ENDPOINT ESTIMATES FOR RUBIO DE FRANCIA OPERATORS

MARIA J. CARRO AND CARLOS DOMINGO-SALAZAR

ABSTRACT. The extrapolation theory of Rubio de Francia provides a tool to obtain A,
weighted estimates on LP spaces for every 1 < p < oo, starting from information at a single
1 < po < co. However, the endpoint case p = 1 cannot be reached in general. Classical
extrapolation arguments in the sense of Yano can be added to this setting to deduce results
close to L' without weights. In this paper, we present different approaches that produce
endpoint estimates with respect to the whole A; class. We give applications to the Carleson
operator and maximally modulated singular integrals among others.

1. INTRODUCTION AND MOTIVATION

In 1984, J. L. Rubio de Francia [38] presented one of the most important extrapolation
results in the context of weighted LP spaces. Recall that, given a measure space (€2, 1) and
1 < p < oo, we define LP(u) as the set of yu-measurable functions satisfying

Il = ([ \f(xww))”p .

When 2 = R™ and the measure duy = wdx is given by a non-negative, locally integrable
function w (that we call weight), then we write LP(w). Rubio de Francia’s extrapolation
theorem can be stated as follows:

Theorem 1.1 (Rubio de Francia, 1984). Given a sublinear operator T, if for some 1 < py <
oo and every w € Ay,
T: LP(w) — LP°(w)
is bounded, then, for every 1 < p < oo and every w € Ay,
T: LP(w) — LP(w)
s also bounded.

The classes of weights appearing in Theorem 1.1 are the so-called A, weights, introduced
by B. Muckenhoupt [34] in 1972. For 1 < p < oo, we say that w € A, whenever

w(@ (v @\ _
o\ 1@l ’

|w]| 4, = sup
Q

and u € Ay if
Mu(z) < Cu(z), a.e. zeR",
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with |lu||a, being the least constant C' > 1 that can be taken in such an inequality. The
operator M involved is the Hardy-Littlewood maximal operator, defined on locally integrable
functions f by

1
M) = swp o [ 17w)ld,
Q3 |Q‘ Q
where the supremum is taken over all cubes Q C R" containing x. In fact, as shown by

Muckenhoupt in the same paper, these A, classes characterize the LP boundedness of M.
More precisely, when 1 < p < o0,

M : LP(w) — LP(w)
is bounded if and only if w € A,, and
M : L' (u) — LY (u)

is bounded if and only if u € A;.

Since 1984, Theorem 1.1 has been improved in different directions (see [16, 17, 22| for
further details). For instance, it can be shown that the result is still true for general operators
(not necessarily sublinear), or if we change the strong-type estimates by weak-type ones. Also,
the following quantitative version of Theorem 1.1 was given by Dragicevi¢, Grafakos, Pereyra
and Petermichl in [20] (see also [22]):

Theorem 1.2 (DGPP, 2005). Given an operator T, if for some 1 < py < 0o and every
w e Ap,,

T: LP(w) — LP°(w)
is bounded with constant (|lw| a,, ), with ¢ an increasing function on (0,00), then, for every
1 <p<po and every w € A,

T: LP(w) — LP(w)

s bounded with constant controlled by

Po*ll
Collw|| £
(11) Cl(p W y asp— 1+.

Here C1 and Co are two positive constants independent of p and w.

At this point we should emphasize that, under the hypotheses of Theorem 1.2, it is
not possible to extrapolate down to p = 1, not even if we are only seeking a weak-type
estimate without weights. To illustrate this limitation, we can consider the composition
M? = Mo M. Clearly, M? : LP(w) — LP(w) for every 1 < p < oo and w € A,, but
M? : LY(R") - LY%°(R™). Therefore, finding enpoint estimates (close to L!) for operators
under the assumptions of Rubio de Francia’s Theorem 1.2 becomes an interesting goal.

Now, looking at Theorem 1.2, one can immediately see that, if T' satisfies its hypotheses
with ¢(t) = t* for some s > 0, then

(1.2) T:LPR") — LP(R"), [T\ iorn)—rr@n) < 1)y
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The problem of approaching the endpoint L! only from information in L for p > 1 such
as the one obtained in (1.2) is the starting point of another extrapolation theory, initiated
by S. Yano in 1951. His original result [42] can be stated as follows:

Theorem 1.3 (Yano, 1951). Fiz (Q, 1) a finite measure space, po > 1 and m > 0. If T is a
sublinear operator such that, for every 1 < p < py,

T:LP(p) — LP(p)
is bounded with norm essentially controlled by (p — 1)~™, then,
T : L(log L)™ (1) — L' (u)
1s bounded.

Recall that L(log L)™ (i) € L(p) is the space of u-measurable functions such that

0 . 1 m
Hf”L(logL)m(u) :/o fu(t) (1 +log <t)> dt < o0,

where, as usual, log, denotes the positive part of the logarithm and f} is the decreasing
rearrangement of f with respect to u defined by

[ =inf{y > 0: M) <1}, M) = p({e € Q[ ()] > 1)),

Theorem 1.3 can be extended to o-finite measures and, also, improved in order to have
weaker hypotheses and a better range space. See [7, 8] for more details on this extension.
Before we make its statement precise, let us recall that, given 1 < p < oo and 0 < ¢ < oo,
the Lorentz spaces LP4(u) are defined as the set of u-measurable functions such that

9] d 1/q 0o J 1/q
P R

and
Fllzpsoo(y = sup tA()YP = sup t1/P f(¢).
£l zpoo ) sup (1) Sup (1)
Notice that if p = ¢, then LPP(u) = LP(u), and for every 1 < p < oo, we have the following
chain of continuous inclusions:
LPU (1) C LP2 (1) € LP®(p), 0< g1 < g2 < oo.

We will also need to consider general log-type spaces. For simplicity, we will adopt the
following notation:

logi(z) =1+1log,(x) and logy(x) = log,logy_;(x), for k > 1.

For natural numbers 1 < j; < jo < --- < j, and positive real numbers my, ..., m, > 0, we
define the space

L(log;, L)™ - - (log;, L)™" ()
as the set of u-measurable functions such that

1f [ Lqog;, Lym-(log;,, Lymn (u) = /0 fr(t) logit <t> -+ logi'" (t>dt < 00.

This is the modern version of Theorem 1.3 that we will use:
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Theorem 1.4 ([7, 8]). Given a o-finite measure j1 and m > 0, if a sublinear operator T
satisfies that

T: LMY () — LP ()
is bounded with constant less than or equal to (p — 1)™™ for every 1 < p < po, then

T : L(log L)™ (1) — Em(p)
is also bounded where E, () is the space of u-measurable functions such that

LFE(8)

o

= sup < 00,
HfHEm(u) =0 10g§nt

and fi*(t) := %fg fi(s)ds.

Remark 1.5. Let us just emphasize that the constant of the operator T on L(log L)™(u) in
the previous theorem may depend on pg but not on p or T. This is the standard situation in
all Yano type results that will appear in the paper (see Theorems 2.6 and 2.16).

Therefore, as a consequence of (1.2) and Theorem 1.4, we can immediately deduce the
following endpoint result for Rubio de Francia operators:

Corollary 1.6. Let 1 < pg < 00, s >0 and let T be a sublinear operator such that
T: LP(w) — LP°(w)

is bounded for every w € Ay, with constant |]wa4p0. Then,

T : L(log L)*®D(R"™) — B _1)(R™)
18 also bounded.

Estimates of the type (1.2) (or similar ones when p — oo) for operators satisfying the hy-
potheses of Theorem 1.2 with ¢(t) = t° have appeared in different situations in the literature
(see, for example, [19, 23, 33]). In particular, in [33], a converse argument can be used to
find optimal values of s.

However, as we shall see in this paper, there is still much more to say. Our main goal is
to obtain endpoint results close to L'(u) for Rubio de Francia operators with respect to A;
weights. To this end, we will combine several variants of both Rubio de Francia and Yano
extrapolation theories, and then study under which Rubio de Francia condition on T" we can
obtain the best endpoint estimate.

Before going on, and following the suggestion of the referee, we include a list of the prop-
erties of A, weights that are going to be important for our purposes. Most of them can be
found in Chapter 7 of [21].

i) Coifman-Rochberg characterization of A; weights: Every weight u in the class A4; is of the
form u(z) = k(x)(M f)° where k, k=1 € L, f € L} _and 0 < § < 1. Moreover, if the funcion
k(z) =1, then

C
(13) M5 4y < 7=

with C' some universal constant independent of § and f.
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ii) P. Jones factorization theorem: A weight w is in the class A, if and only if there exist two
weights ug and uy in A so that w = ué_pul. Moreover,
- -1
(1.4) lug Pualla, < lluoll’y, llurlla,-
iii) Clearly, if u € Ay, then u € Ay and |lul|4, < [lul|4,.
iv) By Holder’s inequality, if u € A; and § < 1, then u® € A; and
0 é
(1.5) [ulay < flull%,-
v) If up,u1 € Ay and 1 < p < po, then uf "u; € A, and
- -1
(1.6) lug P ualla,, < luolld llulla,-
To see this, we observe that

PO—2\ 1-po
- —1
ub ™ Puy = (ué’o ) ug.

Hence, by (1.4) and (1.5) and since ||ull4, > 1,

PQ—P
lug Putlla,, < llug®

—1 - —1
1 uallay < lluoll%, P llunlla, < Mol lualla,-

The paper is organized as follows: in Section 2 we present our main results for operators
under similar assumptions to those in Rubio de Francia’s theorem. Then we will see how
different types of operator norms associated with them blow up as p tends to 1, and how this
information can be exploited to extrapolate in the sense of Yano. Next, in Section 3 we im-
prove a particular endpoint estimate which is related to the extrapolation theory introduced
in [10]. Finally, in Section 4, we see how our results can be useful in different applications.

From now on, we will write z < y when there is a positive constant C' > 0 such that
x < Cy. If both z < y and y < x, then we write # ~ y. The constants involved do
not depend on any parameter that is fixed in its context. Moreover, throughout the paper
constants such as C, C1, (s, ... will denote universal constants that may depend only on the
fixed parameters (such as py or p). In the case du = u(x)dz, with u € A; fixed, we shall
indicate the behaviour of the constant in v whenever possible. Otherwise, we shall write C,,.

Finally, we want to thank the referee for his/her thorough report and for all the comments
and remarks that have improved the final version of this paper.

2. ENDPOINT ESTIMATES FOR RUBIO DE FRANCIA OPERATORS

Given a sublinear operator T' defined on the set of u-measurable functions, we say that T’

is of strong-type (po,po) if
T2 LP(p) — LP(p).

It is of weak-type (po,po) if
T : LPO () — L% (p).

It is of restricted weak-type (po, po) if

T I () — D),
and finally, of strong weak-type (po, po) if

T L7 () — LPO%(p).
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In the top part of Table 1, we summarize the four basic cases that we will study in this
section. Notice that the assumptions (first row) will be some of the previous boundedness
at level pg > 1 with respect to A,, weights, and with constant essentially controlled by a
power of |jw|| Ay, - From here, we will deduce the same boundedness but for every 1 < p < pg
with respect to a fixed weight in Ay, keeping track of how the constant blows up when p — 1
(second row). This information will then be used to extrapolate in the sense of Yano with a
suitable technique, and reach an endpoint space of logarithmic type with A; weights (third
row). In the bottom part of the table, we also show what we obtain if we go from the
hypotheses of Subsection 2.3 to those in Subsection 2.4, and then extrapolate from there.

Subsection 2.1 Subsection 2.2 Subsection 2.3 Subsection 2.4
T : LPo(w) — LPo(w) | T : LPO(w) — LPO®(w) | T : LPoL(w) — LPO®(w) T : LPo:*°(w) — LPo°(w)

TN < Mlwll,, ITN < llwli,, 17N < lwlla,, ITN < llwlg,,

T:LP(u) = LP(u) T: LP(u) — LP(u) T : LPP/Po(y) — [P (u) T : LP>®(u) — LP(u)

Cy Cy Cy Cy
IS Gyt TS G=pyeta TN S =yt Tl 'S Gt

L(log L) Po=D+log, L(u)
L(log L)*®=Y(u) | L(log L)*®~Y logy L(u) b= min(1,py — 1) [L(log L)*®o—1=1log, L(u)];

(e, d)-atomic case: b= 0

Subsection 2.5
T: LPO*l(w) — LPO* (w)

TN < llwlla,,

T : LPo®(w) — LPO>(w)

r+phH—1
TN S llwlla,,’

[L(log L)" ¥~V logg L(u)]s

TABLE 1. In all the cases, w € A, v € A1 and 1 < p < po.

For later purposes, let us mention that, using that
M : L'(u) = L (u), M| 21wy proeuy S lwllay

and that M is bounded on L* with constant 1, one can easily prove that, for every u € Ay,

o< Ml [
e s P [ ris

From here, it follows that

]| 4
o Ml ey S T

[[ullay
p—1

(21) ||M||Lp(u)—>LP(u) 5
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Also, the sharp weak-type (p,p) estimate for M due to S. M. Buckley [6] states that

1
(2.2) 1M | o) Lo () S lll 4

2.1. From strong-type to strong-type. In this subsection, our starting hypothesis will
be the classical one in Rubio de Francia’s extrapolation theory. That is, for some 1 < py < oo
and every w € A, T is of strong type (po,po) with respect to the weight w, with constant
e(lwla,).

From (1.1), we can see that, even if ¢(t) = t* for some s > 0, the blow-up of the constant is
exponential except in the unweighted case, and thus Yano’s theory cannot be applied directly.
To avoid this problem, our first result is an easy modification of the proof of Theorem 1.2 in
[22]. We believe it is well-known to the experts in the topic but we have not found a proof
in the literature and hence we include it for the sake of completeness.

Theorem 2.1. Given an operator T', if for some 1 < pg < 0o and every w € Ap,,
T: LP(w) — LP°(w
is bounded with constant ¢(|lw||a,,), where ¢ : [0,00) — [0,00) is an increasing function,
then, given u € Ay,
T: LP(u) — LP(u)
1s bounded for every 1 < p < pg with constant controlled by

cr o ((2). ()" ()

Proof. In order to get the behavior of the constant, we shall proceed in two different ways:
1) Given u € Ay, let us consider the Rubio de Francia algorithm:

[e.e]

- M* f(x)
Rf(z) =3 25| M| o () Lo ()

k=0
Then, clearly, f < Rf, Rf € A; and using (2.1) we obtain that
ul|a
[Rf 4y < 20 M|[r(uy—rrw) S |]|)|_|117
and
IRf ey < 20 F 1| Lew)-
Therefore,

/ ITF (&) Pule)dz = / T F ()P (RF ()55 P (R f () %0 PP () da
P 1_ P

< ([ wipr @) ( [@i@roa) "

1—2

p(Po—P) )

<% eyl (| \f(x)\pou%f(x))pmu(x)dw)”%( JCRE

S elrpr s, ( [ 1@l uta).
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and we obtain that 7" : LP(u) — LP(u) with constant less than or equal to the first term in
(2.3), since, by (1.6),

[Jull’},
(p—1)po—t

2) To get the second term in (2.3), we avoid the use of Rubio de Francia’s algorithm:

IR Poullay S IR lullay S

/ T F (&) Pu(e)de = / T ()P (M f ()76 ® PO (M f ()76 PP ()l

D P

< ([rs@parr )" (| <Mf<x>>ﬁu<x>dm)lp°.
Now, by (1.4) and (1.3), we have that w := (M f)Pu € A,, with

(M f)rt

po—1

q—p] 1 Po
(2.4) lholla,, = [(Mf)f'o } u ulas

Apo A1

_ po—1
S(220)7 s

Hence, we can use our assumption and (2.1) to deduce that

/|Tf(x)|pu(x)dq:
. S0(‘|U)’Ap°)p</‘f(gc)‘po(]V[f(gc))p]DOIL(:E)M>%((HUEAf)p/‘f(%)\pu(av)da) -
= <%>p(l_;))w<(pc“U|’gl 1> (/|f )[Pu(z dx)

and the result follows taking the minimum of both constants. O

We observe that, since we are interested in getting the slowest blow-up possible in terms
of p, the constant obtained by the first procedure is better for our purposes. However, in
standard cases (pg = 2, ¢(t) = t), it gives a worst exponent in |lu|| 4.

As a first consequence, we obtain the following extension of Corollary 1.6 for weights
u € Al.

Corollary 2.2. Let 1 < pg < 00, s >0 and let T be a sublinear operator such that
T: LP(w) — LP°(w)
is bounded for every w € Ay, with constant HwHZpO. Then, for every u € Ay,

T : L(log L)*™ =Y (u) — By _1y(u)

is also bounded with constant less than or equal to Cllul|}?.

Remark 2.3. We shall keep the letter s for the exponent of ||w||,, in the strong-type (po, po)
case.
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2.2. From weak-type to weak-type. In this subsection, the starting hypothesis will be a
weak type estimate at the pg-level for every weight in the Ap, class. This information will
give us a weak type estimate at any level 1 < p < pg for every weight u € A; and this new
information will finally lead us to the boundedness of our operator in a space near L.

Theorem 2.4. Let T' be an operator such that, for some 1 < py < oo and every w € Ay,
T : LP(w) — LPO°(w)

is bounded with constant ¢(||lw||a,,), where ¢ : [0,00) — [0,00) is an increasing function.
Then, for every 1 < p < pg and every u € A,

T:LP(u) — LP*°(u)

s bounded with constant controlled by

11 po—1
i po—1
Cillully, (02 = HuHm) .

Proof. Let v > 0 and y > 0,

Po
Ny (0) < M) + 97 E [ Qe @u(e)da,
Y= T fI>y}

Then, by hypothesis, since w = (M f)P"Pou we deduce that

pO
) < Alslry) + P & [1r@pa sy

||A
< Migtw) +rr ZEE [y
Using (2.2), we have that
[[]la
s < ol 1,

Combining these two facts and multiplying by y? we obtaln

lellas . po-
50 5 (P04l ) 17,

Finally, we can minimize the right-hand side with respect to v > 0 by choosing v =

Hqu/pO (HwHAPO)_l, and taking supremum over y > 0, we get,
1T 111 oy S el P el g P A1
This estimate, together with (2.4), completes the proof. O

Corollary 2.5. Under the hypotheses of Theorem 2.4, with o(t) = t° for some o > 0, we
obtain that, for every u € Ay,
T: LP(u) — LP>°(u)

is bounded with constant less than or equal to

L

ol
CHUHAlp
(p— 1) o(po—1)"
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At this point, we have to use the first variant of Yano’s extrapolation theorem concern-
ing weak-type spaces. In 1996, N. Yu Antonov [1] proved that there is almost everywhere
convergence for the Fourier series of every function in Llog L logs L(T). Even though he did
not write it explicitly, behind his ideas there was the following extrapolation argument (see
[2, 11, 12, 39] for more details):

Theorem 2.6. Let 1 < pg < oo and m > 0. If T is a sublinear operator such that
(2.5) T o LP(4) —> L (p)
is bounded with constant controlled by (p — 1)™™ for every 1 < p < py, then

T : L(log L)™ logg L) — Rin (1)
is also bounded, where R, (1) is the space of p-measurable functions such that
)
log" (%)

Corollary 2.7. Under the hypotheses of Theorem 2.4 with ¢(t) = t°, we obtain that, for
every u € A,

1A o) = sup <00
t>0

T : L(log L)*®0~Ylog, L(u) — Ry (py—1)(u)
1

o+1——
is bounded with constant less than or equal to Cllu|| 5, ™

Remark 2.8. We shall keep the letter o for the exponent of |w||p, in the weak-type (po,po)
case. Clearly, for a given operator, o < s.

Remark 2.9. It is important to mention that, in order to prove Theorem 2.6, we only need
to assume that the sublinear operator T' satisfies, for every function f such that || f]lec < 1,

1 1
(26) IS nest) S oyl 13-
From here, the boundedness on L(log L)™ logs L(i) is obtained by expressing f as an appro-

priate linear combination of functions bounded by 1. This estimate (2.6) can be deduced from
(2.5), but it also follows from the weaker boundedness

T2 L7 () — LP>(p),
with constant (p — 1)~™.

2.3. From restricted weak-type to restricted weak-type. For many interesting oper-
ators, the hypothesis that we have is not of weak type, but a weaker condition such as a
restricted weak type estimate. That is, we only know the weak type inequality for functions
of the form f = yxg. In this subsection we shall see that we can also obtain some boundedness
in a space near L.

Theorem 2.10. Let T' be an operator such that, for some 1 < pg < 0o and every w € Ap,,
T : LPOY (w) — LPO° (w)

is bounded with constant ¢(||lw| a,,) where ¢ : [0,00) — [0,00) is an increasing function.
Then, for every 1 < p < pg and every u € Ay,

T2 L7790 (u) — LP™(u)
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18 bounded with constant controlled by

11 po—1
-k po—1
Cillully, (02 = uunAl) .

The proof follows the same pattern as in Theorem 2.4 with the obvious modifications.
However, since the result is not the one we can initially expect and we have to be careful
with the behavior of the constant, we include the details.

Proof. Let v > 0 and y > 0. Then, if w = (M f)P~Pouy,

. yp()
Ne(y) < Niyglyy) 4L / w(z)de
d d Y2 JyTfsyy

1/
" _pyellwlla,) [ "
S O Aus(vy) FAPTP w(z)dz dz
0 {If1>z}

Po
yp

But, since p — pp < 0, we can bound w = (M f)P7Poy < zP~Poy on the set {|f| > z}, so we
conclude that

o(lwlla, ) [ [ » Yo\
b)) S A () 4 SN A ) / 2t / w@)de | d
yr 0 {f]>#}
olwla,, )P
~ Awr(vy) +7 pTPOHfHI;p,%(u)-

The result follows as in Theorem 2.4, using (2.2) and the fact that || f||1r@) < HfHLp%( .
u

O
Lemma 2.11. If T is a sublinear operator such that, for every 1 < p < pg,
T : LV (1) — L7 (p)

is bounded with constant less than or equal to (p — 1)™™, then:

(i) It holds that
T 1P () — 1P ()
is bounded with constant less than or equal to C(p — 1)1,
(ii) For every function f such that || f|lco <1,

1 1
IT Aoy § ———=r W1
(p—1 g

Proof. (i) The first result is well-known since, for every measurable set F,

1
(2.7) ||TXE||LPa°°(u) S WM(E)7

and LP*°(u) can be endowed with a norm || - ||« such that

1
[flzece < WFlle < Z=7 1 Fllee o,
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and hence the above estimate over measurable sets can be extended to any function by adding
a factor 1% to the constant.

(ii) Let f be bounded by 1. Then

1 oo 1 po/p 1 . 1/p N
— 0 po—1
iy, = (o rmdsa)™ < ([wa) " ([ ita)

po—1

1 1y »
< I (B=1) T
and the result follows. OJ

As a consequence of Theorem 2.10, Lemma 2.11 and Remark 2.9, we obtain the following
endpoint estimate:

Corollary 2.12. Let 1 < pg < oo, r > 0 and let T' be a sublinear operator such that
T : LPOY (w) — LPO(w)
is bounded for every w € A,, with constant Hngpo. Then, for every u € Ay,
T : L(log L)? log L(u) — Ra(u)
+1--L
is also bounded with constant C’Hqu41 "0, where B = r(po — 1) + min(1,po — 1).

Remark 2.13. We shall keep the letter r for the exponent of ||w||p, in the restricted weak-type
(po, po) case. Clearly, for a given operator, r < o < s.

Remark 2.14. There is large class of operators (called (g,9)-atomic approzimable, see Defi-
nition 3.2 and [9, 10]) for which an estimate of the form (2.7) implies that, for every function
f bounded by 1,

Oy )HleL/l”u)

Hence, by Remark 2.9, we obtain that if an operator T in this class satisfies the hypotheses
of Corollary 2.12, then
T : L(log L)~ 1og, L(u) — Ry (py—1)(w)-

2.4. From strong weak-type to strong weak-type. The motivation of this subsection
is the following: in [13], it was proved that one can improve the endpoint space obtained by
the classical Yano’s extrapolation or even by Antonov’s extrapolation by assuming a stronger
condition on T'; namely that the operator is of strong type on the bigger space LP**°. Hence,
we want to apply our technique to the case of operators when the starting hypothesis is
precisely to have a strong type estimate at level LP°->° with respect to every A,, weight with
the hope of improving the final boundedness near L!. We shall see that this is the case.

Theorem 2.15. Let T' be an operator such that, for some 1 < pg < 0o and every w € Ap,,
T : LPO(w) — LPO°(w)

is bounded with constant ¢(|lw||a,,), where ¢ : [0,00) — [0,00) is an increasing function.
Then, for every 1 < p < pg and every u € A,

T : IP(u) —s LP™(u)
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Collull%,
Cip <(p “ 1 )

Proof. We use Rubio de Francia’s algorithm as follows:

RIG) =Y e

£t 2F|| MF|| po.oo (u)—s oo ()

Then, clearly, f < Rf, Rf € A; and using (2.1) we obtain that

1s bounded with constant

- lulla,

18fllar < 20Ml| ooy rroow) S 57

and

”RfHLp’oo(u) S 2Hf||Lp,00(u)
Let v > 0 and y > 0,

N () < s () + AP /{ o @)
Yy

yP
Then, by hypothesis, we deduce that if w = (Rf)P~Pou,
b < Ayl - P g [ g
Y z>0 {If1>=}
< Are(yw) + 7p°_pW sup 2P /{If }u(:L‘)d:U.
z >z
Using that

2p
p
%f(’)’y) < PP ||f”Lp,00(u)7

we obtain

1 _
P10 5 (35 77 Pl ) 1 e

and the result follows minimizing with v = ¢(||w|| Apo)_l and using the estimate analogous
o0 (2.4) with R instead of M. O

The third variant of Yano’s extrapolation theorem we need is the following;:
Theorem 2.16 ([13]). Let pu be a o-finite, non-atomic measure, 1 < py < oo, m > 0, and let
T: LP™(p) — L™ (p)

be a bounded sublinear operator with constant controlled by (p — 1)™™ for every 1 < p < py.
Then,
T: [L(log L) logs L(1)], — Run(i2)

is bounded, where X = [L(log L)™ "logz L(y)], is the set of measurable functions such that

17 = W lar + [ =P (g, (1)) gy (L)ay < .
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Remark 2.17. Here, we have to emphasize that

L(log L)™ logs L(p) & [L(log L)™' logz L(p)] , -
Thus, except for the logs L factor, we can say that in order to obtain the best estimate from

a Yano’s extrapolation type theorem, it would be convenient to compute the best strong weak-
type (p,p) constant for T as p — 1.

Corollary 2.18. Let 1 < pg < 0o, and let T be a sublinear operator such that
T : LPO™>°(w) — LPO°(w)

is bounded for every w € Ay, with constant HwH%pO. Then, for every u € Ay,

T : |L(log L)O‘(pofl)*llogg) L(u) ) — Ra(po,l),l(u)

is also bounded with constant less than or equal to C|lu|%".

Remark 2.19. We shall keep the letter a for the exponent of |w||,, in the strong weak-type
(po,po) case. Clearly, for a given operator, r < o < «, but there is no clear relation between
a and s.

2.5. From restricted weak-type to strong weak-type. Taking into account Remarks
2.13 and 2.17, it is clear that a good way to obtain the best endpoint estimate would be to
seek good restricted weak-type estimates for T' with respect to every weight in A, (that is, a
small exponent r) and from here, try to find a good constant for the strong weak-type (p, p)
with respect to Ay weights. In other words, we want to find an optimal way to relate r and
0 in the following situation:

_C
(p—1)°%
To this end, we shall use the following interpolation result which is proved in the Appendix.

T: LY (w) — D0%(w),  Clwll, = T : LP%(u) — LP(u),

Lemma 2.20. Let 0 < sg,81 <1< qy < q1 < oo and let T be a sublinear operator such that,
for some weight u,

T : L9% (u) — LY (u)
is bounded with constant M;, for j = 0,1. Then, for every 0 < 0 <1, if% = 1(1—700 + ;%, we
have that

T : LT (u) — L°(u)
s bounded with constant controlled by BMol_er, where

B_( Q04 >”S° ( 11 )1/51 <ql)1/81
s0(¢ — qo) s1(q1 — q) 51

Theorem 2.21. Let 1 < pg < oo, and let T' be a sublinear operator such that
T : LPoY (w) — LPO ()

is bounded for every w € Ay, with constant p(||wl|a, ), where ¢ : [0,00) — [0,00) is an
increasing function. Then, for every w € Ap,

T 1 LPO™° (w) — LPO™°(w)
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is bounded with constant less than or equal to Cl||wHZ’p;1g0(02||wHAPO).

Proof. From our hypothesis, we can write that, for every measurable set £ C R"™ and every
w € Apy,

ITXE Lroew) < @llw]]a,, )w(E) /7.
This estimate can be extrapolated up by means of the modern version of Rubio de Francia’s

theorem (see its statement in [22]) and, given € > 0, we obtain that

”TXEHLp0+s,oo(w) < (P(CHU)”Ap0+a)w(E)1/(pO+a),

for w € Apy4e. In particular,

(2.8) T - Lpo-I—a,l(w) N LpoJra,OO(w)7
for every w € A, and constant controlled by
o(Cllwlla,,)
TP (O .
R S e(Clulay,)

Now we want to extrapolate down to py —e. Fix w € Ay, and set ¢ = C(pg — l)Hsz;fo

in such a way that w € Ap,—2c and [[w||a,, ,. < [lwlla,, (see [29]). Now we proceed as in
Theorem 2.10. For every measurable set £ C R", v > 0 and y > 0,

agwswhxm+ff/ (M) (@)w(z)dr.
{ITxe|>y}

But, using [22, Lemma 2.1],
I(MxE) wlla

so we can use our hypothesis and (2.2) to deduce that

vo S NOIXE) 2 Nl 4y -2 S o]l ayg s

_ I
PN ) 5 (o + %0l ) wlE).
Minimizing in v > 0 we conclude that
po(pgo—f)

178 ey S Tl @ (wlla,, Ju(E) 07,

and hence
(2.9) T: Lpo_e’l(w) — LPO75%°(w)
with constant .
[w]| 5270 o([|w]] 4, )
PQ PO’ <
o S ol

recalling that ¢ ~ (pg — 1)||w]\}4_p(1:6. Finally, we use Lemma 2.20 with (2.9) and (2.8) to
conclude that
T [P0 (1) —s LP™(w)

Co(Cllway,)
€

with constant controlled by £~ p0\|w||i°p;1g0(0||w]|l4po). O



16 M. J. CARRO AND C. DOMINGO-SALAZAR

Corollary 2.22. Let 1 < pg < o0, and let T' be a sublinear operator such that
T : LPO (w) — LPO° (w)

is bounded for every w € A, with constant ||w||’:4p0. Then, for every u € Ay,

T : |L(log L)" ™~V log, L(u) N Ry (po—1)(w)

is also bounded with constant less than or equal to C’Hu”iffmo,

3. A DIFFERENT CLASS OF WEIGHTS

Very recently, the authors in [10] presented a different kind of extrapolation in the sense
of Rubio de Francia that allows us to reach the endpoint p = 1 at least when restricted to
characteristic functions. More precisely, they introduced a new class of weights /Tp, closely
related to A, in such a way that, if an operator T" satisfies

(3.1) T : LPo (w) — [P (w),
for some 1 < pg < oo and every weight w € Epo, then we can conclude that
1TXEl L0 w) S u(E),

for every u € A; and every measurable set & C R™. The class ﬁp is obviously larger than A,
because otherwise we would have, again, M? as a counterexample. However, it holds that,
for every 1 < p < oo and every € > 0,

A, C A, C Ay,
The precise definition of these classes is
Ay ={(Mf)"Pu: feLl, ue A},

and they are a subclass of the so-called A;z weights, introduced in 1982 by R. Kerman and
A. Torchinsky [30] to characterize the boundedness (3.1) of the Hardy-Littlewood maximal
operator M. The extrapolation presented in [10] is more general, but the most interesting
part for our purposes can be stated as follows:

Theorem 3.1 ([10]). Let T be a sublinear operator such that, for some 1 < py < oo and
every w € A\po, it holds that
T : Lot (w) — LPO°(w).
Then, for every u € Ay,
) ITxellLre@ S ulE), ECRY,
(ii) T : L(log L)% (u) — L1 >°(u), &> 0.

loc

It is known that, in general, the estimate (i) cannot hold for every function f € L(u).
Take, for instance, the operator

)




ENDPOINT ESTIMATES FOR RUBIO DE FRANCIA OPERATORS 17

which was introduced in [3] and is related to Bourgain’s return time theorems. It trivially
satisfies Axp < Mxp (and hence, the assumption of Theorem 3.1), but it is not of weak-
type (1,1). However, it can be proved that, for a wide class of operators called (e, §)-atomic
approximable (see Definition 3.2 below), the estimate on characteristic functions (i) is in fact
equivalent to the weighted weak-type (1,1).

Definition 3.2. Given § > 0, a function a € L*(R"™) is called a §-atom if it satisfies the
following properties:

¢ [zna=0, and

e there exists a cube QQ such that |Q] < 6 and suppa C Q.

With this, a sublinear operator T is (e,d)-atomic if, for every € > 0, there exists 6 > 0 such
that

ITall L1 (mr)4Loo (mry < €llall L1 @nys
for every §-atom a, and T is said to be (g,0)-atomic approzimable if there exists a sequence

{T}rn of (¢,0)-atomic operators such that, for every measurable set E, |T,xg| < |TxE| and,
for every function f € L*(R™) with || f|e <1,

|Tf(x)| < lminf|T, f(z)], a.e zeR"

In [9], the author shows that this is not a strong property to assume on an operator. For
instance, it is checked that if

(3.3) Tf(z) = K« f(z),

with K € LP(R™) for some 1 < p < oo, then T is (g, )-atomic, and if {1}, }, is a sequence
of (g,0)-atomic operators, then sup,, |1, f(z)| is (¢,)-atomic approximable. See [9, 10] for
more examples.

Therefore, the conclusion (ii) of Theorem 3.1 is especially interesting for operators which
are not (g,d)-atomic approximable, since in this case, (ii) is the best endpoint result that
is not restricted to characteristic functions. In this section, we will see that this can be
improved to the larger space Llogy L(u).

Theorem 3.3. Let T be a sublinear operator such that, for some 1 < pg < oo and every
w € Ap,, it holds that

T : LPoY (w) — LPO°(w)
is bounded. Then, for every u € Ay,
T : Llogy L(u) — Li>°(u)

loc

15 also bounded.

Proof. First, we apply Theorem 3.1, which yields

(1) I1Txellprsow) S u(E),
(ii) T : Llog L)¢(u) — L1 (u).

loc

Since L!(u) N L™ is continuously embedded in L(log L)¢(u), from (ii) we deduce that,
(3.4) T : L' (u) N L™ — L™ (u).

loc
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Take now a non-negative function f = fo + f1, with fo = fx{r<1) and f1 = fxqs>1). By
sublinearity, we have that HTfHLl{;f(u) < HTfOHLI{;(‘j"(u) + HTleLl{f’(u)' For the term with fj,
we use (3.4) and || folloo < 1 to get

1T foll pr.ooy S Ml foll ey + 1 folloe < [[fllL10g, £ew) +1-
loc ( )

Now, to deal with f;, we need to resort to [40, Lemma 4], where the author presents the
following decomposition for non-negative functions:

[e.9]

(3.5) fi(z) =YY 2Fxp, (x) ae zeR”,

j=1 keZ

where the sets Ej, ; depend on f; and are defined in such a way that, for every weight (in
particular u),

u(By ) < N, (254).
For every N > 0, set f{¥ to be the following truncated series:
N
le(x) = Z Z QkXEk,j (.T})
J=1 [k|<N
Next, since it is a finite sum, we use the sublinearity of 7" and (i) in order to obtain
o0
. k k+j
(3.6) I Y ey S D Yo (1) 3 2 logy (KXY, (2549).
j=1 kEZ

The logarithmic terms come from Stein and Weiss’ lemma for the LY quasinorm (see [41]).
Now, fix j > 1 and split the inner sum into three pieces: Ij1 + Ij2 + Ijs. The first one will be

I]l = Z Qk log1(|k|) 1;1(2k+j) < ||f||L10g2L(u) Z 2_k IOgl(k)
k<—j k=j+1

Here we used that, since f; > 1, we have )\}1(2]‘7“) < |l 210g, £(u) Whenever k < —j, because
in this case,

XE (29 = Ap (1) < 11F1 1 1ogy £()-

The second term we need to consider is

0 0
17 =" 2Flog (kA (2F) = 279 Y~ M log, ([k[)AY, (251)
k=—j k=—j

J
<279 f | 1ogy Lw) D 1081 (R).
k=0
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Here we just used that tA% (t) <[ fllL10g, L(u), for every t > 0. Finally,

17 =" " 2Flog; (k)AY, (25) < 2793 " 2" log, (k + j)AY, (M)
k=1 k=1

< 2—j/0 )\qjﬁ(s) log,(s)ds < 2_j||f||L10g2 L(u)-

Now we go back to (3.6) and using the bounds for I, m=1,2,3, we conclude that

00 0o J
I ey S oy 2y D Joma () |30 27 ¥ log (k) + 279> oy (k) + 27
j=1 k=j+1 k=0

S HfHLlog2 L(u)-
Therefore, we have that HTleHL}C;jO(u) S I flp1og, Lewy- If we show that f converges to
f1 in Llogy L(u), then we conclude \|Tf1||L1,oo(u) S I fllz1og, £(u) and hence,
loc

”TfHLlloso(u) S HfHLlogQ L(u) + 1.

From here, we finish the proof changing f by «af and letting « tend to infinity. To show
that fi¥ — f1 in Llog, L(u), we observe that the difference fi(x) — f{(z) decreases to zero
for almost every x € R™, since fi¥ is a partial sum of a convergent series of positive terms
that coincides with f; almost everywhere. In particular, its decreasing rearrangement with
respect to u satisfies that

(fi — fH5(1t) — 0, ae. te(0,00).

u

On the other hand, |f; — f{| can be pointwise controlled by f; € Llogy L(u), so

. 1
(fi = FVa(t)logs ;
Therefore, by the dominated convergence theorem,

(@) . 1
11— le”LlogzL(U) = /0 (fi = fi)5(t) log, Zdt — 0,

as N — 00, so we finish the proof. ]

< (F)i(t)logy 7 € L'(0,00).

4. EXAMPLES AND APPLICATIONS

4.1. Composition of Rubio de Francia operators. Many times, we are interested in
operators T that can be expressed as a composition of other (simpler) ones, say T~ T7 o T5.
It is clear that if we have boundedness information for 77 and 75, and it can be put together as
a composition, then we can draw conclusions for the original operator 7. We will exemplify
this with Calderén-Zygmund operators, although the same argument can be carried out
with other operators for which their strong and weak-type (p, p) boundedness constants are
known. We will also present an application to the composition of commutators of general
linear operators.

A Calderén-Zygmund operator is an L?(R™) bounded integral operator T whose kernel
satisfies certain standard growth and smoothness conditions. This definition includes the
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Hilbert, Beurling and Riesz transforms, among others, and it is well-known they are of strong-
type (p,p) for every 1 < p < oo and every A, weight. However, the sharp dependence of the
boundedness constant on the weight was the result of several years of research culminating in
[27]. In [28], the authors extended the result to maximal Calderén-Zygmund operators and
included the weak-type case. If K is the kernel of a Calderén-Zygmund operator T, then we
define

T.f(xz) = sup
0<e<d

Y

/ s K@ @y

and the main result in [28] states that
o | Tullzrw)—rrooq) S llwlla,, 1<p<2,
1
o |Tullr(wy—row) S lwllh's 1<p<2

Calderén-Zygmund operators and their maximal versions are known to be of weak-type (1,1)
for A; weights. However, if we consider a family {7;}¥_,, with k& > 2, this need not be true

for the composition T o - -- o T}. By iteration of the previous estimates, we have that
k-1

o [Tiso 0 Thullirwysrroow) S lwlly " 1<p<2,
k

o [Tis0- 0 Thullow)srrw) S lwlli's 1<p<2

Using Corollary 2.7 on the weak-type estimate, we conclude the following:

Corollary 4.1. Given a family of Calderon-Zygmund operators {Ti}f:l, with k > 2, and
u € Ay, it holds that, for every e > 0,

Tiwo--0Tyy: Lllog L)* " logy L(u) — Ry_14c(u).

Notice that if we had used the strong-type estimate with Corollary 2.2, we would have
gotten boundedness on L(log L)*(u), which is a smaller space.

Our next example will seek endpoint estimates for the composition of commutators. First,
recall that a locally integrable function b : R” — R is said to be in BMO if

1
1bllsao = sup — / Ib(y) — boldy < oo,
o 1QlJg

where by = ﬁ fQ b is the average of b on the cube Q). Given an operator 1" and a BMO
function b, we define the commutator

b, T|f =bTf—T(bf).

We can also define the k-th order commutator as T, bk = [b,Tbk*l] for every k > 1, being
Tb0 = T. The special case when 7' is a Calderén-Zygmund operator was first considered in
[15], and in [36] it was shown that [b, T is not of weak-type (1,1). This motivates the study
of endpoint estimates for commutators. In our case, however, we will deal with general linear
operators T and their commutators with BM O functions, in the spirit of [14]. More precisely,
we will make use of the following result, that can be found in [14, Corollary 3.2] for py = 2
and extended to 1 < pg < oo by obvious modifications. Also, the case k = 1 can be found in
[35].
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Theorem 4.2. Let T be a linear operator, 1 < pg < oo and b€ BMO. If
T: LP(w) — LP°(w)
is bounded for every w € A,, with constant C’Hw||f4p0, then, for every k > 1 and every

w € Ay,
TF : LP°(w) — LPO(w)

1
ax{L gy o

km
is bounded with constant less than or equal to CkHbH%MOHwHAPO

In view of this behavior, a direct application of Corollary 2.2 produces the following
weighted endpoint result for the k-th order commutator and A; weights.

Corollary 4.3. Let T be a linear operator, 1 < pg < oo and b € BMO. If
T: LP(w) — L (w)

is bounded for every w € A,, with constant C’||w||i1p0, then, for every k > 1 and every u € Ay,

Tgf : L(log L)kmax{pofl,l}+8(pofl) (u) — Ekmax{p071,1}+8(p071) (u)

is also bounded with constant less than or equal to CkHbH’fBMO||uHZTlaX{pO’pO}+Sp°.
4.2. The Carleson maximal operator. Our next application will yield an A; weighted
endpoint estimate for the Carleson operator, defined by

2miay
Cf(x) =sup lim/ eif(y)dy
lx—y|>e

acR | €0 r—y

Our argument will be based on a restricted weak-type (p, p) estimate for C with respect to
Aq weights.

Proposition 4.4. Given 1 < p < 2 and u € Ay, it holds that, for every measurable set
E CR,
Cu

(),

ICxE Lroo () <
for some Cy > 1 depending on the weight.
Proof. In [26], the authors prove the following good-A inequality for C:

o € 1 CF(@) > 3N My (@) < AN < CICH gy oo I

for every v, A > 0, p > 1, and with {I;}; being a family of disjoint open intervals such that

{cr>x=1.

As usual, the operator M, is defined by M,f = (M( fP))Y/P. If we only consider charac-

teristic functions f = yp, we can go over the proof in [26] and check that we can replace

ICll o (R)— Lp-oo () DY p%l, using the well-known estimate by R. Hunt [25]:

|E|1/p
(4.1) ICXE| Lpoom) S 1

l<p<2.
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Therefore, we get that, for every measurable set £ C R,
CHP

{z € I : Cxp(z) > 3\, Mxp(z) < APAP}H < p-1P

|15

Now, define
B= {CXE > 3\, Mxg < PN},

and pick v > 0 in such a way that = g, for some € > 0 to be chosen later. Then, we

(p 1)
can just write

[I; N B| < e|1.
Using the sharp Reverse Holder property of A; weights (see [37]), we know that, for § =
L+ goragay

u(I; N B) < u® ()10 BIYY < 2u(Iy)| 1| =110 BIY < 260 u(Ty).

With this estimate and recalling the definition of the intervals I, we have that

u({Cxe > 3A}) < Z ;N B) + u({Mxg > "'}

< 251/5 uw({Cxp > A}) +u({Mxp > PAP}),
and hence,
1CXE (T (o) < 3728 NICXE T e (o) + 377 PIM x| L1 ()
Now we choose € > 0 such that 372¢'/%" = 1/2, and using (2.2),
ICXE N ey < 2+ 37 Pl ayu(E)

To conclude, we only need to recall the value of v, € and § to write

1+2”+1u ull o
C1/p21/p_3(4_3p) % |u Hl/P

ICXEl Lpoo(u) < — u(E)HP =

Cy
p—1

u(E)YP.

Theorem 4.5. For every u € A1, we have that
C: Llog Llogg L(u) — Ri(u)
is bounded.

Proof. First, notice that the Carleson operator C is (e, d)-atomic approximable. The easiest
way to check this is to recall that

Cf(x) ~ f(z)+ sup ‘/ G 2mgd§' )+ sup |Srf ()],
ReQ

where Sg is of convolution type with kernel in L?(R), for every R € Q. Hence, by (3.3),

{Sr}Rreq is a sequence of (e, d)-atomic operators and we prove our claim. The result now

follows by Remarks 2.9 and 2.14 together with the estimate in Proposition 4.4. ([l
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Remark 4.6. Notice that, in Proposition 4.4, we could have worked with the good-X\ inequality
for general functions (and hence, with the norm ||C||Lpr)—rp.o(r))- In this case, we would
have gotten weak-type (p,p) estimates instead of restricted weak-type ones. However, the fact
that C is (g,0)-atomic approximable and that it satisfies (4.1) with a good constant, makes
that, in terms of extrapolation, it is more interesting to deal with characteristic functions.
Theorem 4.5 extends Antonov’s enpoint estimate [1] for C and shows that the Fourier integral
on R is pointwise convergent for every function f € Llog Llogs L(u) with u € A;.

4.3. Maximally modulated singular integrals. In view of the previous subsection, we
can prove the following general result that only relies on a certain good-A inequality. As we
shall see, a wide class of operators called maximally modulated singular integrals will fall
within the scope of this result (see [24, 19]).

Theorem 4.7. Assume that T is a sublinear operator such that, for an increasing function
Y on [1,00), it satisfies

p
o€ Qs Thw) > 30 M) < W < 0 (1) 7l

for every v, A >0, 1 < p < po, and with {Q;}; being a family of disjoint open cubes covering
{Tf > \}. Alternatively, we can assume that the same holds only on characteristic functions
f = xg with a function 1, instead of 1. Then, when u € A1,

o T : LP(u) — LP*°(u) is bounded with constant controlled by C\1) <Zﬁ)

e [t holds that .
17Xl ooy < Cutr <p_1> u(E)V?.

Naturally, depending on the expression of ¢ (or v,), and whether T is (e, d)-atomic or
not, one can try to extrapolate these estimates for particular examples of T', as we did in
Theorem 4.5 for the Carleson operator C with 1, = Id. As we anticipated, other examples to
which we can apply Theorem 4.7 are the so-called maximally modulated Calderén-Zygmund
(maximal) operators. Following the presentation in [24], we recall that given a standard
Calderén-Zygmund operator T with kernel K and a family ® = {¢,}ac4 of measurable real-
valued functions indexed by an arbitrary set A, we can define the maximally modulated T
with respect to ®:

T f(2) = sup [T(270) f)(a)].
acA
This definition is motivated by the Carleson operator, for which T is the Hilbert transform
and @ is given by ¢4(y) = ay, for every a € R. Also, mimicking what we do with singular
integrals, we can define the maximal version of T'® by
T2 f(z) = supsup [T.(e*™%0) f) ()],
e>0acA

where T is the truncated operator defined by
i@ = [ K@l
|lz—y|>e

In the proof of the main result in [24], if we keep track of the constants, the authors show
the following:
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Theorem 4.8. Let T' be a Calderon-Zygmund operator and let ® be a family of measurable
real-valued functions. Take T € {T® T}, Assume that T maps LP(R™) into LP>°(R™) for
p > 1 with norm ||'T| pp(rn)— Le.corn)- Then, T is under the hypotheses of Theorem 4.7 with

1

w (p_1> = CHTHLP(R")%LP,OO(RTL).

Alternatively, if we have an estimate on characteristic functions || TxE||rp.comn) < C’p]Ell/p,
then T is under the hypotheses of Theorem 4.7 with

1
(e <p_1> = Cp-

Remark 4.9. Since T is a Calderon-Zygmund operator, we know that it satisfies Cotlar’s
inequality and one can readily show that TL f(x) < M f(z)+ M (T® f)(x). With this, together
with the bounds || M || pp.cc(mr)—1roo(R) S pil and || M || pp.0orry—rr@) < C for p > 1, we get
that

¢ < HT(I’”LP(R")HLP’OO(R")
HT* HLHR")—)L%OO(R?L) N . 1 .

Therefore, one can always write a good-\ inequality for T in terms of ||T¢‘|Lp(Rn)_)Lp,oo(Rn).

The combination of Theorems 4.7 and 4.8 is similar to the results presented in [19], where
the authors study weighted strong-type (p,p) estimates for maximally modulated singular
integrals T® that satisfy an a priori weak-type (p, p) inequality without weights. In the same
paper, the authors also show that, for 1 < p < 2,

1
< 10g2 (pj)

(4.2) ICIl L (R)— Lo (®) S o1
and

1
(4.3) ”ClacHLP(R)aLPW(R) S logy <p—1) .

Here (i, is the lacunary version of C, defined as a maximally modulated Hilbert transform
H? with ® = {ay}aec, where the index set A C R is lacunary, in the sense that

ja —d|

=C>0.

inf
a#a'€A |a|

As we pointed out in Remark 4.6, the use of (4.2) to obtain weighted (p, p) results and then
extrapolate does not offer an improvement of Theorem 4.5. However, let us see what we can
obtain for the lacunary Carleson operator:

Corollary 4.10. For every 1 <p <2 and u € Ay,

1
||ClaC||Lp(u)_>Lp,oo(u) g Cu logl <p_1> .

In particular,
Clac : Llogy Llog, L(u) — Ry (u).
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Proof. The weak-type (p,p) estimates come from (4.3) together with Theorems 4.7 and 4.8.
The endpoint estimate can be obtained by a suitable modification of Antonov’s Theorem 2.6
so that it admits the logarithmic blow-up of the constant. O

In this lacunary case, the current best result for the Carleson operator Cj,. is boundedness
on Llogy Llog, L(T) (see [19, 31]), and in fact, it has been recently showed [32] that this is
the largest Lorentz space over T on which Cj,. can be bounded. Hence, what we obtain is an
analogue of this endpoint result on R and with respect to A; weights.

4.4. The operator A. In this subsection, we shall deal with the operator
fle+y
Af(a) = | L0

Y

Lo (R)

We show a weighted endpoint result for A in the spirit of Theorem 3.3. In [18], the au-
thors prove that a version of A defined on the probability space ([0, 1], dx) is bounded on
Llog, L([0, 1]), and show that in the scale of Orlicz spaces, Llogs L([0,1]) would be the best
possible result. We will show the following:

Theorem 4.11. For every u € Ay, it holds that
A : Llogy L(u) — Li">°(u).

loc

Proof. Since Axg < Mxg, the proof is essentially an application of Theorem 3.3. However,
we need to make sure that the lack of sublinearity of A is not a problem. The three properties
that will replace the missing hypothesis are:

e A is quasilinear: A(f +g) < C(Af + Ag),

e A is monotone: |f| < |g| = Af < Ag,

e A is sublinear on functions with disjoint support.

Now, let us examine the proof of Theorem 3.3. Whenever we use sublinearity on a sum
of two functions, the quasilinearity of A suffices. The only step where we need it for an
arbitrary number of terms is in (3.5), and here quasilinearity is not enough. To get around
this problem, we replace (3.5) by the standard dyadic decomposition

(4.4) R X qarcpeonsy.

keZ
Since this is an equivalence instead of an equality, we require monotonicity to pass the
operator inside the sum. Once this is done, we use that the pieces of (4.4) have disjoint
support and A behaves as if it were sublinear. For the decomposition in (4.4) to be finite we
only have to start with bounded functions and at the end, add a density argument. U

5. APPENDIX

Proof of Lemma 2.20. The proof of this result can be found, for instance, in [5, Theorem
5.3.2], but we need to see how the constant behaves and this is not included in classical
books. We will proceed as in [10, Lemma 3.10]. By the real interpolation K-method (see [4,
Chapter 5]), we have that

T - (LQO,SO (u)7 [, 41,51 (U))G,oo N (l'ﬂ()70<3<u)7 LQhOO(u))epC>7
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with constant less than or equal to Mé_eMle , Where
(A1, A2),00 = {f € Ay + Ay rsupt UK (t, f; A1, Ap) < OO} :
>0
and
K(t, f; A1, Ao) = inf {|| folla, + ¢l filla, : f = fo+ f1,fo € A1, f1 € Ao}

Therefore, it is enough to show that:

(@) 1l zaoo ) < 20 Fll oo ), L1 ()0

(i) [1fll(z20-50 (u),L91-51 (w))g.0c < BIlfILasoo (u)-
The proof of (i) goes as follows: define v := -2 fix t > 0 and let f = fo + f1 be a

q1—q0’
decomposition of f in L%°°(u) 4+ L?*°(u). Then,

sup y/90 £ (y) < sup y/® <(fo)z (%) + (f1)u (%))

y<tv y<tv

1/ L1y
SSI<1P2 | foll Laosoo(uy +y o 2779 | f1| parioo ()
Y=<t

<2([lfoll oo uy + Ellf1ll Lar oo uy)-

Taking infimum over all possible decompositions of f, we conclude that

Sup Y0 (y) < 2K (¢, f; L9 (u), LT (u)),
y<ty

and with this estimate,

QHfH(qu’oo(U%qu’oo(u))g’oo = iug QtieK(t, f, L1305 ('LL), Lo (U))
>

>sup sup t %y ® fr(y) = supy/© fi(y) sup
t>0 y<tv y>0 tzyl/w

T
=supy " o fi(y) = Hf”Lq"”(U)'
y>0

For (ii), let f € L?*°(u) and 7 as before. For every t > 0, we write f = fy + f1 with

Jo=TIxqy>remy and  fi = fxq<reny-

Now,
v * 1/q\s 20_%0_7 /50 tv(%_%)
1 foll Lao-s0 () < /D (fuly)y 19)* oy dy) < o) ———7m
S0 _ S0
(5-%)
1/s0
qoq
= te O (u)»
(2 s) Wl
by the definition of v and § = LL—99U = AJgo,

q90—qq1

s 1/s1 o0 0 1/s1
[f1llarsr @y < Fu () (/ yn dy) " ( fay)ym dy) '
0

tY
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For the first term, we multiply and divide by t7/9, compute the integral and the bound we
get is

1/s1
-1(4
(2 Wl

For the second term, we proceed exactly as for || fol| L40.50 () and control it by

0—1 Q19 L1
L L o (u)-
(31(% _q)) T,

Bringing the estimates together, we conclude that
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