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Computing algebraic points
E elliptic curve with rational coefficients

E : y2 + b1xy + b3y = x3 + b2x2 + b4x + b6, bi ∈ Z

K a number field. E(K ) = {solutions (x , y) ∈ K 2}

Question
Does there exist any algorithm for computing E(K )?

Answer: Not known

Mordell–Weil Theorem
E(K ) has a group structure and E(K ) ' E(K )tor ⊕ Zr

E(K )tor: there DO exist algorithms
Compute r linearly independent points of infinite order?
Compute the rank r?

I Related to the Birch and Swinnerton–Dyer Conjecture
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The Birch and Swinnerton–Dyer Conjecture (BSD)

Birch–Swinnerton-Dyer Conjecture (BSD)

r(E/K ) = ords=1L(E/K , s)

Theorem (Gross–Zagier 1986, Kolyvagin 1989)
If K = Q or K = imaginary quadratic and ords=1L(E/K , s) ≤ 1 then
BSD holds

Question
If K = imaginary quadratic and ords=1L(E/K , s) = 1, does there exist
an efficient algorithm for computing a point of infinite order?

Answer: yes, the Heegner points method
I Fundamental ingredient in the Gross–Zagier–Kolyvagin theorem
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Heegner points
K = Q(

√
−D) imaginary quadratic field

Method for computing points on E(K ab)

Geometric construction

I Modular uniformization (Wiles et. al): X0(N) −→ E
I Points on X0(N) parametrize pairs elliptic curves
I CM points on X0(N) (correspond to curves with CM by K )
I Theory of Complex Multiplication: CM points ∈ X0(N)(K ab)
I Their image in E give rise to Heegner points

Explicit formula

I X0(N)(C) = Γ0(N)\H −→ E(C) ' C/ΛE
I CM Points: τ ∈ H ∩ K
I f (z) =

∑
n≥1 ane2πinz  f (z)dz differential on Γ0(N)\H

Heegner Point

Jτ =
∫ i∞
τ

f (z)dz ∈ C/Λf

∼ C/ΛE  Jτ ∈ E(K ab)
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An extreme example (M. Watkins)

y2 + y = x3 − 5115523309x − 140826120488927 (N = 66157667)

the numerator of the x-coordinate is:

12 MARK WATKINS

600 million terms of the L-series. This takes less than a day. We list the x-coordinate
of the point on the original elliptic curve. It has numerator
36777053718667750661400564234182717008793226949228558472621877006165354634927101580536513437032674306114130646450005288670465199839976647884079191530786174150
72739338026281573250924797082687602171017553858718167805487654785022844156276828471927526818990949626599378706300367603592935770218062374839710749312284163465
07852381696883227650072039964481597215995993299744934117106289850389364006552497835877740257534533113775202882210048356163645919345794812074571029660897173224
37033770105616573500859064029709029870912150626669726646199320182539736999955086814229431275632217741073053282806475960497536924235099356803072693704991160726
41097827468479512837941192989412144907943309029865829912295694015235199387427463761071907702040105138183490127866378892547110594555551738109049119276198990318
55149292325338589831979737026402711049742594116000380601480839982975557506035851728035645241044229165029649347049289119188596869401159325131363345962579503132
33984727542244009455382470518922565367745951286311791172183855293430912450813449336643740809392436203974991190741697350414232211175705858420072502263211616472
01649986417295226774605259994990779421258204288795260637356926859910185168629387960475973239865371541712483169437963732171919939969937146546295368843960579247
90938647656663281596178145722116098216500930333824321806726937018190136190556573208807048355335567078793126656928657859036779350593274598717379730880724034301
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An extreme example (M. Watkins)

y2 + y = x3 − 5115523309x − 140826120488927 (N = 66157667)

the numerator of the x-coordinate is:

12 MARK WATKINS

600 million terms of the L-series. This takes less than a day. We list the x-coordinate
of the point on the original elliptic curve. It has numerator
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and denominator (which is square)
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An extreme example (M. Watkins)

y2 + y = x3 − 5115523309x − 140826120488927 (N = 66157667)

the numerator of the x-coordinate is:

12 MARK WATKINS

600 million terms of the L-series. This takes less than a day. We list the x-coordinate
of the point on the original elliptic curve. It has numerator
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and denominator (which is square)
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A natural question: what if K is real quadratic?

Question
E/Q elliptic curve
K real quadratic such that ords=1L(E/K , s) = 1

I algorithm for computing points of infinite order in E(K ab)?

Idea: look for a construction analogous to that of Heegner points
Darmon Points

(a.k.a. Stark–Heegner Points)
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Heegner points

Heegner points Darmon points

K imaginary quadratic

imaginary quadratic real quadratic

Method for constructing points of infinite order in E(K ab)

Geometric construction (proves algebraicity)
I Modular uniformization X0(N) −→ E
I complex multiplication

 Doesn’t exist!

Explicit formula (good for computations)
I Jτ =

∫∞
τ

2πif (z)dz ∈ C/Λ = E(C)

I Ingredients

E  ωE ∈ Ω1
H

τ ∈ K ∩H ∆τ ∈ Div0H

}
−→ Jτ =

∫
∆τ

ωE ∈ C/ΛE

I Idea: look for analogues of ωE and ∆τ

I In fact: ωE ∈ H0(Γ0(N),Ω1
H) and ∆τ ∈ H0(Γ0(N),Div0H)

Obstruction: K real⇒ K ∩H = ∅!
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Outline

1 Computing algebraic points on elliptic curves

2 Heegner points

3 Darmon points (curves over Q)

4 Explicit computations

5 Some generalizations: arbitrary base fields
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Darmon points
Idea: instad of H look at Hp (p-adic upper half plane)

I Cp = Q̂p (analogous to C)
I Hp = Cp \Qp (analogous to C \ R = H±)
I p is inert in K ⇒ K ∩Hp 6= ∅
I Ω1

Hp
= rigid analytic differentials on Hp

I Coleman Integral (analogous to the line integral)

ω ∈ ΩHp , τ1, τ2 ∈ Hp,  
∫ τ2

τ1

ω ∈ Cp

I Multiplicative Coleman integral: if ω has integral residues

×
∫ τ2

τ1

ω ∈ C×p

Local description of E :
I If p | N: Tate uniformization

E(Cp) ' C×p / < qE >
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Darmon points, à la Greenberg

E/Q of conductor N. If signL(E/K , s) = −1 then N = pDM
I M product of primes that split or ramify in K
I D product of an even number of primes which are inert in K

B/Q quaternion algebra of discriminant D (= M2(Q) if D = 1)
R(pM) ⊂ B Eichler order of level pM and Γ0(pM) = R0(pM)×1

Γ =
(

R0(M)⊗ Z[ 1
p ]
)×

1
; Γ ' Γ0(M) ?Γ0(pM) Γ0(M)

Construction (Darmon D = 1 (2001), Greenberg D > 1 (2011))

E  ωE ∈ H1(Γ,Ω1
Hp

)

τ ∈ K ∩Hp  ∆τ ∈ H1(Γ,Div0Hp)

}

→ Jτ = ×
∫

∆τ

ωE ∈ C×p /〈q〉

∼ E(Cp)

C×p /〈q〉 ∼ C×p /〈qE〉 (Darmon, Greenberg–Dasgupta, Longo–Rotger–Vigni)

Conjecture (rationality)
Jτ ∈ E(K ab) and Tr(Jτ ) of infinite order if ords=1 L(E/K , s) = 1
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Numerical evidence for the conjecture

Computations in the case of the split algebra B = M2(Q)
I Darmon–Green (2002)
I Darmon–Pollack (2006)

Next: explain an algorithm for B division

I the homology class attached to τ ∈ K ∩Hp
I the cohomology class attached to E
I the integration pairing

present some numerical evidence for the conjecture in this case
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The homology class
τ ∈ Hp ∩ K  ∆τ ∈ H1(Γ,Div0Hp)

B ⊗Qp ' M2(Qp) so Γ ⊂ B acts on Hp via linear fractional transf.
It turns out that StabΓ(τ) = 〈γτ 〉, for some γτ ∈ Γ

Then: γτ ⊗ τ ∈ H1(Γ,DivHp).
0 −→ Div0Hp −→ DivHp −→ Z −→ 0

H2(Γ,Z) −→ H1(Γ,Div0Hp) −→ H1(Γ,DivHp) −→ H1(Γ,Z) ' Γab

Ihara: Γab is finite

 γe
τ ⊗ τ has a preimage in H1(Γ,Div0Hp)

Computing this explicitly boils down to compute Γab
I Computing generators
I Given γ ∈ [Γ, Γ] write it explicitly as a product of commutators

I J. Voight’s algorithms: generators, word problem for Γ0(pM), Γ0(M)
I Not difficult to use this to treat Γ = Γ0(M) ?Γ0(pM) Γ0(M)

∆τ only well defined up to elements of H2(Γ,Z)

I integration pairing only well defined up to < qE >⊂ C×p
I Can also compute a generator of H2(Γ,Z) < qE >
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The cohomology class

E  ωE ∈ H1(Γ,Ω1
Hp

)

Hecke operators act on this cohomology group:

T` : H1(Γ,Ω1
Hp ) −→ H1(Γ,Ω1

Hp )

Theorem (M. Greenberg)

The isotypical component H1(Γ,Ω1
Hp

)E is 1-dimensional.

ωE the “single” cohomology class such that

T`ωE = a`ωE , where a` = `+ 1−#E(F`)

How to compute effectively with rigid analytic differentials?
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Rigid analytic differentials and measures

Concrete realization of p-adic differentials (Schneider)

Ω1
Hp,Z

'−→ {Measures on P1(Qp) with values in Z}

We can view ωE = µE ∈ H1(Γ,Meas(P1(Qp,Z)))

H1(Γ,Meas(P1(Qp),Z))E−→H1(Γ,Z)E

res−→ H1(Γ0(pM),Z)E

Greenberg’s theorem: the above map is an isomorphism.
Let ϕE ∈ H1(Γ0(pM),Z) corresponding to µE

ϕE is easy to compute:
I compute the Hecke action on Γ0(pM)ab = H1(Γ0(pM),Z)

(again using Voight’s algorithms)
I Diagonalize and take ϕE be the element in the isotypical

component of E .

The isomorphism is explicit (it is essentially Shapiro’s Lemma). So
we can recover µE from ϕE .
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The integration pairing
Schneider: ω ∈ Ω1

Hp,Z ↔ νω ∈ Meas(P1(Qp),Z)

Theorem (Teitelbaum)∫ τ2

τ1

ω =

∫
P1(Qp)

log
(

t − τ2

t − τ1

)
dνω(t)

Given the cycle
∑
γi ⊗ (τ i

2 − τ i
1) for computing the Darmon point

we need to evaluate the integrals∑
i

∫
P1(Qp)

log

(
t − τ i

2

t − τ i
1

)
dµE ,γi (t)

Computing the integrals by Riemann sums is too inefficient
We use instead an overconvergent method

I Darmon–Pollack used overconvergent modular symbols for D = 1
I Can be adapted to our setting using the overconvergent

cohomology machinery of Pollack–Pollack
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Outline

1 Computing algebraic points on elliptic curves

2 Heegner points

3 Darmon points (curves over Q)

4 Explicit computations

5 Some generalizations: arbitrary base fields
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p = 13, D = 6, prec = 1360

E78 : y2 + xy = x3 + x2 − 19x + 685

dK P

5 1 · 48 ·
(
−2, 12

√
5 + 1

)
149 1 · 48 ·

(
1558,−5040

√
149− 779

)
197 1 · 48 ·

(
310
49 ,

720
343

√
197− 155

49

)
293 1 · 48 ·

(
40,−15

√
293− 20

)
317 1 · 48 ·

(
382,−420

√
317− 191

)
437 1 · 48 ·

(
986
23 ,

7200
529

√
437− 493

23

)
461 1 · 48 ·

(
232,−165

√
461− 116

)
509 1 · 48 ·

(
− 2

289 ,−
5700
4913

√
509 + 1

289

)
557 1 · 48 ·

(
75622
121 , 882000

1331

√
557− 37811

121

)
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p = 11, D = 10, prec = 1160

E110 : y2 + xy + y = x3 + x2 + 10x − 45.

dK P

13 2 · 30 ·
(

1103
81 −

250
81

√
13,− 52403

729 + 13750
729

√
13
)

173 2 · 30 ·
(

1532132
9025 ,− 1541157

18050 −
289481483

1714750

√
173

)
237 2 · 30 ·

( 190966548837842073867
4016648659658412649 −

10722443619184119320
4016648659658412649

√
237,

− 3505590193011437142853233857149
8049997913829845411423756107 + 235448460130564520991320372200

8049997913829845411423756107

√
237

)
277 2 · 30

(
46317716623881
12553387541776 ,−

58871104165657
25106775083552 −

20912769335239055243
44477606117965542976

√
277

)
293 2 · 30 ·

(
7088486530742
2971834657801 ,−

10060321188543
5943669315602 −

591566427769149607
10246297476835603402

√
293

)
373 2 · 30 ·

(
298780258398
62087183929 ,−

360867442327
124174367858 −

19368919551426449
30940899762281434

√
373

)
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p = 19, D = 6, prec = 1960

E114 : y2 + xy = x3 − 8x

dK P

29 1 · 72 ·
(
− 6

25

√
29− 38

25 ,−
18

125

√
29 + 86

125

)
53 1 · 72 ·

(
− 1

9 ,
7
54

√
53 + 1

18

)
173 1 · 72 ·

(
− 3481

13689 ,
347333

3203226

√
173 + 3481

27378

)
269 1 · 72 ·

(
1647149414400

23887470525361

√
269− 43248475603556

23887470525361 ,

2359447648611379200
116749558330761905641

√
269 + 268177497417024307564

116749558330761905641

)
293 1 · 72 ·

(
21289143620808
4902225525409 ,

4567039561444642548
10854002829131490673

√
293− 10644571810404

4902225525409

)
317 1 · 72 ·

(
− 25

9 ,−
5

54

√
317 + 25

18

)
341 1 · 72 ·

(
3449809443179
499880896975 ,

3600393040902501011
3935597293546963250

√
341− 3449809443179

999761793950

)
413 1 · 72 ·

(
59
7 ,

113
98

√
413− 59

14

)
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Outline

1 Computing algebraic points on elliptic curves

2 Heegner points

3 Darmon points (curves over Q)

4 Explicit computations

5 Some generalizations: arbitrary base fields
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“Simplest” Darmon points: E/Q and K/Q real quadratic.

There are generalizations in several directions.
E/F with F totally real, K/F any quadratic extension (Greenberg)

I p prime of F which is inert in K
I ωE ∈ Hn(Γ,Ω1

Hp
), ∆τ ∈ Hn(Γ,Div0Hp)

I n = # archimedean places of F that split in K
I
∫

∆τ
ΦE ∈ E(Cp), conjecturally in E(H).

Archimedean constructions (Darmon, Gartner):

I Analogous with v an archimedean place of F .
I Cohomology class ωE is the modular form attached to E
I Darmon point:

∫
∆τ
ωE ∈ C/ΛE ∼ E(C)

These constructions (both archimedean and non-archimedean)
also extend to F arbitrary number fields (mixed signature).
In some cases explicit computations are feasible:

I p-adic constructions: same method we explained for curves over Q,
when the (co)homology groups involved are in degree 1

I archimedean: need in addition that B ' M2(F )
(in order to have Fourier expansions for the modular forms)

Show an example of mixed signature archimedean Darmon point
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Example: Archimedean Darmon point
F = Q(r), with r3 − r2 + 1
F has one real and one complex place

E : y2 + (r − 1)xy + (r2 − r)y = x3 + (−r2 − 1)x2 + r2x .

E has conductor N =
(
r2 + 4

)
, of norm 89.

Γ0(N) = {
(

a b
c d

)
∈ SL2(OF ) : N | c} ⊂ SL2(R)× SL2(C)

Γ0(N) acts on H×H3, where

H = {z ∈ C : Im(z) > 0}, H3 = {(x , y) ∈ C× R : y > 0}

Generalized Modularity Conjecture

There is a harmonic differential form ωE ∈ H2(Γ\H ×H3,C) with

TlωE = al(E)ωE

Observe: H×H3 doesn’t have a complex structure!
In practice, one can compute ωE !
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ωE has a “Fourier-Bessel expansion”:

ωE (z, x , y) =
∑
α∈OF
α0>0

a(α)

NF/Q(α)

α0

δ0
exp

(
−2πi

(
α0z̄
δ0

+
α1x
δ1

+
α2x̄
δ2

))
K
(
α1y
δ1

)
·


−dx

y ∧ dz̄
dy
y ∧ dz̄

dx̄
y ∧ dz̄

 ,

K(t) =

(
− i

2
t |t |K1(4π|t |), |t |2K0(4π|t |), i

2
t |t |K1(4π|t |)

)
,

(K0 and K1 are the hyperbolic Bessel functions of the second kind)

We can compute the a(α) by counting points on E(OF/p)
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E : y2 + (r − 1)xy + (r2 − r)y = x3 + (−r2 − 1)x2 + r2x .

ωE ∈ H2(Γ,H×H3)

K = F (w), where w satisfies w2 + (r + 1)w + 2r2 − 3r + 3.
Take τ ∈ H ∩ K to be the image of w under the first embedding

Stabτ (Γ0(N)) = 〈γτ 〉 with γτ =
(

−4r − 3 −r2 + 2r + 3
−2r2 − 4r − 3 −r2 + 4r + 2

)
γτ ⊗ τ ∈ H1(Γ0(N),DivH)

Find a homologous cycle of the form
∑
γi ⊗ (τ2

i − τ1
i ).

Jτ =
∑

i

∫ τ2
i

τ1
i

∫ γi ·O

O
ωE

' 0.141967077− 0.055099463
√
−1

The image of Jτ ∈ C/ΛE ' E(C) coincides (up to 32 digits of
accuracy) with 10P, where

P =
(

r − 1 : w − r2 + 2r : 1
)
∈ E(K )

is a point of infinite order!
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Take τ ∈ H ∩ K to be the image of w under the first embedding

Stabτ (Γ0(N)) = 〈γτ 〉 with γτ =
(

−4r − 3 −r2 + 2r + 3
−2r2 − 4r − 3 −r2 + 4r + 2

)

γτ ⊗ τ ∈ H1(Γ0(N),DivH)

Find a homologous cycle of the form
∑
γi ⊗ (τ2

i − τ1
i ).

Jτ =
∑

i

∫ τ2
i

τ1
i

∫ γi ·O

O
ωE

' 0.141967077− 0.055099463
√
−1

The image of Jτ ∈ C/ΛE ' E(C) coincides (up to 32 digits of
accuracy) with 10P, where

P =
(

r − 1 : w − r2 + 2r : 1
)
∈ E(K )

is a point of infinite order!
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