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0 Building blocks and statement of the problem (modularity)
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The Shimura-Taniyama conjecture

Modularity Theorem (Wiles, Taylor, Breuil, Conrad, Diamond)
Every elliptic curve C defined over Q is modular J
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Every elliptic curve C defined over Q is modular J

C is modular if either of these two equivalent conditions is satisfied:
@ There exists a non-constant homomorphism Jy(N)—C.

o Key step in the proof of the Birch and Swinnerton-Dyer conjecture
in the case of analytic rank at most 1 (Gross-Zagier, Kolyvagin).
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The Shimura-Taniyama conjecture

Modularity Theorem (Wiles, Taylor, Breuil, Conrad, Diamond)
Every elliptic curve C defined over Q is modular J

C is modular if either of these two equivalent conditions is satisfied:
@ There exists a non-constant homomorphism Jy(N)—C.
o Key step in the proof of the Birch and Swinnerton-Dyer conjecture
in the case of analytic rank at most 1 (Gross-Zagier, Kolyvagin).
Heegner points in Jy(N) are projected via this uniformisation to
produce rational points in C.
© There is a newform f € Sy(Mg(N)) such that L(f; s) = L(C/Q; s)
o It implies the Hasse conjecture for C:
L(C/Q; s) is entire and it satisfies a functional equation.
e Modularity of Frey curves can be used to solve diophantine
equations of Fermat-type.
Equivalence: Eichler-Shimura construction, congruence of
Eichler-Shimura and Faltings’s isogeny theorem.
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Characterization of modular abelian varieties over Q
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Characterization of modular abelian varieties over Q
Definition

A/Q s said to be of GL-type if End®,(A) = Q @7 Endg(A) is a field E
with [E : Q] = dim A.
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Characterization of modular abelian varieties over QQ
Definition

A/Q s said to be of GLz-type if EndQ)(A) = Q ®z Endg(A) is a field E
with [E : Q] = dim A.

Theorem (consequence of Serre’s conjecture)
A simple abelian variety A/Q is modular if and only if it is of GL,-type.

Here modular means either of these two equivalent conditions:
@ There exists a non-constant homomorphism J; (N)—A.
Q L(A/Q;s) =IL,.g-.c L(°f; s) for some newform f € Sy(T'1(N)).
Ais Q-isogenous to Ay (a.v. attached to f by Eichler-Shimura)
@ GLo-type varieties are not necessarily simple up to Q-isogeny
) Ii{ibet studied their Q-decomposition and characterized their
Q-simple factors: they are a kind of varieties called building blocks.
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Q-factors of GL,-type varieties
Definition
A building block is an abelian variety B/Q such that
@ V o € Gy there exists an isogeny . : 2 B— B compatible with End?Q(B):
O'B M_U> B
o
O'B M_a) B
@ End3(B) is:
o A totally real number field F with [F : Q] = dim B
e A quaternion division algebra over F with 2[F : Q] = dim B
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Theorem (Ribet-Pyle)
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Q-factors of GL,-type varieties
Definition
A building block is an abelian variety B/Q such that

@ V o € Gy there exists an isogeny . : 2 B— B compatible with End?Q(B):
O'B M_U> B

O'B M_a) B
@ End3(B) is:

o A totally real number field F with [F : Q] = dim B
e A quaternion division algebra over F with 2[F : Q] = dim B

Theorem (Ribet-Pyle)
Let A/Q be a GLo-type variety (such that Ag is non-CM).
@ Then A ~g B", where B/Q is a building block.

@ Conversely, given a building block B/Q there exists A/Q of
GLa-type as A ~g B" for some n.

v
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Geometric modular varieties over number Q
Combining this result with the fact that every GL,-type variety is a
quotient of some J;(N) we obtain that:

@ building blocks are "modular" over Q, i.e. there exists
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@ This uniformisation can be used in a similar way as in the case of
varieties over Q.

@ Building blocks of dimension 1: elliptic curves C/Q isogenous to
all of their Galois conjugates (also known as Q — curves).
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Geometric modular varieties over number Q

Combining this result with the fact that every GL,-type variety is a
quotient of some J;(N) we obtain that:

@ building blocks are "modular" over Q, i.e. there exists

@ This uniformisation can be used in a similar way as in the case of
varieties over Q.

@ Building blocks of dimension 1: elliptic curves C/Q isogenous to
all of their Galois conjugates (also known as Q — curves).
e If C/Qis a Q-curve then

Ji(N)g — C

and Heegner points on J;(N) can be used to produce results in
the direction of BSD for C.
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@ However, if Bis a building block and we consider a model of B
over a number field K, in general it is not true that L(B/K; s) is a
product of L-series of modular forms.
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over a number field K, in general it is not true that L(B/K; s) is a
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@ This property is important in some applications of modularity:

e it gives the analytic continuation of L(B/K; s)
e the use of Q-curves to solve certain diophantine equations (e.g. L.
Dieulefait and J. Jiménez)
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B/K es strongly modular if L(B/K; s) ~ [[; L(f; s), for some newforms
f e Sa(M1(Np)).
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@ However, if B is a building block and we consider a model of B
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@ However, if B is a building block and we consider a model of B
over a number field K, in general it is not true that L(B/K; s) is a
product of L-series of modular forms.

@ This property is important in some applications of modularity:

e it gives the analytic continuation of L(B/K; s)
e the use of Q-curves to solve certain diophantine equations (e.g. L.
Dieulefait and J. Jiménez)

Definition
B/K es strongly modular if L(B/K; s) ~ [[; L(f; s), for some newforms
f e Sa(M1(Np)).

Aim
@ Give a characterization of (non-CM) strongly modular abelian
varieties in terms of the geometry of B.
@ Give some examples of strongly modular abelian varieties
constructed without any use of modularity, and use this
characterization to decide their strong modularity.
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@ Characterization of strongly modular abelian varieties

0 Examples of strongly modular abelian surfaces
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Outline

e Characterization of strongly modular abelian varieties
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@ B/K a non-CM abelian variety
@ Suppose that B is Q-simple and that Endg(B) = End(B).
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@ B/K a non-CM abelian variety
@ Suppose that B is Q-simple and that Endg(B) = End(B).

Observation 1
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o L(B/K;s) = L((Resk,oB)/Q; s)

e B/K strongly modular < Resg o B/Q strongly modular

e Avariety A/Q is strongly modular over Q < A ~q []; Ar
(consequence of Faltings’s isogeny theorem)
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@ B/K a non-CM abelian variety
@ Suppose that B is Q-simple and that Endg(B) = End(B).

Observation 1
Bis strongly modular over K < Resk /oB ~q [[f Ar- J

o L(B/K;s) = L((Resk,oB)/Q; s)

e B/K strongly modular < Resg o B/Q strongly modular

o Avariety A/Q is strongly modular over Q < A ~q [[; At
(consequence of Faltings’s isogeny theorem)

Observation 2
If B is strongly modular over K, then K/Q is abelian. J

L ResK/Q,B ~Q HAf

e The endomorphisms of [ [ Ar are defined over an abelian number
field L.

e The endomorphisms of Resk B are defined over L.

e KCL.
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Proposition

If B is strongly modular over K then B is a building block completely
defined over K.
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If B is strongly modular over K then B is a building block completely

Proposition
defined over K. J

Definition

A building block B/K is completely defined over K if for each

s € Gal(K/Q) there exists a compatible isogeny us: *B— B defined
over K.
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Proposition
If B is strongly modular over K then B is a building block completely
defined over K.

® [JAr ~q ReskgB ~k HseGal(K/Q) °B
o Af ~K B"

Definition

A building block B/K is completely defined over K if for each

s € Gal(K/Q) there exists a compatible isogeny us: *B— B defined
over K.

@ Not every building block B/K completely defined over K is
strongly modular.
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Proposition
If B is strongly modular over K then B is a building block completely
defined over K.

® [JAr ~q ReskgB ~k HseGal(K/Q) °B
4 Af ~K B"

Definition

A building block B/K is completely defined over K if for each

s € Gal(K/Q) there exists a compatible isogeny us: *B— B defined
over K.

@ Not every building block B/K completely defined over K is
strongly modular.

@ The characterization is given in terms of a 2-cohomology class
attached to B/K.
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
@ 5.t € Gal(K/Q) ~ Cgk(8, 1) = pis © Sy 0 gy

—1
o s
B -, stg ft.sp Hs, B

@ Infact, cg/k(s,t) € F*, and it is a 2-cocycle.
@ [cg/k] € H?(Gal(K/Q), F*) (considering the trivial action).
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
@ st € Gal(K/Q) ~ Cgy(s, t) = s o Spr o gy’
B la, stp M, sg s, g
@ Infact, cg/k(s,t) € F*, and it is a 2-cocycle.
@ [cg/k] € H?(Gal(K/Q), F*) (considering the trivial action).

@ [cp/k] does not depend on the choice of the us and is an invariant
of the K-isogeny class of B.
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
@ st € Gal(K/Q) ~ Cgy(s, t) = s o Spr o gy’
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@ Infact, cg/k(s,t) € F*, and it is a 2-cocycle.
@ [cg/k] € H?(Gal(K/Q), F*) (considering the trivial action).
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of the K-isogeny class of B.

@ [cp/k] is 2-torsion.
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
@ st € Gal(K/Q) ~ Cgy(s, t) = s o Spr o gy’

—1
o s
B -, stg ft.sp Hs, B

@ Infact, cg/k(s,t) € F*, and it is a 2-cocycle.
@ [cg/k] € H?(Gal(K/Q), F*) (considering the trivial action).

@ [cp/k] does not depend on the choice of the us and is an invariant
of the K-isogeny class of B.

@ [cp/k] is 2-torsion.
@ [cg] = Inflcg k] € H?(Gg, F*) (trivial action)
@ [cg] is an invariant of the Q-isogeny class of B.
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Building blocks and Galois Cohomology
B/K building block completely defined over K.

@ For each s € Gal(K/Q) let us : °B—B be a compatible isogeny.
@ Let F = Z(End°(B)).
@ st € Gal(K/Q) ~ Cgy(s, t) = s o Spr o gy’

—1
o s
B -, stg ft.sp Hs, B

@ Infact, cg/k(s,t) € F*, and it is a 2-cocycle.

@ [cp/k] € H?(Gal(K/Q), F*) (considering the trivial action).

@ [cp/k] does not depend on the choice of the us and is an invariant
of the K-isogeny class of B.

@ [cp/k] is 2-torsion.

@ [cg] = Inflcg k] € H?(Gg, F*) (trivial action)

@ [cg] is an invariant of the Q-isogeny class of B.

@ Ribet used [cg] in his study of building blocks.
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Building blocks and Galois Cohomology

@ [cp| contains a lot of arithmetic information about B (in fact about
its Q-isogeny class).
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Theorem (Chi)
The Brauer class of End’(B) is the image of [cg] under
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Building blocks and Galois Cohomology

@ [cp| contains a lot of arithmetic information about B (in fact about
its Q-isogeny class).

Theorem (Chi)

The Brauer class of End’(B) is the image of [cg] under
H2(Gg, F*) 28 H2(Gr, F*) — H3(GF, F") ~ Br(F)

Theorem (Ribet)

There exists a model of B defined over L (up to Q-isogeny) if and only
if [cg] lies in the kernel of

Res: H?(Gy, F*) — H?(GL, F*).
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Building blocks and Galois Cohomology

@ [cp| contains a lot of arithmetic information about B (in fact about
its Q-isogeny class).

Theorem (Chi)

The Brauer class of End’(B) is the image of [cg] under
H2(Gg, F*) 28 H2(Gr, F*) — H3(GF, F") ~ Br(F)

Theorem (Ribet)

There exists a model of B defined over L (up to Q-isogeny) if and only
if [cg] lies in the kernel of

Res: H?(Gy, F*) — H?(GL, F*).

Theorem

There exists a model of B completely defined over L (up to Q-isogeny)
if and only if [cg] lies in the image of the inflation map
Inf: H?(L/Q, F*) — H?(Gg, F*)
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Endomorphism algebra of the restriction of scalars

@ [cp/k] contains information about the K-isogeny class of B.
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Endomorphism algebra of the restriction of scalars

@ [cp/k] contains information about the K-isogeny class of B.

Proposition
Endf)Q(ResK/QB) ~ End®(B) ® F%/x[Gal(K/Q)] J
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Endomorphism algebra of the restriction of scalars

@ [cp/k] contains information about the K-isogeny class of B.

Proposition
End))(Resk /g B) ~ End®(B) ® F%/K[Gal(K/Q)] }
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® End®(B) < EndQ(A): ¢ — (°¢)scca(k/q)

Xavier Guitart, Jordi Quer ( UPC) MAVNF QVNTS 2010 14/24



Endomorphism algebra of the restriction of scalars

@ [cp/k] contains information about the K-isogeny class of B.

Proposition
End?Q(ResK/@B) ~ End®(B) ® F%/x[Gal(K/Q)] J

e A= RCSK/QB
® Ak ~ [Iscca(k/o) °B
® End®(B) < EndQ(A): ¢ — (°¢)scca(k/q)

t
@ Let \s: Axk—Ak such that 5B -2 1B,
@ Infact As € End),(A) and AsAr = Cg/k (S, 1) Ast.
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Characterization of strongly modular abelian varieties

Theorem

Let B/K be a non-CM building block with Endg(B) = Endk(B). Then B
is strongly modular over K if and only if

@ K/Qis Galois abelian.
@ Bis completely defined over K.
@ [cp/k] is symmetric: cg/k(S,t) = cg/k(t, S).
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Characterization of strongly modular abelian varieties

Theorem

Let B/K be a non-CM building block with Endg(B) = Endk(B). Then B
is strongly modular over K if and only if

@ K/Qis Galois abelian.
@ Bis completely defined over K.
@ [cp/k] is symmetric: cg/k(S,t) = cg/k(t, S).

@ End)(Resx,gB) ~ Endk(B) ® F%/X[Gal(K/Q)]

@ If cg/k is symmetric then F°/¥[Gal(K /Q)] is abelian and it is a
product of number fields.

° End%(ResK/QB) ~ End%(B) @ [ Ei ~ [IM(E))
(*] ResK/QB ~Q HAIt with End(%(A,) ~ E; and [E,'Z Q] =dimA;.
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Strongly modular twists

@ Let K/Q be an abelian extension
@ B/K a building block completely defined over K
@ B/K is strongly modular if and only if cg/k is symmetric.
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Let K/Q be an abelian extension

@ B/K a building block completely defined over K

@ B/K is strongly modular if and only if cg/k is symmetric.

@ Suppose that B/K is not strongly modular.

@ Does there exist some twist of B strongly modular over K?

Proposition

There exists a twist of B (a variety By/K isogenous to B over Q) that is
strongly modular over K if and only if K contains a splitting field for [cg]
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Strongly modular twists

Let K/Q be an abelian extension

@ B/K a building block completely defined over K

@ B/K is strongly modular if and only if cg/k is symmetric.

@ Suppose that B/K is not strongly modular.

@ Does there exist some twist of B strongly modular over K?

Proposition

There exists a twist of B (a variety By/K isogenous to B over Q) that is
strongly modular over K if and only if K contains a splitting field for [cg]

o Tate’s theorem: H?(Gy, F*) = {1} (trivial Gg-action)
@ The image of [cg] in H?(Gg, F*) is trivial: there exist maps
B: Ggo—F* such that
ca(o, ) = B(o)B()B(or) "
@ The map 5 mod F* is a homomorphism.
@ The field Qker(8 mod F7) s g splitting field for [cg].
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Outline

0 Examples of strongly modular abelian surfaces
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Examples of strongly modular varieties

Aim

Give explicit equations of strongly modular varieties over number
fields, constructed without any use of modular forms.
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Examples of strongly modular varieties

Aim

Give explicit equations of strongly modular varieties over number
fields, constructed without any use of modular forms.

@ Equations of strongly modular varieties over Q
e Curves: y? =x3+ ax + bwith a,b € Q.
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Examples of strongly modular varieties

Aim

Give explicit equations of strongly modular varieties over number
fields, constructed without any use of modular forms.

@ Equations of strongly modular varieties over Q
e Curves: y? = x3 4+ ax + bwith a,b € Q.
e Surfaces: A = Jac(C) with C/Q a genus 2 curve
End)(A) a quadratic number field.
Examples by Cardona-Gonzalez-Rio-Lario,
Gonzélez-Guardia-Rotger, ...
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e Surfaces: A = Jac(C) with C/Q a genus 2 curve
End)(A) a quadratic number field.
Examples by Cardona-Gonzalez-Rio-Lario,
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@ Equations of strongly modular varieties over number fields
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Examples by Quer.

Xavier Guitart, Jordi Quer ( UPC) MAVNF QVNTS 2010

18/24



Examples of strongly modular varieties

Aim

Give explicit equations of strongly modular varieties over number
fields, constructed without any use of modular forms.

@ Equations of strongly modular varieties over Q
e Curves: y? = x3 4+ ax + bwith a,b € Q.
e Surfaces: A = Jac(C) with C/Q a genus 2 curve
End)(A) a quadratic number field.
Examples by Cardona-Gonzalez-Rio-Lario,
Gonzalez-Guardia-Rotger,...

@ Equations of strongly modular varieties over number fields

e Curves: Q-curves E/K with [cg/k] symmetric.
Examples by Quer.
o Surfaces: B = Jac(C) with C/K a genus 2 curve.
B is a Q-variety and End%(B) is a quaternion algebra.
We compute [cg] and [cg/k] to guarantee strong modularity.

Xavier Guitart, Jordi Quer ( UPC) MAVNF QVNTS 2010

18/24



Baba-Granath family of genus 2 curves

oF Y2:( 4+3\/—6)X6—12(27j+16) 6(27/+16)(28+9\/—6) X4
+16(27) + 16)°X° + 12(27 + 16)2 (28 - 9\/—6)X2

— 48(27j + 16)°X + 8(27) + 16)3 (4 + 3\/—6j)

@ Let B; = Jac(C;) for j € Q.
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Baba-Granath family of genus 2 curves

oF Y2:( 4+3\/—6)X6—12(27j+16) — 6(27j + 16) (28+9\/—6) X4
+16(27] + 16)°X° + 12(27] + 16)2 (28 9\/—6)X2
— 48(27j + 16)°X + 8(27) + 16)3 (4 + 3\/—6j)

@ Let B; = Jac(C;) for j € Q.

° End?@(Bj) ~ (2,3)g. (Hashimoto-Murabayashi)

@ 7C; ~ q for each o € Gg = ¢, : ?B;— B;, but not necessarily
compatible
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Baba-Granath family of genus 2 curves

C: Y2= ( 4+3\/—6)X6—12(27j+16) — 6(27j + 16) (28+9\/—6) X4
+16(27] + 16)°X° + 12(27] + 16)2 (28 9\/—6)X2
— 48(27j + 16)°X + 8(27) + 16)3 (4 + 3\/—6j)

@ Let B; = Jac(C;) for j € Q.

° End?@(Bj) ~ (2,3)g. (Hashimoto-Murabayashi)

@ ?C; ~ Cjforeach o € Gg = ¢, : ?Bj—B;, but not necessarily

compatible
@ Skolem-Noether: 3¢, € End%(B) with ¢, o ¢, compatible.
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Baba-Granath family of genus 2 curves

C: Y= (f4 + 3\/76j) X® —12(27j + 16)X° — 6(27] + 16) (28 + 9\/76j) x*
+16(27] + 16)°X° + 12(27] + 16)2 (28 - 9\/—6j) X2

— 48(27j + 16)°X + 8(27) + 16)3 (4 + 3\/—6j)

@ Let B; = Jac(C;) for j € Q.

° End%(Bj) ~ (2,3)g. (Hashimoto-Murabayashi)

@ ?C; ~ Cj for each 0 € Gg = ¢,: 7 B;—B;, but not necessarily
compatible

@ Skolem-Noether: 3 ¢, € End%(B) with +, o ¢, compatible.

@ B; is a building block: there exist newforms f such that

A ~g BI.

@ B;is completely defined over

K = Q(v/~6j, Vi, v/~(27] + 16),/~2(27] + 16))
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The cohomology class [cg]
We can compute [cg], and to give an explicit expression we use the
isomorphism:
H?(Gp,Q*)[2] ~ Hom(Gg,Q*/{£1}Q*3) x H?(Go,{+1})
CB]' A ( [CB].] ’ [CBj]:I: )

° C%I(O’,T) = 0(0)0(1)6(or)™" = Cg (o) = §(o)mod{+1}Q*2.
® cg(o, 7) = sign(cg (o, 7)).
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The cohomology class [cg]
We can compute [cg], and to give an explicit expression we use the
isomorphism:
H?(Gp,Q*)[2] ~ Hom(Gg,Q*/{£1}Q*3) x H?(Go,{+1})
oz} < ([eg] .+ legls)

° C%j(O',T) = 0(0)0(1)6(or)™" = Cg (o) = §(o)mod{+1}Q*2.
® cg(o, 7) = sign(cg (o, 7)).

Propositon

Let Gal((@(\/—(27j+ 16), \/—j(27j+ 16))/Q) = (o, 7).
o @ o—~3 72
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The cohomology class [cg]
We can compute [cg], and to give an explicit expression we use the
isomorphism:
H?(Gp,Q*)[2] ~ Hom(Gg,Q*/{£1}Q*3) x H?(Go,{+1})
oz} < ([eg] .+ legls)

° C%j(O',T) = 0(0)0(1)6(or)™" = Cg (o) = §(o)mod{+1}Q*2.
® cg(o, 7) = sign(cg (o, 7)).

Propositon

Let Gal((@(\/—(27j+ 16), \/—j(27j+ 16))/Q) = (o, 7).
o @ o—~3 72
® [cgl+ = (—(27/+ 16),3)q - (—j(27/ + 16),2)q - (2,3)g

@ cg(o,7)? = cg(o,7)cg (0. 7) = (Yo 0 U)(¥r 0 V1) (Yor © V)

@ A formula of Quer giving End? (B) in terms of [cB] and [cg ]+
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A concrete example: B = B_4 /27
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A concrete example: B = B_4/»7
® K=Q(V-6,V-3)
@ We do not know [cg/k], but Inf([cg/k]) = [CB]-

@ [cg] is not the inflation of any symmetric element, so [cp/k] is not
symmetric

@ K does not contain any splitting field for [cg]
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A concrete example: B = B_4/»7
° K=Q(V-6,v-3)
@ We do not know [cg/k], but Inf([cg/k]) = [CB]-

@ [cg] is not the inflation of any symmetric element, so [cp/k] is not
symmetric

@ K does not contain any splitting field for [cg]
@ L = K(v/—1), then some twist of B is strongly modular over L.
@ [cp/] is not symmetric — B/L is not strongly modular.
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A concrete example: B = B_4/»7
° K=Q(+/6.v/-3)
@ We do not know [cg/k], but Inf([cg/k]) = [CB]-

@ [cg] is not the inflation of any symmetric element, so [cp/k] is not
symmetric

@ K does not contain any splitting field for [cg]
@ L = K(v/—1), then some twist of B is strongly modular over L.
@ [cp/] is not symmetric — B/L is not strongly modular.

@ We consider the twist of C by v = v6 + V/18:
C,: vY2={(X)

@ [cp /] itis symmetric — B, /L is strongly modular.
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A concrete example: B = B_4/»7
° K=Q(v—6.v-3)
@ We do not know [cg/k], but Inf([cg/k]) = [CB]-

@ [cg] is not the inflation of any symmetric element, so [cp/k] is not
symmetric

@ K does not contain any splitting field for [cg]
@ L = K(v/—1), then some twist of B is strongly modular over L.
@ [cp/] is not symmetric — B/L is not strongly modular.

@ We consider the twist of C by v = v/6 + v/18:
C,: vY2={(X)

@ [cp /] itis symmetric — B, /L is strongly modular.

@ ~ is the solution of an embedding problem in Galois theory
(associated to the non-symmetric part of [cg ]+ € H?(L/Q,{£1}))

1 — Gal(L(\/7)/L) ~ {£1} — Gal(L(\/7)/Q) — Gal(L/Q) — 1
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A concrete example: j = —4/27
We find f € Sp(Mo(2* - 3%), x):

f = qg-V3B©+3iq —3v3q" + ¢ —2iv3q"7 —6ig"®
+ 3v3¢®+2¢® -5V8ig® -3ig® +- -

and g € Sy(Ig(2° - 3%),¢):

g = g-V3g+3iqg —3v3q" — g +2iv3q"7 +6iq"
3v3g* +2¢® -5V38ig® -3ig® +---

such that
L(B,/L; T) = (L(f; s)L(°f; )L(g: )L("g: 9))?
Res; jgBy ~ AZ x AS
Xavier Guitart, Jordi Quer ( UPC) MAVNF
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@ In this example it is enough to go to a quadratic extension L/K to
obtain a twist which is strongly modular over L.
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@ In this example it is enough to go to a quadratic extension L/K to
obtain a twist which is strongly modular over L.

Proposition

There exist surfaces B; in the Baba-Granath family such any L with B;
strongly modular over L is arbitrary large.
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@ In this example it is enough to go to a quadratic extension L/K to
obtain a twist which is strongly modular over L.

Proposition
There exist surfaces B; in the Baba-Granath family such any L with B;
strongly modular over L is arbitrary large.

Proposition
There exist surfaces B; in the Baba-Granath family such that any Ay
with As ~q ij’ has dimension arbitrary large.

@ Let f be a modular form such that
A ~g B},

and let € be the Nebentypus of f.
@ [cp . is ramified at p < ep(—1) = —1.
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@ In this example it is enough to go to a quadratic extension L/K to
obtain a twist which is strongly modular over L.

Proposition
There exist surfaces B; in the Baba-Granath family such any L with B;
strongly modular over L is arbitrary large.

Proposition
There exist surfaces B; in the Baba-Granath family such that any Ay
with As ~q ij’ has dimension arbitrary large.

@ Let f be a modular form such that
A ~g B},
and let € be the Nebentypus of f.
@ [cp . is ramified at p < ep(—1) = —1.
@ Using the formulas for [cg ]+ we can force the order of any such ¢
to be high.
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L-series of building blocks
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