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Motivating problem: Explicit CFT

F number field F ab = maximal abelian extension of F

I Class field theory: describes Gal(F ab/F ) using F

Explicit CFT: can we find explicit generators of F ab?

I Known in some cases (F = Q, imaginary quadratic), open in general

I Hilbert 10th: generators as special values of trascendental functions

Theorem (Kronecker–Webber)
Every abelian extension of Q is contained in a cyclotomic field.
So Qab = Q({e2πim}m∈Q).

e(z) := e2πiz  {e(z)}z∈Q algebraic numbers (abelian)
If F is imaginary quadratic the role played by e2πiz is played by j(z)
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The j-function and explicit CFT

j : H := {τ ∈ C : Im(τ) > 0} −→ C.

I τ ∈ H Eτ = C/Z + τZ elliptic curve and j(τ) := j(Eτ ).

If F = Q(
√
−D) imaginary quadratic and τ ∈ F ∩H j(τ) ∈ F ab

I F ({j(τ)}τ∈F∩H) ⊂ F ab.
I To get F ab need to adjoint coordinates of torsion points of Eτ .

j is a modular function: j(γτ) = j(τ) for γ ∈ SL2(Z)

I j : Y0(1) := SL2(Z)\H→C and Y0(1) = modular curve
I τ ∈ F imaginary quadratic Eτ has CM by F
I CM theory: then Eτ is defined over H/F finite abelian j(τ) ∈ H

Generalization to orthogonal Shimura varieties

I Algebraic, defined over a number field, equipped with CM points
I Certain meromorphic functions are algebraic at CM points

Conjectural extension to τ ∈ F real quadratic (Darmon-Vonk ’21)

I j ∈ H0(SL2(Z),M(H)×) but j(τ) makes no sense for real τ
I Key idea: H Hp := Cp \Qp and SL2(Z) SL2(Z[ 1

p ])

I Problem: H0(SL2(Z[ 1
p ]),M(Hp)×) = C×p

I Solution: H1(SL2(Z[ 1
p ]),M(Hp)×) rigid meromorphic cocycles

Darmon-Gerhmann-Lipnowski: RMC on general orthogonal gps.
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Orthogonal groups
V quadratic space over Q of signature (r , s)
(q ∼R x2

1 + · · ·+ x2
r − x2

r+1 − · · · − x2
r+s)

X∞ = {r -dim. pos. def subspaces of VR} real manifold
G = SO(V ) acts on X∞
If r = 2, Γ ⊆ G congruence X∞/Γ is a Shimura variety

I (2,1) X∞ = H and we get modular curves
I (2,2) X∞ = H× H and we get Hilbert modular surfaces

(3,1) X∞ = C× R>0 Bianchi domain (no variety)
Darmon–Gehrmann–Lipnowski’25

I Define a p-adic symmetric domain Xp for any (r , s)
I Γ ⊆ G a p-arithmetic group acts on Xp
I Rigid meromorphic cocyles: J ∈ Hs(Γ,M(Xp)×)
I Define special points τ ∈ Xp and conjecture J[τ ] to be algebraic
I Some numerical evidence for Bianchi RMC (3,1)

F Construct explicit RMC J ∈ H1(Γ,M×)
F Numerical approximations to J[τ ] for τ small CM and small RM points
F Another type of points (big ATR) remained uncomputed
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A construction of Bianchi RMC for K = Q(i)

V =
{

M =
(
α −b
c −ᾱ

)
∈ M2(K ) : b, c ∈ Q

}
, q(M) = − det(M) (3,1)

X∞ = C× R>0, Xp = Hp ×Hp and Γ ⊆ SL2(OK [ 1
p ])

Given a,b ∈ P1(K ) and d ∈ Z,

Jd (a,b)(τ1, τ2) =
∏

M∈V∩M2(OK [1/p])

q(M)=d

(cτ1τ2 − ατ1 − ᾱτ2 + b)∆M,∞∩(a,b)

I ∆M,∞ ∩ (a,b) ∈ {−1,0,1} signed intersection

Does not converge, but certain combinations do: J := J3× J7÷ J6

I Obstructions to convergence: come from M2(Γ0(4p))

(a,b) 7→ J(a,b) ∈ MSΓ(M(Xp)×)

−→ H1(Γ,M(Xp)×)

Gehrmann–Guitart–Masdeu Quaternionic p-adic singular moduli Aveiro 2026 5 / 9



A construction of Bianchi RMC for K = Q(i)

V =
{

M =
(
α −b
c −ᾱ

)
∈ M2(K ) : b, c ∈ Q

}
, q(M) = − det(M) (3,1)

X∞ = C× R>0, Xp = Hp ×Hp and Γ ⊆ SL2(OK [ 1
p ])

Given a,b ∈ P1(K ) and d ∈ Z,

Jd (a,b)(τ1, τ2) =
∏

M∈V∩M2(OK [1/p])

q(M)=d
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)
∈ M2(K ) : b, c ∈ Q

}
, q(M) = − det(M) (3,1)

X∞ = C× R>0, Xp = Hp ×Hp and Γ ⊆ SL2(OK [ 1
p ])

Given a,b ∈ P1(K ) and d ∈ Z,

Jd (a,b)(τ1, τ2) =
∏

M∈V∩M2(OK [1/p])

q(M)=d
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Special points: Small RM and Small CM

v ∈ Xp special if StabΓ(v) ' Z

τ ∈ Q(
√

D) ∩Hp real quadratic StabΓ(τ, τ) = StabΓ(τ, τ ′) = 〈γτ 〉

I Small RM: J[τ ] := J(∞, γτ∞)(τ, τ)
I Small CM: J[τ, τ ′] := J(∞, γτ∞)(τ, τ ′)

[DGL25] computed examples for p = 5 up to 160 digits

I J[1/
√

2] = −289+489i−204
√

2+340
√
−2

3·11 (mod 5160)

I J[ 1+
√

17
4 , 1−

√
17

4 ] = 22·(4−i)2·i
53 (mod 5160)

In these cases γτ ∈ SL2(Z) ⊆ SL2(OK )
I Simplifies the computations: only J(0,∞) needed
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Big ATR points

E/F ATR extension (F totally real, E signature (2,1))

τ ∈ L ∩Hp and τ ′ ∈ L′ ∩Hp its conjugate
StabΓ(τ, τ ′) = 〈γτ 〉
J[τ ] := J(∞, γτ∞)(τ, τ ′) conjectured to belong to Eab

Now J(0,∞) is not enough, we need other cusps
Computed many values J[τ ] and produced tables

I p = 5,13,17 up to precision 300, 10 different cocycles
I Identified 190 algebraic nontrivial quantities
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Big ATR example
J = J2

3 × J15 ÷ J21, p = 13, D = 673

J[τ ] satisfies f (x) = x4 + a
d x3 + b

d x2 + a
d x + 1, where

a = −211349500654446599836316470733755251435519541615714511636

821171012346603970976458836245074566482561365850918592452,

b =286782751017446189391219456317914883658028399549685346229

776145380151720639238579273506832330717517876949503918630,

d =828851276413836168532193777337568257582850330951414053466

75932530059510450523156131010624045718836312406000008881.

If j denotes a root of f , then
I Q(j)/Q has discriminant 22 · 3 · 6732

I E(j)/E is unramified outside 2
I Supp(NormQ(j)/Q(j)) = {659,1297,1579,6007,9631,12791,13099}

All primes ` in the support satisfy:

4`p | s2Nm(discL/Q(i))− n2 > 0

for some s ∈ supp(J) and some integer n

Analog of Bruinier–Yang on support of HMF at CM points
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Big ATR example
J = J2

3 × J15 ÷ J21, p = 13, D = 673
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