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1. Introduction

Let ` be a prime, and F/Q` a finite extension. Let GF = Gal(F/F ) be the absolute Galois
group of F , and IF ⊂ GF the inertia subgroup. An inertial type is a homomorphism τ :
IF → GL2(C), with open kernel, which extends to a representation of GF . We say that τ is
a discrete series if it is scalar or can be extended to an irreducible representation of GF , in
which case, we say that τ is special or supercuspidal accordingly.

There is an inertial Langlands correspondence between 2-dimensional Galois inertial types
of F and smooth representations of GL2(OF ), where OF denotes the ring of integers of F ,
(see [20] for definitions, and [5, Appendix] for this correspondence). This in fact justifies the
above terminology. In an upcoming paper, we discuss an explicit/algorithmic version of this
correspondence as well as arithmetic applications.

Inertial types were introduced in [8, 4] in the study of deformation rings. Since then, they
have played a prominent role in the mod p and p-adic Langlands Programme. For example,
the Breuil-Mézard Conjecture [5] for Q` can be seen as a refinement of the Serre Conjecture
over Q where inertial types are a crucial input.

In a different direction, the work of Bennett-Skinner [2] can be seen as a precursor of the
use of inertial types in the study of Diophantine equations. Further refinements and new
applications of those ideas are due to the second author and his collaborators [3, 13]. It
is important to note that all of this is predated by work of Diamond and Kramer in [10,
Appendix]. Indeed, motivated by Diophantine and modularity applications, they described
(in the sense of [10, Section 2]) the structure of ρE,p, the mod p representation attached to an
elliptic curve E/Q`, in terms of the j-invariant of E. In [13], using a blend of the approaches
in [16] and [10, Appendix], the authors describe, for E/Q` with certain reduction types at
` = 2, 3 (see [13, Theorem 3.1]), the possible fixed fields of the restriction to inertia ρE,p|I` .
They then use this to study the Generalized Fermat equation x2 + y3 = zp.

In light of these applications, the goal of this paper is to give a complete description of the
inertial types for all elliptic curves E/Q`, where ` is an arbitrary prime. Our results have
recently been applied to the determination of the symplectic type of isomorphisms between
the p-torsion of elliptic curve [14].
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2. A review of 2-dimensional Weil-Deligne representations

In this section, we will recall the necessary background for Galois representations of local
fields. Our main references for the section are [18], [7] and [6].

We start by establishing some notation. As in the introduction, ` is a prime and F/Q` a
finite extension. Let πF be a uniformizer of F , p = (πF ) the unique prime of F , and write
qF for the cardinality of the residue field of F . Let v denote a valuation of F satisfying that
v(πF ) = 1. Let GF = Gal(F/F ) for the absolute Galois group of F , and WF the Weil group
of F . We denote the inertia subgroup of WF by IF . When F = Q` we will write simply I`,
W` and `.

Let W ab
F denote the maximal abelian quotient of WF , and write ArtF : F× → W ab

F for
the Artin reciprocity map from local class field theory, sending πF to an inverse Frobenius
element. The map ArtF allows to identify a character χ of WF with the character χA =
χ ◦ ArtF of F×. We recall that, if χ : WF → C× is a character, the conductor of χ is the
ideal pm, where m is the smallest integer such that χA|Um is trivial, where Um = 1 + pm. We
will write cond(χ) = pm and, by abuse of notation, we will also write cond(χ) to denote the
conductor exponent m.

Denote by ω the unramified quasi-character giving the action of WF on the roots of unity,
which corresponds to the norm quasi-character | · | via class field theory.

We are interested in 2-dimensional complex Weil-Deligne representations of the local field F
(see [18, Section 3] for definitions). We recall that a Weil-Deligne representation consists of
a pair (σ,N) such that

(1) σ is a representation σ : WF → GL2(C) of the Weil group of F ; and
(2) N is a nilpotent endomorphism of C2 satisfying

σ(g)Nσ(g)−1 = ω(g)N for all g ∈ WF .

We will now briefly describe the types of 2-dimensional Weil-Deligne representations.

2.1. Principal series. Let χ : WF → C× be a character. The principal series representation
attached to χ is given by the pair (σ, 0), where

σ = PS(χ) = χ⊕ χ−1ω−1.
Its conductor exponent is given by

(2.1) cond(PS(χ)) = 2 cond(χ)

2.2. Special series. Let χ : WF → C× be a character whose restriction to IF is quadratic.
The special series representation attached to χ is given by the pair (σ,N), where

σ = Sp(χ) = χ⊗
(
ω 0
0 1

)
and N =

(
0 1
0 0

)
.

Its conductor exponent is given by

(2.2) cond(Sp(χ)) =

{
2 cond(χ) if χ is ramified
1 otherwise.
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2.3. Supercuspidal representations. Irreducible Weil-Deligne representations (σ, 0), with
σ : WF → GL2(C), are classified by their projective images in PGL2(C) (see [6, Sections 41
and 42] or [7, Section 12]). We say that σ is imprimitive (resp. primitive) if its projective
image is the dihedral group Dn (resp. A4 or S4). We also use the term non-exceptional
(resp. exceptional) to describe imprimitive (resp. primitive) representations. It is known
that primitive representations only exists when the residual characteristic ` = 2. (We note
that, since WF is totally disconnected, the case when σ has projective image A5 cannot
occur.)

2.3.1. Imprimitive supercuspidal representations. Let M/F be a quadratic extension
and write εM for the quadratic character corresponding to M . Write s ∈ GF for a lift of the
non-trivial element in Gal(M/F ). Let χ : WM → C× be a character. Define its s-conjugate
character χs : WM → C× by the formula χs(g) := χ(s−1gs) for g ∈ WM . We note that
χ = χs if and only if the character χA = χ ◦ ArtF factors through the norm map of M/F ,
that is, if and only if there exists a character θ : F× → C× such that

χA(x) = (θ ◦ NmM/F )(x), for all x ∈M×.

Suppose that χ 6= χs; then the imprimitive supercuspidal representation attached to χ is
given by (σ, 0), where

(2.3) σ = BC(χ) = IndWF
WM

χ, in which case (χA|F×) · εAM = |·|−1 as characters of F×.

Its conductor exponent is given by

(2.4) cond(BC(χ)) =

{
2 cond(χ) if M/F is unramified
cond(χ) + cond(εM) otherwise.

The condition χ 6= χs above is necessary to ensure that σ is irreducible.

For our calculations below, we will need to check if characters of the form χA factor through
the norm map. For that we will often use the following lemma.

Lemma 2.5. Let M/F be quadratic and χ : M× → C× a character. Let s ∈ Gal(M/F ) be
non-trivial and define χs(x) := χ(xs). If χ factors through the norm map then χ = χs.

Proof. Suppose that χ(x) = (θ ◦ NmM/F )(x) for some character θ : F× → C×. Then,
χs(x) = χ(s(x)) = θ(NmM/F (s(x))) = θ(NmM/F (x)) = χ(x).

�

2.3.2. Primitive supercuspidal representations. Let σ : WF → GL2(C) be a primitive
supercuspidal representation σ. From [6, p. 261], it follows that there is a cubic extension
K/F (unique up to F -isomorphism) such that σ|WK

is imprimitve. So, there exists a qua-
dratic extension M/K, and a character χ : WM → C×, which doesn’t factor through the
norm map NmM/K(x), such that

σ|WK
= BC(χ) = IndWK

WM
χ.

Furthermore, if σ′ : WF → GL2(C) is another primitive representation such that detσ =
detσ′ and σ|WK

∼ σ′|WK
, then σ and σ′ are isomorphic. This shows that a primitive
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representation σ : WF → GL2(C) is determined by a triple (K,M,χ), where K/F is a cubic
extension, M/K quadratic extension, and χ : WM → C× a character such that χs 6= χ.

For a triple (K,M,χ) as above, we define the associated primitive supercuspidal Weil-Deligne
representation to be the pair (σ, 0).

3. Inertial types

We recall that an inertial type is a representation τ : IF → GL2(C), with open kernel, which
extends to a representation σ : WF → GL2(C). We will say that τ is a principal series
(resp. special series or supercuspidal type) if σ is a principal series (resp. special series or
supercuspidal representation). If σ is supercuspidal, we will say that τ is imprimitive (resp.
primitive) if σ is imprimitive (resp. primitive).

Lemma 3.1. Let σ = IndWF
WM

χ be an imprimitive supercuspidal representation and τ = σ|IF
the corresponding supercuspidal type. Then τ is given by

τ = χ|IF ⊕ χs|IF or τ = IndIF
IM
χ|IM

according as to whether the quadratic extension M/F is unramified or ramified.

Proof. There is an unramified character µ of WF such that the twist σ ⊗ µ has finite image
(cf. 2.2.1 in [21]). Since (σ⊗µ)|IF = σ|IF ⊗µ|IF = τ , we can assume that σ has finite image.

We now follow the notation in [19, Section 7.3]. Let G be the Galois group of the fixed field
of σ, and write the double coset decomposition

G =
∐
h∈S

IF · h ·WM .

Since WM has index 2 inside WF , we have the following two possibilities for S:

(i) S = {1, s} if IF ⊂ WM ; or
(ii) S = {1} if IF 6⊂ WM .

We now apply [19, Proposition 22] to determine the shape of τ = σ|IF . This gives that
τ = χ|IF ⊕ χs|IF in case (i), and τ = IndIF

IM
χ|IM in case (ii). Finally, we note that IF ⊂ WM

if and only if M/F is unramified. �

The following proposition gives a complete classification of all inertial types, which are not
primitive (compare with [5, Lemme 2.1.1.2]).

Proposition 3.2. Let τ : IF → GL2(C) be an inertial type, which is not primitive. Then,
we have one of the followings:

(i) τ is the restriction of a principal series, i.e. there exists χ : WF → C× such that

τ = PS(χ)|IF ;

(ii) τ is the restriction of a special series, i.e. there exists χ : WF → C× such that

τ = Sp(χ)|IF ;
4



(iii) There exists a character χ : WM → C×, where M/F is the unramified quadratic exten-
sion, which does not extend to WF such that χ 6= χs and

τ = χ|IF ⊕ χs|IF ;

(iv) There exist a ramified quadratic extension M/F , and a character χ : WM → C× such
that

τ = IndIF
IM
χ|IM .

Proof. This follows from the above discussion together with Lemma 3.1. �

We see that τ is reducible in Cases (i)–(iii), and irreducible in Case (iv). Also, in Cases (iii)
and (iv), we see that τ is a supercuspidal series type. We say τ is an exceptional type (or
primitive type) if it is the restriction to IF of an exceptional representation.

It is clear from the definitions of PS(χ) and Sp(χ) that principal series and special types are
determined by χ|IF , the restriction of χ to inertia. Similarly, it follows from Propostion 3.1
and the discussion in Section 2.3.2 that (K,M,χ|IM ) completely determines τ = σ|IF where
σ is the exceptional representation corresponding to (K,M,χ).

4. Background on elliptic curves

In this section we will recall some well know facts about elliptic curves and give a couple of
preliminary results on their inertial types.

For an elliptic curve E defined over a global or local field we will write NE for its conductor.

Let F/Q` be a finite extension and E/F an elliptic curve. There is σE : WF → GL2(C), a
representation of conductor NE attached to E (see [18, Section 13] and [9, Remark 2.14]).

We call the restriction τ := σE|IF the inertial type of E. When E is defined over a global
field whose completion at a prime ` is F we say inertial type of E at `.

The following statement is a consequence of Tate’s algorithm.

Lemma 4.1. Let E/Q be an elliptic curve of conductor NE. Then,

(i) 0 ≤ υ`(NE) ≤ 2 for ` ≥ 5;
(ii) 0 ≤ υ`(NE) ≤ 5 for ` = 3;
(iii) 0 ≤ υ`(NE) ≤ 8 for ` = 2.

Moreover, if E has additive reduction at ` then `2 || NE;

Assume that E has potentially good reduction. Let m ∈ Z≥3 be coprime to `, and consider
the field LE = F un(E[m]). It is well known (see [16]) that the extension LE/F

un is indepen-
dent of m, and is the minimal extension of F un where E achieves good reduction. Note that
LE is the field fixed by τ = σE|IF ; we call it the inertial field of E. Write Φ = Gal(LE/F

un)
and denote by e the order of Φ. We call e the semistability defect of E. The following lemma,
which describes the possibilities for Φ, can be found in [16].

Lemma 4.2. Let F/Q` be a finite extension and E/F an elliptic curve with potentially good
reduction. Then,
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(i) if ` ≥ 5 then Φ is cyclic of order 2, 3, 4 or 6;
(ii) if ` = 3 then Φ is cyclic of order 2, 3, 4, 6 or isomorphic to the non-abelian semi-direct

product Z/3Z o Z/4Z of order 12;
(iii) if ` = 2 then Φ is cyclic of order 2, 3, 4, 6 or of order 8 and isomorphic to the

quaternion group H8 or of order 24 and isomorphic to SL2(F3).

From Lemma 4.2, one gets the following partial descriptions of the inertial types of E/Q` in
the extremal cases when e = 2 or e = 24.

Proposition 4.3. Let E/Q` be an elliptic curve with potentially good reduction with semista-
bility defect e = 2 and inertial type τ . Then τ is trivial after a quadratic twist.

Proof. Since LE is fixed by τ and e = 2, then LE/Qun
` is a quadratic extension. Twisting τ

by the quadratic character corresponding to LE will trivialize τ , as desired. �

Proposition 4.4. Let E/Q2 be an elliptic curve with additive potentially good reduction,
semistability defect e and inertial type τ . Then τ is exceptional if and only if e = 24.

Proof. Suppose τ := σE|I2 is exceptional. From the group structure of G in [6, Section 42.3]
it follows that e is at least 12, so we must have e = 24 by Lemma 4.2.

Conversely, suppose e = 24. From [12, Lemma 1] there is an unramified twist of σE fac-
toring via the field K = Q2(E[3]), so the images of P(σE) and P(ρE,3) are isomorphic as
abstract groups. Since τ is irreducible with image isomorphic to Φ ' SL2(F3), we have that
ρE,3(GQ2) = GL2(F3) (see [12, Table 1]). Thus P(σE) ' GL2(F3)/{±1} ' S4, so that σE is
an exceptional representation, hence τ is an exceptional type, as desired. �

5. Special inertial types for E/Q

In this section, we focus on elliptic curves with potentially multiplicative reduction at a
prime `. If E/Q` is an elliptic curve with potentially multiplicative reduction at `, then the
type τE = σE|I` is a special inertial type. Write τsp := Sp(1)|I` .

Proposition 5.1. Let E/Q` be an elliptic curve with potentially multiplicative reduction
with conductor NE and inertial type τ .

Then, τ = Sp(χ)|I` for some character χ of W`. Moreover,

(1) If E has multiplicative reduction then ` || NE and τ = τsp.

(2) Suppose E has additive reduction, that is `2 | NE.

(i) If ` ≥ 3 then `2 || NE and τ = τsp ⊗ ε`.
(ii) If ` = 2 then `4 || NE and τ = τsp ⊗ ε−1 or `6 || NE and τ = τsp ⊗ ε2 or τsp ⊗ ε−2.

Proof. Let τ = σE|I` be the type of E. We have τ = Sp(χ)|I` for some character χ of W`

since this is the only kind of type arising from a representation (σ,N) where N 6= 0.

(1) If E has multiplicative reduction, then NE = cond(τ) = ` and by the conductor formula
it follows that χ is unramified. In that case,

τ = (χ⊗ Sp(1))|I` = χ|I` ⊗ Sp(1)|I` = Sp(1)|Ip = τsp,
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as desired.

(2) Suppose E as additive reduction, so that `2 | NE. Then, the conductor formula gives
NE = cond(τ) = `2m, with χ ramified and cond(χ) = `m.

Since detσE = ω−1, we conclude that (χ|I`)2 = 1.

If ` ≥ 3, then any character χ : W` → C× such that χ|I` is quadratic must have conductor
`, and satisfies that χ|I` = ε`. Thus m = 1, `2 || NE and τ = τsp ⊗ ε`. This proves (i).
If ` = 2, then character χ : W2 → C× such that χ|I2 is quadratic must be of either of the
following types:

• χ has conductor 22 and satisfies χ|I` = ε−1; or
• χ has conductor 23 and χ|I` = ε−2 or ε2.

We conclude that either τ = τsp ⊗ ε−1 and 24 || NE or 26 || NE and τ = τsp ⊗ ε2 or τsp ⊗ ε−2.
This proves (ii). �

This proposition covers all the cases of potentially multiplicative reduction. So, the rest of
this paper is concerned with elliptic curves with potentially good reduction.

6. Inertial types at ` ≥ 5

Let ` ≥ 5 be a prime, and M the unique unramified quadratic extension of Q`. Let p be the
unique prime in M , and s ∈ GQ`

a lift of the non-trivial element of Gal(M/Q`).

We first define the possible types for an elliptic curve E/Q` with potentially good reduction
and then prove the list is correct. Recall from Section 4 that the semistability defect of E is
e = 2, 3, 4, 6.

(1) Suppose e ∈ {3, 4, 6} satisfies e | ` − 1. Let χe be any character of W` given on I` by
χe(µ) = ζe, where µ is a generator of (Z`/`)

×, and define the type τ`,e of conductor `2 by

τ`,e = PS(χe)|I`

(2) Suppose e ∈ {3, 4, 6} satisfies e | `+ 1. Let χ′e be a character of WM of conductor given
on IM by χ′e(µ) = ζe, where µ is a generator of (OM/p)×. Define the inertial type τ ′`,e of
conductor `2 by

τ ′`,e = BC(χ′e)|I` .

Proposition 6.1. Let ` ≥ 5. Let E/Q` be an elliptic curve with additive potentially good
reduction, semistability defect e and inertial type τ . Then,

(a) if e = 2 then τ is trivial after a quadratic twist;
(b) if e = 3, 4, 6 and e | `− 1 then τ ' τ`,e is a principal series;
(c) if e = 3, 4, 6 and e | `+ 1 then τ ' τ ′`,e is supercuspidal.

Proof. Part (a) is Proposition 4.3, so we can suppose e 6= 2.

Lemma 4.1 implies that τ has conductor `2. And, from Lemma 4.2, it follows that Φ :=
Gal(LE/Qun

` ) is cyclic of order e = 3, 4, 6. Therefore, τ is a reducible type with finite image,
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hence it is either principal series or (imprimitive) supercuspidal induced from the unramified
quadratic extension M .

Case 1: τ is a principal series.

Then, τ = χ|I` ⊕ χ−1|I` , where χ is a character of W` of conductor ` and order e. Thus, χ|I`
factors through

Z×` /U1 ' (Z`/`)
× ' F×` ' Z/(`− 1)Z.

Hence, e divides `− 1. Let µ be a lift of the generator µ of (Z`/`)
× given in (1) above. We

have χ(µ) = ζce with 1 ≤ c ≤ e and (c, e) = 1. Clearly, for the three possible values of e there
are only two choices for χ|I` which correspond to χe and χ−1e . Both give τ ' τ`,e.

Case 2: τ is supercuspidal.

Since τ has conductor `2, it follows that χ is a character of M× of conductor p satisfying
χ|Z×

`
= 1. We have that χ|I` factors through

O×M/U1 ' (OM/p)× ' F×`2 ' Z/(`2 − 1)Z,

hence e divides `2 − 1 = (`+ 1)(`− 1). Let µ be a lift of the generator µ of (OM/p)× in (2)
above. Observe that µ`+1 generates (Z`/`)

× ⊂ (OM/p)×. So, the condition χ|Z×
`

= 1 implies
that e | ` + 1. We have χ(µ) = ζce , with 1 ≤ c ≤ e and (c, e) = 1. Again, as above, the
possibilities for χ|IM are χ′e or (χ′e)

−1.

Note that χ does not factor through the norm map. Otherwise, we would have

ζce = χ(µ) = χ(s(µ)) = χ(µ`) = ζc`e

which would imply that e | `− 1, a contradiction with e | `+ 1 (since e 6= 2).

We conclude that χs 6= χ and so we have either χ|IM = χ′e and χs|IM = (χ′e)
−1 or vice-versa.

In both cases, we obtain τ ' τ ′`,e. Parts (b) and (c) now follow. �

7. Inertial types at ` = 3

Let M = Q3(d), for d =
√
−1,
√
±3, denote a quadratic extension of Q3, and write p for the

prime in M . Also write OM = Z3[w] for the ring of integers. Let s ∈ GQ3 be a lift of the
non-trivial element of Gal(M/Q`).

Recall that ε3 is the unique quadratic character of I3 with conductor 3; it can be obtained
by restricting to inertia the quadratic character fixing Q3(

√
−3).

In Tables 1 and 2 we list the possible types for an elliptic curve E/Q3 with potentially good
reduction. The propositions in this section will show that list is correct. Recall that the
semistability defect of E is e = 2, 3, 4, 6, 12 with Φ non-abelian when e = 12.

Proposition 7.1. Let E/Q3 be an elliptic curve with potentially good reduction, conduc-
tor NE = 32 and inertial type τ . Then τ ' τ ′3,4.

Proof. Since the conductor exponent is 2, we are in the case of tame reduction. Hence, e = 4
and Φ is cyclic by Lemma 4.2.
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Table 1. Conductors and group structures for (OM/f)
× for quadratic exten-

sion of Q3

M f (OM/f)
× Group structure

Q3 32 〈−1〉 × 〈4〉 Z/2× Z/3

Q3(
√
−1) p 〈w − 1〉 Z/8

Q3(
√
−1) p2 〈−2w + 2〉 × 〈3w + 1〉 × 〈4〉 Z/8× Z/3× Z/3

Q3(
√
3) p2 〈−1〉 × 〈w + 1〉 Z/2× Z/3

Q3(
√
−3) p2 〈−1〉 × 〈−w〉 Z/2× Z/3

Q3(
√
3) p4 〈−1〉 × 〈w + 1〉 × 〈4〉 Z/2× Z/9× Z/3

Q3(
√
−3) p4 〈−1〉 × 〈−3w − 2〉 × 〈4w + 1〉 × 〈4〉 Z/2× Z/3× Z/3× Z/3

Suppose τ is a principal series. Then τ = χ|I3 ⊕ χ−1|I3 , where χ is a character of W3 of
conductor 3 and order 4, which is impossible. So, τ must be imprimitive supercuspidal since
we are in odd characteristic. Noting that e = 4 | (3 + 1), we conclude that τ ' τ ′3,4 using a
similar argument as in the proof of Part (c) of Proposition 6.1. �

Proposition 7.2. Let E/Q3 be an elliptic curve of conductor NE, with inertial type τ and
additive potentially good reduction. Assume that E as semistability defect e 6= 2. Then, τ is
given by one of the following cases:

(1) if NE = 32 then e = 4 and τ = τ ′3,4;
(2) if NE = 34 then e = 3 and τ ' τ3, τ√−1 or e = 6 and τ ' τ3 ⊗ ε3, τ√−1 ⊗ ε3;
(3) if NE = 33 then e = 12 and τ = τ√3 or τ = τ√−3;
(4) if NE = 35 then e = 12 and τ = τ√−3,j for some j = 0, 1, 2;

Proof. Part (1) follows from Proposition 7.1.

We will now prove (2). Suppose NE = 34.

Assume τ is a principal series. Then τ = χ|I3 ⊕ χ−1|I3 , where χ is a character of W3 with
conductor 32. Thus χ|I3 factors through Z×3 /U3 ' 〈−1〉 × 〈4〉 (see Table 1), and must be
primitive. This means that χ(4) = ζc3 with c = 1 or 2. Twisting by ε3, we can assume that
χ(−1) = 1. Thus, there are two possibilities for χ|I3 , which are χ3,2 and χ−13,2. Thus τ ' τ3
(hence e = 3) or τ ' τ3 ⊗ ε3 (hence e = 6).

Assume τ is supercuspidal, hence is an induction of χ from a quadratic extensionM = Q3(d).

Suppose first that d =
√
−1, so that M is unramified. Then χ has conductor p2 and χ|Ip

factors through O×M/U2 ' 〈−2w+ 2〉× 〈3w+ 1〉× 〈4〉 (see Table 1). The condition χ|Z×
3

= 1

implies χ4(−2w + 2) = 1 and χ(4) = 1; Since χ is primitive, we must have χ(1 + 3w) = ζc3
with c = 1 or 2. This also implies that χ does not factor through the norm map. We must
have χ(−2w+2) = ±1 since τ has an abelian image. Otherwise, we would have e = 12 and Φ
would be non-abelian. Therefore, up to twisting by ε3, we can assume that χ(−2w+ 2) = 1.
So, again, we have two possibilities for χ|I3 , which are χ√−1 and its conjugate; hence τ ' τ√−1
(and e = 3).
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Table 2. Galois inertial types attached to characters at ` = 3; in the bottom
row j = 0, 1, 2.)

M f χ χ on generators τ cond(τ)

Q3 32 χ3,2 1, ζ3 τ3 = PS(χ3,2)|I3 34

Q3(
√
−1) p χ4 ζ4 τ ′3,4 = BC(χ4)|I3 32

Q3(
√
−1) p2 χ√−1 1, ζ3, 1 τ√−1 = BC(χ√−1)|I3 34

Q3(
√
3) p2 χ√3 −1, ζ3 τ√3 = BC(χ√3)|I3 33

Q3(
√
−3) p2 χ√−3 −1, ζ3 τ√−3 = BC(χ√−3)|I3 33

Q3(
√
−3) p4 χ√−3,j −1, ζ3, ζj3 , 1 τ√−3,j = BC(χ√−3,j)|I3 35

The last sentence in [17, Corollary 3.1] shows that τ cannot be induced from a ramified
quadratic extension M/Q3 in this case. This completes the proof of (2).

Suppose 3k || NE with k = 3, 5. Then, it follows from the conductor formula that τ is
obtained from an induction of a character χ for one of ramified quadratic extensions M/Q3.
It follows from Propositions 3.1 and 3.2 that τ is irreducible; hence, e = 12 by Lemma 4.2.
Moreover, since k = υp(cond(χ)) +υ3(disc(M)) and υ3(disc(M)) = 1, χ has conductor p2 for
k = 3, and p4 for k = 5.

Suppose k = 3. Then, we have (OM/p
2)× ' 〈−1〉 × 〈u〉, where u = w + 1 for M = Q3(

√
3),

and u = −w forM = Q3(
√
−3) (see Table 1). The condition χ|Z×

3
= εM implies χ(−1) = −1.

Again, since χ is primitive, we must have χ(u) = ζc3 with c = 1 or 2. This means that χ
doesn’t factor through the norm. Therefore, there are two choices for χ|IM which are χd and
χs
d, with d =

√
±3. Both give that τ ' τd. This proves (3).

Suppose now that k = 5 and d =
√

3. The character χ|IM factors through (OM/p
4)× '

〈−1〉 × 〈w + 1〉 × 〈4〉 = Z/2 × Z/9 × Z/3. The condition χ|Z×
3

= εM implies χ(−1) = −1.
Since χ has conductor p4, we must have χ(w + 1) = ζc9 with (c, 3) = 1; thus 9 | e, which is a
contradiction.

We conclude that k = 5 and d =
√
−3. The character χ|IM factors through (OM/p

4)× '
〈−1〉×〈−3w−2〉×〈4w+1〉×〈4〉 (see Table 1). The condition χ|Z×

3
= εM implies χ(−1) = −1

and χ(4) = 1. The primitivity of χ implies that χ(−3w + 2) = ζc3 with c = 1, or 2. Hence,
χ does not factor via the norm. There are no constraints on the generator 4w + 1, so
χ(4w+ 1) = ζj3 with j = 0, 1, or 2. Thus, we have six possible choices for χ|IM , which group
into three pairs of conjugated characters (χ, χs). Since each pair contains one character for
which c = 1, and conjugated characters give the same type, we can assume that c = 1.
Hence, χ|IM = χd,j and τ ' τ√−3,j for j = 0, 1, or 2. This proves (4). �

8. Non-exceptional inertial types at ` = 2

Let M = Q2(d) for d =
√
−1,
√
±2,
√
±5,
√
±10 be one of the seven quadratic extensions

of Q2. Also write OM = Z2[w] for the ring of integers of M , and p for the prime of M . Let
10



Table 3. Conductors and group structures for (OM/f)
× for quadratic exten-

sion of Q2

M f (OM/f)
× Group structure

Q2 24 〈−1〉 × 〈5〉 Z/2× Z/4

Q2(
√
5) p 〈w〉 Z/3

Q2(
√
5) p2 〈−w + 2〉 × 〈−1〉 × 〈2w + 1〉 Z/3× Z/2× Z/2

Q2(
√
5) p3 〈3w + 2〉 × 〈4w + 1〉 × 〈3〉 × 〈2w + 1〉 Z/3× Z/2× Z/2× Z/4

Q2(
√
5) p4 〈−5w + 2〉 × 〈4w + 1〉 × 〈8w − 1〉 × 〈2w + 1〉 Z/3× Z/4× Z/2× Z/8

Q2(
√
±2) p5 〈−3〉 × 〈w + 1〉 × 〈2w + 1〉 Z/2× Z/4× Z/2

Q2(
√
±10) p5 〈−3〉 × 〈w + 1〉 × 〈2w + 1〉 Z/2× Z/4× Z/2

Q2(
√
−1) p3 〈w + 2〉 Z/4

Q2(
√
−1) p4 〈w + 2〉 × 〈2w − 1〉 Z/4× Z/2

Q2(
√
−1) p6 〈−3〉 × 〈w + 2〉 × 〈2w − 1〉 Z/2× Z/4× Z/4

Q2(
√
−5) p3 〈w + 2〉 Z/4

Q2(
√
−5) p4 〈w + 2〉 × 〈2w − 1〉 Z/4× Z/2

Q2(
√
−5) p6 〈−3〉 × 〈w + 2〉 × 〈−2w + 3〉 Z/2× Z/4× Z/4

s ∈ GQ2 be a lift of the non-trivial element of Gal(M/Q`). For an integer d denote by εd the
restriction to inertia of the character of GQ2 fixing Q2(

√
d).

The objective of this section is to prove Theorem 8.1. All the relevant inertial types are
defined in Tables 3 and 4.

From Lemma 4.2, we know that the semistability defect of an elliptic curve E/Q2, with
potentially good reduction, is e = 2, 3, 4, 6, 8, 24, and that Φ is non-abelian if and only if
e = 8 or 24. The following proposition shows that E has an exceptional inertial type if and
only if e = 24.

Let us recall the explicit definition of some characters εd that we shall need.

ε−1 : has conductor 22 and is defined on (Z2/2
2)× by

ε−1(−1) = −1.

ε2 : has conductor 23 and is defined on (Z2/2
3)× by

ε2(−1) = 1, ε2(5) = −1.

ε−2 : has conductor 23, satisfies ε−2 = ε−1ε2 and is defined on (Z2/2
3)× by

ε2(−1) = −1, ε2(5) = −1.

Note also that ε2 = ε10 and ε−2 = ε−10.
11



Theorem 8.1. Let E/Q2 be an elliptic curve with additive potentially good reduction, con-
ductor NE, semistability defect e and inertial type τ . Suppose further that e 6= 24, so that τ
is not exceptional. Then,

(1) if e = 2 then τ is trivial after a quadratic twist;
(2) if NE = 22 then e = 3 and τ = τ√5,2;
(3) if NE = 24 then e = 6 and τ = τ√5,2 ⊗ ε−1;
(4) if NE = 25 then e = 8 and τ = τ√−1,5 or τ = τ√−5,5;
(5) if NE = 26 then e = 6 or e = 8 and, moreover, we have

- if e = 6 then τ = τ√5,2 ⊗ ε2 or τ√5,2 ⊗ ε−2;
- if e = 8 then τ = τ√−1,5 ⊗ ε2 or τ√−5,5 ⊗ ε2;

(6) if NE = 28 then e = 4 or e = 8 and, moreover, we have
- if e = 4 then τ2, τ2 ⊗ ε−1, τ√5,8, τ√5,8 ⊗ ε−1;
- if e = 8 then τ√−5,8 or τ√−5,8 ⊗ ε2

8.1. Principal Series.

Proposition 8.2. Let E/Q2 be an elliptic curve with additive potentially good reduction,
semistability defect e 6= 2, conductor NE and inertial type τ . Suppose further that τ is a
principal series. Then NE = 28, e = 4 and τ ' τ2 or τ2 ⊗ ε−1.

Proof. We have cond(τ) = 22m with 1 ≤ m ≤ 4 by Lemma 4.1 and the conductor formula
for principal series. Thus τ = χ|I2 ⊕ χ−1|I2 , where χ|I2 factors through (Z2/2

m)×.

If m = 1, 2 or 3, then χ|I2 is at most quadratic. Hence e = 1 or 2, which is a contradiction;
thus m = 4. Since (Z2/2

4)× = 〈−1〉 × 〈5〉 = Z/2 × Z/4 (see Table 1), we must have
χ(5) = ±i. If χ(−1) = 1, then χ|I2 = χ4,4 or χ−14,4, yielding that τ = τ2. If χ(−1) = −1, then
τ = τ2 ⊗ ε−1. �

8.2. Inductions from M/Q2 of conductor 23. Let M = Q2(
√
d) with d =

√
±2,
√
±10,

so thatM/Q2 is quadratic ramified of conductor 23. (These are the four quadratic extensions
M/Q2 with that conductor.) Let s ∈ GQ2 be a lift of the non-trivial element of Gal(M/Q2).

From [17, Corollary 4.1] and Lemma 4.1, it follows that an elliptic curve E/Q2 with a
supercuspidal type τ induced from one of these M must have conductor NE = 28. The
following proposition shows this cannot happen if E has additive potentially good reduction.

Proposition 8.3. Let E/Q2 be an elliptic curve with additive potentially good reduction,
semistability defect e, conductor NE = 28 and inertial type τ . Suppose further that τ is
imprimitive supercuspidal induced from a quadratic extension M/Q2.

Then M does not have conductor 23.

Proof. Suppose that ρE = IndW2
WM

χ for a character χ : WM → C×, where M/Q2 has conduc-
tor 23. This means that M = Q2(d) with d =

√
±2,
√
±10. Write p for the prime ideal in

M . Since cond(ρE) = 28, the conductor formula (2.4) implies cond(χ) = p5.

For M = Q2(d), with d = ±2,±10, we have

(OM/p
5)× = 〈−3〉 × 〈w + 1〉 × 〈2w + 1〉 ' Z/2× Z/4× Z/2.
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Recall that χ|Z×
2

= εd.

Suppose d =
√
−2 or

√
−10. Since χ has conductor p5, we must have χ(−3) = −1. Note

that (Z2/2
3)× = 〈−1〉 × 〈5〉 ⊂ (OM/p

5)×; therefore χ|Z×
2

= εd implies

χ(5) = χ(−3) = −1 and χ(−1) = χ(w + 1)2χ(2w + 1) = −1

which can be restated as the following two cases

(i)

 χ(−3) = −1
χ(1 + w) = ±i
χ(1 + 2w) = 1

or (ii)

 χ(−3) = −1
χ(1 + w) = ±1
χ(1 + 2w) = −1.

For d = 2, 10, the same conclusion holds. Indeed, the conductor implies that χ(−3) = −1
and from χ|Z×

2
= εd we get χ(5) = χ(−3) = −1 and χ(−1) = χ(−3)χ(1 +w)2χ(1 + 2w) = 1,

leading to the same cases (i) and (ii) above.

Suppose now that M = Q2(d), with d =
√
−2, and that χ satisfies case (i). One verifies that

(χ/χs)(−3) = (χ/χs)(2w + 1) = 1, and (χ/χs)(w + 1) = −1,

so χ does not factor via the norm. In particular, σE is irreducible and since τ = σE|IM it
follows from Proposition 3.1 and Lemma 4.2 that e = 8.

Moreover, we have that d is an uniformizer in M and χs(d) = χ(−d) = χ(−1)χ(d) = −χ(d),
therefore (χ/χs)(d) = −1 and it now is easy to check that

(χ/χs)(x) = (ε−5 ◦ NmM/Q2)(x).

We conclude that σE is triply imprimitive by [6, Section 41.3] and it follows from [15,
Section 2.7] that σE has projective image P(σE) ' D2 ' C2 × C2.

On the other hand, from [12, Lemma 1] there is a twist of σE factoring via K = Q2(E[3]),
so P(σE) ' P(ρE,3). From [12, Table 1] we see that if e = 8 (hence Φ ' H8) then
ρE,3(GQ2) ⊂ GL2(F3) is the 2-Sylow subgroup which does not satisfy P(ρE,3) ' C2 × C2,
giving a contradiction.

A similar argument leads to contradictions also for d =
√

2,
√
±10 when χ satisfies (i).

Finally, when χ is given by (ii), one verifies that, for all d, χ|IM = (χ|IM )s. So, χ factors
through the norm map and does not give rise to a supercuspidal type. �

8.3. Inductions from M/Q2 unramified. Let M = Q2(
√

5), so that M is quadratic
unramified, and s ∈ GQ2 be a lift of the non-trivial element of Gal(M/Q2).

Proposition 8.4. Let E/Q2 be an elliptic curve with additive potentially good reduction,
semistability defect e 6= 2, conductor NE and inertial type τ . Suppose further that τ is
supercuspidal obtained by inducing a character χ of WM , where M = Q2(

√
5). Then,

(1) if NE = 22 then e = 3 and τ = τ√5,2,
(2) if NE = 24 then e = 6 and τ = τ√5,2 ⊗ ε−1,
(3) if NE = 26 then e = 6 and τ = τ√5,2 ⊗ ε2 or τ = τ√5,2 ⊗ ε−2,
(4) if NE = 28 then e = 4 and τ is τ√5,8 or τ√5,8 ⊗ ε−1.
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Table 4. Galois inertial types attached the characters at ` = 2

M f χ χ on generators τ cond(τ)

Q2 24 χ4,4 1, i τ2 = PS(χ4,4)|I2 28

Q2(
√
5)

p χd,1 ζ3 τd,2 = BC(χd,1)|I2 22

p4 χd,4 1, i, −1, i τd,8 = BC(χd,4)|I2 28

Q2(
√
±2) p5 χd,5 −1, i, 1 τd,8 = BC(χd,5)|I2 28

p5 χ′d,5 −1, 1, −1 τ ′d,8 = BC(χ′d,5)|I2 28

Q2(
√
±10) p5 χd,5 −1, i, 1 τd,8 = BC(χd,5)|I2 28

p5 χ′d,5 −1, 1, −1 τ ′d,8 = BC(χ′d,5)|I2 28

Q2(
√
−1) p3 χd,3 i τd,5 = BC(χd,3)|I2 25

p6 χd,6 1, 1, i τd,8 = BC(χd,6)|I2 28

Q2(
√
−5)

p3 χd,3 i τd,5 = BC(χd,3)|I2 25

p6 χd,6 1, 1, i τd,8 = BC(χd,6)|I2 28

p6 χ′d,6 1, −1, i τ ′d,8 = BC(χ′d,6)|I2 28

Proof. Since M/Q2 is unramified then I2 ⊂ WM and we are in case Proposition 3.2 (iii). So
τ has abelian image and e = 3, 4 or 6. The conductor of τ is 22m, which means that χ has
conductor pm with m ≤ 4. We will now determine the possibilities for χ|O×

M
.

Suppose m = 1; then NE = 22, and the reduction is tame, hence e = 3. Since (OM/p)× =
〈w〉 = Z/3, we must have χ(w) = ζc3 with c = 1 or 2. Therefore, χ|I2 = χ√5,1 or χs√

5,1
since

it doesn’t factor through the norm. Thus τ ' τ√5,2, proving (1).

Suppose m = 2. Then, from Table 3, we have

(Z2/2
2)× ⊂ (OM/p

2)× = 〈−w + 2〉 × 〈−1〉 × 〈2w + 1〉 ' Z/3× Z/2× Z/2.
Since χ|Z×

2
= 1, we must have χ(−1) = 1. Also, χ(2w + 1) = −1 since χ has conductor p2.

Therefore χ(−w+ 2) = ζc3 with c = 1 or 2; otherwise, χ would factor through the norm. We
conclude there are two choices for χ|I2 , which must be conjugate. They give rise to the same
type τ ′ of conductor 24. But, twisting an elliptic curve with inertial type τ√5,2 by −1, gives
an elliptic curve of conductor 24 and inertial type τ√5,2 ⊗ ε−1. Since τ ′ is the unique inertial
type of conductor 24, we must have τ ′ = τ√5,2 ⊗ ε−1. This proves (2).
Suppose m = 3. Then, from Table 3, we have

(Z2/2
3)× ⊂ (OM/p

3)× = 〈3w + 2〉 × 〈4w + 1〉 × 〈3〉 × 〈2w + 1〉 ' Z/3× Z/2× Z/2× Z/4.
Since χ|Z×

2
= 1, it follows that

χ(−1) = χ(3)χ(2w + 1)2 = 1 and χ(5) = χ(2w + 1)2 = 1.

Hence χ(2w + 1) = ±1. Since χ has conductor p3, we must have χ(4w + 1) = −1 or
χ(2w+1) = ±i. But, the latter is incompatible, thus χ(4w+1) = −1. Since χ doesn’t factor
through the norm, we see that χ(3w + 2) = ζc3 with c = 1 or 2. This gives four possibilities
for χ|I2 yielding two pairs of conjugate characters, and hence two possible inertial types τ of
conductor 26. But, twisting an elliptic curve with inertial type τ√5,2 by 2 (resp. −2) gives
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an elliptic curve of conductor 26 and inertial type τ√5,2⊗ ε2 (resp. τ√5,2⊗ ε−2). So, τ√5,2⊗ ε2
and τ√5,2 ⊗ ε−2 must correspond to the two inertial types described above. This proves (3).

Suppose m = 4. Then, from Table 3, we have

(Z2/2
4)× ⊂ (OM/p

4)× = 〈−5w+2〉×〈4w+1〉×〈8w−1〉×〈2w+1〉 = Z/3×Z/4×Z/2×Z/8.
So, from χ|Z×

2
= 1, it follows χ(−1) = χ(5) = 1. A little calculation then shows that

χ(4w + 1)2 = χ(8w − 1) = χ(2w + 1)2 = ±1.

Hence, in particular, χ(2w + 1)4 = 1. Since, χ has conductor p4, we must χ(4w + 1) = ±i
or χ(2w + 1) has order 8. But the latter is impossible, so χ(4w + 1) = ±i. From the above
equalities, it then follows that χ(8w − 1) = −1 and χ(2w + 1) = ±i.
One checks further that χ(4w̄ + 1) = χ(4w + 1)χ(2w + 1)2 = −χ(4w + 1), where w̄ denotes
the Galois conjugate of w, hence χ does not factor via the norm. Therefore, χ(−5w+2) = ζc3
with c = 0, 1 or 2. If c 6= 0, then the image of χ|I2 has size e = 12 which is a contradiction,
so c = 0. This shows that there are four possibilites for χ|I2 which are

χ√5,4, χs√
5,4

= χ√5,4ε−2, χ√5,4ε−1, (χ√5,4ε−1)
s = χ√5,4ε2

and we conclude τ ' τ√5,8 or τ√5,8 ⊗ ε−1, as desired. �

8.4. Inductions from M/Q2 of conductor 22. Let M = Q2(
√
d) with d =

√
−1,
√
−5,

so that M/Q2 is quadratic ramified of conductor 22. Let s ∈ GQ2 be a lift of the non-trivial
element of Gal(M/Q2).

Proposition 8.5. Let E/Q2 be an elliptic curve with additive potentially good reduction,
semistability defect e 6= 2, conductor NE and inertial type τ . Suppose further that τ is
supercuspidal obtained by inducing a character χ of WM , where M has conducotr 22.

Then,

(1) if NE = 25 then e = 8 and τ = τ√−1,5 or τ√−5,5;
(2) if NE = 26 then e = 8 and τ = τ√−1,5 ⊗ ε2 or τ√−5,5 ⊗ ε2;
(3) if NE = 28 then τ is τ√−1,8 or τ√−1,8 ⊗ ε2.

Proof. From Lemma 4.1 and [17, Corollary 4.1] it follows that cond(τ) = NE = 2k with
k = 5, 6, 8, thus χ is of conductor pm with m = k − 2 = 3, 4, 6, respectively. We will now
determine the possibilities for χ|O×

M
.

Case: d =
√
−1

Note that χ|Z×
2

= εd implies χ(−1) = −1, so that χ does not factor through the norm.

Suppose m = 3. We have that (OM/p
3)× = 〈w + 2〉 ' Z/4. Since χ has conductor p3, we

must have χ(2 + d) = ±i; this gives two conjugate characters, hence τ = τ√−1,5.

Suppose m = 4. Then, we have that (OM/p
4)× = 〈w + 2〉 × 〈2w − 1〉 ' Z/4 × Z/2.

Since χ has conductor p4, we must have χ(2w − 1) = −1. From χ|Z×
2

= εd, it follows
χ(−1) = χ(w + 2)2 = −1, hence χ(w + 2) = ±i. So, we again have two conjugate choices,
leading to one possible type τ ′. But, twisting an elliptic curve with inertial type τ√−1,5 by 2,
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we obtain an elliptic curve with conductor 26 and inertial type τ√−1,5⊗ ε2. So by uniqueness,
we must have τ ′ = τ√−1,5 ⊗ ε2. This proves (2).
Supposem = 6. Then, we have that (OM/p

6)× = 〈−3〉×〈w+2〉×〈2w−1〉 ' Z/2×Z/4×Z/4.
Since χ is primitive, we must have χ(2w − 1) = ±i. From χ|Z×

2
= εd it follows that χ(5) =

χ(−3) = 1 and

χ(−1) = χ(w + 2)2χ(2w − 1)2 = χ(w + 2)2 · (−1) = −1

hence χ(w + 2) = ±1. There are four possible characters which are

χ√−1,6, χs√
−1,6, χ√−1,6 · ε2, (χ√−1,6 · ε2)s,

hence τ = τ√−1,8 or τ√−1,8 ⊗ ε2.

Case: d =
√
−5

Note that χ|Z×
2

= εd implies χ(−1) = −1, hence χ does not factor through the norm. For
m = 3, 4, the same argument as for d = −1 applies (see Table 3 for group structures).

Suppose m = 6. Then, we have that

(OM/p
6)× = 〈−3〉 × 〈w + 2〉 × 〈−2w + 3〉 ' Z/2× Z/4× Z/4.

Since χ is primitive, we must have χ(−2w + 3) = ±i. From χ|Z×
2

= εd, we get χ(5) =

χ(−3) = 1 and

χ(−1) = χ(−3)χ(w + 2)2χ(−2w + 3)2 = χ(w + 2)2 · (−1) = −1

hence χ(w + 2) = ±1. Again, there are four possible characters χ|IM , which can be written
as

χ1, χs
1 = χ1 · ε2, χ2, χs

2 = χ2 · ε2,
where we have fixed certain choice for χ1 and χ2 among the four possibilities.

In particular, χ/χs factors through the norm, so σE is triply imprimitive. This leads to
a contradiction similarly to the proof of Proposition 8.3. We conclude there are no types
arising from an elliptic curve for m = 6 and d =

√
−5. �

8.5. Proof of Main Theorem. We now combine the results of the section to prove Theo-
rem 8.1.

Proof of Theorem 8.1. We have e 6= 24 by Proposition 4.4.

Part (1) is Proposition 4.3, so we can assume also e 6= 2.

We know that τ is either principal series or imprimitive supercuspidal.

Suppose τ is principal series. From Proposition 8.2 it follows that NE = 28, e = 4 and τ ' τ2
or τ2 ⊗ ε−1. Suppose now τ is supercuspidal and NE = 28. Then Proposition 8.3 implies it
is induced from a quadratic extension M/Q2 with M unramified or of conductor 22. In the
former case we have e = 4 and τ ' τ√5,8 or τ√5,8 ⊗ ε−1; in the latter case we have e = 8 and
τ ' τ√−1,8, τ√−1,8 ⊗ ε2. This concludes the proof of part (6).

The above also shows that, for the remaining cases, we can asume τ is imprimitive super-
cuspidal with conductor 6= 28. Thus from [17, Corollary 4.1] we know that τ is induced
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from M with conductor 20 or 22 and, in particular, we are under the hypothesis of either
Proposition 8.4 or Proposition 8.5. The remaining cases now follow directly from these two
propositions. �

9. Exceptional inertial types for E/Q2

Let r = ±1,±2 and define the following elliptic curves over Q2

(9.1) E1,r : ry2 = x3 + 3x+ 2 and E2,r : ry2 = x3 − 3x+ 1.

We define τex,1 and τex,2 to be the inertial types of E1,1 and E2,−1, more precisely,

τex,1 = σE1,1|I2 and τex,2 = σE2,−1|I2 .

Theorem 9.2. Let E/Q2 be an elliptic curve with additive potentially good reduction, semista-
bility defect e = 24, conductor NE and inertial type τ . Then,

(1) if NE = 23 then τ = τex,2;
(2) if NE = 24 then τ = τex,2 ⊗ ε−1;
(3) if NE = 26 then τ = τex,2 ⊗ ε2 or τ = τex,2 ⊗ ε−2;
(4) if NE = 27 then τ is one of τex,1, τex,1 ⊗ ε−1, τex,1 ⊗ ε2, τex,1 ⊗ ε−2;

Proof. Let K = Q2(E[3]), G = Gal(K/Q2) and L = Qun
2 K be the inertial field of E. From

the proof of Proposition 4.4, we know that G ' GL2(F3) ' S̃4 which is a double cover
of P(ρE,3) ' S4. From [1, Table 10] we see that all the S̃4 extensions K/Q2 are of the
form K = Q2(Ei,r[3]), where Ei,r is one of the curves defined in (9.1). Thus both τ and
τi,r = ρEi,r

|I2 fix the extension L/Qun
2 . We have Gal(L/Qun

2 ) ' Φ ' SL2(F3) by Lemma 4.2,
and since there is only one irreducble GL2(C)-representation of SL2(F3) whose image is
contained in SL2(C), we conclude that τ ' τi,r.

Finally, note that, for r = −1, 2,−2, the curve E2,−r is the quadratic twist of E2,−1 by r, so
that the inertial type of E2,−r is τex,2 ⊗ εr. Similarly, the inertial type of E1,r is τex,1 ⊗ εr.
Moreover, the conductor of E1,1 is 27 and that of E2,−1 is 23, thus the eight types split in the
4 cases of the theorem according to their conductors. �

Recall that, as in previous sections, we aim for an explicit description of the types in The-
orem 9.2 in terms of characters. As explained in Section 2.3.2, an exceptional type is de-
termined by a triple (K,M,χ), where K/Q2 is a cubic extension, M/K a quadratic and
χ : WM → C× a character that we only need to specify on IM . We now define two inertial
types this way.

LetMi = Q2(bi) for i = 1, 2 be the degree 6 extensions defined by the Eisenstein polynomials

f1 := x6 − 6x5 + 18x4 − 32x3 + 36x2 − 24x+ 10;

f2 := x6 − 198x5 + 10728x4 − 88434x3 + 249264x2 − 9882x+ 918.

We recall that bi is a uniformizer in Mi, and that OMi
= Z2[bi], and write pi = (bi) for the

unique prime ideal of OMi
.
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Let χ2 : WM2 → C× be a character, with conductor p32, whose restriction χ2|IM2
is given by

χ2(1 + b2) = i. Also let χ1 : WM1 → C× be a character of conductor p111 such that χ1|IM1
is

given by
χ1(u3) = i, χ1(u1) = χ1(u2) = χ1(u4) = χ1(u5) = −1.

where

(OM1/p
11
1 )× = 〈u1〉 × 〈u2〉 × 〈u3〉 × 〈u4〉 × 〈u5〉 ' Z/16× Z/4× Z/4× Z/2× Z/2,

and
u1 := b1 + 1,
u2 := b31 + 1,
u3 := b51 + 1,

u4 := 2b1 + 1,
u5 := 2b31 + 1.

Note that, for i = 1, 2, Mi/Q2(u), where u is a root of x3 − 2, is a quadratic extension.
We let K1 = K2 = Q2(u), and define τ1,1 and τ2,−1 to be the inertial types determined by
(K1,M1, χ1) and (K2,M2, χ2), respectively.

Lemma 9.3. The following equalities of inertial types are satisfied:

τex,1 = τ1,1 and τex,2 = τ2,−1.

Proof. We will write E for E1,1 or E2,−1. Let τ be the inertial type of E and (K,M,χ|IM )
be the triple determining τ , so that K/Q2 is cubic, M/K is quadratic and σE|WK

is an
imprimitive representation.

From [12, Lemma 1] there is an unramified twist σ = σE⊗µ which factors via L = Q2(E[3]);
since τ = (σE ⊗ µ)|I2 = σ|I2 we can work with σ. Note also that P(σE) = P(σ).

Write Lx ⊂ L for the subfield generated by the x-coordinates of the 3-torsion points of E.
From the proof Theorem 9.2, we have that G := Gal(L/Q2) ' GL2(F3) ' S̃4 and P(σE)
factors via Gx := Gal(Lx/Q2) ' S4.

The above shows that the image of σ has order 48, σ|WK
is an imprimitive supercuspidal

representation and σ|WM
= χ⊕ χs, where s is conjugation in M/K and χ 6= χs.

Let H ⊂ G be the subgroup fixing M . Since M is of degree 6 and σ|WM
= χ⊕ χs, it follows

that H is cyclic of order 8. Up to conjugation, there is only one cyclic subgroup of S̃4 of
order 8, which must correspond to H. Since e = 24, |H| = 8 and M/Q2 is totally ramified
of degree 6, we see that χ is of order 8; but χ|IM has order 4.

Case: E = E2,−1

This means that τ = τex,2. From [11, Proposition 2] we obtain that L/Q2 is the splitting
field of the Eisenstein polynomial

h1 = x8 − 8x7 + 26x6 − 46x5 + 50x4 − 38x3 + 22x2 − 8x+ 2.

One checks that f2 splits completely over L. Thus, L contains the field M2 in particular. In
fact, one verifies that M2 is the fixed field of H inside L. Since, h1 is irreducible over M2

and K2 ⊂ M2 is the unique cubic subfield, we conclude K = K2 ⊂ M = M2. To finish this
case we need to show χ|IM = χ2|IM .
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Let p, pK be the primes in M , K; we have υpK (∆(M/K)) = 2 and the curve E/K has
conductor p5K , hence χ has conductor p3 by the conductor formula. We note that (OM/p

3)×

is generated by b2 + 1. Since χ has conductor p3, we must have χ(b2 + 1) = ±i. This gives
two choices for χ|IM which are conjugated by s, so we can take χ|IM = χ2|IM hence τ = τ2,−1,
as desired.

Case: E = E1,1

This means that τ = τex,1. From [11, Proposition 2], we obtain that L/Q2 is the splitting
field of the Eisenstein polynomial

h2 = x8 − 28x7 + 236x6 − 280x5 − 104x4 − 392x3 − 164x2 − 112x+ 2,

and Lx/Q2 is the splitting field of g2 := x4 − 4x3 + 4x + 2 (obtained from the 3-division
polynomial of E). As above, one checks that f1 splits completely over L, and that M1 is the
fixed field of H inside L. Furthermore, h2 and g2 are irreducible over M1 and K1 ⊂ M1 is
the unique cubic subfield. We conclude K = K1 ⊂ M = M1. So, it remains to show that
χ|IM = χ1|IM .

Let p, pK be the primes in M , K. We have υpK (∆(M/K)) = 6 and the curve E/K has
conductor p17K , hence χ has conductor p11 by the conductor formula.

We recall that (OM/p
11)× is generated by u1, u2, u3, u4, u5 of orders 16, 4, 4, 2, 2, respectively.

Since χ is primitive, we must have χ(u3) = ±i. Also, since χ fixes L and has order 4 on
inertia, it follows that χ2 fixes Lx and χ2|IM has order 2.

From local class field theory, we know that χ2 fixes Lx if and only if it is trivial on the norm
group NormLx/M(Lx). Using the Magma routine NormEquation we check which ui are norms
from elements in Lx and we conclude that

χ2(u1) = χ2(u2) = χ2(u4) = χ2(u5) = 1, χ2(u3) = −1.

Similarly, we check which ui are norms from L/M to conclude that χ(ui) 6= 1 for all i. It
follows that

χ(u1) = χ(u2) = χ(u4) = χ(u5) = −1, χ(u3) = ±i
where the two options are s-conjugated characters. Therefore, we can take χ|IM = χ1|IM
hence τ = τ1,1, as desired. �
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