds of codimension 2, and the stable and unstable manifolds of these center manifolds have codimension 1. They are ideal candidates to act as “barriers” or confiners to make difficult the escape of points. In fact these manifolds do not prevent escape: stable and unstable manifolds do not match but, generically, they intersect transversally. The manifolds are highly folded and this, together with small angles at the intersections, produces that the particles of the phase space have to wander for a long time before finding the way out.

A technical difficulty in the sketch above is as follows: For periodic orbits, the elliptic or hyperbolic character is well defined. We know that a time–periodic change of variables reduces the variational flow along the orbit to the one of a constant coefficients matrix (Floquet theory). But this is no longer true when we consider the motion around a torus of dimension two or higher: The variational flow can not be reduced to constant coefficients, in general. Anyway, if the linear system can be put as a constant coefficients one plus a small perturbation, depending on time quasiperiodically, then the reduction is possible for a large (again Cantorian) set of values of the perturbation parameter, provided some non degeneracy conditions hold.

However, most of the problems in Celestial Mechanics are beyond the present limits of the purely analytical techniques. Quite often one has to rely on numerical simulations to understand the behaviour of the solutions of some problem. On the other hand, purely numerical methods are not enough when the number of variables and parameters involved is too large. I consider that, at the present epoch, reliable and complete enough simulations can be done with at most 6 or 7 total variables. A combination of symbolic and numerical techniques, guided by careful analytical studies and the suitable geometric insight, can give very good and useful results.

At the end of these notes there appear some references for most of the topics presented above. These references must be completed with the ones given at the end of the notes written by Àngel Jorba for the course Mecánica Hamiltoniana y Teoría de Perturbaciones. For shortness, common references are not duplicated.

2 The N–Body problem

The N–body problem describes the motion of N masses under their mutual garvitational attraction. Assuming the gravitational constant equal to 1, the equations of motion are

m_iẍ_i = N∑ j=1, j≠i m_im_j(x_j − x_i) ||x_j − x_i||^3 = ∂U ∂x_i , where U = ∑ 1≤i<j≤N m_im_j ||x_j − x_i|| . The values m_i and x_i denote the mass and the position of the body number i, and || || the euclidean norm. All the masses are assumed to be positive and the position vectors x_i will be considered in R^3 . An important fact is that equations are homogeneous of degree −2 with respect to the positions. Introducing y_i = m_ix_i as the linear momentum of the ith particle, the equations of motion can be written in Hamiltonian form

ẋ_i = ∂H ∂y_i , ẏ_i = − ∂H ∂x_i with H = 1 2 N∑ i=1 ||y_i||^2 m_i − U. The equations above are several elementary first integrals: The total linear momentum is constant, and hence, the center of mass of the system moves on a line with constant velocity, giving 6 integrals. Furthermore we have the angular momentum (with three components) and the Hamiltonian (or energy) itself. There are not more than these 10 first integrals. The initial system has 3N degrees of freedom and, hence, 6N first order equations. Using the integrals above and the fact that the we can select the origin of longitudes at will, it is possible to reduce the 3D N–body problem to a Hamiltonian with 3N − 5 degrees of freedom. Beyond the elementary case of the two–body problem, which reduces to one degree of freedom and therefore is integrable, and which is assumed to be well known by the audience of these lectures, the simplest problem, the 3–body problem, has already 4 degrees of freedom (it reduces to 3 degrees of freedom in the planar case).

In the equations above it must be assumed that no collisions occur, that is, for all i ≠ j one must have x_i ≠ x_j. Otherwise the equation has singularities. The coincidence of two or more bodies at the same place or collision, implies that the acceleration and velocity become unbounded. One can consider different methods to regularize the equations of motion. The method which has more physical contents is as follows: Assume that some initial conditions, x(t_0), y(t_0) lead to collision for a time t_1 > t_0. Now consider a sequence of initial conditions x^{(k)}(t_0), y^{(k)}(t_0) tending to x(t_0), y(t_0) when k tends to ∞ and not leading to collision for t ≤ t_2, where t_2 > t_1. Such sequences exist in the case of the N–body problem, but this is not true for other more degenerate problems. Let τ = t_2 − t_0 and denote by φ_τ the time τ flow of the problem. If the limit for k tending to ∞ of φ_τ (x^{(k)}(t_0), y^{(k)}(t_0) exists and it is independent of the sequence x^{(k)}(t_0), y^{(k)}(t_0) choosen, let us denote the limit as x̄(t_2), ȳ(t_2). Then we say that the singularity is regularizable. We are recovering the continuity “after the passage close to collision” and can define φ_τ (x(t_0), y(t_0) = x̄(t_2), ȳ(t_2). There is a long literature about the collision of two or more bodies and also about several collisions occurring at the same time. A key tool to study the behaviour close to collision is the so called collision manifold. Using some scaling of coordinates and time (a blow up) it is possible to replace the point where the singularity occurs by a smooth manifold, which appears as a boundary of the physical space, so that the vector field can be extended analytically to this boundary. The boundary itself is travelled “at infinite physical speed” or “in zero physical time”, but the time scaling has a definite limit. Furthermore, the study of this manifold and the limit flow on it, is useful, because it gives relevant information on the behaviour of motion close to exact collision. In particular allows to decide on the regularizability. Important results are that binary collisions (either a single one or several of them at the same time) are always regularizable and, in general (that is, except in some symmetric subproblems of the general N–body problem) no other collision is regularizable in the sense decribed above. Furthermore, when the collision is not regularizable, the particles can escape from collision with unbounded kinetic energy. A combination of consecutive passages near collisions of three or more bodies can lead to funny kinds of motion, escaping to infinity in finite time.

In a kind of “dual” way to the study of the collision of 2 or more bodies, one can also study the types of motion when some bodies escape to infinity. It is also possible to introduce a manifold at the infinity and study the motion on it. This is quite useful to understand the sets of initial conditions leading to escape. They are “separated” (at least locally) from the ones going far away but returning to “finite regions”, by the stable manifolds of the infinity manifold.

As mentioned before the N–Body problem has 10 elementary (or “classical”) first integrals. 6 of them are easy to use in the equations, just by assuming that the center of mass of the system is at rest. We can ask the question if the remaining energy (h) and angular momentum (c) integrals give some bounds on the possible motions. In particular, if some ranges of values of (h, c) imply that the motion of the x variables is bounded (despite, perhaps, binary collisions can occur and the y become unbounded). This idea, with the origin in the RTBP (see next section) was strongly pushed by Smale in 1970. The complete description of the sets I_{(h,c)} of (x, y) with given (h, c) is not even finished for the 3–body problem, despite a lot of information is available in that case. Indeed, there exist ranges for which I_{(h,c)} has some connected component which projects of the x variables on a bounded set. However, for 4 or more bodies there is always only one connected component, and it has unbounded x projection.

When looking for simple solutions of the N–body problem we can proceed as for a general dynamical system, that is, to look for fixed points. There are no fixed points but, if a rotating frame with constant angular velocity is used then there are, indeed, fixed points. We can look for a more general situation by asking that, except by some (vectorial) function, ρ(t), all the bodies are at fixed points. That is, we look for a solution of the form x_j(t) = ρ(t)a_j with constant vectors a_j, j = 1, . . . , N. It turns out that then the acceleration acting on each particle is proportional to the position of the particle with respect to the center of mass with the same proportionality constant for all bodies (eventually, this constant depends on time). The function ρ(t) is a solution of Kepler problem ρ̈ = −ρ/||ρ||^3. It is a conic, eventually degenerated to a solution on a line. The system to be satisfied by the a_j vectors is an algebraic system. It depends of the masses of the N bodies. The vector ρ(t) must be located on a line (and hence collisions must occur for positive os negative time) unless all the a_j are on a plane. In that case ρ(t) can be a non degenerate conic and in a rotating frame and with a time change of the unit of distance if ||ρ(t)|| is not constant, the solution of the N–body problem can be seen as a fixed point. It is called a relative equilibrium.

Relative equilibria play an important role in the N–body problem. They are related to the changes of topology of the I_{(h,c)} sets and to the equilibria on the collision manifold and on the manifold at infinity. However, only simple results are obtained in the 3–body problem. In that case there are always 5 relative equilibria (also known as libration points) independently of the masses of the bodies: Three of them consists on the 3 particles on a line, differing by which one is the mass at the middle. They are denoted as collinear configurations and are a particular case of the so called Moulton configurations. The last ones appear in number of N!/2 in the N–body problem. The other two are the triangular configurations and the 3 bodies are at the vertices of an equilateral triangle whatever the masses are. The two triangles differ in the orientation. Furthermore, if we normalize distances so that the moment of inertia of the system I = ∑N i=1 m_i||x_i||^2 be equal to 1, then for 3 different masses the values of the potential energy under this normalization (or normalized potential) are different at the libration points (of course, they are the same at the two triangular librations) and have a well defined order which is independent on the concrete values of the masses if we assume, for instance, m_1 < m_2 < m_3.

For more than 3 bodies the situation is completely different. A systematic study requires the use of the computer. The number of relative equilibria depends on the values of the masses. Furthermore the normalized potentials at the relative equilibria have values which can exchange the order without exchanging the order of the values of the masses.

3 The 3D Restricted Three–Body Problem. Libration points and local stability analysis

A special case of the 3D 3–body problem is obtained when two of the masses are finite and the third mass is infinitesimal, so that the action of this mass on the first two bodies can be neglected. The two massive bodies, known as primaries or, better, primary and secondary if one of the masses is greater than the other, move on an orbit of the two body. For simplicity we shall assume in what follows that they are on circles around the common center of masses. The case of primaries moving on an elliptic orbit is also interesting, but slightly more involved, because it is written as a Hamiltonian with 3 degrees of freedom plus a time periodic perturbation (with the period of the primaries). The 3D RTBP is a useful simple model to study the motion of asteroids and comets and for the design of spacecrafts orbits on the Earth–Sun system (the most important thing we neglect is then the Moon influence if the spacecraft is not too far from the Earth) and on the Earth–Moon system (the most important perturbation being then the one of the Sun). Better models for the design are then restricted 4 body problems, with Sun, Earth and Moon as massive primaries and the spacecraft as infinitesimal body, but they become more involved. Furthermore, the 3D RTBP is a good starting point to develop more realistic models of many problems in Celestial Mechanics.

Let μ be the mass parameter μ = mass of the secondary mass of the primary + mass of the secondary . Using the homogeneity of the equations it is possible to scale distances so that the distance between the primaries equal to 1. Then in a frame rotating with angular velocity equals to 1 if the gravitational constant is also equal to 1, the equations of motion of the third particle become autonomous. This system of reference is denoted as synodical system in contraposition to the sidereal system that we have when considering fixed axes of reference. The primaries are then at rest and we shall assume that the body of mass 1 − μ is located at (μ, 0, 0) while the body with mass μ is at (μ − 1, 0, 0). The system for the infinitesimal particle can be written in Hamiltonian form with 3 degrees of freedom whose Hamiltonian is H(x, y) = ||y||^2 2 − x_1y_2 + x_2y_1 − 1 − μ r_1 − μ r_2 , where x_j, y_j, j = 1, 2, 3 denote the position and momentum of the third particle and r_1, r_2 denote the distances to the primary and secondary, respectively:

r^2_1 = (x_1 − μ)^2 + x^2 + x^2_3, r^2 = (x_1 − μ + 1)^2 + x^2 + x^2_3.

In the Hamiltonian it is clearly seen that the first term denotes the kinetic energy in synodical coordinates, the last two correspond to the potential energy, and the remaining term is due to the fact that the frame is rotating (a Coriolis potential). From the Hamilton equations we have

ẋ_1 = y_1 + x_2, ẋ_2 = y_2 − x_1, ẋ_3 = y_3

and then the first integral, H, can be expressed in terms of x and ẋ as 1 2 ( ẋ^2_1 + ẋ^2 + ẋ^2_3 ) − 1 2 ( x^2_1 + x^2 ) − 1 − μ r_1 − μ r_2 . It is clear that the first term must be non negative. For a fixed value of the H not all the positions are available, but only the ones satisfying H + 1 2 ( x^2_1 + x^2 ) + 1 − μ r_1 + μ r_2 ≥ 0. This defines regions in the configuration space, that is the space of the x variables, where the motion is possible. If H is negative and |H| is large, there are three possible regions for the motion: either r_1 is small (and then r_2 is of the order of 1 and x^2_1 +x^2 is also small) and the main contribution comes from the term (1 − μ)/r_1, or, in an analogous way, r_2 is small or x^2_1 + x^2 is large. This means that in that case only motion close to one of the primaries or far away from both is allowed. These regions are known as Hill regions and they play, in the RTBP, the role of the projections on the configuration space of the I_{(h,c)} sets in the general N–body problem. The boundaries of these regions are obtained by setting ( ẋ^2_1 + ẋ^2 + ẋ^2_3 ) = 0 and are known by the obvious name zero velocity surfaces (ZVS). In the 2D RTBP they are denoted zero velocity curves.

When H increases two of these connected components meet at the collinear libration point sitting between both primaries and we have that motions going from “revolutions” around one primary to “revolutions” around the other one are possible. Only two connected Hill regions exist, one bounded and the other unbounded. Further increase of H produces that these two regions meet at the other collinear points if μ = 1/2 or at the one which is closer to the secondary if μ < 1/2. Only one Hill region exist and it is unbounded. So the motion has no “topological” restrictions to leave to infinity. However, if H is not too large, still a big set of bounded motions exists. Again an increase of H produces that two leaves of the ZVS touch at the third collinear point. For H = −^3_2 −^1_2 (μ^2 − μ) the ZVS leaves the x_3 = 0 plane. This happens at the triangular libration points. From that value on all points on the x_3 = 0 plane are allowable. Finally, further increase of H produces that two leaves of the ZVS move to higher values of |x_3|. When H = 0 all the points of the configuration space are admissible.

As said before there are 5 libration points. The collinear ones are on x_2 = x_3 = 0. Let x_{Lj} the values of the x_1 coordinates for j = 1, 2, 3. For definiteness we shall assume, for the positions of these points and the primaries the order x_{L2} < μ − 1 < x_{L1} < μ < x_{L3} . In fact, if μ is small then both μ − 1 − x_{L2} and μ − 1 − x_{L1} are 3^{−1/3}μ^{1/3} + O(μ^{2/3}) and x_{L3} = 1 + O(μ). The triangular points are, of course, located at (−1/2 + μ, ± √ 3/2, 0). The one with x_2 < 0 is denoted as L_4 and the one with x_2 > 0 as L_5.

We can study the local behaviour around the libration points. This is done by looking first at the linear part of the equations at the L_j points. It is immediate to check that the “planar”, that is, the (x_1, x_2, y_1, y_2) variables and the “vertical”, that is, the (x_3, y_3) variables are uncoupled at the linear level. On the vertical variables all the libration points have a center character. The related eigenvalues are of the form ±ω_v √ −1. On the horizontal variables the collinear points are always of the center × saddle type, that is, the eigenvalues are of the form ±λ and ±ω_h, for all values of the μ parameter. The horizontal behaviour depends on the value of μ. Assume μ ∈ (0, μ_1), where μ_1 is a value to be given below. Then the planar behaviour is of center × center type. The two related frequencies are given by [ 1 2 (1 ± (1 − 27μ(1 − μ))^{1/2}) ]1/2

and, hence μ_1 = (1 − (23/27)^{1/2})/2 ≈ 0.038521. As the frequencies are related to periodic orbits one denotes them as ω_{short} and ω_{long}, to recall that they are associated to “short” and “long” periodic orbits. They are computed using the formula above with + and − sign, respectively. In general one introduces μ_s such that ω_{short} ω_{long} = s, s ∈ N as the values of μ at which a s to 1 resonance is produced. The value μ_1 corresponds to the 1 to 1 resonance. For higher values of μ the eigenvalues become complex, of the form ±α ± β √ −1, and one says that the planar RTBP at the triangular libration points has a complex saddle.

Summarizing, the collinear libration points are always unstable. The triangular ones are linearly stable for μ < μ_1. In fact it has been proved that, in the planar case they have nonlinear stability in the set μ ∈ [0, μ_1] \ {μ_2, μ_3}.

The nonlinear stability of the spatial problem is unknown. Probably there is some amount of Arnol’d diffusion (see the lectures by Àngel Jorba in this course). But there is a domain of “practical stability” which is not too small. See later for details.

Is it possible to have a good picture of the totality of motions in the 3D RTBP? If the mass parameter is not quite small the dynamics becomes extremely complex to be described in simple terms. We can take μ ≤ 10^{−3} as good enough mass parameters. Why larger values produce many more difficulties will be described below. The procedures to obtain an answer to the standing question will be sketched in the next sections, but the main ideas are as follows:

• Far away from the primaries the motion is essentially a small (O(μ)) perturbation of the two body problem. The two body problem is degenerate, in the sense that it is superintegrable, that is, in canonical variables depends only on one action. Two of the frequencies, associated to the motion of the pericenter and the node, are zero. This can produce a “too neutral” effect when studying some perturbations but they can be avoided, usually, by adding the average of the perturbation to the integrable problem. In most of the cases this breaks the degeneracy. Hence, far away from the primaries we can expect orbits rather close to the ones of the two body problem. The effects of the perturbation turn out to be exponentially small in some negative power of −H for −H large enough. This means that, despite being non integrable, this lack of integrability can only be seen in zones with a width of the order exp(−|H|^{−γ}) for some positive γ.

• Close enough to one of the primaries, the effect of the other primary can be considered as a perturbation. So, the motion still is essentially the one of the two body problem. However if μ is small there is an essential difference between both massive bodies. For the primary the domain where it dominates has a radius of the order of 1. For the secondary it is of the order μ^α with some α < 1/3. We know that the L_{1,2} points are at a distance of the secondary of the order of μ^{1/3}. At these points the actions of both bodies plus the centrifugal force cancel in the synodical system, and they become rest points in the rotating frame.

• Close to the L_{1,2} points the situation is that of an unstable equilibrium. Furthermore the instability is strong (see below). However, due to the center × center part there are 4D center manifolds around them when we consider all the levels of energy. On a given level this is just a 3D set where the dynamics has a “neutral behaviour”. Topologically this set is a 3D spherical surface. On it there are periodic orbits and 2D invariant tori, both of them good candidates for controlled spacecrafts orbits. We emphasize on the fact that these orbits require some manouevres (that is, station keeping) to be kept at the right place.

• The L_3 point is unstable. However the instability is quite mild, of the order of μ^{1/2}. A body close to the L_3 point in the Sun–Earth system (assuming no more bodies in the solar system) would remain close to it for centuries. However, the long term effects associated to the unstable/stable manifolds of L_3 or to the ones of the center manifold around L_3 are extremely important.

• The vicinity of the L_{4,5} points has a more subtle dynamics. If we consider a “small enough vicinity” (this means small compared with μ^{1/2}) it looks as stable for all practical purposes. However this “practical stability” can be destroyed by small perturbations. Indeed, as we are assuming μ small, the ω_{short} frequency is close to 1. More concretely, it is 1−^{27}_4 μ+O(μ^2) while the vertical frequency is 1. They are close to resonance and small perturbations can produce a bifurcation to a complex saddle, the so called Hamiltonian Hopf bifurcation, leading to instability. Even with the only effect of the nonlinearities of the 3D RTBP this occurs at distances of L_{4,5} which are O(μ^{1/2}) in the radial direction (seen from the center of mass), but much larger, of the order of 1, in both angular directions.

Note that the first two items concern motions which occur when H is negative and |H| is large. We are in the case of three connected components of the Hill domain. The motion has some kind of “hierarchy”. It can be considered as a pair of two–body problems with a small coupling. This is far from true in the other cases, when the effects of both primaries are comparable.

Now we shall introduce a useful limit problem to study one of the most difficult parts of the 3D RTBP. The equations of motion reduce to the ones of the two body problem if μ goes to zero, except on a vicinity of the small primary. Now let us consider the vicinity of the secondary. Setting the origin of coordinates at the small primary and scaling distances by μ^{1/3}, the RTBP can be written as a limit problem plus an O(μ^{1/3}) perturbation. The limit problem is known as Hill’s Problem (HP) and it is described by the following equations

ẍ_1 = 2ẋ_2 + 3x_1 −x_1r^{−3}, ẍ_2 = −2ẋ_1 −x_2r^{−3}, ẍ_3 = − x_3 −x_3r^{−3},

where r^2 = x^2_1 +x^2 +x^2_3. The system has a collision singularity at r = 0 and two libration points, L_1 and L_2, of center × center × saddle type located at (±3^{−1/3}, 0, 0). Let h = − 1 r + 1 2 |ẋ|^2 − 3x^2_1 2 + x^2_3 2 . Then the corresponding ZVS has a bounded connected component provided h < −3^{4/3}/2. In that case there exist the possibility to have bounded motion in the configuration space (but, a priori, it is not possible to exclude the existence of collisions). Otherwise, the infinitesimal particle can escape from the vicinity of the primary.

There is a strong numerical evidence that the HP is non integrable. However a rigourous proof of the non integrability is missing. The difficulty of this “limit problem” is that is not close enough (globally) to any integrable problem. There are no parameters at hand to use the methods of perturbation theory. However the HP can be formulated in terms of very nice Hamiltonians giving rise to polynomial equations of motion. One possible way to see this and, at the same time, cope with the difficulties of the collision in the 3D setting is by means of the Kustaanheimo–Stiefel (KS) transformation to regularize the binary collision. This is an extension of a former device introduced by Levi-Civita for the planar two body problem. It is equivalent to a formulation of the equations of motion using quaternions.

Let u ∈ R^4 and L(u) = u_1 −u_2 −u_3 u_4 u_2 u_1 −u_4 −u_3 u_3 u_4 u_1 u_2 u_4 −u_3 u_2 −u_1 .

We make the transformation x = L(u)u where x is embedded in R^4 taking the fourth component as zero. Then

x_1 = u^2_1 − u^2 − u^2_3 + u^2_4, x_2 = 2(u_1u_2 − u_3u_4), x_3 = 2(u_1u_3 + u_2u_4), r = ||u||^2,

and the time t is scaled to a new time, s, through t^′ = ||u||^2, where^′ denotes differentiation with respect to s. There is, of course, some freedom in obtaining u from x. The related changes of velocities are ẋ = ||u||^{−2}2L(u)u^′ or u^′ =^1_2 LT(u)ẋ. The equations of motion become

u^{′′} = h 2 u+ 1 4 ∂ ∂u [ ||u||^2 ( 3 2 (u^2_1 − u^2 − u^2_3 + u^2_4)^2 − 2(u_1u_3 + u_2u_4)^2 )] + ||u||^2 2 u_1p_1 + u_2p_2 −u_2p_1 + u_1p_2 −u_3p_1 − u_4p_2 u_4p_1 − u_3p_2 ,

where h is given by h = 1 2 ||ẋ||^2 + V − 1 r , V = − 3 2 x^2_1 + 1 2 x^2_3 and p_1 = 4 ||u||^2 (u_2u_1^′ + u_1u_2^′ − u_4u_3^′ − u_3u_4^′), p_2 = 4 ||u||^2 (−u_1u_1^′ + u_2u_2^′ + u_3u_3^′ − u_4u_4^′).

The system has too many equations. This is compensated by the fact that u_4u_1^′ −u_3u_2^′ +u_2u_3^′ − u_1u_4^′ is a first integral. These equations are suitable for both theoretical studies and numerical integrations. Note that the KS transformation is not 1 to 1. Every x ∈ R^3 is transformed to the u space as a circle. However any point on the circle under the flow of the u equations, produces the same point when going back to the x space.

Using either the “cartesian” or the KS transformation it is easy to check that the L_{1,2} points have eigenvalues ±ω_p √ −1 = ±(28^{1/2} − 1)^{1/2} √ −1, ±ω_v √ −1 = ±2 √ −1 and ±λ = ±(28^{1/2} + 1)^{1/2}. In one period of the planar periodic orbits (respectively of the vertical ones, of the primaries) the unstable mode amplifies by a factor exp(2πλ/ω_p) ∼ 2013.60575934 (respectively exp(πλ) ∼ 2643.91315231, exp(2πλ) ∼ 6990276.75696. Hence, the nearby periodic orbits have very large dominant eigenvalues of the differential of the Poincaré map. For small μ the behaviour is similar. “Fortunately” this instability decreases when the amplitudes of the orbits increase.

4 Periodic orbits and invariant tori

Before starting the discussion about some of the main ingredients of the phase space, that is, periodic orbits and tori, we should be aware of the system of reference. If we consider the synodical frame, as it is rotating with unit angular velocity around the x_3 axis, a periodic orbit in this system will be seen as a periodic orbit in the sidereal system only if the period is conmensurable with 2π. Reciprocally, a periodic orbit in the sidereal system will be seen as periodic in the synodical one also if the period is conmensurable with 2π. This motivates that some questions should be better studied in one system or the other. Otherwise the motion can appear as more complicated when the source of the complexity is the change of reference system.

In the regions where the motion is close to the two–body problem we can consider the infinitesimal particle as moving (on the sidereal frame!) on a slowly changing ellipse (we assume here H << −1.) The line of the nodes and the pericenter are no longer fixed, in principle, but moving with small angular velocity. In that case one considers the system as having one fast and two slow frequencies. By using averaging with respect to the fast frequency one can reduce the system (formally!) to a system with only two degrees of freedom. To carry this out assume we use some canonical set of variables to describe the motion of the two–body problem. It is important to select “good” variables for this.

Let a, e, i, M, ω and Ω the classical Keplerian elements, that is, the semimajor axis, eccentricity, inclination, mean anomaly, argument of the pericenter and argument of the node. These variables have a very simple geometrical meaning but they are not canonically conjugate. To consider a more general case, assume also we consider the motion of a body of mass m_1 attracted by a fixed point of mass m_0. Let x the position of m_1 with respect to m_0 (for simplicity we use the same name to denote the body and its mass). Let also y = m_1ẋ. Then (x, y) form a set of canonically conjugated variables and the Hamiltonian is F =^1_2 ||y||^2/m_1 − m_0m_1/||x||. We can introduce the Delaunay elements ℓ, g, θ, L, G, Θ as follows ℓ = M, g = ω, θ = Ω, L = √ m_0a, G = L √ 1 − e^2, Θ = G cos(i).

The actions (L, G, Θ) are conjugated to the angles (ℓ, g, θ) and the Hamiltonian reduces to

F_0 = − m^2_0m_1 2L^2 , which shows clearly the degeneracy of the two–body problem. The Delaunay variables are not convenient for small eccentricities and inclinations (for instance, in the lunar or planetary theory). It is better to introduce the Poincaré variables. This is done in two steps. First we define Λ = m_1L, H = m_1L − m_1G = m_1 √ m_0a(1 − √ 1 − e^2),

Z = m_1G − m_1Θ = m_1 √ m_0a(1 − e^2)(1 − cos(i)),

which is completed to a canonical set of variables by choosing λ = ℓ + g + θ, h = −g − θ, ζ = −θ. Finally we define ξ = √ 2H cos(h), η = √ 2H sin(h), p = √ 2Z cos(ζ), q = √ 2Z sin(ζ).

The couples (Λ, λ), (ξ, η), (p, q) are canonically conjugate. If we prefer a more compact form, just define a = 1 √ 2 (ξ − η √ −1), b = 1 √ 2 (p − q √ −1), and the couples (a, −ā √ −1), (b, −b̄ √ −1) are also conjugated. Of course, for high inclinations and/or eccentricities it can be convenient to use other sets. Do not exist non redundant variables which allow to describe all the possible Keplerian motions without singularities, because S^2 is non parallelizable.

Then, if the two–body Hamiltonian is perturbed to F_0 + F_1, where F_1 stands for the perturbation, it is possible to expand F_1 as power series in the a, ā, b, b̄ variables, negative powers of Λ and Fourier series in λ. If several bodies are close to Keplerian motion, the perturbations will be expanded in the Poincaré variables of all of them. In the case of interest, the RTBP, assume we consider the perturbation of the secondary on the infinitesimal particle expressed in the sidereal system. This is a simpler problem because the position of the secondary only depends on one angle, changing linearly with the time, t. It is useful to introduce an angle φ instead of time modulus 2π having as canonically conjugated variable an action, J, which has to be added to F_0.

The next step is to try to cancel the dependence with respect to λ and t. To this end one can use a simple formalism introduced by Giorgilli and Galgani (many other equivalent formulations are also widely used). It is method based on Lie series, that we shall describe now. Compare with the Normal Forms methods described in Jorba’s lectures.

Assume we are given a Hamiltonian of the form F_0 + F_1 + F_2 + . . . , where the indices denote the smallness with respect to some perturbation parameter (in our case it can be the mass parameter μ). Let us denote F_j as F_{j,0}, the terms of the initial Hamiltonian. We look for a G = G_1 + G_2 + . . . , which is a Taylor–Fourier series, where the subscripts refer also to the order in the small parameter. The formal series G and the transformed Hamiltonian will be found inductively. Let us compute recurrently the functions F_{j,k}, j ≥ 0 and k ≥ 1 by F_{j,k} = k∑ ℓ=1 ℓ k [G_ℓ, F_{j,k−ℓ}], where [ , ] denotes the Poisson bracket. The Hamiltonian then is transformed to F = ∑ k F_k, where F_k = ∑k m=0 F_{m,k−m} gathers all the terms of degree k in the small parameter.

At this stage we do not yet know the terms G_ℓ. Suppose then, that G_1, G_2, . . . , G_{k−1} are already known. Then the expression of all the terms appearing in F_{m,k−m}, for m from 0 to k, can be obtained completely, except for the term [G_k, F_{0,0}]. We can write

M_k + [G_k, F_{0,0}] = F_k,

where the M_k are known from the previous steps of normalization. To solve this homological equation for G_k we just note that, F_{0,0} only contains a term in Λ and J. We have a relation for the partial derivatives with respect to λ and φ. If we assume that no resonances occur (that is, we are not looking at a periodic solution with period conmensurable with 2π) no formal problem occurs in the elimination, step by step, of the dependence of F with respect to these “fast” angles. We shall end with a Hamiltonian which is reduced to 2 degrees of freedom up to some order in the small parameter, the remainder being assumed to be small enough to be neglected. Of course, the transformations leading to this “averaged form” depend on time through two different angles: λ and φ.

Then we can look at the properties of this averaged Hamiltonian. Fixed points will be equivalent to 2D tori in sidereal coordinates and can be equivalent to periodic orbits in the synodical ones. Periodic orbits or 2D tori in the averaged system should have very small frequencies, and going back through the transformations we can obtain tori of dimension 3 or 4. This covers the formal aspects. To obtain rigourous proof one has to estimate the remainders of the averaging procedure. Typically (that is, under “nice” non resonance conditions and assuming all the perturbations smooth enough in the domain of interest) it can be shown that they are exponentially small in the perturbation parameter if one selects the right order to stop the averaging process.

This order is not constant: it depends on the value of the parameter. Smaller values require a higher order of the averaging. The “nice” character of the non resonance is stated as follows: We say that some frequencies ω ∈ R^n satisfy a diophantine condition if the following holds |(k, ω)| > c ||k||^τ , ∀k ∈ Z^n \ {0}, for some positive values of c and τ. The symbol ||k|| denotes here any norm of the integer vector k, and ( , ) the scalar product. The set of “bad” ω not satisfying this condition for τ > n − 1 and some positive c has a measure which goes to zero when c goes to zero. For the proofs of the corresponding theorems one should require c not too small. Its minimum value is related to the size of the perturbation parameter. However, despite the set of “bad” ω has small measure, it contains open and dense sets. Its complement is almost of full measure but nowhere dense.

In the case of fixed points of the averaged Hamiltonian one has to study also its character. If they are hyperbolic the proof of the existence of 2D tori or periodic orbits in the initial system does not present major difficulties. If they are of center × center or of center × saddle types, one should require to be not too close to resonance also when one considers the frequencies of the transformation and the frequencies (or frequency) at the fixed point. As all these frequencies, except the one of the rotation of the frame, depend slightly on the perturbation parameter, some small intervals of the parameter must be excluded, the possible tori being destroyed by the resonance. We find, finally, a Cantor set of tori for a fixed value of the parameter or a Cantor set of values of the parameter for a fixed mean frequency of the λ variable.

Now we proceed to the vicinity of the libration points and we shall only work in the synodical frame. The collinear points behave, linearly, as the product of two centers. Hence, we should expect families of periodic orbits which in the limit have frequencies ω_p and ω_v. This is assured by the Lyapunov theorem unless one of the frequencies is a multiple of the other. We can also expect 2D tori, with basic frequencies which, in the limit when we approach the point, have ω_p and ω_v as basic frequencies. The rigourous existence of these tori is more problematic. First, the basic frequencies at the collinear point can be too close to resonant. Furthermore the frequencies change with the amplitudes (unless some degeneration occurs), and so we are crossing resonances when the amplitudes are changed. Again this leads to a Cantor set of tori. The proof of the existence of tori follows similar lines to the proof of the KAM theorem: One constructs a sequence of transformations converging to the desired torus with prescribed frequencies. This approach has to be modified if the number of “free” parameters is less than the number of frequencies.

To obtain effective approximations to the periodic orbits and tori one can use symbolic manipulation, to implement analytical expansions up to some order, and/or numerical methods. If an integrable normal form is available, that is, in the absence of resonances at the fixed points, both periodic orbits and tori can be directly obtained. Note that, generically, these expansions can not be convergent in any open set, because of the crossing of resonances. However, if the resonances are of high order, the resonance zones associated to them can be so small that they can be neglected for all practical purposes. Their effect will be seen only after a very long time.

Another approach consist in the use of the Lindstedt-Poincaré method. It looks for an analytical expression in terms of suitable amplitudes and angles. An essential point is the fact that the frequencies must be assumed to depend on the amplitudes. Assume the origin is a fixed point of a differential equation, having as eigenvalues ±ω_ji, j = 1, . . . , k; λ_ji, j = 1, . . . , p_r; γ_j ± δ_ji, j = 1, . . . , p_c, where ω_j, λ_j, γ_j and δ_j denote nonzero real values. Furthermore we assume the eigenvalues are different (despite this is not essential concerning the ones with nonzero real part). As we said, it is assumed that the frequencies, ω_j, satisfy some diophantine condition.

The system of equations can be written, without loss of generality, as ẍ_j + ω^2_j x_j = g_j(x, y, z, u, v) j = 1, . . . , k, ż_j − λ_jz_j = h_j(x, y, z, u, v) j = 1, . . . , p_r, ü_j − 2γ_ju̇_j + (γ^2_j + δ^2_j )u_j = r_j(x, y, z, u, v) j = 1, . . . , p_c,

where y_j = ẋ_j, v_j = u̇_j, and the right hand side functions are assumed to begin with terms of degree at least two and are analytical. When needed we shall denote the full set of variables as w. It is clear that the linear part has a solution (maximal torus) of the form

x^{(1)}_j = α_j cos(θ_j), θ_j = ω_jt + ϕ_j, j = 1, . . . , k; z^{(1)}_j = 0, j = 1, . . . , p_r; u^{(1)}_j = 0, j = 1, . . . , p_c,

where the ϕ_j are arbitrary phases. Here the superscript^{(1)} denotes that these are the terms of first order in the α amplitudes.

For the full system we shall assume

x_j = ∑ n≥1 x^{(n)}_j , z_j = ∑ n≥1 z^{(n)}_j , u_j = ∑ n≥1 u^{(n)}_j ,

the terms with superscript^{(n)} being of order n in α. Of course, it is hard to believe that the frequencies with be exactly the same as in the linear case. Hence, we shall replace ω_j by ω̂_j = ω_j +O(|α|). We shall obtain immediately more information on these (amplitude depending) frequencies. It will be also useful to introduce ψ_j = exp(iθ_j).

Then we can try to proceed as follows: Imagine that we insert w^{(1)} in the right hand side of the equations, but collecting only the terms O(|α|^2). Then, in principle, we solve for w^{(2)} and we proceed to insert w^{(1)} +w^{(2)} in the right hand side, collecting now the terms O(|α|^3). Proceeding in this way we can imagine that the expansion can be carried out to any order in |α|.

Let us look in detail to the computation of w^{(n)}. The right hand side terms will be of the form coef_{m,q}α^mψ^q, where coef_{m,q} is a numerical coefficient, m ∈ Z^k is a multiindex with m_j ≥ 0 for all its components, q ∈ Z^k is also a multiindex satisfying the following constraints: |q| ≤ m, |q_j| ≤ α_j, q_j − m_j even j = 1, . . . , k. Furthermore the coefficients coef_{m,q} satisfy additional conditions ensuring that the solution is real. Assuming a similar expression for the components of w^{(n)} we have

x^{(n)}_j = ∑ m,q x_{n,m,q}α^mψ^q, ẋ^{(n)}_j = ∑ m,q i(q, ω̂) x_{n,m,q}α^mψ^q, ẍ^{(n)}_j = ∑ m,q (−(q, ω̂)^2) x_{n,m,q}α^mψ^q, and similar expressions for the z and u components.

By substitution in the equations we obtain that the unknown coefficients can be determined provided the divisors which appear are different from zero. Before looking at these divisors we note that we are considering terms of degree exactly n in α. As ω̂ contains terms of different degrees in α, we should only take into account the terms of degree 0 in α. Then, in the x equations the divisors are −(q, ω)^2 + ω^2_j ,

while in the z and u equations they are, respectively,

i(q, ω) − λ_j and − (q, ω)^2 − 2γ_ji(q, ω) + (γ^2_j + δ^2_j ).

The last two expressions are never zero, the second one because the real part is different from zero, and the third one because the imaginary part is never zero if q ≠ 0, and in this case the real part is nonzero. We turn to the first condition. It is clear that it will be zero if and only if q = e_j, where e_j denotes the vector having 1 at the j-th place and 0 elsewhere. This term arises, of course, from a term containing ψ^1_j as only part in ψ.

To solve this difficulty we remind that in the left hand side we can find other terms of degree n in α coming from the α-depending part of ω̂. For instance, the previous problem can not appear if n = 2. Indeed, no terms with |q| = 1 can appear if n = 2 because of the parity conditions. The first time it can appear is for n = 3. Then, coming from the x^{(1)} terms, there will be contributions of the form −(e_j, ω̂)^2 + ω^2_j , giving rise to terms in ψ^1_j of the form

α_j × (−2ω_jω̂^{(2)}_j ),

where ω̂^{(2)}_j denote the terms of degree 2 in ω̂_j. These terms should cancel the terms coming from the previously obtained components of x_j. They are of order 3 in α and contain, indeed, the factor α_j because of the parity conditions. Hence, at this point all the components ω̂^{(2)}_j can be determined. In a similar way, when computing w^{(n)} for n odd, the terms of ω̂^{(n−1)}_j can be obtained.

Of course, depending on the problem we can find that there is no solution at all when we try to determine the terms which should cancel the resonant terms.

Note also that there are terms which remain free. These are, at order n odd, the coefficient in the x_j variable of ψ_j, because it cancels directly on the left hand side. But this indeterminacy can be skipped by the following consideration. Assume we select for this coefficient some expression (of order n, of course) in α. Then, in the final expression, the coefficient of ψ_j in x_j will be α_j + O_2(α). Denote this last expression by α_j. It follows immediately that if we choose α_j as coefficient of ψ_j in x^{(1)}_j , then all the “free” terms become zero. Hence, we can take them directly as zero. This is equivalent to define α_j as the coefficient of ψ_j in the complete expression of x_j.

The Lindstedt-Poincaré method works quite well in the case of the libration points to obtain periodic orbits and to obtain invariant tori if ω_p and ω_v are non resonant.

Direct numerical methods can be used easily to obtain periodic orbits. As the RTBP is autonomous we can not look for a point w_0 in the phase space such that after some time we return to the same point: G(w_0) = ϕ_T (w_0)−w_0 = 0, where ϕ_T denotes the time T flow and try to solve G(w_0) = 0 by using, for instance, Newton’s method. Indeed, as one of the eigenvalues of the monodromy matrix of any periodic orbit of an autonomous system is equal to 1, the differential of G at w_0 is not invertible. This reflects the fact that any point ϕ_t(w_0) is also a solution for all t. Furthermore, as the system is Hamiltonian, then 1 must be, at least, a double eigenvalue. To solve this difficulty one should select a fixed level of energy and a Poincaré section, to skip both unity eigenvalues. Alternative procedures do not fix the Poincaré section but modify Newton’s method to look for the closest to the initial guess point (e.g. under the euclidean norm) of the corresponding periodic orbit. Unless we are at some bifurcation (additional unity eigenvalues) no difficulties appear.

More problematic is the direct numerical computation of invariant tori. The case of the L_{1,2} points is specially critical due to the strong instability. However, the instability can be skipped with a reduction to the center manifold. We describe how to carry out the computations. After perfoming a linear change of variables we can assume that the Hamiltonian is written as

H = λx_1y_1 + 1 2 ω_p(x^2 + y^2) + 1 2 ω_v(x^2_3 + y^2_3) + ∑ j≥3 H_j(x_1, x_2, x_3, y_1, y_2, y_3),

where H_j denotes a homogeneous polynomial of degree j.

Then we pass to an intermediate normal form just trying to cancel in H all the terms such that the total degree in the (x_1, y_1) variables is 1. This is accomplished by making a canonical transformation with a suitable generating function (to be determined). This is possible because there are not problems of small divisors. The denominators appearing in the determination of the generating function (using some complexification to reduce the amount of computation) are of the form (k_1 − l_1)λ + √ −1(k_2 − l_2)ω_p + (k_3 − l_3)ω_v,

with modulus bounded from below by |λ|. Let ~H be this intermediate normal form Hamiltonian. By rearranging terms it can be written as ~H = H0(x2, x3, y2, y3) + ∑ j_1+j_2>1

(x^{j1}_1 y^{j2}_1 )H^{j1,j2} (x_2, x_3, y_2, y_3).

One should have in mind that the new variables are not the sames as the previous ones, despite we keep the same name. The transformation is close to the identity, the closer as the closer is the orbit to L_{1,2}.

The fact that small divisors problems do not show up do not means at all that the procedure is convergent. In general one obtains only a C^∞ manifold. The norm of the coefficients of order n can increase as n! or even as a power of n! .

It is immediately seen that I_1 = x_1y_1 is a first integral. The reduction to the center manifold is obtained by setting I_1 = 0. So it remains a two degrees of freedom Hamiltonian, H^0, and furthermore H^0 = 1 2 ω_p(x^2 + y^2) + 1 2 ω_v(x^2_3 + y^2_3) + ∑ j≥3 H^0_j (x_2, x_3, y_2, y_3).

Now we are ready to use a direct numerical method without any instability problem. This method can also work with unstable problems (but one should be careful and combine with a parallel shooting technique). It is not required to assume that the system is Hamiltonian. The main idea is the synthesis of a kind of return map to the initial point. The problem is reduced to a fixed point problem for a suitable operator. Assume, for simplicity, that we want to compute a 2D torus. Using a suitable Poincaré section we shall have, at least locally, that the torus intersects the section on an invariant curve under a symplectic diffeomorphism. Assume that we know the rotation number of this invariant curve (or that we look for an invariant curve with a prescribed rotation number). Assuming the curve smooth enough, it must be conjugated to a rotation on S^1 with the same rotation number, ρ ∈ R \ Q . If we consider on S^1 the map z → z + ρ, some iterates, n_1, n_2, . . . , n_k, give points of the form n_jρ which are rather close to 0 modulus 1. Assume that we know some function, f, at the points (n_jρ), where ( ) denotes that we have substracted the closest integer. Then it is possible to obtain an approximation to the value of f at 0 by, say, interpolation. For instance, f(0) ∼ ∑k j=1 γ_jf((n_jρ)), where γ_j are suitable weights. Let us synthesize the return map by using this interpolation procedure. We have R(p) = k∑ j=1 γ_jT^{nj} (p),

where R(p) denotes the approximate return map and T the Poincaré map. We are now faced to a problem similar to the one found before for the periodic orbits: all the points of the curve shall be approximate solutions of this equation! This is solved by taking again a “section” inside the initial Poincaré section, that is, by fixing a coordinate which changes (locally) along the invariant curve.

Then one can apply a Newton method to solve the equation R(p) = p, with the differential of R obtained also by interpolation. This method is suitable to be used in combination with a continuation curve, to be able to follow a family of invariant curves. Of course, at least in theory one should ask for ρ such that they satisfy some diophantine condition, but in practice the method works efficiently provided ρ is not too close to a strong resonance (i.e., a resonance p/q with q small). As said before in the case of periodic orbits, there is no need to fix any coordinate in the invariant curve if Newton’s method is combined with a minimization procedure.

An extension of the method to tori of any dimension and any local character, as well as sufficient conditions for the applicability, have been obtained.

A satisfactory description of the vicinity of the collinear points of the 3D RTBP is achieved by combining the methods described above.

5 Stability and practical stability

We turn to the more subtle question of the stability of the triangular libration points. As said before, for μ < μ_0, the linear behaviour is the one of a product of 3 center, that is, 3 harmonic oscillators. But, of course, is seems that there is no way to prove nonlinear stability because Arnold diffusion can take points away at a very slow rate. For this it is necessary to have a chain of tori of dimension less than 3, which have a partial hyperbolic character and such that the unstable manifold of one of the torus intersects transversaly the stable manifold of the next one.

So we must be satisfied with some practical stability. We describe how a practical stability result is obtained.

Let H = H_2+H_3 +. . . be the power expansion of the Hamiltonian around L_{4,5}, where H_k contains the homogeneous terms of degree k in positions and momenta. By a linear transformation, H_2 can be reduced to − 1 2 ω_s(q^2_1 + p^2_1) + 1 2 ω_l(q^2 + p^2) + 1 2 ω_v(q^2_3 + p^2_3),

where, as before, ω_s, ω_l stand for ω_{short}, ω_{long}, and ω_v is the frequency in the vertical direction (ω_v = 1).

A canonical transformation (q, p) −→ (Q, P ), obtained by means of a function G = G_3 + G_4 + · · · + G_n and a Lie series method, is applied to put H in normal form up to order n. We have the new Hamiltonian

H = N_2 + N_3 + · · · + N_n + R_{n+1},

where N_k are terms of degree k in the normal form and N_2 = H_2. If we only keep N_2 + N_3 + · · · + N_n, the system is integrable. Let

I_j = 1 2 (Q^2_j + P^2_j ),

the new momenta. Then, the diffusion of the momenta is due to

İ_j = [I_j, R_{n+1}],

[ , ] being the Poisson bracket. As the remainder R_{n+1} is of the form R_{n+1} + R_{n+2} + · · · we introduce some norm ||R_k|| (e.g., the sum of the modulus of the coefficients, eventually with some weight). Then one obtains, successively, bounds for ||H_k||, k ≥ 2, ||G_k||, 2 < k ≤ n (only a finite number of small divisors appears) and for ||R_k||, k > n. The bounds of ||R_k|| are given by means of a recurrence which depends only on the norm of the homogeneous parts of the initial Hamiltonian, ||H_k||, and on the current small divisors which appear till order n.

In a ball of radius ρ in the (Q, P ) variables one has |R_{n+1}| < ∑ k>n ρ^k||R_k||, where | | denotes the sup norm. In a similar way we can bound |İ_j|, the speed of diffusion.

Given T , δ, there exists an initial radius, ρ_0, such that if (Q, P )_{t=0} ∈ B_{ρ0} then (Q, P )_t ∈ B_{ρ0(1+δ)} for all |t| < T , where B_ρ denotes the ball of radius ρ centered at the origin. We remark that one obtains better results if H_k, N_k, G_k are computed explicitely up to some order for the desired value of μ by means of a symbolic manipulator.

As a result one obtains, in general, Nekhorosev type estimates (i.e., for δ fixed, one has T ≈ exp(c/ρ^d), for some positive constants c, d).

Numerical simulations show a “stable domain” much larger than the one obtained by applying the practical stability criterion above.

6 Center manifolds and the related stable/unstable manifold.

Practical confiners

Before is was mentioned the convenience, for the description presented here of the 3D RTBP to consider μ < 10^{−3}. We shall explain first the reason of that choice. Consider first the planar problem. We recall that the triangular point L_5 is the limit of two families of periodic orbits, the short periodic family and the long periodic family. It was conjectured by Brown that the family of long periodic orbits has a termination as a homoclinic orbit to the collinear point L_3. That is, Brown guess was that when the orbits of the family go away from L_5 the period increases and tends to infinity when tending to the homoclinic connection.

The conjecture, of course, is false. This would imply a kind of “integrability” of the RTBP which is certainly non integrable. In fact, if the conjecture is true, it implies that the stable and unstable manifolds of L_3 should coincide. What in fact happens is that the conjecture is formally true. More concretely: the lack of coincidence of both manifolds can be measured as follows. Assume we compute the unstable manifold W^u_{L3} . It has two branches, one leaving the fixed point to positive values of x_2 and the other to negative values. For definiteness consider the positive one. At the level of energy of L_3 the zero velocity curve has a double point at L_3 and the two branches of the ZVC deviate slightly (for small μ) from the circle with center at the origin and radius equal to x_{L3} , one in the upper part and the other in the lower part until they meet at an angle with vertex at the origin that, counted from L_3 tends to cos^{−1}(^1_2 − √ 2) (Brown’s limit) when μ tends to 0. This closed curve leaves the L_5 point inside and, for any angle counted from L_3 between 0 and the limit value, the two intersections of the ZVC with the radius drawn with this angle have a distance which is O( √ μ). The manifold W^u_{L3} follows closely the ZVC (see later), but when it returns to the x_2 = 0 line the distance to L_3 is exponentially small in √ μ, that is, of the form O(exp(−c/ √ μ) for some positive constant c. Analytical estimates, with good agreement with numerical experiments show that the value of c is close to 0.17559. This behaviour is less than any power of μ and, hence, any expansion to any order in μ can not detect the difference. Furthermore, there are values of μ for which the value of ẋ_1 when W^u_{L3} returns to x_2 = 0 is zero. Then, by the reversibility of the problem, the branch of W^s_{L3} which begins by going down, has a symmetric behaviour, and both manifolds coincide. But this homoclinic connection only occurs for a countable set μ_k, k ∈ N, k > k_0 for some k_0 of values of μ, tending to 0 as C/k for some constant C ∼ 0.0345, and the projection on the (x_1, x_2) plane leaves both L_{4,5} inside. These are not the connections expected by Brown.

Despite the “first return” of W^u_{L3} to x_2 = 0 does not produce homoclinic orbit, this is true for periodic orbits of the family which has limit period ω_p (the planar Lyapunov family of periodic orbits around L_3), provided the amplitude of the orbit is not too small. A complete description of the evolution of the long periodic family and the relation to the homoclinic orbits to periodic Lyapunov orbits is in progress.

When μ is increased the exponential character of the distance has the effect that small changes in μ are extremely amplified. For instance, the function exp(−c/ √ μ) with c ∼ 0.17559 and μ = 10^{−4}, 10^{−3}, 10^{−2} gives the approximate values 2.4 × 10^{−8}, 3.9 × 10^{−3}, 1.7 × 10^{−1}, respectively. Certainly there are factors in front of these figures, but they give the correct order of magnitude. While 2.4 × 10^{−8} can be considered small, definitely 1.7 × 10^{−1} can not be seen as small. This produces that the W^u_{L3} does not have a first return close to L_3. This fact is clearly seen in the case of the Earth-Moon system.

Near the triangular points the system can be considered as three harmonic oscillators, with frequencies, at that point, equal to ω_s, ω_l and ω_v, the last one being equal to 1. For μ small the values of the ω_s, ω_l are, respectively, 1 − 27μ/8 + O(μ^2) and (27μ/4)^{1/2} + O(μ^{3/2}). Hence, one can also consider as basic, in a neighborhood of L_5, the frequencies ω_v, ω_l and ω_v − ω_s, whose values are of the order of 1, μ^{1/2} and μ, respectively.

Provided the frequencies satisfy some conditions (not too close to a strong resonance) there is a “practical stability” region. The previous consideration on the orders of magnitude shows that no strong resonance occurs if μ is small, except the 1 to 1 resonance between the short period and the vertical modes. Hence, it takes an extremely large time span to increase the actions by a significant amount. We are interested in the global shape of these regions, because the theoretical bounds of the practical stability domain give rather pessimistic estimates.

To this end the following experiment has been done. Given values of ρ, α and x_3, we consider an initial point with synodical coordinates

x_1 = μ + (1 + ρ) cos(2πα), x_2 = (1 + ρ) sin(2πα), x_3,

and with zero initial velocity: ẋ_1 = 0, ẋ_2 = 0, ẋ_3 = 0. The L_5 point corresponds to ρ = 0, α = 1/3 and x_3 = 0. Then a numerical integration is started up to a given final time. Points close to L_5 just remain moving around it (typically on a 3D torus). But if the initial conditions are sufficiently far from the libration point, the projection of the orbit on the (x_1, x_2) plane crosses the x_1 axis and then it can be considered as escaped from a “large” vicinity of L_5. Due to the shape of some large tori which seem to exist even for large values of x_3, it is convenient to take as “escape” criterion from the vicinity of L_5 the condition x_2(t) < x^∗_2 for some negative value of x^∗_2. As a practical value one has taken x^∗_2 = −0.5. For the current value of μ = 0.0002 we have found orbits lying on tori “around” L_5 such that x_2(t) reaches values up to −0.233. The time span used for the computations is 10,000 times the period of the massive bodies. This can seem a short time interval, but see the comments below.

Some remarks must be made concerning the results.

• Most of the points close to L_5 give motion on 3D tori. As we take a 3D set of initial conditions and each one of the tori contains, typically, just one point with zero velocity, we are scanning an open set on the phase space. There is no need to use other initial conditions.

• For small values of μ, as in the present case, the transition from the “stable” zone to instability is quite sharp. This means that increasing the 10,000 revolutions to 100,000, for instance, produces very few losses. On the other hand, most of the points which escape go away from the vicinity of L_5 in a few revolutions. Most of the points which escape after a longer time go away after a time interval of the order of 1/μ. This is related to the smallest of the basic frequencies, ω_v − ω_s, as said before.

• For the planar case it is seen that the nonescaping points fill an area that we want to identify. To this end take the ZVC passing through L_3. A description of the behaviour of this curve has been given before. Consider the curve with ρ = 0 (that is, at unit distance from the larger body). Then the ZVC is located at a distance O(μ^{1/2}) from it. More concretely, there is a function K(α) = 1 −^2_3 cos(2πα) −^1_{3 cos(πα)} having a double zero at α = 0 and a simple one at α = α_{lim} = cos^{−1}(^1_2 − √ 2)/π such that the ZVC is described by ρ = ±(K(α)μ)^{1/2} + O(μ). The “boundary” of the stability region on x_3 = 0 seems to be rather close to ρ = ±^1_2 (K(α)μ)^{1/2} + O(μ). This estimate is obtained analytically, at least for α close to zero, and agrees very well with the numerical results. Just for completeness we mention that in the “integrable” approximation of W^u_{L3} (coinciding with W^s_{L3} in the integrable model) is described by ρ = ± √ 7 2 (K(α)μ)^{1/2} + O(μ).

• There is numerical evidence that, in the planar case, the boundary of the “stability” region is related to the stable and unstable manifolds of the center–stable manifold at L_3. This is a codimension 1 manifold. In particular it contains the stable and unstable manifolds of the family of planar Lyapunov orbits around L_3.

• The full set of points in the “stability” zone with zero synodical velocity, in the spatial RTBP, seems to be on a thin shell. The shape of the shell is essentially circular in the horizontal direction and parabolic in the vertical one. Cutting the “stable” zone by α = 1/3, the central point, as a function of x_3, is close to ρ = −0.245x^2_3, which agrees with an elementary analysis. Close to x_3 = 0 the shell has an amplitude in α close to^5_{12} of revolution. The thickness is O(μ^{1/2}) up to high values of x_3. The maximum value of x_3 is slightly larger than 0.86.

• There are families of unstable 2D tori which play also a role in the boundary of the “stability” region. If the initial value of x_3 is small these tori reach a vicinity of the L_3 point. Their sections through x_3 = 0 have positive x_1 values. For large initial values of x_3, the sections through x_3 = 0 of the 2D tori which seem to be at the “boundary” of the stable region have negative x_1 values.

• The preceding tori have been continuated numerically using a direct numerical method as described above. They appear to form families which emanate from unstable periodic orbits. These periodic orbits are of center × hyperbolic type and belong to a family. Hence the points of the family form a 2D set which has a 4D center manifold. This center manifold contains unstable 2D tori of the previous item. But it seems that there are several families of periodic orbits which play that role, and not only one. Furthermore, these families seem to depend on the mass parameter. The unstable/stable manifolds of the tori act as “confiners” of the 3D tori emanating from L_5.

Summarizing, according to the numerical experiments in the planar case, most of the stable motions take place in tori 2D and they are “bounded” by planar periodic orbits of the Lyapunov family around L_3. In the spatial case, most of the stable motions take place in 3D tori and they are “bounded” by 2D tori associated to the 1 to 1 resonance between the short period and the vertical frequencies. These 2D tori are located at different places depending, mainly, on the initial value of x_3. Of course, high order resonances play a role and give rise also to chains of heteroclinic connections taking points away, probably from any neighborhood of any stable point, but this requires a very large amount of time and this mechanism can only be seen for rather large values of μ (say, of the order of 10^{−2}) .

Collectively, the objects which act as practical confiners of the 3D tori around L_5 seem to be several unstable/stable manifolds of center manifolds of dimension 4. This is reasonable, because these unstable/stable manifolds have then dimension 5, that is, codimension 1. Note that we are not fixing the level of the energy. Really these manifolds are not “boundaries” (see the comments about Brown’s conjecture). There is some splitting of separatrices for the center manifolds which has as a consequence that they “do not close the box”. Points of the phase space “inside the quasibox” can escape but the rate of escape is very slow. As soon as they are “outside” the box the escape takes place in a time which is, roughly, O(μ^{−1}). The objects at the “core” of the center manifolds are the L_3 point and several families of elliptic–hyperbolic periodic orbits.

A final comment, concerning the fact that the triangular points have a couple of frequencies differing only by O(μ), is that these points are not robust in front of external perturbations. These ones can move the eigenvalues at the points and produce an instabilization. Furthermore the variation of the frequencies when we go away from L_{4,5} in the 3D RTBP is also weak. The derivative of the frequencies with respect to the actions (the so called torsion) is non degenerate but it is not so far from degenerate. It is also a symmetric non definite matrix, a fact which is known to be able to produce difficulties. This happens, for instance, when we consider the Earth–Moon system and the external perturbation is the effect of the Sun. In simple models like the so called bicircular model or some variant of it the triangular points are replaced by periodic solutions, with a period equal to the period of the Sun in the synodical Earth–Moon frame. But the periodic orbit turns out to be unstable. Only at some moderate distance of L_{4,5} stability is recovered. This distance, in the x_3 coordinate, is of the order of 0.25 times the Earth–Moon distance. Numerical simulations using the JPL ephemeris show that the behaviour is essentially the same with this quite realistic model.

7 Conclusions

For small values of the mass parameter μ, the 3D RTBP has several regions where it behaves in a close to integrable way. Not only very close to the primaries or far away from them, but also in a big region around the triangular libration points. If we consider the section through zero synodical velocity, this region is big in all directions but one, which is O(μ^{1/2}). The more important sources of instability are the collinear libration points. The points L_{1,2} produce a fast inestabilization, while the one due to L_3 is milder. Several time scales play a role: 1, μ^{−1/2} and μ^{−1}. The methods used to understand the 3D RTBP combine different tools. They seem useful to understand other problems in Celestial Mechanics and in general Hamiltonian Systems.

In fact, many of the results presented above have been checked in the elliptic RTBP, bicircular and quasi–bicircular models and in reallistic models of the solar system (JPL Ephemeris).

Acknowledgements

The work presented on these lectures has been elaborated along several years. The latest results have been supported by DGICYT Grant PB 94–0215 (Spain). Partial support of the EC grant ERBCHRXCT940460, and the catalan grant CIRIT 1996S0GR-00105 is also acknowledged. I am indebted to Regina Martínez and Àngel Jorba for several suggestions.

[1] V. M. Alexeyev. Sur l’allure finale du mouvement dans le problème des trois corps. Actes Congrès Inter. Math. 1970, Vol. 2, 893–907. Gauthier–Villars, Paris.

[2] V. I. Arnold. Small divisor problems in classical and celestial mechanics. Russ. Math. Surv. 18 (1963), 85–192.

[3] V. I. Arnold, A. Avez. Ergodic Properties of Classical Mechanics. Benjamin, N. Y., 1968.

[4] D. Benest, C. Froeschlé (editors). Modern methods in celestial mechanics, Editions Frontières, 1990.

[5] G. D. Birkhoff. The restricted problem of three bodies. Rend. Circolo Mat. Palermo 39 (1915), 255–334.

[6] G. D. Birkhoff. Dynamical Systems. American Math. Society. Providence, 1927. [7] E. W. Brown. An Introductory Treatise On the Lunar Theory. Dover, N.Y., 1960. [8] E. W. Brown, C. A. Shook. Planetary Theory. Dover, N.Y., 1964.

[9] D. Brouwer, G. M. Clemence. Methods of Celestial Mechanics. Academic Press, N.Y. 1961. [10] H. E. Cabral. On the integral manifolds in the N body problem. Inv. Math. 20, (1973) 59–72. [11] J. Chazy. Sur l’allure du mouvement dans le problème des trois corps quand le temps croit indefiniment. Ann. Sci. École Norm. Sup. 39, (1922) 29–130.

[12] C. Conley. On some new long periodic solutions of the plane restricted three body problem. Comm.on Pure and Applied Math., Vol. XVI, (1963) 449–467.

[13] R. Devaney. Triple collision in the planar isosceles three–body problem. Invent. Math. 60 (1980), 249–267.

[14] Dvorak, R. and Lohinger, E.: Stability zones around the triangular Lagrangian points, in Predictability, stability and chaos in N-body dyn. syst., Ed. by A. E. Roy, Plenum Press, 439–446, 1991.

[15] R. W. Easton. Some topology of the 3–body problem. J. of Diff. Equations 10 (1971), 371–377. [16] R. W. Easton. Some topology of the n–body problem. J. of Diff. Equations 19 (1975), 258–269. [17] R. Easton. Parabolic orbits for the planar three-body problem. J. of Diff. Equations 52 (1984), 116–134.

[18] J. Font. Variedades invariantes y orbitas homoclinicas de L_3 en el Problema Restringido de Tres Cuerpos. Master Thesis, Univ. Barcelona, 1984.

[19] A. Giorgilli, L. Galgani. Formal integrals for an autonomous Hamiltonian system near an equilibrium point. Celest. Mech. 17 (1978), 267–280.

[20] J. Hadjidemetriou. The continuation of periodic orbits from the restricted to the general three–body problem. Celest. Mech. 12 (1975), 155–174.

[21] J. Henrard. On Brown’s Conjecture. Celest. Mechanics 31 (1983),115–122. [22] G. W. Hill. Researches in the lunar theory. Am. J. of Math. 5–26 (1878) 129–147, 245–260. [23] T. Levi–Civita. Sur la regularisation du problème des trois corps. Acta Math. 42 (1920), 99-144. [24] R. McGehee. A stable manifold theorem for degenerate fixed points with applications to celestial mechanics. J. of Diff. Eqautions 14 (1973), 70–88.

[25] R. McGehee. Triple collision in the collinear three–body problem. Invent. Math. 27 (1974), 191-227. [26] Markeev A.P.: Stability of the triangular Lagrangian solutions of the restricted three body problem in the three dimensional circular case, Soviet Astronomy 15, (1972), 682-686.

[27] J. Mather, R. McGehee. Solutions of the collinear four–body problem which become unbounded in a finite time. In Dynamical systems, theory and appl., Lect. Notes Phys. vol 38, Springer, N.Y. 1975.

[28] K. Meyer, S. Schmidt. Bifurcations of relative equilibria in the 4– and 5–body problem. Ergod. Th.

& Dynam. Sys. 8 (1988), 215–225.

[29] K. R. Meyer, G. R. Hall. Introduction to Hamiltonian Dynamical Systems and the N–Body Problem.

Springer–Verlag, 1992.

[30] R. Moeckel. Orbits of the Three-Body Problem which Pass Infinitely Close to Triple Collision. Amer.

J. Math. 103 (1981), 1323–1341.

[31] R. Moeckel. Heteroclinic phenomena in the isosceles three-body problem. SIAM j. Math. Anal. 15 (1984), 857–876.

[32] R. Moeckel. Relative equilibria of the four–body problem. Erg. Th. & Dyn. Sys. 5 (1985), 417–435. [33] R. Moeckel. On central configurations. Math. Zeit. 205 (1990), 499–517.

[34] J. Moser. Regularization of Kepler’s problem and the averaging method on a manifold. Comm. Pure and Applied Math. 23 (1970).

[35] J. Moser. Stable and Random Motions in Dynamical Systems. Annals of Mathematics Studies, Princeton Univ. Press, 1973.

[36] F. R. Moulton. The stright line solution of the N–bodies. Ann. of Math. (2) 12 (1910), 1–17. [37] F. Pacella. Central configurations of the N–body problem via equivariant Morse theory. Archive for Rat. Mech. and Analysis 97 (1987), 59–74.

[38] H. Poincaré. Les Méthodes Nouvelles de la Mécanique Céleste III. Gauthier–Villars, 1899. [39] H. Pollard. Introduction to Celestial Mechanics. Carus Mathematical Monographs 18, Math. Assoc.

Am. Buffalo, N.Y., 1976.

[40] C. Robinson. Homoclinic orbits and oscillation for the planar three–body problem. J. od Diff. Equations 52 (1984), 356–377.

[41] D. G. Saari, Z. Xia. The existence of oscillatory and superhyperbolic motion in Newtonian Systems.

J. of Diff. Equations 82 (1989), 342–355.

[42] K. Sitnikov. Existence of oscillatory motion for the three body problem. Dokl. Akad. Nauk. USSR 133 (1960), 303–306.

[43] S. Smale. Topology and mechanics I, II. Invent. Math. 10 (1970), 305–331 & 11 (1970), 45–64. [44] S. Sternberg. Celestial Mechanics, Vol. I-II. Benjamin–Cummings, Reading, Mass., 1969. [45] E. L. Stiefel, G. Scheifele. Linear and Regular Celestial Mechanics, Springer–Verlag, 1971. [46] K. Sundman. Mémoire sur la problème des trois corps. Acta Math. 36 (1913), 105–179. [47] V. Szebehely. Theory of Orbits. Academic Press, 1967.

[48] E. T. Whittaker. A Treatise on the Analytical Dynamics of Particles and Rigid Bodies. Cambridge Univ. Press, 1927 [49] A. Wintner. The analytical foundations of celestial mechanics. Princeton, 1947. [50] C. Simó. Determinación de armónicos zonales pares del potencial terrestre. Vrania, 273, 1971, 11p. [51] C. Simó. Determinación de armónicos zonales impares del potencial terrestre, Vrania, 274:167-175, 1971.

[52] C. Simó. Aplicación de la transformacion de Levi-Civita a la determinación de órbitas. Revista Matemática Hispano-Americana, 33:275-288, 1973.

[53] C. Simó. Secular Perturbations due to Potential: Second Approximation. Space Research, XIII:45-49, 1973.

[54] C. Simó. Estabilidad toroidal en el campo de un primario finito. Actas Jornadas matemáticas hispano-lusitanas, pag. 506-510, Madrid, 1973.

[55] C. Simó. Solución del problema de Lambert mediante regularización. Collectanea Mathematica, 24:231-247, 1974.

[56] C. Simó. La variedad de orbitas keplerianas y la teoría general de perturbaciones, Ph. D. Thesis, Univ. Barcelona, 1974.

[57] J. Llibre, C. Simó. Variedades integrales del problema de los n cuerpos. Actas Asamblea de Astronomía y Astrofísica, pag. 219–227, La Laguna, 1975.

[58] J. Llibre, C. Simó. Topología del problema de tres cuerpos: caso plano y caso restringido. Actas Asamblea de Astronomía y Astrofísica, pag. 199–210, La Laguna, 1975.

[59] C. Simó. El conjunto de bifurcación en el problema espacial de tres cuerpos, Actas Asamblea de Astronomía y Astrofísica, pag. 211–217, La Laguna, 1975.

[60] G. Gómez, J. Llibre, C. Simó. Excitación resonante de un péndulo. Actas Asamblea de Astronomía y Astrofísica, pag. 19–25, La Laguna, 1975.

[61] C. Simó. Análisis cualitativo de un satélite síncrono. Actas Asamblea de Astronomía y Astrofísica, pag. 181–193, La Laguna, 1975.

[62] C. Simó. Analytical and numerical study of a perturbed pendulum, en V. Szebehely and B.Tapley, editors, Long time predictions in dynamics, p. 347, Reidel, 1976.

[63] C. Simó. El problema de n cuerpos. Pub. Mat. UAB, 2:38–68, 1976.

[64] C. Simó. Posiciones de equilibrio relativo del problema de 3 + 1 cuerpos y su evolución. Pub. Mat.

UAB, 3:90–101, 1976.

[65] C. Simó. Variedades de degeneración en el espacio de masas y posiciones de equilibrio relativo en el problema de cuatro cuerpos. Actas Jornadas mat. hispano-lusitanas, pag. 845–852, Jaca, 1977.

[66] C. Simó. La estabilidad de las posiciones de equilibrio relativo del problema de cuatro cuerpos para masas arbitrarias. Actas Jornadas matemáticas hispano-lusitanas, pag. 871–876, Jaca, 1977.

[67] G. Gómez, C. Simó. Evolución de la curva característica de la familia (a) de órbitas periódicas del problema de tres cuerpos. Actas Jornadas matemáticas hispano-lusitanas, pag. 853–870, Jaca, 1977.

[68] C. Simó. Una nota sobre colisión triple. Actas de la II asamblea nacional de Astronomía y Astrofísica, pag. 255–264, San Fernando (Cádiz), 1977.

[69] C. Simó. Relative equilibrium solutions in the four-body problem. Cel. Mechanics, 18:165–184, 1978. [70] C. Simó. Masas para la regularización de la colisión triple. Actas Jornadas matemáticas lusoespanholas, volumen III, Aveiro, 1978.

[71] C. Simó. Solutions homographiques du problème plan des 4 corps. Pub. Mat. UAB, 8:113–130, 1978. [72] C. Simó. Sur la variété de collision triple. Pub. Mat. UAB, 8:131–142, 1978. [73] C. Simó. Regularization of triple collision in the general three-body problem (abstract). In V. Szebehely, editor, Instabilities in Dynamics, pag. 306–307, Reidel, 1979.

[74] J. Llibre, C. Simó. Estudio cualitativo del problema de Sitnikov, II CEDYA, Barcelona. Pub. Mat.

UAB, 18:49–71, 1979.

[75] C. Simó. Difusión de Arnol’d. II CEDYA, Barcelona. Pub. Mat. UAB, 18:31–48, 1979. [76] C. Simó. Conexión de las variedades invariantes en el problema de n cuerpos, n > 3. Actas Jornadas mat. hispano-lusitanas, pag. 1257–1261, Santander, 1979.

[77] C. Simó. Masses for which triple collision is regularizable. Celestial Mechanics, 21:25–36, 1980. [78] C. Simó. Integrability: a difficult analytical problem. Pub. Mat. UAB, 22:71–80, 1980. [79] J. Llibre, C. Simó. Homoclinic phenomena in the three body problem. J. Diff. Eq., 37:444–465, 1980.

[80] J. Llibre, C. Simó. Oscillatory solutions in the planar restricted three-body problem. Math. Ann., 248:153–184, 1980.

[81] J. Llibre, C. Simó. A note on a conjecture of Smale. Indiana Univ. Math. J., 30:103–111, 1981.

[82] C. Simó. Analysis of triple collision in the isosceles problem. In R. Devaney and Z. Nitecki, editors, Classical Mechanics and Dynamical Systems, pag. 203-224, Marcel Dekker, 1981.

[83] C. Simó, J. Llibre. Characterization of transversal homothetic solutions in the n-body problem.

Archive for Rat. Mech. Anal., 77:189–198, 1981.

[84] C. Simó. Necessary and sufficient conditions for the geometrical regulariz- ation of singularities.

Actas IV CEDYA, pag. 193–202, Sevilla 1981.

[85] C. Simó. Stability of periodic orbits near an homoclinic orbit of Hamiltonian systems with two degrees of freedom. In V. Szebehely, editor, Applications of Modern Dynamics to Celestial Mechanics and Astrodynamics, pag. 357, D. Reidel Pub. Co.Reidel, Holland, 1982.

[86] E. Lacomba, C. Simó. Analysis of quadruple collision in some degenerate cases. Celestial Mechanics, 28:49–62, 1982.

[87] E. Lacomba, C. Simó. Bounded Manifolds for energy surfaces in celestial mechanics. Celestial Mechanics, 28:37–48, 1982.

[88] J. Llibre, R. Martínez, C. Simó. A numerical study of the asymptotic solutions to family (c) of periodic orbits in the Restricted Three Body Problem. In V. Szebehely, editor, Applications of Modern Dynamics to Celestial Mechanics and Astrodynamics, pag. 354, D. Reidel Pub. Co.Reidel, Holland, 1982.

[89] J. Llibre, R. Martínez, C. Simó. Transversality of the invariant manifolds associated to the Lyapunov family of periodic orbits near L_2 in the Restricted Three Body Problem. J. Diff. Eq., 58:104–156, 1985.

[90] E. Fontich, C. Simó. On the smallness of the angle between split separatrices. Some consequences.

In J. P. Dufour, editor, Singularites, feuilletages et mécanique hamiltonienne, pag. 41–52, Herman, 1985.

[91] C. Simó. Homoclinic phenomena and quasi-integrability. In V. Szebehely, editor, Stability of the Solar System and Its Minor Natural and Artificial Bodies, pag. 305–316, D. Reidel Pub. Co., Holland, 1985.

[92] R. Martínez, C. Simó. Analytical expresions for some spatial periodic orbits in the Restricted Three Body Problem, invariant manifolds and extensions to the quasiperiodic case. In V. Szebehely, editor, Stability of the Solar System and Its Minor Natural and Artificial Bodies, pag. 404, D. Reidel Pub. Co., Holland, 1985.

[93] G. Gómez, J. Llibre, R. Martínez, C. Simó. Station keeping of libration point orbits. ESA Technical Report, Vol 0: Executive Summary 122 +viii p.; Vol I: Final Report 689 +xii p.; Vol II: Users Guide 157 +ii p.; Vol III: Numerical Results 356 +i p.; Vol IV: Program listings 499 +x p.; 1985.

[94] E. Lacomba, C. Simó. Topology of Jacobi levels with no zero velocity curves in the Restricted Three Body Problem, ZAMP, 38:10–20, 1987.

[95] A. Olvera, C. Simó. An obstruction method for the destruction of invariant curves. Physica D, 26:181–192, 1987.

[96] G. Gómez, J. Llibre, R. Martínez, C. Simó. Station keeping of a quasiperiodic halo orbit using invariant manifolds. Proceed. 2nd Internat. Symp. on spacecraft flight dynamics, Darmstadt, october 86, ESA SP 225:65–70, 1986.

[97] G. Gómez, J. Llibre, R. Martinez, J. Rodríguez, C. Simó. On the optimal station keeping control of halo orbits. Acta Astronautica, 15:391–397, 1987.

[98] A. Olvera, C. Simó. The obstruction method and some numerical experiments related to the standard map. In P. H. Rabinowitz, editor, Periodic Solutions of Hamiltonian Systems and Related Topics, p. 235–244, Reidel, 1987.

[99] G. Gómez, J. Llibre, R. Martínez, C. Simó. Study on orbits near the triangular libration point in the perturbed restricted three-body problem. ESA Technical Report, 1987, 270p.

[100] W. Flury, G. Gómez, J. Llibre, R. Martínez, J. Rodríguez, C. Simó. Relative motion near the triangular libration points in the earth-moon system. In Proceed. of the Optical Interferometry Workshop, Granada 1987, ESA-SP 273.

[101] R. Martínez, C. Simó. Qualitative study of the planar isosceles three body problem. Cel. Mech., 41:171-259, 1988.

[102] C. Simó. Homoclinic and heteroclinic phenomena in some hamiltonian systems. In K. Meyer and D. Saari, editors, Hamiltonian Dynamical Systems, Contemporary Math., 81:193–212, AMS, 1988.

[103] C. Simó. Estimates of the error in normal forms of hamiltonian systems. Applications to effective stability. Examples. In A.E. Roy, editor, Long-term dynamical behaviour of natural and artificial N-body systems, pag. 481-503, Kluwer Academic Publishers, Dordrecht, Holland, 1988.

[104] M. Grau, C. Simó. Dynamique de familles resonantes. D. Benest et C. Froeschlé, editors, Dévéloppements récents en planetologie dynamique, pag. 127-138, Observatoire de Nice, 1988.

[105] A. Olvera, C. Simó. The dynamics near invariant cantorian sets of perturbed twist maps. In M. G.

Velarde, editor, Synergetics, order and chaos, pag. 698–705, World Scientific, 1988.

[106] J. Font, C. Simó. Families of periodic orbits associated to double heteroclinic connections. In C. Alsina, J. Llibre, Ch. Mira, C. Simó, G. Targonski, and R. Thibault, editors, European Conference on Iteration Theory (ECIT 87), pag. 421–426, World Scientific, Singapore, 1989.

[107] A. Olvera, C. Simó. Normal forms close to invariant circles of twist maps. In C. Alsina, J. Llibre, Ch. Mira, C. Simó, G. Targonski, and R. Thibault, editors, European Conference on Iteration Theory (ECIT 87), pag. 438–443, World Scientific, Singapore, 1989.

[108] E. Fontich, C. Simó. Invariant Manifolds for Near Identity Differentiable Maps and Splitting of Separatrices. Erg. Th. & Dyn. Systems, 10:319-346, 1990.

[109] E. Fontich, C. Simó. The Splitting of Separatrices for Analytic Diffeomorphisms. Erg. Th. & Dyn.

Systems, 10:295–318, 1990.

[110] R. Martínez, C. Simó. Blow up of collapsing binaries in the planar three body problem. In C.

Albert, editor, Géométrie sympl. et mécanique, Lect. Notes in Math. 1416:255-267, Springer, 1990.

[111] C. Simó. Analytical and numerical computation of invariant manifolds. In D. Benest et C. Froeschlé, editors, Modern methods in celestial mechanics, pag. 285-330, Editions Frontières, 1990, 285-330.

[112] C. Simó, A. Susín. Connections between invariant manifolds in the collision manifold of the planar three-body problem. In T. Ratiu, editor, The Geometry of Hamiltonian Systems, pag. 497-518, MSRI series, Springer, 1991.

[113] C. Simó. Measuring the lack of integrability in the J_2 problem. In A.E. Roy, editor, Predictability, Stability and Chaos in the N-Body Dynamical Systems, pag. 305–309, Plenum Press, 1991.

[114] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Moon’s Influence on the Transfer from the Earth to a Halo Orbit around L_1. In A.E. Roy, editor, Predictability, Stability and Chaos in the N-Body Dynamical Systems, pag. 283–290, Plenum Press, 1991.

[115] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Quasiperiodic Orbits as a Substitute of Libration Points in the Solar System. In A.E. Roy, editor, Predictability, Stability and Chaos in the N-Body Dynamical Systems, pag. 433–438, Plenum Press, 1991.

[116] C. Simó, A. Susín. Equilibrium connections in the triple collision manifold. In A.E. Roy, editor, Predictability, Stability and Chaos in the N-Body Dyn. Syst., pag. 481–491, Plenum Press, 1991.

[117] J. Font, C. Simó. Are there irregular families of characteristic curves? In A.E. Roy, editor, Predictability, Stability and Chaos in the N-Body Dyn. Syst., pag. 531–540, Plenum Press, 1991.

[118] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Study refinement of semi-analytical halo orbit theory.

ESA Technical Report, 1991.

[119] E. Lacomba, C. Simó. Regularization of simultaneous binary collisions. J. Diff. Eq., 98:241-259, 1992.

[120] G. Gómez, A. Jorba, J. Masdemont, C. Simó. A Dynamical Systems Approach for the Analysis of the SOHO Mission. In Proceedings of the Third International Symposium on Spacecraft Flight Dynamics, pag. 449–456, ESA SP 326, Darmstadt, 1992.

[121] G. Gómez, A. Jorba, J. Masdemont, C. Simó. A Quasiperiodic Solution as a Substitute of L_4 in the Earth-Moon System. In Proceedings of the Third International Symposium on Spacecraft Flight Dynamics, pag. 35–42, ESA SP 326, Darmstadt, 1992.

[122] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Study of the transfer from the Earth to a Halo orbit around the equilibrium point L_1. Cel. Mechanics, 55:1-22, 1993.

[123] A. Olvera, C. Simó. Elliptic non-Birkhoff periodic orbits in the twist maps. Int. J. of Bifurcation and Chaos, 3:165-185, 1993.

[124] M. Irigoyen, C. Simó. Non-integrability of the J2 problem. Celestial Mechanics, 55:281-287, 1993.

[125] R. Martínez, C. Simó. A note on the existence of heteroclinic orbits in the planar three body problem. In Seminar on Dynamical Systems, Euler International Mathematical Institute, St. Petersburg, 1991, S. Kuksin, V. Lazutkin and J. Pöschel, editors, 129–139, Birkhäuser, 1993.

[126] C. Simó, A. Susín. Moduli of stability in the triple collision collinear problem. In C. Perelló, J. Solà- Morales, C. Simó, editors, Proceedings EQUADIFF 91, 921-926, World Scientific, Singapore, 1993.

[127] A. Jorba, C. Simó. On quasiperiodic perturbations of ordinary differential equations near equilibrium points. In C. Perelló, J. Solà-Morales, C. Simó, editors, Proceedings EQUADIFF 91, 616-620, World Scientific, Singapore, 1993.

[128] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Study of Poincaré Maps for Orbits near Lagrangian Points. ESA Technical Report, 1993.

[129] V. Companys, G. Gómez, A. Jorba, J. Masdemont, J. Rodríguez, C. Simó. Orbits Near the triangular Libration Points in the Earth-Moon System, en Proceedings of the 44th Congress of the International Astronautical Federation, 1993, Graz, Austria, IAF 1993, Paris.

[130] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Study of the transfer between halo orbits in the solar system, Advances in the Astronautical Sciences, 84, part 1, 623-638, 1994.

[131] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Practical stability regions related to the Earth-Moon triangular libration points. Space Flight Dynamics (1994) 11–17.

[132] G. Gómez, A. Jorba, J. Masdemont, C. Simó. Mission analysis for orbits in a vicinity of the Earth- Moon triangular libration points. Space Flight Dynamics (1994) 18–23.

[133] J. J. Morales, C. Simó. Picard-Vessiot theory and Ziglin’s theorem. J. Diff. Eq., 107: 140–162, 1994.

[134] R. Moeckel, C. Simó. Bifurcation of Spatial Central Configurations from Planar Ones. SIAM J. on Math. Analysis, 26 (1995), 978-998.

[135] V. Companys, G. Gómez, À. Jorba, J. Masdemont, J. Rodríguez, C. Simó: Use of the Earth-Moon Libration Points for Future Missions. AAS 95-404, (1966) 1655-1666.

[136] C. Simó, The use of time as a complex variable, Memorias de la Real Academia de Ciencias y Artes de Barcelona, Vol.LV, 5, 276–290, 1996.

[137] J.J. Morales, C.Simó. Non integrability criteria for Hamiltonians in the case of Lamé normal variational equations. J. Diff. Equations 129 (1996) 111–135.

[138] V. F. Lazutkin, C. Simó: Homoclinic orbits in the complex domain. Por aparecer en Intern. Journal on Bifurcation and Chaos (UB preprint No. 203 (1996)).

[139] C. Simó, A. Susín, The collision manifold in the planar three body problem, preprint, 1996.

[140] C. Simó y T. Stuchi: Center Stable/Unstable Manifolds and the destruction of KAM tori in the planar Hill problem. Preprint, 1996.

[141] G. Gómez, À. Jorba, J. Masdemont, C. Simó, Study of the transfer between halo orbits, preprint, 1997.

[142] G. Gómez, J. Masdemont, C. Simó, Lissajous orbits around halo orbits, preprint, 1997

[143] J. Font, A. Nunes, C. Simó, Successive quasi-collisions in the planar circular RTBP, preprint, 1997.

[144] C. Simó, Effective Computations in Celestial Mechanics and Astrodynamics, to appear in “Modern Methods of Analytical Mechanics and Their Applications”, Ed. V. Rumyantsev and A. Karapetyan, C.I.S.M. Lectures, 1997.

[145] C. Simó, Methods of Computation of Invariant Tori in Celestial Mechanics. Applications to the Motion of Small Bodies, to appear in “The Dynamics of Small Bodies in the Solar System”, Ed. A. E. Roy, NATO ASI, Maratea 1997.