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ABSTRACT. The main result of [FG20] classifies the 92 geometric endomor-
phism algebras of geometrically split abelian surfaces defined over Q. We
show that 54 of them arise as geometric endomorphism algebras of Jacobians
of genus 2 curves defined over Q, and that the remaining 38 do not. In par-
ticular, we exhibit 38 examples of Q-isogeny classes of abelian surfaces defined
over Q that do not contain any Jacobian of a genus 2 curve defined over Q,
and for each of the 54 algebras that do arise we exhibit a curve realizing them.

1. INTRODUCTION

Let A be an abelian surface defined over Q. We say that A is geometrically split
if its base change A@ to Q is isogenous to the product of two elliptic curves. By
the geometric endomorphism algebra of A, denoted X(A), we refer to the ring of
endomorphisms of A@ tensored with Q. Let A denote the set of isomorphism classes
of X(A), where A runs over the set of geometrically split abelian surfaces over Q.
The finiteness of A can be deduced from the theory of complex multiplication and
Heilbronn’s proof of the Gauss class number problem (see [Sha96, p. 103]).

The main result of [FG20], relying on previous results of [FG18], provides an
explicit description of A. In order to state it, we need to introduce some notations.
Denote by Dy (resp. Ds) the finite set of absolute values of discriminants of imag-
inary quadratic fields of class number 1 (resp. of class number 2). We also denote
by Dy the finite set of absolute values of discriminants of imaginary quadratic
fields with class group isomorphic to Cy x Cy. By the Gauss class number problem,
the sets D, Dy, and Dy 2 are finite. Using the discriminant bounds of [Wat03], for
example, one can determine these sets, which are as displayed on the table below.

D1 3,4,7,8,11, 19,43, 67, 163

D, 15, 20, 24, 35, 40, 51, 52, 88,91, 115

123,148, 187, 232, 235, 267, 403, 427

D2 | 84,120,132, 168, 195, 228, 280, 312, 340, 372, 408, 435
483,520, 532, 555, 595, 627, 708, 715, 760, 795, 1012, 1435

Note that Dy, Ds, and D3 5 have cardinalities 9, 18, and 24 respectively. Then
the main result of [FG20] is the following.

Theorem 1.1 ([FG20]). The set A consists of:
i) Q x Q; Q x Q(v/—d) ford € D1; Q(v/—d) x Q(v/—d') for distinct d,d' € Dy;
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ii) M2(Q); Ma(Q(V—d)) for d € Dy UD, UD3,, where
(1.1) DQS,2 :=Da o\ {195,312, 340, 555, 715, 760} .
In particular, the set A has cardinality 92.

The challenging part of the proof of the above result is that involving quadratic
imaginary fields of class number 4. In this case, the proof of the above theorem
takes place in two steps. Suppose that A is an abelian surface for which X' (A) ~
My(Q(v/—d)) for d € Dy 5. First, one establishes that A occurs as a factor of the
restriction of scalars of a Gross Q-curve from the Hilbert class field of Q(v/—d) down
to Q. Second, one determines the isogeny decomposition of any such restriction of
scalars using a method due to Nakamura [Nak04]. Then the set Dg o is obtained
as a corollary of this computation. Note that a consequence of the first step in the
proof is that for such an A the minimal field over which all endomorphisms of A
are defined is the Hilbert class field of Q(v/—d), a result that will again play a key
role in the present work.

In this article we consider the question (see [FG20, Question 4.4]) of determining
the subset B C A of geometric endomorphism algebras of Jacobians of genus 2
curves defined over (). We obtain a complete answer to this question.

Theorem 1.2. The set B consists of:

i) Q% Q; Q x Q(v=d) for d € Dy; Q(v=d) x Q(v/=d) for
(d,d') € {(4,3),(7,4),(8,4)}.
i) M2(Q), M2(Q(V—=d)) for d € Dy UD, UDy,, where
(1.2) Dy, = D5, \ {280,483,595,627,795} .
In particular, the set B has cardinality 54.

The interesting cases of the proof of the above result are: a) that involving the
product of two distinct quadratic imaginary fields; b) that involving a quadratic
imaginary field of class number 4. The remaining cases are handled in §2] a sec-
tion included for the sake of completeness, but whose results are well known to
the experts. We do not claim any originality in this section, except maybe for the
precise form of Proposition This result provides a Galois group theoretic suf-
ficiency criterion for applying the explicit gluing method of Howe, Leprévost, and
Poonen [HLPOO] to a CM elliptic curve over a quadratic field and its Galois conju-
gate along the 2-torsion. It allowed us finding some curves attached to quadratic
imaginary fields of class number 2 that we were not able to locate anywhere else in
the literature.

We effectuate the proof of Theorem [I.2)in the aforementioned case a) in The
proof relies on a criterion by Frey and Kani [FK91] that recasts the possibility of
gluing two elliptic curves E and E’ into a genus 2 curve in terms of the existence of
an isomorphism of Galois modules E[N] ~ E’[N], for some N > 2, that is moreover
an anti-isometry for the Weil pairings. We exploit the idea that, due to the presence
of a large proportion of 0 Frobenius traces, only under exceptional circumstances
may one find CM elliptic curves E and E’ nonisogenous over Q such that E[N] and
E'[N] are isomorphic as Galois modules for some N > 2. In fact, to narrow down
the possibilities for (d,d’) to one of (4,3), (7,4), or (8,4) we make no use of the
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anti-isometry requirement. This idea is made precise via a Chebotarev style type
of argument.

The proof of Theorem in the aforementioned case b) takes place in Sup-
pose that C is a genus 2 curve for which X' (Jac(C)) ~ Ma(Q(v/—d)) for d € Dy .
Combining the already mentioned result from [FG20] that the minimal field of
definition over which all the endomorphisms of Jac(C') are defined is the Hilbert
class field of Q(v/—d) with [JKPRSTI8| and [Kanll], we infer that Jac(C) is Q-
isomorphic to the product of two elliptic curves with complex multiplication by the
mazimal order of Q(v/—d). The necessity for d to belong to Dy , then is deduced
from the recent work by Narbonne [Nar22]. It then remains to show that the al-
gebras My (Q(v/—d)) for every d € Dy, actually occur as geometric endomorphism
algebras of genus 2 curves defined over Q. For every d € DQ{Q, a heuristic candi-
date curve was communicated to us either by Elkies or by Narbonne—Ritzenthaler.
Finally, we certify the correctness of these curves using the work of Kumar [Kum15].

It follows from [Wei57] and the aforementioned result by Frei and Kani that any
Q-isogeny class of abelian surfaces defined over Q contains the Jacobian of a curve
defined over Q. As a byproduct of Theorems and (1 . we obtain 38 distinct
Q-isogeny classes of abelian surfaces contalmng an abelian surface defined over Q
but no Jacobian of a curve defined over Q.

Some of the computations in this article are done with the help of mathematical
software SageMath [ST09] and MAGMA [BCP97]. All code files that we have used
can be found at the repository https://github.com/xguitart/EndAlgebrasg2l

Notation and terminology. Throughout the paper Q will denote a fixed alge-
braic closure of Q. All number fields considered are assumed to be contained in Q.
For a number field F, let O denote its ring of integers and let G be the absolute
Galois group Gal(Q/F). For an abelian variety A defined over F and an integer
N > 2, let A[N] denote the set of Q-points of the N-torison group scheme of A. For
a prime £, let Vy(A) := Qy ®lm A[0™] be the rational ¢-adic Tate module of A, and
denote by g4 := pa ¢ the l-adic representation encoding the action of G on V;(A).
For a nonzero integral prime p of Op of good reduction for A, define a,(A) as
the trace Tr(pa(Froby)), where Frob, is a Frobenius element at p. We will denote
by 04 y the representation given by the action of Gr on A[N]. We will denote
by F(A[N]) the field obtained by adjoining the coordinates of the points of A[N]
to I (equivalently, F/(A[N]) is the field cut out by the representation 9,4 ). We
will denote by F'(xz(A[N])) the field obtained by adjoining the z-coordinates of the
points of A[N] to F. The geometric endomorphism algebra of A will be denoted
by X(A). If C is a curve, we will simply write X(C) to denote X' (Jac(C)). If B
is another abelian variety defined over F, then we write A ~ B (resp. A ~ B)
to denote that A and B are isogenous (resp. isomorphic). We say that an elliptic
curve E has complex multiplication (CM) by a quadratic imaginary field M if it
has CM by some order O in M. We use this phrasing when the specific choice of O
is irrelevant for the argument involved.
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2. THE BASIC CASES

In this section we treat those cases of geometric endomorphism algebras involving
at most one quadratic imaginary field, which we further assume of class number
< 2. Along the way, we present a gluing construction of elliptic curves that will be
also used in Section [3l

2.1. Class number 1. Examples of genus 2 curves C defined over Q for which
X(C) ~ Q x Q or Mz(Q) are well known (see for example the rows for N(Gs3)
and E; of [FKRS12, Table 11], respectively). The next proposition provides exam-
ples of genus 2 curves C' defined over Q such that X(C) ~ Q x M, where M is an
imaginary quadratic field of class number 1.

Proposition 2.1. For each d € Dy, consider the pair (a,b) € Z* given by Table .
If C denotes the curve given by C: y* = 25 + ax® +b, then X(C) ~ Q x Q(v/—d).

(a,b) d (a,b) d (a,b) d
(—15,22) 3| (-30,-56) 8 (3440, 77658) 43
(—11,14) 4 | (—264,1694) 11 (—29480,1948226) 67
(—35,98) 7| (—152,722) 19 | (—8697680,9873093538) 163

TABLE 1. Coefficients for genus 2 curves C' with X(C) ~ Q x Q(v/'—d).

Proof. The curve C' admits obvious degree 2 maps to the elliptic curves
E:y’=24+ax+b, E'y? =z(2® +ax+0).

A straighforward computation shows that, for each pair (a,b) of Table |1 the j-
invariant of F is that of an elliptic curve with CM by Q(v/—d) (cf. [Sil94, page
183]), while the j-invariant of E’ is not integral and thus E’ does not have CM. O

To conclude the exploration of cases involving fields of class number 1, we recall
that the literature contains examples of genus 2 curves defined over Q such that
X (C) =~ My(v/—d) for every d € D;. For the sake of completeness, explicit examples
of all of them are provided in The curves y? = 2% + 1 and y? = 2° — x are well
known to correspond to the cases d = 3,8. For d = 4,7 we borrow examples from
[Car01], and for d = 11,19,43,67, 163 the curves are taken from [GHRI19|.
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2.2. Gluing of elliptic curves. Although the results recalled in this section hold
in greater generality, we will state them relative to a number field F. This will be
enough for our purposes.

The following result of Frey and Kani (see [FK91], §1]) will be used in §4| as a
fundamental tool to find an upper bound on the set B of Theorem

Proposition 2.2 ([FK91]). Let C be a genus 2 curve defined over F such that
Jac(C) decomposes up to isogeny. Then there exist elliptic curves E and E' de-
fined over F, a natural number N > 2 and an isomorphism v¢: E[N] — E'[N] of
(Z/NZ)|GF]|-modules which is also an anti-isometry of the Weil pairings such that

Jac(C) ~ (E X E') /p |
where T is the graph of v, that is, the group scheme withT(Q) = {(P,v(P))} per|n]-

For N = 2, there is an explicit converse of the above result due to Howe,
Leprévost and Poonen (see [HLP0O, Propositions 3 and 4]). It will be used in
and in order to realize some of the elements in B as geometric endomor-
phism algebras of Jacobians over Q. Although it will not be used in this article,
we note that there is also an explicit converse to the above result for N = 3 (see
[BHLSIS, Alg. 5.4, Thm. 5.5]).

Proposition 2.3 ([HLPOQ]). Let E and E’ be elliptic curves defined over F such
that there exists an isomorphism ¢: E[2] — E’'[2] of (Z/27)|G r]-modules which is
not the restriction to E[2] of an isomorphism Eg — Ef@ Then:

i) There exists a genus 2 curve C defined over F such that
(2.1) Jac(C) ~ (E X E') /p |

where I" is the graph of 1.

ii) Suppose that E and E' are given by equations y* = f(x) and y* = g(x), where
fyg € Flz] are monic and cubic. Let ay, oz, a3 (resp. B1, B2, P3) be the roots
of f (resp. g). Set ai; = a; — aj and B;; = B; — B; and define

a1 = a3,/Ba2 + a3, /Ba1 + iy /P13, az = a1Bs2 + azfis + s,
b1 = B3,/ azs + B3 /s + Bis a1z,  be = Brass + Baciz + Baan.

Let A = Agai/az and B = Afby /by, where Ay and Ay are the discriminants
of f and g, respectively. Then a model for C satisfying (2.1) is given by

y? = —(Aagia132® + BB21S13)(Aazsazz® + BBsafar)(Aaizazex® + BBisfss) .

2.3. Class number 2. Examples of genus 2 curves C' defined over Q such that
X(0) ~ My(v/—d), with d € Dy \ {35,91, 115,187, 235,403,427}, can be found in
the sources [Car01] and [GHRI9] (for the reader’s convenience we reproduce them
in . We will find curves realizing the remaining discriminants by making use of
the proposition and remark below.

Proposition 2.4. Let M be an imaginary quadratic field of class number 2. Let Ho
denote the ray class field modulo 2 of M and let HT denote the mazximal real subfield
of the Hilbert class field H of M. Set G = Gal(H2/Q) and G = Gal(Hy/H™"),
and let Z denote the centralizer of GT in G. Suppose that

(2.2) (G\G"YnZ
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contains an element of order 2. Then there exists a genus 2 curve C' defined over Q
such that X(C) ~ My(M).

Proof. Since M has class number 2, the Hilbert class field H is a CM field, and thus
HT is well defined. In fact, H* is the splitting field of the Hilbert class polynomial
of discriminant —d. In other words, let E be an elliptic curve with CM by the ring
of integers of M; then H™ coincides with Q(j(E)). Since j(E) # 0,1728, by [Sil94]
Thm. 4.3, Thm. 5.6] we have that

Hy = H(x(E[2])) = H(E[2]),

and thus the action of Gy+ on E[2] factors through G*. Let o be an element of
order 2 in the intersection . We will apply part i) of Proposition to the
pair of elliptic curves E and °F defined over the field HT = Q(j(E)).

We claim that conjugation by o induces an isomorphism v, : E[2] — E[2] of
(Z/27)[GT]-Galois modules. Indeed, the Z/2Z-linearity of 1, is a direct conse-
quence of the fact that 1, is a bijection that maps 0 to 0; its GT-equivariance
is a consequence of the fact that ¢ commutes with every element in G*. Since
o ¢ G, we have that o restricts to the nontrivial automorphism of HT and
hence j(E) # j(°FE). This implies that 1, does not come from an isomorphism
Eg — °Eg. Let I'; be the graph of ¢,. By Proposition @, there exists a genus 2
curve C defined over HT and an isomorphism

0o Jac(C) ~ (E x °E) /T,

of principally polarized abelian surfaces. We next show that C can be descended
to Q. Let s: F x °E — °E x E be the isomorphism that swaps E and °E. As o
has order 2, we have that s(°T',) = I', and that the composition

(2.3) Ve : “Jac(C) Z¢e, (E x E) /UI‘U':(E x °E) /T, o, Jac(C),

where the central isomorphism is the one induced by s, is an isomorphism of prin-
cipally polarized abelian surfaces. A trivial computation shows that the isomor-
phism v,, verifies that v, 0%, = id, that is, it provides Weil descent data for J ac(é’)
from Ht to Q.

It suffices to show that this descent data produces descent data for C. Any
isomorphism £ between curves induces by transport of structure an isomorphism
Jac(€) between their Jacobians. By Torelli’s theorem [Lau0I, Thm 1 in Appendice],
there exists a unique isomorphism )\, : °C — C such that Jac(A\s) = v,. By
functoriality, we have

Jac(Ay 0 “Ay) = Jac(Ay) o Jac(“A,) = vy 0 vy = id,

which by the unicity part of Torelli’s theorem implies that ):,, 0%\, = id. By [Wei56l,
Thm. 1] there exists C' defined over Q such that Cg+ ~ C, and this complets the
proof of the proposition. O

Remark 2.5. Resume the notations of Proposition We have verified with
MAGMA that, for every d € Ds \ {20, 52,148} there is an element o of order 2 in
(G\G*)NZ. To obtain a curve C as in the statement of the proposition we proceed
by making effective each step of its proof. Indeed, we choose a root j of the Hilbert
class polynomial of discriminant —d and an elliptic curve E such that j(E) = j. We
choose o € (G\GT)NZ of order 2, and apply part ii) of Proposition|2.3|to F and °FE
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obtaining a genus 2 curve C defined over Q(j(E)). We then compute the Cardona-
Quer-Nart-Pujolas invariants (g1, ga,g3) of C' (as defined in [CNPO5], [CQO5]),
which as predicted by Proposition are rational numbers. From (g1, g2, g3), we
construct a genus 2 curve C' defined over Q using MAGMA. In we present the
results of this computation for d € {35,91,115,187,235,403,427}. The code used
for this computation can be found in the file SquareClassNumberTwo.m.

3. PRODUCTS OF NONISOGENOUS CM ELLIPTIC CURVES

In §3.9] we show that if C' is a genus 2 curve defined over Q whose Jacobian
is geometrically isogenous to the product of two nonisogenous CM elliptic curves,
then X' (C) is isomorphic to

(3.1) Q(V—d) x Q(V—d'), where (d,d') € {(4,3),(7,4),(8,4)}.

In §3:2) we construct genus 2 curves over Q realizing each of the above three pairs.

3.1. The upper bound. In this section, M and M’ denote nonisomorphic imagi-
nary quadratic fields of class number 1 and discriminants —d and —d’, respectively.
Write * to denote complex conjugation.

Lemma 3.1. Assume that d # 3,4, and let E/Q and E’/Q be elliptic curves with
CM by M and M’', respectively. Suppose that p > 5 is a prime of good reduction
for E and E’', split in M and inert in M'. Then

ap(E) = £ Trayg(m)  and  ap(E') =0,
where 7 is any element in Op; such that p = 7.

Proof. Since p is supersingular for E" and p > 5, we have that a,(E’) = 0. By [Sil94]
Exercise 2.30], we have that there exists 7’ € Oy such that a,(E) = Trp/q(n’) and
p=7'7. Since O;; = {£1} by assumption, the element 7’ is uniquely determined
up to sign. O

Proposition 3.2. Assume that d # 3,4, and let N > 2 and pg > 5 be distinct
rational primes. Suppose that:
i) po is inert in M'/Q.
i) po is split in M/Q and N does not divide Tryr/q(m0), where mg € Opy is such
that pg = moTo-
Then for every pair of elliptic curves E and E' defined over Q with CM by M

and M’ respectively, we have that E[N] and E'[N| are not isomorphic as (Z/NZ)|Ggl-
modules.

Proof. Let a denote Try;/q(mo) and let P, n be the set of primes p such that:
i) p is inert in M'/Q.
ii) p is split in M/Q and
Trag(m) =a  (mod N),
where m € Oy is such that p = 77.

We claim that P, y is infinite. It suffices to show that there exist infinitely many
primes m € Oy of residue degree 1 such that

(3.2) 7=m (mod lem(N,d)).



ENDOMORPHISM ALGEBRAS OF Q-SPLIT GENUS 2 JACOBIANS OVER Q 8

Indeed, for such a 7, we claim that p = Ny /q(7) belongs to P, n. On the one
hand, we have

p = Nayq(m) = Narjg(mo) = po  (mod d'),
and thus p is inert in M’/Q. On the other hand, we have

TI‘M/Q(F) = TI‘M/Q(W()) =a (mod N)

Note that my is coprime to d’, since py is inert in M’/Q, and it is coprime to N
by hypothesis. Then, the infiniteness of the set of primes 7 satisfying follows
from the analogue of Dirichlet’s theorem over the ring of integers O, .

If E[N] and E'[N] were isomorphic as (Z/NZ)[Gg]-modules, then we would have
that

ay(E) = ay(E') (mod N),

for all but for a finite number of rational primes p. But together with Lemma [3.1]
this implies that

0=2a,(E')=ay(E)=+a (mod N),

for all but for a finite number of primes p in P, n. This contradicts the fact that N
does not divide a. g

Corollary 3.3. Assume that d # 3,4. Suppose that there exists a triple of natural
numbers (p1,p2,a), with p1,p2 > 5 different primes, such that:

i) p; is split in M/Q, inert in M'/Q, and Tryr/q(7;) = a, where m; € Oy is such
that p; = m;mw; fori=1,2.

it) For every pair of elliptic curves E and E' defined over Q with CM by M
and M', and for every prime divisor q of a, the (Z/qZ)|Gg|-modules Elq] and
E'[q] are not isomorphic.

Then there is no genus 2 curve C' defined over Q such that X(C) ~ M x M’.

Proof. Assume for the sake of contradiction that there exists C' defined over Q such
that X(C) ~ M x M'. By [FKRS12, Proposition 4.5], there exist elliptic curves E
and F’ defined over Q with CM by M and M’, respectively, such that Jac(C) ~
E x E'. By the result of Frey and Kani recalled in (cf. Proposition, there
exists a prime N > 2 such that E and E’ can be chosen so that E[N] and E'[N] are
isomorphic as (Z/NZ)[Gg]-modules. Applying Proposition with p; and taking
hypothesis i7) into account, we obtain that N = p;. One analogously obtains that
N = po, which is a contradiction. [

In order to prove the main theorem of this section, we will apply Corollary [3.3]to
each pair (d,d’) displayed in Table [2| using each of the displayed triples (p1,p2,a).
Before, we will describe the 3-torsion fields of certain elliptic curves. This will be
useful in order to verify that the triples (p1,p2,a) displayed in Table [2] satisfy the
hypotheses of Corollary

For an elliptic curve E defined over Q, let g s(x) denote its 3-division polyno-
mial, so that Q(z(E[3])) coincides with the splitting field of 1 g 3(x). Recall that
if E is given by the Weierstrass equation

(3.3) v =a34ax+0, where a,b € Q*,
then ¥p 3(z) = 32* + 6az? + 12bx — a®.
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(d,d’) P p2 a (d,d') p1 p2 a

(7,3) 29 113 2 (43,19) 97 269 1

(8,3) 17 41 6 (67,3) 17 419 1

(8,7) 73 1153 2 (67,4) 151 419 1
(11,3) 5 713 (67,7) 17 419 1
(11,4) 223 619 1 (67,8) 151 821 1
(11,7) 223 619 1 (67,11) 17 151 1
(11,8) 223 1213 1 (67,19) 151 2027 1
(19,3) 5 233 1 (67,43) 151 419 1
(19,4) 43 3463 1 (163, 3) 41 1019 1
(19,7) 5 1069 1 (163,4) 367 1019 1
(19,8) 5 1069 1 (163,7) 41 367 1
(19,11) 43 233 1 (163,8) 367 1997 1
(43,3) 11 269 1 (163,11) 41 1019 1
(43,4) 11 6719 1 (163,19) 41 1019 1
(43,7) 97 269 1 (163,43) 1019 1997 1
(43,8) 269 1301 1 (163,67) 41 367 1
(43,11) 9041 10331 1

ISH

TaBLE 2. For each pair (d,
hypotheses of Corollary

"), a triple (p1,p2,a) satisfying the

Remark 3.4. Let E’ be a quadratic twist of £. We may assume that E’ is given by
the Weierstrass equation

y? =23 +a/d*z+b/d®, where d € Q.
One trivially has d*p 3(z) = g 3(dz) and thus Q(z(E[3])) = Q(z(E'[3])).

Lemma 3.5. Let E be an elliptic curve defined over Q with CM by M = Q(v/—d).
i) If d = 8 or 11, then Q(E[3]) is a polyquadratic extension of M(/—3).
it) If d = 3, then either:
a) Q(E[3]) has degree divisible by 3; or
b) E is of the form y* = 2% + b, where b € QX is such that 4b € Q**3, and
Q(E[3]) = Q(v=3, V).

Proof. As for part i), it suffices to show that Q(z(E[3])) = M(v/=3). If d = 8,
then E is a quadratic twist of the elliptic curve Ey attached to the j-invariant
26 . 5% on [Sil94] page 483]. By Remark the field Q(x(E3])) is the splitting
field of

Vg3 = (2 — 48z + 864) (22 + 48z — 7200) ,

which is Q(v/—2,+/—3). If d = 11, then E is a quadratic twist of the elliptic curve
Ejy attached to the j-invariant —2'5 on [Sil94, page 483]. By Remark the field
Q(z(E[3])) is the splitting field of

Vpys = (% — 1322 + 4752)(z* + 1327 — 6336) ,
which is Q(v/—11,v/-3).
We now turn to part ii). By [Sil94] page 483], E pertains to one of the Q-
isomorphism classes corresponding to the j-invariants 0, 24 - 3% - 5% and 215 - 3 . 53.
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If j(E) = 2* - 3% .53, then we see as in the previous case that Q(z(E[3])) is the
splitting field of
(z — 3)(2® + 32 — 21z + 25),
whose degree is divisible by 3. If j(E) = 21°-3-53, then Q(z(E[3])) is the splitting
field of
(z —108) (x> + 10822 — 660962 4 4665600) ,

whose degree is divisible by 3. Finally, suppose that j(E) = 0. Then E is given
by with @ = 0, and Q(z(E[3])) is the splitting of x® + 4b, which either has
degree divisible by 3 or —4b € Q3. In the latter case, let ¢ := —(b/2)'/® € Q*.
A straightforward calculation shows that F[3] is generated by the points P :=
(2¢,v/=3b) and Q := (0,v/d). Tt follows that Q(F[3]) = Q(v/—3, VD). O

Theorem 3.6. Let C be a genus 2 curve defined over Q such that X(C) ~ M x M’.
Then

X(C) = Q(V—d) x Qv =),
where (d,d’) € {(4,3),(7,4),(8,4)}.

Proof. Tt is a straightforward computation to verify that all triples displayed on
Table [2] satisfy hypothesis i) of Corollary The reader can find a SageMath
code that verifies this at the file find primes_dirichlet.sage. When a = 1,
hypothesis i) is vacuous, from which we immediately deduce that

(d,d") € {(4,3),(7,3),(7,4),(8,3),(8,4), (8,7),(11,3)} .

By Corollary to rule out (d,d') = (7,3), it will suffice to show that there
do not exist elliptic curves E and E’ defined over Q such that E has CM by
M = Q(v/-T7), E' has CM by M’ = Q(v/-3), and E[2] ~ E'[2] as (Z/27Z)|Gg]-
modules. It will suffice to show that for elliptic curves with these prescribed CM
fields, the 2-torsion fields Q(E[2]) and Q(E'[2]) never coincide. On the one hand,
by [Sil94, page 483], E pertains to one of the Q-isomorphism classes corresponding
to the j-invariants —33 - 52 and 33 - 55 - 173, As Q-isomorphic elliptic curves with
these j-invariants are quadratic twists of each other, the field Q(E[2]) is invariant in
each of these two Q-isomorphism classes (this can be seen by comparing Weierstrass
equations). This yields two possibilities for Q(E[2]): Q(v/—7) or Q(v/7). On the
other hand, as recalled in the proof of Lemma E' pertains to one of the Q-
isomorphism classes corresponding to the j-invariants 0, 2* - 3% - 53 and 2% - 3 - 53.
Arguing as before we see that if j(E’) = 24-33.5% then Q(E'[2]) = Q(+/3) and that
if j(E") = 25353, then Q(E'[2]) is the splitting field of 2® — 30x + 253 /4, which
has degree divisible by 3. If j(E’) = 0, then E’ is given by with @ = 0, and
Q(E’[2]) is the splitting of 23 + b, which is either Q(y/—3) or has degree divisible
by 3. In any case, we find that Q(E[2]) and Q(E’[2]) do not coincide.

By Corollary to rule out (d,d’) = (8,7), it will suffice to show that there
do not exist elliptic curves E and E’ defined over Q such that £ has CM by M =
Q(v/=8), E' has CM by M’ = Q(v/=7), and E[2] ~ E'[2] as (Z/2Z)[Gg]-modules.
As recalled in the proof of Lemma E pertains to the Q-isomorphism class of j-
invariant 26 - 5%, which as previously argued implies that Q(E[2]) = Q(v/2). On the
other hand, as we saw in the previous paragraph, we have that Q(E’[2]) = Q(\/7)
or Q(v/=7). In particular, Q(E[2]) and Q(E’[2]) do not coincide.

By Corollary to rule out (d,d’) = (11, 3), it will suffice to show that there
do not exist elliptic curves E and E’ defined over Q such that E has CM by
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Q(v/—11), E' has CM by Q(v/—3), and E[3] ~ E'[3] as (Z/3Z)|Gg]-modules. By
Lemma [3.5] Q(E[3]) and Q(E’[3]) can not coincide.

By Corollary to rule out (d,d’) = (8,3), it will suffice to show that there
do not exist elliptic curves E and E’ defined over Q such that £ has CM by
Q(v/=8), E' has CM by Q(v/-3), and E[N] ~ E'[N] as (Z/NZ)|Gg]-modules for
N =2or N = 3. We first show that this is impossible for N = 2. We have already
seen that Q(F[2]) = Q(v/2), and that Q(E'[2]) is either Q(v/—3), Q(+/3), or has
degree 3. Suppose that E[3] ~ E’'[3] as (Z/3Z)|Gg]-modules. A simple argument
using Lemma [3.5] shows that if Q(E[3]) and Q(E’[3]) coincide, then b lies either in
—2-Q*%orin 2-33-Q*% We may thus assume that E’ is given by either

yr=a® -2, or y: =23+ 54.
In the first case, P = (2,v6) and Q = (0,v/—2) constitute a basis of E’[3]. In
the second case, a basis is given by P = (—6,9/=2) and Q = (0,3+/6). Using this

basis, it is easy to see that for any prime p of good reduction for E’ split in Q(v/—3)
and inert in Q(+/—2) we have

Tr(¢g 3(Frob,)) =1 (mod 3).

This contradicts the fact that for any prime p of good reduction for E and inert in
Q(v/—2) we have that Tr(gg 3(Frob,)) = a,(£) =0 (mod 3). O

Remark 3.7. We note that for (d,d’) € {(4,3),(7,4), (8,4)}, there does not exist a
triple (p1, pe, a) satisfying the hypotheses of Corollary Obviously, this needs a
justification only if d = 7 or 8. In that case, it is an elementary exercise to show
that Trys/q(7) is even for every prime 7 in Oy of residue degree 1. But as we will
see in the next section, there are choices of elliptic curves E and E’ with CM by M
and M’, respectively, for which E[2] and E’[2] are isomorphic as Z/2Z][Gg]-modules.

3.2. The three realizable pairs. The elliptic curves
Ei:y?=a2%-1, By:y? =23+ 3z,

have CM by Q(1/—3) and by Q(1/—4) respectively. They both have a rational point
of order 2 and Q(E1[2]) = Q(F1[2]) = Q(v/—3). Label the 2-torsion points of E;
and Ej as
E1[2]:{O?P17P27P3}7 E1[2]:{05Q1aQ2aQ3}

in such a way that P, € Eq(Q) and Q1 € E{(Q). Then the map 9: E1[2] — Ef[2]
given by ¥(P;) = @; is an isomorphism of Gg-modules that does not arise from an
isomorphism between E; and Ei (since j(F1) # j(E4)). Applying the method of
Proposition gives the equation

y? = —425152825 + 63772922* — 637729222 + 2125764 .

The coefficients of the right hand side are divisible by square factors, clearing them
out we obtain the curve

Cr:y? =—22%+ 32 — 322 + 1,

whose Jacobian is isogenous over Q to Ey x Ej.
The same method can be applied to the curves

By y? =2+ Tz, By +oy+y=a—2? — 552 — 178.
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They have CM by Q(v/—4) and Q(v/—7), respectively, and Q(E»[2]) = Q(E5[2])
Q(+/—=7). The obtained curve is

Cy: y? = 218700002% — 10023752 4+ 202522 — 30,

whose Jacobian is isogenous over Q to Ey X EY.
Finally, the curves

E3:y2:m3—2x, E§2y2:m3—x2—3m—1
have CM by Q(v/—4) and Q(v/—8), respectively, and Q(E3[2]) = Q(FE4[2])
Q(v/2). The same method as above produces the curve
Cy: y? = —466562° — 12962* + 10822 — 1,

whose Jacobian is isogenous over Q to E5 x Ej.

4. CLASS NUMBER 4

Throughout this section let M = Q(v/—d), where d € Dyo. That is, M is a
quadratic imaginary field with class group Co, x Cy. Let Ojp; denote the ring of
integers of M and let H be the Hilbert class field of M. The results of this section
complete the proof of Theorem Recall the sets D'QJ, 5 C Di 9 € Dy 9 defined by
and . Kani’s theorem [Kanlll Thm. 2] applied to our particular setting
produces the following description.

Proposition 4.1 (Kani). Suppose that d € Dy o and that A is an abelian surface
defined over Q such that there is an elliptic curve Eqy defined over Q with CM by M
and such that A@ ~ EZ. Then there exist elliptic curves E and E' defined over Q
with CM by M such that Az ~ E X F'.

The goal of and is to refine the above result by showing that E and E’
can be chosen to have CM by Oj;. Once this is shown, we are in the setting of
[GHR19] and [Nar22], and in §4.3|we use their classification results to find the upper
bound D‘QJ,2 in Theorem In ‘. we certify that the upper bound Di o s sharp
relying on the parametrizations of [Kuml5].

4.1. The first reduction step. The fundamental point of the next result is that
if A is an abelian surface defined over Q such that X(A) ~ My(M) for d € Dy 9,
then all the endomorphisms of A are defined over H. This was shown in the course
of the proof of the main result of [FG20].

Proposition 4.2. Suppose that d € Dy 5 and that A is an abelian surface defined
over M such that X(A) ~ My(M). Thend € D;Q and there is an elliptic curve Ey
defined over H with CM by Oy and such that Ay ~ EZ.

Proof. The existence of an elliptic curve Ej defined over H with CM by M such
that Ay ~ EZ and the fact that M € D‘;’Q are proven in the course of [FG20), Proof
of Thm. 1.2; page 1416]. Suppose now that Ey has CM by an order Oy in M of
conductor f, and let us show that f = 1. Let Hy denote the ring class field of
conductor f. Then, by the theory of complex multiplication, the field of definition
of Ey must contain Hy, and thus we deduce that H and Hy coincide. From the

formula Hy - H =[] (1 - (;fl) 11’>

plf
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(see [Cox98| Cor. 7.24], for example), we deduce that Hy = H if and only if either
f=1or f =2 and 2 is split in M. But one readily verifies that 2 does not split in
Q(v/—d) for any d € D3 ,, and therefore we must have f = 1. O

4.2. The second reduction step. After describing the H-isogeny class of an
abelian surface A defined over Q such that X(A) ~ My(M) for d € D3 ,, we will
characterize the H-isomorphism classes it contains.

Proposition 4.3. Suppose that d € Dy, and that A is an abelian surface defined
over H such that there is an elliptic curve Ey defined over H with CM by Oy and
such that A ~ E2. Then there exist elliptic curves E and E' defined over H with
CM by O such that A~ E x E’.

Proof. Let us also derive this result from [JKPRSTT§|. Let Z denote the category
of torsion free finitely generated Op;-modules, and let P denote the category of
abelian varieties defined over H which are isogenous to a power of Ej. Let

Homo,,(—, Eo): T =P, Hom(—, Ep): P =T

be the functors defined in loc. cit. By [JKPRSTI18 Thm. 7.5], the abelian surfaces
defined over H which lie in the essential image of Home,, (—, Ey) are those isomor-
phic to the product of two elliptic curves with CM by Oj;. In order to complete the
proof of the theorem, it will suffice to show that Homoe,,(—, Fo) and Hom(—, Ep)
are inverse equivalences of categories. This is verified in the proposition below.

O

Proposition 4.4. Suppose that d € D§2 and that Eqy is an elliptic curve defined
over H with CM by On. Then the functors Homo,,(—, Eo) and Hom(—, Ey) are
inverse equivalences of categories.

Proof. Recall that gg, , denotes the representation obtained from the action of Gy
on Ey[¢]. By [JKPRST18, Thm. 7.7], the functors Home,,(—, Fy) and Hom(—, Ey)
are inverse equivalences of categories if and only if for every prime ¢ the image of
0p,.¢ s not contained in the group of scalar matrices. It is well known that op, ,
factors as
EEO,Z: GH — (OI\/I/EOM)X C Aut(E[E]) .

In fact, by a result of Stevenhagen [Ste(01] (see also [BC, Thm. 1.4]), the image of
0,0 in (Opr/ON)* J{=£1} is surjective. This implies that

(L—1)(¢—1)/2 if £is split in M,

g X
#im(og, () > w =< (2-1)/2 if ¢ is inert in M,
L —1)/2 if ¢ ramifies in M.

One readily verifies that if £ > 3 then the right-hand side of the above inequality
is > £ — 1 in each of the three cases, and therefore for £ > 3 the image of op, ,
cannot be contained in the group of scalar matrices. In order to verify that the
action of Gy on Fy[f] for £ = 2,3 is not by scalars, it will suffice to verify that
[H(z(Eo[l]) : H] > £ —1, as we have

#im(0p,,¢) = [H(Eo[]) : H] > [H(z(Eo[(])) : H].
The degree [H(Ey[¢]) : H] depends on the H-isomorphism class of Ey, but the

degree [H(x(Ep[f])) : H] only depends on the Q-isomorphism class of Ey, as it
coincides with the degree over H of the splitting field of the /-division polynomial
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Vg, ¢(x) of Ey, which is invariant under quadratic twist as we have already observed.
For each Ej representing one of the 72 Q-isomorphism classes of elliptic curves
with CM by Oy for d € D‘; 5, one readily verifies that the degree of the splitting
field of ¥g, ¢(z) over H is > ¢ — 1 for ¢ = 2,3. This completes the proof of the
proposition. O

4.3. The third reduction step. Let d € D3, and M = Q(v/—d). Gélin, Howe,
and Ritzenthaler [GHR19] have determined the finite set P(d) of isomorphism
classes of indecomposably principally polarized abelian surfaces A defined over Q
with field of moduli Q such that A ~ E?, where E is an elliptic curve defined
over Q with CM by Oj;. Extending their work, Narbonne [Nar22] has recenlty
determined the finite set Q(d) 2 P(d) of isomorphism classes of indecomposably
principally polarized abelian surfaces A defined over Q with field of moduli Q such
that A ~ E x E’, where E and E’ are elliptic curves defined over Q with CM
by Ops. The cardinalities of P(d) and Q(d) may be found in [GHRI9, Table 2] and
[Nar22| Table 1], and the corresponding polarizations are available on the authors
webpages.

Let P*(d) (resp. Q*(d)) denote the subset of P(d) (resp Q(d)) consisting of Q-
isomorphism classes containing an abelian surface defined over Q. Propositions 4.2
and together with Weil’s equivalence [Wei57] between indecomposably prin-
cipally polarized abelian surfaces and Jacobians, imply that the algebra Ma(M)
belongs to B if and only if Q*(d) is nonempty.

We will show the following proposition by proving that Q*(d) = () for d ¢ Di g

Proposition 4.5. If d & DiQ, then there does not exist a genus 2 curve C' defined
over Q such that
Jac(C)g~ E x E',

where E and E' are elliptic curves defined over Q with CM by Oyy.

Proof. By Proposition it suffices to assume that d € {280,483, 595,627,795}
Suppose that d = 280. From [Nar22| Table 1], we know that #Q(280) = 4. Table[3]
exhibits Igusa—Clebsch invariants of four genus 2 curves C1, ..., Cy defined over Q.
Let ¢ € {1,...,4}. The Igusa—Clebsch invariants of the C; being rational and
pairwise distinct (as points in the weighted projective space) implies that the field
of moduli of the C; is Q, and that the C; are pairwise non Q-isomorphic. A
computation from the Igusa—Clebsch invariants shows that Aut(C;) ~ Cq, and that
Mestre’s obstruction [Mes91] for each of the C; is nontrivial over Q and trivial over
M. Hence we may assume that the C; are defined over M, which we do from now
on. In we will show that Jac(C;) ~ E2, where Ej is an elliptic curve defined
over Q with CM by M. By Propositions and there exist elliptic curves F
and E’ defined over H with CM by O such that Jac(C;) ~ Ex E’. Moreover, since
the C; are pairwise non Q-isomorphic, Torelli’s theorem implies that the Jac(C;)
are pairwise non Q-isomorphic as principally polarized abelian surfaces. Putting
the last two conclusions together, we infer that Q(d) is precisely the set of the
Jac(Cj)g. We claim that Q*(280) = (). Suppose for the sake of contradiction that
there is a genus 2 curve C' defined over Q such that Jac(C)g ~ E' x E', where E and

E’ are elliptic curves defined over Q with CM by Oj;. Then for some of the C; we
have that JaC(C)@ ~ Jac(Ci)@, as principally polarized abelian surfaces. Torelli’s
theorem implies that O@ ~ C, o and hence C and C; share the same Igusa—Clebsch
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invariants. This is a contradiction with the fact that Mestre’s obstruction over QQ
is trivial for C, but nontrivial for C;. As for the remaining discriminants, we read
from [Nar22 Table 1] that

Q(483) = Q(627) =0,  Q(595) = P(595),  Q(795) = P(795).

It thus remains to show that P*(595) and P*(795) are empty. This may be verified
exactly as in the previous paragraph we verified that Q*(280) is empty. This is in
fact accomplished in [GHRI9]. O

Remark 4.6. In the proof of the above proposition we have addressed the cases
d e Di 9 \D2] o using Proposition As a consistency check, we also confirmed
the emptiness of Q*(d) for these values of d using the strategy applied to the cases
d € {280,483, 595,627,795} in the above proposition.

4.4. Curves realizing the discriminants with d ¢ DQ{Q' There is a vast lit-
erature on the problem of parametrizing pairs (C, E), where C is a genus 2 curve
and F is an elliptic curve with the property that there is an optimal map ¢: C — E
of fixed degree n > 1. We write L,, for the moduli space of such pairs. This goes
back to Legendre and Jacobi for n = 2, and to Hermite, Goursat and Bolza among
others for n = 3 and 4. This topic has been revisited more recently by Kuhn for
n = 3 (see [Kuh8§|), and by Shaska and his collaborators for 2 < n <5 (see [Sha04],
[MSV09], and [SWWWO0S]). The connection of this problem to split Jacobians is
that for such C and E, the Jacobian Jac(C) is isogenous to the product of elliptic
curves F x E’, where E' = Jac(C)/¢*(E).

In this section we will use the more recent approach by Kumar [Kuml5|], who
computes L, for 2 < n < 11 by exploiting the fact that it is birrational to the
Hilbert modular surface Y_ (n?) that parametrizes pairs (4, ) of principally polar-
ized abelian surfaces with an embedding ¢: O,z — End(A), where O,,2 denotes the
quadratic order of discriminant n2.

For each such n = 2,...,11, [Kum15)] provides a birrational model for L,, of the
form

2 = f(’l“, 8)7

along with expressions of the Igusa—Clebsch invariants of the curve C' corresponding
in the moduli space with a point (C, E) with coordinates (z,r,s). We note that
these invariants do not depend on the z coordinate, since the two points with the
same z coordinate correspond to points on the Hilbert modular surface having the
same abelian surface and conjugate embeddings. In addition, [KumI5| also provides
the j-invariants associated to the two quotient curves E and E’. For example, for
n = 3, a birrational model for s is

2% = 11664r% — 8(54s> + 27s% — 725 + 23)r + (s — 1)*(2s — 1)2.

The Igusa-Clebsch invariants of a curve corresponding to a point (C, E) with coor-
dinates r and s are:
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I, = 8s5% + 325 — 16,
I, = 4s* — 165 — 192rs + 245> + 768r — 165 + 4,

(4.1) Is = 855 + 165° — 320rs® — 168s* + 1152rs? 4 352s°
— 2304r% 4 6336rs — 328s% — 25601 + 1445 — 24,
IlO = 2147’3.

If we denote by j; and js the j-invariants of ' and E’, then we have the following
expressions for their product and sum:

g1+ 2 = (25 — 175 — 324rs° 4 645" + 1350rs° — 140s°
+ 17496725 — 2097rs* 4+ 1965° — 23328725
(4.2) + 136875 — 182s* — 314928r% + 9720r%s — 162rs>
+ 112s® — 432r% — 198rs — 445 + 63r + 10s — 1) /72,
g1+ ja = (8" — 45> 4+ 432rs + 65° — 288r — 4s + 1) /r?,

from which one can easily compute j; and js.

We claim that for every d € DQ{ 5 the Jacobian of the curve Cy given in Table@
has geometric endomorphism algebra isomorphic to Ma(Q(v/—d)). To prove this
claim for example for d = 84, one checks that the following values of r and s:

_ 728973 5, 80180415

2048 7 g
_ 5 5 53l
10247 T4

where ¢ is a root of 2* — 2816022 + 65536, produce in Tgusa-Clebsch invariants
that are equivalent (in the weighted projective space) to the Igusa-Clebsch invari-
ants of Cy. This implies that there is a degree 3 optimal map from Cjy to an elliptic
curve E, and that Jac(Cy) is geometrically isogenous to a product of elliptic curves
E x E'. We can compute the j-invariants of E and E’ using (4.2)), and one can
check that the resulting j; and jo turn out to be roots of the Hilbert class poly-
momial of discriminant —84. That is, £ and E’ have CM by (the maximal order
of) Q(+/—84). Since all curves with CM by the same imaginary quadratic field are
geometrically isogenous, we obtain that Jac(Cy) is geometrically isogenous to E?,
as we aimed to see.

We have performed analogous computations for all the remaining curves in
Table @ Equations for £,, the Igusa—Clebsch invariants of the curves in the
tautological family of genus 2 curves above L,, and the j-invariants of the cor-
responding elliptic quotients for the rest of values 2 < n < 11 are available
in [Kuml5|] (to be more precise, for n = 10,11 they are not in the article but
they are available in the source files of the arXiv submission of the article https:
//arxiv.org/abs/1412.2849). We display in the Table |§| the value of the degree
n of the optimal map in each case. For lack of space we do not display the values
of r and s found for each curve, but they have been computed using the software
SageMath and MAGMA. The reader can find the code (which can be executed and
computes the values of r and s in each case and performs the verifications) at the
file curves_all _endomorphisms_genus_two.sage.


https://arxiv.org/abs/1412.2849
https://arxiv.org/abs/1412.2849
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For the sake of completeness, and as a double check, the code also verifies the
correctness of the entries of Tables [4| and [5] Observe that this is not strictly neces-
sary, as the correctness of these curves either had been already established before in
the literature, or it has been proved in the previous sections of the present article.

4.5. Curves of discriminant —280. Table [3|lists the Igusa—Clebsch invariants of
four curves C,...,Cy. To check that each Jac(C;) is geometrically isogenous to a
product E x E’ of elliptic curves with CM by Q(1/—280), we proceed similarly as
in That is to say, for each tuple of invariants (Is, Iy, Is, I1g) we find a value
of n and algebraic values r, s such that the point (C, E) of £, with coordinates r
and s has the property that the Igusa—Clebsch invariants of C' are equivalent to
(I, I4, I, I1p). Then we compute the j-invariants of the elliptic quotients F, E’ of
Jac(C') and we verify that they correspond to elliptic curves with CM by Q(v/—280).
In Table [3] we list the value of n found for each curve. The corresponding values
of r and s for each curve, the verification that they have the stated CM, and
the verification that the Mestre conic is obstructed over Q and unobstructed over
Q(+/—280) can be found by executing the SageMath code curves_280.sage.

TABLE 3. Igusa—Clebsch invariants (Is, Iy, Ig, [19) for genus 2

curves C; whose endomorphism algebra is M2(Q(1/—280)). The
n is the minimal degree of a cover from C' to an elliptic curve.

Curve (Iz,1I4,1g,110)

c 3 203453235223 29335°23°31 - 4613569 2437552312
! ’ 292383217832’ 203383317833 ' 29538351783°
o o3 210347211693% 21333721151923%353 - 1180303 226377611122312
2 ’ 292135370092 ° 52293135370093 ’ 55295135370095
o o3 2'315°7711723759  2°3°517711237474621 - 60923  2°375°7°11'%23"
3 54310806912 54310806913 54310806915
c o3 2'3%5°11°23"101 2°3°5°11°1923"107 - 30845219 2°375°11'%23"?
4 ' 109243925412 109343925413 109543925415

5. EXPLICIT EXAMPLES

This section contains equations of genus 2 curves realizing each one of the possi-
ble 54 geometric endomorphism algebras of geometrically split Jacobians of curves
defined over Q.
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TABLE 4. Curves whose geometric endomorphism algebra is

M (Q), a product of fields, or Mo (Q(+/—d)) with d € D;.

Algebra Curve Source
M2(Q) y2=ab+at+a22+1 [FKRS12, Table 11, Row F]
QxQ 2 =ab+ab+zx—1 [FKRS12], Table 11, Row N(G3,3)]
Q x Q(v/=3) y? =28 — 1522 + 22 Proposition
Q x Q(v/—4) y? =2 — 1122 + 14 Proposition
Q x Q(v/=17) y?2 =28 — 3522 4+ 98 Propositionlﬂl
Q x Q(v/-8) y?2 =28 — 3022 + 56 Proposition
Q x Q(+/—11) y? = 25 — 26422 + 1694 Proposition
Q x Q(v/-19) y? =28 — 15222 + 722 Proposition
Q x Q(v/—43) y? = 28 — 344022 + 77658 Proposition
Q x Q(v/—67) y? = 2% — 2048022 + 1948226 Proposition
Q x Q(/—163) y2 = 28 — 869768022 + 9873093538 Propositionlﬂl
Q(v=3) x Q(v/—4) y? =225 +32* — 322 +1 Method of [ILPQ0, §3]
Q(v—4) x Q(v/=7) y? = 2187000025 — 1002375z + 202522 — 30 Method of [HLPOQ, §3]
Q(v—4) x Q(v/=8) y? = —466562° — 1296x* + 10822 — 1 Method of [HLPQ0, §3]
M2(Q(v=3)) y?=25+1 [FKRSI2, Table 11, Row Cj]
M2 (Q(v/—4)) y?=ab+a3+ 2o [Car01l, p. 112]
M2 (Q(v/=T)) y? =a’ +a5 + 394 [Car01l p. 112]
M2 (Q(v=8)) v =2 -z [FKRSI2], Table 11, Row Cs]
M2 (Q(v/—11)) y? =228 + 1123 — 22 [GHRI9, Table 4]

2 _ .6 5 4 3
a7 e e s

2_ .6 5 4 3
o I e oo

2_ .6 5 4 3
M) o sorey I Table 8
Ma(Q(v=T63)) y? = 25 + 16354204022° + 5379z* + 5331470510522> [CHETS, Table 4]

— 87677722 + 43451484660738z — 4330747
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TABLE 5. Curves whose geometric
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endomorphism algebra is

d Curve Source
2 _ .6 3 1
15 y*=z"+a2°+ 55 [Car01l, p. 112]
20 y?=a® + 523 + 52 [GHRIY, Table 4]
24 y? =3z + 823 + 62 [GTIRIY, Table 4]
35  y* =83z — 184a® + 4052 4 8023 — 25522 + 136z + 127 Remark[2.5]
40 y? = 92% 4 4023 + 452 [GHRT9, Table 4]
51 y? =28 + 23 + % [Car01l, p. 112]
52 y? = 9x% + 6523 + 117x [GTIRI9, Table 4]
88  y? = 9925 + 280z3 4 198z [CHRI9, Table 4]
y? = 847725 + 1134025 — 30513z [ ]
91 3 2 Remark [2.5]
— 1533624213522 — 11124z + 1637
y? = 264725 — 57362° + 75452* + 152023 [ ]
115 2 Remark [2.5]
— 499522 + 4824z + 3483
123 y2 =28 + 23 + 1205265 [Car01l p. 112]
148  y? = 44125 + 536523 + 16317 [GHR19] Table 4]
y% = 2580932° 4 51975025 — 364518z% — 161200023 [ ]
187 9 Remark [2.5]
+ 28635652 + 719000z + 248616
232  y? =9801x° + 10556023 + 284229z [GTIRI9, Table 4]
y? = 638472°% — 892562° — 896552* — 272802> [ ]
235 9 Remark [2.5]
+ 13540522 + 105624 + 48843
267 y? =af + 28 + 52500 [Car0l, p. 112]
y? = 1914967725 — 286642742 + 11992662x* [ ]
403 3 2 Remark [2.5]
— 833582562 + 76850532z — 3824904 + 53478712
y2 = 17877364325 + 6772572025 — 7708375952 [ ]
427 Remark [2.5]

— 70308002 4 871950585z — 303837480 + 27419167
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TABLE 6. Curves whose geometric endomorphism algebra is
M;(Q(v—d)) with d € Dyf,. The curves corresponding to dis-
criminants 1012 and 1435 were provided to us by Narbonne-
Ritzenthaler, and the rest were provided to us by Elkies. The
column n denotes the degree of the optimal map from the curve to
an elliptic curve.

d n  Curve

84 3 y? = (222 — 62 — 9)(4x? — 2423 — 4z — 3)

120 6 y? = (222 — 2z — 1)(622 — 20z + 25)(18z2 + 24z + 5)

132 5 9?2 = (22 — 2z — 10)(121z* + 57223 4 17622 + 40z + 4)

168 8  y? = (222 +26x — 3)(1422 — 16z + 1) (1422 + 28z + 23)

228 5 y? = (22 + 2z — 2)(156252* + 6250023 — 5832z + 2916)

y? = 177156125 — 106293662 + 10629366z* + 1079748823

372 7 )
+ 506250022 + 10125000z + 3375000

08 10 y? = 3503546062° — 590700831x° — 816200091z + 1046797684>
+ 824978466z — 502917081z — 378640481

5 7 y? = 1046647125 4+ 11098203z° — 956455502 — 1068349052

+ 9557205022 — 495590372 + 7237649

520 6  y? = (1922 4 54z + 37)(31922 — 444x + 171)(445083x2 + 396482z — 144363)

532 3 y? = (50251z2 + 27624z — 17865)(29z* — 128x3 + 11422 + 160z — 75)

708 11 y? = (665522 — 3278z — 1966)(14225761x* + 909225223 — 4767280022 + 48112648z + 6781636)

1012 5 y? = —(22 — 1350z + 2326)(8385623x* + 1594825223 — 4464296022 — 12762360x — 1510324)

y? = 5394683072112° 4 8859839654637x° + 71566557542400z + 1523498041894052°

1435 11 )
— 446169429744002% — 3819661212483z + 1228993875229
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[BCPY7]

(BC]

[BHLS15]

[Car01]
[CNPO5]

[CQO5]

[Cox98]

[FKRS12]

[FG18]

[FG20]

[FKO1]

[GHR19]

[Hei34]

[HLPOO]
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