Arnold Disks and the Moduli of Herman Rings of the Complex Standard Family

Núria Fagella^{(1) ∗} Christian Henriksen^{(2) †}

5th July 2005

Dedicated to Bodil Branner on her 60th birthday

(1) Departament de Matemàtica Aplicada i Anàlisi, Universitat de Barcelona, Gran Via 585, 08007 Barcelona (Spain)

fagella@maia.ub.es

(2) Department of Mathematics

Technical University of Denmark Matematiktorvet, Building 303, DK-2800 Kgs. Lyngby (Denmark)

chris@mat.dtu.dk

Abstract

We consider the Arnold family of analytic diffeomorphisms of the circle x → x + t + a 2π sin(2πx) mod (1), where a, t ∈ [0, 1) and its complexification f_{λ,a}(z) = λze^{a2 (z− 1z )}, with λ = e^{2πit}a holomorphic self map of C^∗. The parameter space contains the well known Arnold tongues T_α for α ∈ [0, 1) being the rotation number. We are interested in the parameters that belong to the irrational tongues and in particular in those for which the map has a Herman ring. Our goal in this paper is twofold. First we are interested in studying how the modulus of this Herman ring varies in terms of the parameter a, when a tends to 0 along the curve T_α. We survey the different results that describe this variation including the complexification of part of the Arnold tongues (called Arnold disks) which leads to the best estimate. To work with this complex parameter values we use the concept of the twist coordinate, a measure of how far from symmetric the Herman rings are. Our second goal is to investigate the slice of parameter space that contains all maps in the family with twist coordinate equal to one half, proving for example that this is a plane in C^2. We show a computer picture of this slice of parameter space and we also present some numerical algorithms that allow us to compute new drawings of non–symmetric Herman rings of various moduli.

∗Partially supported by CIRIT grant 2001SGR-70, MCyT grants BFM2002-01344 and BFM2003-9504. †Supported by SNF Steno fellowship.

1 Introduction

In this paper we deal with the holomorphic maps of C^∗ = C \ {0} given by

f_{λ,a}(z) = λze^{a2 (z− 1z )},

for λ = e^{2πit} ∈ S^1 and a ∈ [0, 1) (to start with). This family is called the complex Arnold (or standard) family, since f_{λ,a} restricted to the unit circle, corresponds with the well known Arnold family of circle maps x → x + t + a 2π sin(2πx) (mod 1).

For the given range of parameter values, the maps f_{λ,a} are symmetric with respect to the unit circle, and they have two critical points which lie on the negative real line. The points at 0 and ∞ are essential singularities. Since the restriction of these maps to the unit circle is a diffeomorphism of the circle, we may assign a well defined rotation number to each member of the family. In this paper we consider the maps with irrational rotation numbers. (See [F] for a description of the dynamics for rational values of the rotation number.)

We consider the level sets of a given rotation number in the (t, a)–parameter plane. Given α ∈ [0, 1) the set T_α = {(t, a) ∈ [0, 1) × [0, 1) | rot#(f_{λ,a}) = α, λ = e^{2πit}} is called the Arnold tongue of rotation number α. It is well known that T_α is a set with interior if α ∈ Q and, if α ∈ R \ Q then T_α is a Lipschitz curve connecting (α, 0) with (t^′, 1) for some t^′ ∈ (0, 1) [A]. Indeed, the curve can be parametrized as {(t(a), a) | 0 ≤ t ≤ 1} where the function a → t(a) is Lipschitz. See Figure 1.

PSfrag replacements

Figure 1: Rational Arnold tongues in the parameter space of the family f_{λ,a} for λ = e^{2πit}, t ∈ R/Z, up to denominator 5. Irrational tongues for γ =^{√5−1}_2 and θ =^5 √ 2 − 1. (Picture made by Lukas Geyer.)

Let α be the rotation number of f_{λ,a}. It follows from theorems of Poincaré and Denjoy (see e.g. [dMvS]) that, if α is irrational, then f_{λ,a} is topologically conjugate to the the rigid rotation R_α(z) = e^{2πiα}z. This means that there exists a homemorphism ϕ : S^1 → S^1 such that f_{λ,a} ∘ ϕ = ϕ ∘ R_α on the unit circle. If ϕ can be chosen to be real analytic, we say that f_{λ,a} is analytically linearizable.

If a map can be analytically linearized on the unit circle, then the conjugacy ϕ extends (also as a conjugacy) to a neighborhood of the unit circle. As a consequence, there exists a maximal domain, H, called a Herman ring around the unit circle where the map can be linearized. That is, there exist a number 0 < r < 1 and a conformal map ϕ : A_r → H which conjugates R_α to f_{λ,a}, where A_r = {z ∈ C | r < |z| < 1}. See Figure 2.

Figure 2: Herman rings for f_{λ,a} where we have chosen the parameters λ ∈ S^1 and a ∈ (0, 1) so that the rotation number equals the golden mean. The unit circle is drawn inside each of the rings. Range: [−8, 8] × [−8, 8].

The modulus of H is m = mod(H) =^1_{2π} log^1_r and we define the size of H to be s = size(H) = e^{π mod(H)}. Observe that A_r is conformally equivalent to an annulus of the form {^1_s < |z| < s}.

A natural question, not yet solved for general functions, is to know which (optimal) conditions on the map and the rotation number allow us to conclude that the map is analytically linearizable. Works of Rüssmann [Rü], Herman [Her] and Yoccoz [Y] conclude that an analytic circle map sufficiently close to a rigid rotation and whose rotation number is a Brjuno number, is always analytically linearizable. In our case, the condition on the map translates into requiring that the parameter a be small enough. On the other hand, for this particular family, it is known that the Brjuno condition is optimal in the following sense: any member of the Arnold family which is analytically linearizable must have a Brjuno rotation number. This was proven by Geyer in [G], using holomorphic surgery to relate the complex Arnold family to the semistandard map E_α(z) = e^{2πiα}ze^z, and then establishing the optimality of the Brjuno condition for the maps E_α (see Proposition 2.1).

The semistandard family E_α is in many ways very related to the complex Arnold family. It is often fruitful to rescale the Arnold family to make it a perturbation not of the rigid rotation but of the semistandard map. Indeed, if we change variables by letting w =^{az}_2 we obtain a rescaled family

g_{λ,a}(w) = λwe^we^{− a24w} .

Observe that the invariant circle is now that of radius a/2. When a = 0, the singular limit of this family is the semistandard map. It is often very convenient to work with the rescaled Arnold family, and in fact we shall do so in many parts of the paper. Since both families are conjugate to each other, the linearizability problems are equivalent.

Observe that for all α ∈ C, the maps E_α(z) are entire transcendental maps which have z = 0 as a fixed point of derivative λ = e^{2πiα}. Hence for α ∈ R/Z this is a neutral fixed point. The linearizability problem for fixed points is very related to the one for circle maps. As before, it consists of knowing under which conditions the map is conformally conjugate to the linear map z → λz, although in this case we require the conjugacy to hold in a neighborhood of the fixed point. When the fixed point is linearizable, the maximal neighborhood Δ_α where this is possible is called a Siegel disk (See Figure 3). Hence, if E_α has a Siegel disk Δ_α around 0, there exists a conformal map ϕ : D → Δ_α mapping 0 to 0, such that E_α(ϕ(z)) = ϕ(λz). The quantity r_α =| ϕ^′(0) | is called the conformal radius of Δ_α.

The linearizability problem for the semistandard map is completely solved, in the sense that it is known that E_α is linearizable around z = 0 if and only if α is a Brjuno number ([Bru, G]).

Figure 3: Siegel disk of the function E_α(z) = e^{2πiα}ze^z, with rotation number α, equal to the golden mean. Some orbits have been drawn inside the Siegel disk. Range: [−2, 2] × [−2, 2].

We now return to the Arnold family. Fix a Brjuno number α. We consider the parameter values for which the rotation number of f_{λ,a} is α, and the map is analytically linearizable. That is, the piece (or pieces, a priori) of the Arnold tongue T_α for which we find a Herman ring in the dynamical plane of f_{λ,a}. We are interested in understanding how the modulus or the size of the Herman ring varies in terms of the parameter a, precisely when a tends to zero. With this goal in mind, we present a survey of the results that lead to these type of estimates. We do this in two parts: one looking at the “real” parameter space (Section 2) and two, considering its complexification (Section 3), i.e., allowing λ and a to be complex and studying the complex version of (the linearizable part of) the Arnold tongues, called Arnold disks. We see how this last point of view leads to the best estimate on the variation of the modulus which is the following.

Theorem 1. Let α be a fixed Brjuno number and consider the Arnold tongue T_α of rotation number α. Let (λ(a), a) ∈ T_α and a be small enough so that f_{λ(a),a} has a Herman ring. Let m(a) be its modulus and s(a) the corresponding size. Then, as a → 0,

s(a) = e^{π m(a)} =

2r_α a + O(a),

where r_α is the conformal radius of the Siegel disk of the semistandard map E_α.

If we work with the rescaled Arnold family, the moduli of the rings are obviously the same. But changing variables also in the conjugation plane, we see that the scaled Herman ring is conformally equivalent to an annulus of the form {^{a2}_{4s̃(a)} < |z| < s̃(a)} where s̃(a) :=^a_2 s(a). Observe that this annulus has the circle of radius a/2 as the equator, exactly as the ring does. The quantity s̃(a) is not a conformal invariant.

Using this terminology, Theorem 1 for the rescaled Arnold family reads as follows.

Theorem 2. Let α be a fixed Brjuno number and consider the Arnold tongue T_α of rotation number α. Let (λ(a), a) ∈ T_α and a be small enough so that f_{λ(a),a} and hence g_{λ(a),a} have a Herman ring whose modulus is m(a) and whose size is s(a). Then, as a → 0, the quantity s̃(a) has a limit. More precisely, s̃(a) = r_α + O(a^2),

where r_α is the conformal radius of the Siegel disk of the semistandard map E_α.

Intuitively, one can say that the limit when a → 0, of the Herman rings of rotation number α of the rescaled Arnold family are the Siegel disk of the semistandard map E_α.

The second part of the paper (see Section 4) is devoted to study a particular slice of the complex parameter space, more precisely the slice containing those maps whose Herman rings have their boundaries rotated half a turn with respect to each other. We first describe the location of this slice in C^2 (see Theorem 4.1) and show a computer drawing of it.

Finally, Section 5 is dedicated to numerics. The computer drawings in this paper needed some new algorithms to be developed, given the difficulties that one encounters when the symmetries of the map are no longer present. In this final part we present these algorithms which are reusable for other types of functions.

2 Real parameter space

In this section we present two results. The first one concerns the parametrization of the linearizable piece of an irrational Arnold tongue and it is the “real” version of Theorem 5 in Section

3. The second result is a first estimate of the size of Herman rings in terms of the parameter a which was obtained in [FSV]. Given a Brjuno number α and its Arnold tongue T_α, we define T^{AL}_α as the analytically linearizable part of T_α, i.e., the set of parameter values (λ, a) ∈ T_α such that f_{λ,a} has a Herman ring around S^1.

Theorem 3 ([FG]). Fix α a Brjuno number and let f_{λ,a}(z) = λze^a2^{(z− 1}z^). Then, there exists an R−analytic parametrization

F_α : (0, 1) −→ T^{AL}_α δ −→ F_α(δ) = (λ(δ), a(δ))

such that:

(a) for all δ ∈ (0, 1), the map f_{λ(δ),a(δ)} has a Herman ring of modulus m(δ) =^1_π log^1_δ and rotation number α;

(b) δ → a(δ) is strictly increasing;

(c) a(δ) → 0 when δ → 0 and lim_{δ→1} a(δ) = a_∗ ≤ 1;

(d) for all (λ, a) ∈ T_α such that a ≥ a_∗, the map f_{λ,a} has no Herman ring.

This theorem describes the sets T^{AL}_α as connected R−analytic curves that might be the entire Arnold tongue T_α. Moreover, it gives the precise modulus of the Herman ring for each of the parameters δ. On one hand as δ tends to 0, the parameter a tends to 0 and the modulus of the ring tends to infinity (we consider the rigid rotation as having a degenerate Herman ring of infinite modulus). On the other hand, as δ tends to 1, the Herman ring gets thinner and thinner, having in the limit a degenerate Herman ring which contains the unit circle.

Theorem 3 is proven by quasiconformal surgery. We give here an idea of its proof since it illustrates quite well the complex case of the next section.

Proof : Since α is a Brjuno number, for a small enough the map f_{λ,a} has a Herman ring. Let us fix a base point, i.e., a pair of parameters (λ_1, a_1) in the Arnold tongue T_α, such that f_1 := f_{λ1,a1} has a Herman ring H_1 whose modulus we denote by m_1.

Now, given any s ∈ (0, ∞) the goal is to construct a new map f_{λ(s),a(s)} with a Herman ring H_s of modulus m(s) = sm_1. Moreover, we want to do this construction in such a way that the map s → (λ(s), a(s)) is real analytic and has all the required properties (like monotonicity of a(s)). Once this is proven, it is not hard to see that the curve can be reparametrized as desired not depending on a base point.

With this goal in mind, we make a surgery construction which consists only of changing the complex structure of the original map. If H_1 is the Herman ring of f_1, it means that there exists a conformal map ϕ_1 : A_r → H_1 where r = e^{−2πm1} , which conjugates R_α to f_1. We now compose this map with a quasiconformal map φ_s : A_r → A_rs which maps circles to circles. In particular we want it to leave the unit circle invariant and to send the circle of radius r to the circle of radius r^s. Such a map is not hard to compute explicitly, especially if we do so in the covering space of the annulus. It is easy to check that φ_s conjugates R_α to itself.

We now proceed to change the complex structure on the dynamical plane of f_1. We first change it on the ring H_1 by pulling back the standard complex structure σ_0 on A_rs by the map φ_s ∘ ϕ^{−1}_1 . This defines a complex structure σ_s on H_1 which has bounded distortion (it is a pull-back by a quasiconformal map) and is invariant under f_1. We then extend σ_s to the whole dynamical plane by using the dynamics of f_1, i.e., pulling back by f^n_1 to all the n–th preimages of H_1, and seting σ_s = σ_0 at every point that never falls on H_1 under iteration. This process defines an f_1−invariant complex structure σ_s in all of C^∗ with bounded dilatation. By the Measurable Riemann Mapping Theorem, this structure can be integrated, i.e., there exists a quasiconformal homeomorphism ψ_s : C → C that transports σ_s to σ_0. Hence, the map f_s := ψ_s ∘ f_1 ∘ ψ^{−1}_s is holomorphic and quasiconformally conjugate to f_1. The following diagram commutes.

H_s^{fs}−−−−→ H_s

ϕ_s

ϕ_s

H_1^{f1}−−−−→ H_1

ϕ_1 ϕ1 A_r^{Rα}−−−−→ A_r

φ_s

φ^s

A_rs^{Rα}−−−−→ A_rs

The set H_s = ψ_s(H_1) is a Herman ring for f_s since the composition φ_s ∘ϕ^{−1}_1 ∘ψ^{−1}_s : H_s → A_rs is a conformal conjugacy between f_s and R_α. From here one can also see that the modulus of the new ring H_s is equal to^1_{2π} log^1_{rs} = sm_1. Furthermore, f_s must be a member of the complex Arnold family and therefore f_s = f_{λ(s),a(s)}. This defines the map s → (λ(s), a(s)) with the required properties. □ In view of the theorem above one can ask exactly how the modulus of the Herman ring is tending to infinity, as the parameter a tends to 0. As a first estimate we have the following result, which connects the size of the Herman rings with the conformal radius of the semistandard map of the same rotation number.

Theorem 4 ([FSV]). Let α be a Brjuno number and r_α the conformal radius of the Siegel disk of the semistandard map E_α(z) = e^{2πiα}ze^z. Let s(a) and m(a) be the size and the modulus of the Herman ring of f_{λ(a),a} respectively, with (λ(a), a) ∈ T^{AL}_α . Then,

s(a) = e^{πm(a)} = 2 a (r_α + O(a log a)).

The proof of Theorem 4 relies on understanding how the maps of the Arnold family are related to the semistandard map E_α. We saw in the introduction how one can relate them by means of a rescaling depending on a, but to really study the limit, it is better to perform a surgery construction that shows why these two families of maps are related. The construction is originally due to Shishikura [S] who used it to construct examples of rational maps with Herman rings starting from polynomials with Siegel disks (and viceversa). Later on, Geyer [G] adapted the proof to the Arnold family and the semistandard map. The result of the construction is summarized in the following proposition.

Proposition 2.1. Suppose f = f_{λ,a} has a fixed Herman ring H with rotation number α. Then the semistandard map E_α(z) = e^{2πiα}ze^z has a Siegel disk Δ_α and there exists a quasiconformal homeomorphism ψ : C → C and an E_α−invariant curve Γ in Δ_α such that

(a) ψ(S^1) = Γ and ψ maps ^C \ D to the unbounded component, V , of ^C \ Γ; (b) ψ conjugates f : ^C \ D → ^C to E_α : V → ^C;

(c) ∂ψ/∂z̄ = 0 a.e. on ^C \ ⋃ n≥0 f^{−n}(D) (in particular ψ is conformal in the interior of this

set).

Observe that this proposition relates, at least qualitatively, the members of the Arnold family to the members of the semistandard one. More precisely, it relates all maps in T^{AL}_α to the single map E_α. Any Herman ring of rotation number α can be used by this procedure to produce a Siegel disk with the same rotation number.

Remark 2.2. The surgery construction also connects a different unrelated problem for the two families. It is an open problem to find a parameter value α, if it exists, for which E_α has an unbounded Siegel disk (this is a phenomenon which does occur for the exponential family, for example). With this proposition, this becomes equivalent to finding parameter values (λ, a) such that the Herman ring of f_{λ,a} contains the essential singularities in its boundary. See [DF] for further discussion.

We proceed to sketch the surgery construction.

Proof of Proposition 2.1: For this proof, let us take the standard annulus normalized in a different way by setting A_r = {z ∈ C | 1/r < |z| < r} for r > 1.

Let ϕ : A_r → H be a conformal map that conjugates the rigid rotation R_α : A_r → A_r to f : H → H. Notice that ϕ must be symmetric with respect the unit circle and hence it leaves S^1 invariant.

We now extend ϕ quasiconformally to the unit disk. Denote by ϕ̂ : D_r → H ∪ D a quasiconformal mapping that agrees with ϕ on D_r \ D, maps D onto D, and fixes 0.

Define a new map f̂ : C → C by

f̂ = { f on C \ D;

ϕ̂ ∘ R_α ∘ ϕ̂−1 on D.

The map f̂ : C → C is a quasiregular mapping with an essential singularity at infinity. It has one critical point (the one of f that is not inside the disk).

The map f̂ is not holomorphic on D, but there it preserves the complex structure defined by the Beltrami form μ = ¯∂ϕ̂−1

∂ϕ̂^{−1} . Pulling back this Beltrami form via f̂, we see that there exists a Beltrami form μ̂ that coincides with μ on D, vanishes on C \ ⋃ n≥0 f̂ −n(D) and that is invariant by f̂, in the sense

f̂^∗μ̂ = μ̂.

By the Measurable Riemann Mapping Theorem, there exists a quasiconformal homeomorphism ψ : C → C which fixes 0, sends ω (the critical point) to −1 and such that

μ̂ = ¯∂ψ ∂ψ .

Then, the map ψ ∘ f̂ ∘ ψ^{−1} : C → C is an entire transcendental map with one critical point at −1, which fixes 0 and is conjugate to the rotation R_α in a neighborhood of 0. One can see with some further argument (see [G] or [FSV]) that such a map must be the semistandard map, i.e.,

E_α = ψ ∘ f̂ ∘ ψ^{−1}.

The map ψ is the required conjugacy. □ To prove the estimate in Theorem 4 one needs to make this surgery construction more explicit and quantitative. The idea is to redo the procedure for the rescaled Arnold family depending on the parameter a and make each of the steps explicit; for example, finding a convenient extension ϕ̂_a to the disk so that one can compute its coefficient K_a of quasiconformality. The key part of the proof is finding a good estimate for the quantity (ψ_a ∘ ϕ̂_a)^′(0) in terms of the parameter a (where we are using the notation in the proof above).

3 Complex parameter space

In this section we complexify the parameter space, to improve the bounds obtained in the previous section. The analog of the analytically linearizable part of an (irrational) Arnold tongue is an Arnold disk, which we show to be a disk holomorphically embedded in the parameter space.

Consider the family {f_{λ,a}} for λ ∈ C^∗ and a ∈ C. Even if λ is not contained in the unit circle and a is not real, f_{λ,a} may have a fixed Herman ring. If this is the case there is no reason why it should be symmetric with respect to the unit circle and, indeed, this certainly does not seem to be the case in Figures 4 and 5.

When a vanishes f_{λ,a} becomes a linear map z → λz and we consider that map to have a Herman ring of infinite modulus when λ = e^{2iπα} and α is a Brjuno number.

Definition 3.1. Suppose α ∈ B. Let

D_α = {(λ, a) ∈ C^∗ × C : f_{λ,a} has a Herman ring of rotation number α}.

We call D_α an Arnold disk.

The reason for the choice of the name Arnold disk is given by the following theorem that shows that Arnold disks indeed are disks embedded in C^2.

Theorem 5. Let α be an arbitrary Brjuno number and denote by r_α the conformal radius of the Siegel disk of the semistandard map E_α. The set D_α is the image of the unit disk D under an injective holomorphic mapping F_α : D → D_α.

This mapping can be taken to satisfy the following.

(a) F_α(0) = (e^{2iπα}, 0), and F^′_α(0) = (0, 2r_α);

(b) letting F_α(δ) = (λ(δ), a(δ)), we have that λ is even and a is odd, i.e. for all δ ∈ D

λ(−δ) = λ(δ), a(−δ) = −a(δ);

Figure 4: Herman ring of rotation number equal to the golden mean, in the dynamical plane of f_{λ,a}, where (λ, a) = (e^{2πi0.622359931841}, 0.5i). Range: [−5, 5] × [−5, 5].

(c) for all δ ∈ D, the modulus m(δ) of the Herman ring of f_{F(δ)} satisfies

m(δ) = 1 π log 1 |δ| ; (d) for some ϵ > 0, F_α(D_ϵ) is the graph of a holomorphic map a → λ(a); (e) as |a| → 0 the modulus m(a) of the Herman ring of f_{λ(a),a} satifies

e^{πm(a)} =

2r_α |a| + O(a).

Part (d) is a corollary of a more general result by Risler (see [Ri]). Notice that part (e) is an improvement of the estimate obtained in the previous section.

We will not prove the properties in the order they are stated. First we see that (d) and (e) follow from the previous three properties. Indeed, part (d) immediately follows from (a), (b) and the implicit function theorem. To see (e) we first note that it follows from (a) that a(δ) = 2r_αδ + O(δ^2). Since a is an odd function of δ we get a(δ) = 2r_αδ + O(δ^3), and by the inverse function theorem δ(a) =^a_{2rα} + O(a^3). Combining this fact with (c) we get

e^{πm(a)} = 1 |δ(a)| = 2r_α |a| + O(a).

Figure 5: Herman ring of rotation number equal to the golden mean, in the dynamical plane of f_{λ,a}, where (λ, a) = (e^{2πi0.642219660059} , i). Range: [−4, 4] × [−4, 4].

Hence to prove the theorem we need to construct the mapping F_α, and establish properties (a), (b) and (c). To do so it is convenient to work with the family g_{λ,b}(w) = λwe^we^{−b/4w}, where λ ∈ C^∗ and b ∈ C. The map w =^a_2 z conjugates f_{λ,a} to g_{λ,b} with b = a^2. Another advantage of working with the g family is that we get rid of the symmetry f_{λ,a}(−z) = −f_{λ,−a}(z). When b = 0 the map g_{λ,b} is the semistandard map w → λwe^w and we adopt the convention that the Siegel disk of g_{λ,0} is a Herman ring of (one sided) infinite modulus when λ = e^{2iπα} and α is a Brjuno number.

We define the analogue of the Arnold disk for the g_{λ,b} family as follows.

D^′_α = {(λ, b) ∈ C^∗ × C : g_{λ,b} has a Herman ring with rotation number α}

Following our convention D^′_α always contains the point (e^{2iπα}, 0).

We state the analog of Theorem 5.

Proposition 3.2. There exists a holomorphic injection G_α : D → C^∗ × C that maps the unit disk onto D^′_α, and satisfies

(a’) G_α(0) = (e^{2iπα}, 0);

(c’) for all δ ∈ D, the modulus m(δ) of the Herman ring of g_{G(δ)} satisfies

m(δ) = 1 2π log 1 |δ| .

Before giving the proof of the proposition we define an invariant called the twist coordinate of the Herman ring. This is most easily done when the two boundary components of the Herman ring H of g_{λ,b} are quasicircles, each containing a critical point. (This is the case when α is of bounded type.) Now, there is a conformal isomorphism ϕ : H → A_r where A_r is the round annulus {r < |z| < 1}. This map extends as a homeomorphism H → A_r. We can take this isomorphism to map the outer boundary to the outer boundary and the critical point there to 1. The inner critical point is then mapped to a point re^{2iπΘ}. We call the number Θ ∈ R/Z the twist coordinate of g_{λ,b}.

In general we cannot assume that ∂H consists of two quasicircles each containing a critical point. But since the boundary components are contained in the closure of the forward orbits of the critical points, they are made up of dynamically marked points, and we can still measure to what extend one boundary is twisted with respect to the other one (see [BFGH] for details).

When b is real and positive and |λ| = 1 then reflection in the circle with center at the origin and radius √ b/2 conjugates g_{λ,b} to itself, and in this case it is easy to check that the twist parameter equals zero.

Figures 6 and 7 show two examples of Herman rings with a twist coordinate of 1/2 and rotation number equal to the golden mean. The drawings are computed in the dynamical plane of the lift of f_{λ,a}, that is, z → z + t +^a_{2π} sin(2πz), in order to observe the symmetries better. In fact, these two pictures correspond, once projected back, to the two rings in Figures 4 and 5.

Proof of Proposition 3.2: A portion of the proposition can be deduced from [McS]. Indeed, from their results it can be shown that each component of D^′_α is a pointed disk. Here we show that there is only one component and that the puncture corresponds to g_{exp(2iπα),0}. This is done by an explicit construction.

We will give a rough sketch of how to construct the mapping G_α. To give an idea of the mapping, we first describe the inverse map Π : D^′_α → D. The modulus of Π(λ, b) is given in terms of the modulus m of the Herman ring of g_{λ,b} and the argument is determined by the twist coordinate. More precisely Π(λ, b) = exp(−2πm + 2iπΘ).

We give an outline of the construction of the map G_α. For the details (and there are quite a few), refer to [BFGH]. First we choose a base point g_{δ0} with a Herman ring H with the desired rotation number. The mapping is produced by changing the complex structure on H and its preimages, as we did in the proof of Theorem 3. This time, we not only change the modulus of the ring but also introduce a twist of one boundary with respect to the other one. In this way, for each δ ∈ D^∗ we obtain a new member of the family g_{λ(δ),a(δ)} with a Herman ring whose modulus and twist coordinate are

m(δ) =^1_{2π} log^1_{|δ|} Θ(δ) =^1_{2π} arg(δ).

This defines the mapping G_α from D^∗ to the parameter space, satisfying property (c’). Since the Herman ring separates 0 and one critical point from ∞ and the other critical point we can deduce that when δ tends towards 0, then b tends toward 0 as well. By a surgery construction one can show that if g_{λ,b} has a Herman ring and b is small then λ is close to e^{2iπα}. It follows that the constructed mapping extends past the puncture as required in (a’). Finally one shows that the construction does not depend on the choice of base point and that Π indeed is an inverse.

Figure 6: Lift of a Herman ring in the dynamical plane of z → z + t +^a_{2π} sin(2πz). Compare to Figure 4. □ Let us now finish the proof of Theorem 5. We need to prove properties (a), (b) and (c).

Notice that the mapping (λ, a) → (λ, a^2) : D_α → D^′_α provides a two to one covering map ramified at (exp(2iπα), 0) above (exp(2iπα), 0). Hence, there exists an injective holomorphic map F_α : D → D_α such that the following diagram commutes:

D^{Fα}−−−−→ D_α

δ→δ^2

(λ,a)→(λ,a^2 )

D −−−−→_{Gα} D^′_α.

This mapping is unique if we require that the second coordinate of F_α(δ) is real and positive when δ is real and positive. Letting F_α(δ) = (λ(δ), a(δ)) we get from the diagram that (λ(δ), a(δ)^2 ) = G_α(δ^2). It follows that λ(−δ) = λ(δ) so λ is even. It also follows that a(δ)^2 = a(−δ)^2 so a is either even or odd. Then a has to be odd, because otherwise it would contradict that F_α is injective. We have proven property (b). Since the Herman ring of F_α(δ) is conformally isomorphic to the Herman ring of G_α(δ^2) property (c) immediately follows from property (c’) in Proposition 3.2.

Figure 7: Lift of a Herman ring in the dynamical plane of z → z + t +^a_{2π} sin(2πz). Compare to Figure 5. So to conclude we need only show that F^′_α(0) = (λ^′(0), a^′(0)) = (0, 2r_α). That λ^′(0) = 0 follows immediately from the fact that λ is even. On one hand, we know from Theorem 1 that 2 a (r_α + o(1)) = e^{πm(a)},

for a > 0. On the other hand, we have from (c) that

e^{πm(a(δ))} = 1 δ . Combining these two facts we get a(δ) =^1_2 r_αδ + o(δ). This proves (a) and finishes the proof of Theorem 5.

4 The slice of twist coordinate equal to^1_2.

As it was already mentioned, in general it is not easy to locate complex parameters (λ, a) ∈ C^2 for which the Arnold map f_{λ,a} has a Herman ring. The main reason is that, as we saw, these parameters live in surfaces in C^2 isomorphic to disks, one for each fixed rotation number.

There are two exceptional cases where it is not so difficult to locate these parameter values. The first one is the “real” or symmetric case, i.e, when the Herman rings are symmetric with respect to the unit circle or, equivalently, the case where the twist coordinate is equal to 0. Two facts make the computation easier: first, we know that the unit circle is always an invariant curve in the ring, which allows us to compute the rotation number of the map; and second and most important, all these parameters lie on the plane (or cylinder) {(λ, a) ∈ R/Z × [0, 1)}. Consequently we can apply, for example, bissection methods to locate parameter values for which the ring exists and has a given rotation number (see Section 5 for details).

The second exceptional case turns out to be the slice for which the twist parameter is equal to 1/2. That is, the two boundary components of the Herman rings are rotated half a turn with respect to each other (see Section 3). Although the symmetry is broken in this case (there is another kind of symmetry which we will describe later) we still have the important property of having these parameter values located on a plane of C^2, namely {(λ, a) ∈ R/Z × iR}. This is exactly what we show in the following proposition.

Proposition 4.1. Suppose f_{λ,a} has a Herman ring. Then, the twist coordinate equals 1/2 if and only if λ ∈ R/Z and a = iã with ã ∈ R.

Proof : For the proof we shall use again the rescaled Arnold family g_{λ,b}. Fix a rotation number α ∈ B. Recall from Theorem 3.2 that G_α defines a holomorphic bijection between D and D^′_α, such that g_{λ(δ),b(δ)} has a Herman ring with twist coordinate given by the argument of δ. More precisely, Θ(δ) = 1 2π arg(δ).

The image by G_α of the interval [0, 1) is exactly the piece of Arnold tongue T^{AL}_α , since it follows from Theorem 3 and the injectivity of G_α that those are the only maps with Herman rings having twist coordinate equal to 0. But now let us look at the map G_α restricted to the interval (−1, 1). By holomorphy, both components, λ(δ) and a(δ), must be real analytic. The first one, δ → λ(δ) maps (0, 1) into S^1 or equivalently, δ → t(δ) maps (0, 1) into the reals (where λ = e^{2πit}). It follows that the Taylor series of t(δ) must have real coefficients and hence, the whole image t(−1, 1) must be real. The same argument shows that b(−1, 1) must also be real.

We conclude that parameters (λ, b) for which the Herman of g_{λ,b} has twist parameter one half (i.e., the image of (−1, 0) under G_α) lie in S^1 × R^−.

To return to the non rescaled Arnold family, recall that F_α(δ) = (λ(δ), a(δ)) where (λ(δ), a(δ)^2 ) = G_α(δ^2). By lifting we deduce that a(−1, 0) ∈ iR and λ(−1, 0) ∈ S^1.

To see the other implication, suppose that f_{λ,a}, λ ∈ S^1, a ∈ iR has a fixed Herman ring H. The map f_{λ,a} has a symmetry f_{λ,a}(−^1_{z̄} ) = −^1_{f̄λ,a(z)} . So H is symmetric with respect to τ(z) = −^1_{z̄} .

We claim that a linearizing map ψ : H → {^1_r < |z| < r} will have this symmetry as well. Indeed R_α and f_{λ,α} commute with τ, and hence the map ψ̃ := τψτ : H → {^1_r < |z| < r} is another linearizing map of H. With this normalization, such maps are unique up to post composition with a rigid rotation, thus ψ̃ = R_θψ for some θ ∈ [0, 2π). Now

ψτ = τR_θψ = R_θτψ.

Hence ψ = R_θτψτ = R_{2θ}ψ. It follows that 2θ = 0 mod 1 or equivalently, that θ = 1/2 or θ = 0. But the first option is not possible because in such a case, R_θ = τ on the unit circle and therefore ψτ = ψ on the equator of H, i.e, on ψ^{−1}(S^1). This would contradict with the injectivity of ψ and hence θ = 0. We have then proved that ψτ = τψ.

Observe that, as a consequence, every marked point in the boundary of H will have the same property, from which we conclude that the twist coordinate must be 1/2. □ Although the symmetry with respect to the unit circle (or to the real line in the lift) is lost for maps in this slice (where |λ| = 1 and a = iã, ã ∈ R), we just saw that another symmetry appears. Indeed, it is easy to check that

f_{λ,iã}(− 1 z̄ ) = − 1 f̄_{λ,iã}(c)

and that the lift F_{t,iã}(z) = z + t + i^ã_{2π} sin(2πz) satisfies

F_{t,iã}(z̄ + π) = F_{t,iã}(z) + π.

As a consequence, the two critical points of the lift (looked in the cylinder) which are located at

ω_1 = π 2 − i arcsinh( 1 ã ) and ω_2 = 3π 2 + i arcsinh( 1 ã ) do not have independent dynamics (as in the general case). It then makes sense to compute a (t, ã)–plane picture where we check if the orbit of the critical point escapes to infinity or otherwise remains bounded. The result is shown in Figure 8, where we have also superposed the rational tongues of rotation number 1/4, 1/2 and 3/4 and the irrational curve corresponding to rotation number equal to the golden mean (see Section 5.4 for the algorithms).

Figures 4 and 5 show the dynamical plane for two of the parameters in the irrational curve while Figures 6 and 7 correspond to the lifts of these.

We observe from Figure 8 that many of the rational tongues do not seem to cross this slice. For example, it is easy to check that none of the maps in this parameter plane can have an attracting fixed point, and therefore, there is no zero – tongue emanating from the point (0, 0). Similarly, there does not seem to be any rational tongue of odd denominator attached to the bottom line ã = 0.

5 Numerical algorithms

In this section we describe the numerical algorithms used to create the pictures in the paper. The methods are quite general and may be used to compute the same type of pictures for other families possessing a cycle of Herman rings (or Siegel disks) as long as it is the only existing periodic Fatou cycle.

We start by assuming we already know the parameter values for which the map has a Herman ring H. Later on we shall see how to compute them, but first we see how to draw a dynamical plane picture with these given parameter values.

Escaping algorithms usually work poorly for holomorphic maps of C^∗ (i.e., those with essential singularities at 0 and ∞). It is common for their Julia set to have positive measure and it therefore appears very thick. Moreover, exponentiating repeatedly makes overflows and underflows appear too often and too soon.

Figure 8: (t, ã)−parameter plane where the map f_{λ,iã} is iterated to check if the critical orbits seem to remain bounded (dark grey). Range: [0, 1] × [0, 2]. All Herman rings of maps in this slice have twist parameter one half. Superposed, we find the rational tongues of rotation numbers 1/4, 1/2 and 3/4 and the irrational curve corresponding to rotation number equal to the golden mean. See Section 5.4.

The algorithms used here to draw the dynamical planes are of a different nature. Given a pixel, we ask wether the corresponding center point eventually falls inside the Herman ring, in which case it is painted in white. Pixels which do not satisfy this property are painted in color.

To be able to answer this key question we must first find what we call a base domain of the Herman ring, i.e., a set A inside the ring satisfying the following: every point in the Herman ring has an orbit which eventually intersects A. These base domains are of a different shape depending on the map we work with.

In all cases, we use the following important fact: the orbit of the critical points accumulates on the boundary of the Herman ring. Hence, we always can compute two lists of points that correspond to the critical orbits. These points are drawn in the picture so the boundary of the ring is outlined.

5.1 Symmetric Herman rings (Figure 2)

In this case we look for a base domain in the form of a true annulus around the unit circle, since we know that the unit circle is always completely contained in the ring. To find the width of the annulus we use the symmetry of the ring. Indeed, we find the point on the outer boundary which has the smallest modulus, say r > 1. Necessarily, the reflexion of this point with respect to the unit circle is the point on the inner boundary with the largest modulus,^1_r . Then every orbit of H meets the annulus A = {^1_r < |z| < r} and therefore A is a base domain. See Figure

Figure 9: Herman rings with rotation number equal to the golden mean, for the map f_{λ,a} for chosen parameters (t, a) = (0.614526385907, 0.5) (left) and (t, a) = (0.610074404161, 0.8) (right) where λ = exp(2πit). The base annulus is drawn inside each of the rings. Range: [−8, 8] × [−8, 8]. Compare to Figure 2. 9. 5.2 Siegel disk (Figure 3)

If the invariant Fatou component is a Siegel disk with center p, we may look for a base domain in the form of a disk, centered also at p. To find its radius, we choose from all the points on the boundary of the disk (i.e., the critical iterates) the one that is closest to the center of the disk, say at distance r. The disk D(p, r) is a base domain, and all invariant circles must cross the radial segment that joints p with the closest point on the boundary. See Figure 10.

5.3 Non-symmetric Herman rings (Figures 4 and 5)

This is the hardest case since we do not know a priori the location of the Herman ring in the dynamical plane, nor any orbit (or any point, for that matter) contained inside the ring. We do have, however, the lists of points that correspond to the approximated boundaries of H. We will choose a base domain in the form of a round disk with the condition of being entirely contained in H and touching both boundaries. To do this, we need to find the minimum (at least a local minimum) of the distance from points on the outer boundary to points on the inner boundary. One can do this, for example, by picking a point in the first list (outer), say p_1; then finding the closest point to p_1 in the other list (inner), say q_1; then the closest point to q_1 in the first list, say p_2, etc. We stop once the points do not change any more, and hence we have a pair (p_n, q_n) whose distance between each other is at least a local minimum in the following sense: no point in the inner boundary is closer to p_n than q_n; and viceversa, no point in the outer boundary is closer to q_n than p_n. This assures that the disk of radius |p_n −q_n|/2 centered at the middle point

Figure 10: Siegel disk of the function E_α(z) = e^{2πiα}ze^z, with rotation number α, equal to the golden mean. The base disk has been drawn inside the disk. Range: [−2, 2] × [−2, 2].

between p_n and q_n is completely contained in H and touches the two boundaries. See Figure

Figure 11: Herman rings of rotation number equal to the golden mean, in the dynamical plane of f_{λ,a}, where (λ, a) = (e^{2πi0.622359931841}, 0.5i) (left) and (λ, a) = (e^{2πi0.642219660059}, i) (right). The base disks has been drawn inside the ring.

Figure 12: Lifts of the Herman rings in Figure 11, in the dynamical plane of z → z + t +^a_{2π} sin(2πz). The base rings have been drawn inside the Baker domain.

11. A similar computation can be made for the lift of these rings as it is shown in Figure 12.

5.4 Parameter space: finding parameters for a given rotation number.

To draw the images in this paper, we needed to locate parameters in a given parameter slice for which f_{λ,a} has a Herman ring with a given rotation number, say α. We observe that if f_{λ0,a0} has a Herman ring with rotation number α of bounded type, then the quantity

ρ^n_{t0 ,a0} (ω_{t0,a0} ) =

F^n_{t0,a0} (ω_{t0,a0} ) − ω_{t0,a0} n has limit α, where ω_{t0,a0} ∈ ∂H is a critical point and λ_0 = e^{2πit0} . Also, if f_{t,a} has an attracting periodic cycle, then ρ^n_{t,a}(ω_{t,a}) tends to a rational number. Hence we expect ρ^N_{t,a} for a given N large, to be close to a real number for a substantial part of parameter space.

Suppose we can find (t_0, a_0), (t_1, a_1) such that ρ^N_{t0,a0} and ρ^N_{t1,a1} are close to being real and

Re(ρ^N_{t0,a0} ) < α < Re(ρ^N_{t1,a1} ).

We then pick points randomly on the segment between (t_0, a_0) and (t_1, a_1) until we find (t_2, a_2) such that ρ^N_{t2,a2} is close to being real, and replace one of the previous pairs by this pair, as in the classical bisection procedure. If we manage to find parameters for which ρ^N_{t,a} is almost real, the continuity of ρ^N_{t,a} guarantees the convergence of ρ^N_{tn,an} towards α, if the length of the segments decreases to 0.

We do not claim this to be a fullproof method; it is a heuristic one that seems to work reasonably, especially for initial values (t_0, a_0), (t_1, a_1) with Re(a_0) and Re(a_1) small.

References

[A] Arnol’d V.I., Small denominators. I: Mappings of the circumference onto itself, Am.

Math. Soc., Transl., II. Ser. 46, 213-284 (1965); translation from Izv. Akad. Nauk SSSR, Ser. Mat. 25, 21-86 (1961).

[BFGH] Buff, X., Fagella, N., Geyer, L., Henriksen, C., Arnold Disks and Herman Rings, Preprint www.fagella.maia.ub.es/ fagella/papers.html.

[Bru] A.D. Bruno, Analytic forms of differential equations, Trans. Mosc. Math. Soc. 25 (1971).

[dMvS] W. de Melo, S. van Strien, One-Dimensional Dynamics, Springer-Verlag, (1991).

[DF] P. Domínguez, N. Fagella, Existence of Herman rings for meromorphic functions, Complex Variables (To appear).

[F] Fagella, N., Dynamics of the complex standard family, J. of Math. Anal. and Appl.

229 (1999), 1-31.

[FG] N. Fagella, L. Geyer, Surgery on Herman rings of the complex standard family, Ergod. Th. & Dynam. Sys., 23, 493–508 (2003).

[FSV] N. Fagella, T.M. Seara & J. Villanueva, Asymptotic Size of Herman Rings of the Complex Standard Family by Quantitative Quasiconformal Surgery, To appear in Ergod. Th. & Dynam. Sys.

[G] Geyer, L., Siegel discs, Herman rings and the Arnold family, Trans. Amer. Math. Soc.

353:9 (2001), 3661–3683 (electronic).

[Her] Herman, M., Sur la conjugaison différentiable des difféomorphismes du cercle à des rotations, Inst. Hautes Études Sci. Publ. Math. 49 (1979), 5–233.

[McS] C. McMullen, D. Sullivan Quasiconformal homeomorphisms and dynamics. III:

The Teichmüller space of a holomorphic dynamical system, Adv. Math., 135, No.2, 351–395 (1998).

[Ri] E. Risler, Linéarisation des perturbations holomorphes des rotations et applications, Mém. Soc. Math. Fr., 77, (1999).

[Rü] Rüssmann, H., Kleine Nenner. II. Bemerkungen zur Newtonschen Methode, Nachr.

Akad. Wiss. Göttingen Math.-Phys. Kl. II (1972), 1–20.

[S] M. Shishikura, On the quasiconformal surgery of rational functions, Ann. Sci. Éc.

Norm. Sup., vol 20, 1-29, (1987).

[Y] Yoccoz, J.C., Analytic linearization of circle diffeomorphisms, Dynamical systems and small divisors (Cetraro, 1998), 125–173, Lecture Notes in Math. 1784, Springer, Berlin, 2002.