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@ E elliptic curve with rational coefficients

E:y? + bixy 4+ bsy = x> + box? + byx + bg, bieZ
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@ E elliptic curve with rational coefficients
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defined over (abelian extensions of) quadratic imaginary fields.
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Heegner points

@ E elliptic curve with rational coefficients
E:y?+ bixy + bsy = x® + box? + byx + bg, b€ Z

@ Heegner points on E are a canonical collection of algebraic points
defined over (abelian extensions of) quadratic imaginary fields.

@ They are a key tool in the study of Mordell-Weil groups of E
(e.g., partial results on Birch-Swinnerton—Dyer Conjecture).

@ Can be computed explicitly ~~ efficient algorithms
@ Key fact for the construction of Heegner points: E is modular.
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Modular forms and elliptic curves
@ Poincaré upper half plane: H ={z=x+iy € C|y > 0}
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@ Poincaré upper half plane: H={z=x+iy e C|y > 0}
@ Mo(N)={(25) € SLx(Z): N| ¢} C SL»(Z) acts on H
aby ,_aZ+b
(8d)-z= cz+d

@ Io(N)\H (suitably compactified) is a Riemann surface.
@ There is the modular curve Xp(N)/Q, and Xo(N)(C) ~ Io(N)\H
@ A modular form f is a holomorphic function f : #—C such that

f(z)dz descends to a differential on Xo(N)
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Modular forms and elliptic curves
@ Poincaré upper half plane: H={z=x+iy e C|y > 0}
@ Mo(N)={(25) € SLx(Z): N| ¢} C SL»(Z) acts on H
aby ,_aZ+b
(8d)-z= cz+d

@ [o(N)\H (suitably compactified) is a Riemann surface.

@ There is the modular curve Xo(N)/Q, and Xp(N)(C) ~ INo(N)\H

@ A modular form f is a holomorphic function f : H—C such that
f(z)dz descends to a differential on Xo(N)

@ They have a Fourier expansion: f(z) = Y.  a,e>™".

Modularity Theorem (Wiles et. al.)
Let E be an elliptic curve over Q. Then for some N € Z>4:

@ (geometric version): There exists a morphism Xo(N)— E over Q.
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Modular forms and elliptic curves
@ Poincaré upper half plane: H={z=x+iy e C|y > 0}
@ Mo(N)={(25) € SLx(Z): N| ¢} C SL»(Z) acts on H
aby ,_aZ+b
(8d)-z= cz+d

@ [o(N)\H (suitably compactified) is a Riemann surface.

@ There is the modular curve Xo(N)/Q, and Xp(N)(C) ~ INo(N)\H

@ A modular form f is a holomorphic function f : H—C such that
f(z)dz descends to a differential on Xo(N)

@ They have a Fourier expansion: f(z) = Y.  a,e>™".

Modularity Theorem (Wiles et. al.)
Let E be an elliptic curve over Q. Then for some N € Z>4:
@ (geometric version): There exists a morphism Xo(N)— E over Q.

@ (automorphic version): There exists a modular form
fe(2) = >0 @ne®™ ™ such that a, = p+ 1 — #E(Z/pZ) for all primes p.
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Definition of Heegner points

@ K= Q(v—D) c C aquadratic imaginary fieldand 7 € KN'H
@ A Heegner point P- is the image of 7 under I'y(N)\H—E

Theorem (consequence of the theory of Complex multiplication)
P. has coordinates in a finite abelian extension of K. J

@ An explicit formula:
> Let P, = 27 [/ fg(2)dz € C/Ae ~ E(C)
@ Heegner points generalize to the following setting:
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@ An explicit formula:
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Definition of Heegner points

@ K= Q(v—D) c C aquadratic imaginary fieldand 7 € KN'H
@ A Heegner point P- is the image of 7 under I'y(N)\H—E

Theorem (consequence of the theory of Complex multiplication)
P. has coordinates in a finite abelian extension of K. J

@ An explicit formula:
» Let P, = 2ri [ fe(2)dz € C/Ag ~ E(C)
@ Heegner points generalize to the following setting:
» E is defined over a totally real field F.
» K is a quadratic totally imaginary extension of F.
» Heegner points on E, defined over abelian extensions of K
@ What if F is totally real, but K is not totally imaginary?
» There are some conjectural constructions, proposed by H. Darmon.
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Elliptic curves over totally real fields

@ E an elliptic curve over F.
@ F areal quadratic field (hf = 1), so that vp, v4: F — R
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Elliptic curves over totally real fields

@ E an elliptic curve over F.
@ F areal quadratic field (hf = 1), so that vp, v4: F — R

Modularity Theorem
There is a Hilbert modular form fg associated to E. J

@ NC OF: To(M) ={(25) € SLo(OF): M| ¢} C SLa(R) x SLo(R)
@ lp(M)actson H x H
@ H(M)\'H x H is an algebraic surface (the Hilbert modular surface)

@ A Hilbert modular form is a function f: H x H—C such that
f(z1,2z2)dzydz> descends to a differential on I'g(9)\H x H.
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Darmon’s ATR points

@ K quadratic almost totally real extension of F
(one complex place and two real places)
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o letre K\F~mneHandr,7 € R=0H:
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@ K quadratic almost totally real extension of F
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o letre K\F~mneHandr,7 € R=0H:
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Darmon’s ATR points
@ K quadratic almost totally real extension of F
(one complex place and two real places)
@ Assume: all primes dividing 91g splitin K
o letre K\F~mneHandr,7 € R=0H:
H H

. Or {10} X 7- inthe
0 quotient is ~ S’
T4 7l

@ {79} x v, ~ Darmon cycle C, € H'(To(M)\H x H,Z)
@ There is a 2-dim chain A, with 0A; = C-
@ Darmon point: P, = ffAT fe(zy,z0)dz1dz, € C/Ng
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(one complex place and two real places)
@ Assume: all primes dividing 91g splitin K
o letre K\F~mneHandr,7 € R=0H:
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@ {79} x v, ~ Darmon cycle C, € H'(To(M)\H x H,Z)
@ There is a 2-dim chain A, yvith oA, =C-
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P, € E(H) with H a finite abelian extension of K.
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Darmon’s ATR points
@ K quadratic almost totally real extension of F

(one complex place and two real places)
@ Assume: all primes dividing 91g splitin K
o letre K\F~mneHandr,7 € R=0H:
H H

. Or {10} X 7- inthe
0 quotient is ~ S

T 7l
@ {79} x v, ~ Darmon cycle C, € H'(To(M)\H x H,Z)
@ There is a 2-dim chain A, yvith oA, =C-
@ Darmon point: P, = ffAT fe(zy,z0)dz1dz, € C/Ng
Conjecture (Darmon) J

P, € E(H) with H a finite abelian extension of K.

@ There is some numerical evidence in support of the conjecture
@ This can be generalized to arbitrary totally real F
@ Our aim: propose a similar construction if F is not totally real
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@ Let E be an elliptic curve over F.
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Modular forms and modularity

@ F/Q cubic field of signature (1,1): vp: F < R, vy, vy: F — C.

@ Let E be an elliptic curve over F.

@ NC OF: To(M) ={(25) € SLa(OF): N| ¢} C SLa(R) x SLo(C).
@ SLy(R) acts on the upper half plane H

@ SL,(C) acts on the upper half space
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Modular forms and modularity

F/Q cubic field of signature (1,1): vo: F =< R, vy, vy: F < C.
Let E be an elliptic curve over F.

N C Op: To(N) = {(25) € SL2(OF): M| ¢} C SLa(R) x SLp(C).
SL»(R) acts on the upper half plane H

SL,(C) acts on the upper half space

H3=CxRyoCH=Re&R-igR-jeR -k

(28) 2= (az + b)(oz + )
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Modular forms and modularity

@ F/Q cubic field of signature (1,1): vp: F < R, vy, vy: F — C.

@ Let E be an elliptic curve over F.

@ NC O To(M) = {(23) € SLo(OF): M| ¢} C SLa(R) x SLo(C).
@ SLy(R) acts on the upper half plane H

@ SL,(C) acts on the upper half space

Hy=CxRogCH=ROR-iGR-jOR Kk
(28).z=(az+b)(cz+d)"

@ Consider I'g(9M)\H x Hg. Itis not an algebraic variety (has real
dimension 5), but it is a real differential manifold anyway.

Xevi Guitart, Marc Masdeu, Haluk Sengun (IE Modular forms over cubic fields Bilbo July 2014 11/16



Modular forms and modularity

@ F/Q cubic field of signature (1,1): vp: F < R, vy, vy: F — C.

@ Let E be an elliptic curve over F.

@ NC O To(M) = {(23) € SLo(OF): M| ¢} C SLa(R) x SLo(C).
@ SLy(R) acts on the upper half plane H

@ SL,(C) acts on the upper half space

Hy=CxRogCH=ROR-iGR-jOR Kk
(28).z=(az+b)(cz+d)"

@ Consider I'g(9M)\H x Hg. Itis not an algebraic variety (has real
dimension 5), but it is a real differential manifold anyway.

Generalized Modularity Conjecture

There is a harmonic differential 2-form wg on To(N)\H x Hz
associated to E.
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Modular forms and modularity

@ F/Q cubic field of signature (1,1): vp: F < R, vy, vy: F — C.

@ Let E be an elliptic curve over F.

@ NC O To(M) = {(22) € SLo(OF): M| ¢} C SLa(R) x SLo(C).
@ SLy(R) acts on the upper half plane H

@ SL,(C) acts on the upper half space

Hy=CxRogCH=ROR-iGR-jOR Kk
(28).z=(az+b)(cz+d)"

@ Consider I'g(9M)\H x Hg. Itis not an algebraic variety (has real
dimension 5), but it is a real differential manifold anyway.
Generalized Modularity Conjecture

There is a harmonic differential 2-form wg on To(N)\H x Hz
associated to E.

@ As before, wg is determined by its Fourier—Bessel expansion.
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@ wre has a “Fourier-Bessel expansion”:

a X X y _de haz

_ Ha) . 03] a2 Q4 dy -

e(z,x,y exp<—2m<—+—+—>)K<—)- L ANdz

)= a; Neo(a) 5 5 5 b 51 %A o
a0>0
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@ wre has a “Fourier-Bessel expansion”:

a z X X y _fx haz
_ Ha) . [ o 03] a2 Q4 dy -
e(z,x,y exp<—2m(—+—+—>)K(—)- <L Adz
)= g(; Neo(a) 5 5 51 b2 &1 % o

a0>0

@ Itis completely determined by its Fourier coefficients a,,)
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@ wre has a “Fourier-Bessel expansion”:

a z X X y _de haz

YY) . [ o 03] a2 Q4 dy -

e(z,x,y exp<—2m(——|——+—>)K(—)- L ANdz

)= a; Neo(a) 5 5 51 b2 &1 % o
a0>0

@ Itis completely determined by its Fourier coefficients a,,)
@ We can compute the g, by counting points on E(Of/p)
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Construction of the points
@ K atotally imaginary quadratic extension of F
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Construction of the points

@ K atotally imaginary quadratic extension of F
@ rcK\F~m€eH, r,71 € C=0H3
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Construction of the points

@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3

H H3
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Construction of the points
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@ rcK\F~meH, 17 eC=0H;3
H Hs
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Construction of the points

@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3
H Hs
™ G

o

@ This gives a 1-cycle C; on I'o(MN) \ H x H3
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Construction of the points
@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3
H Hs

hg /

T

@ This gives a 1-cycle C; on I'o(MN) \ H x H3
@ As before, there is a 2-dimensional chain A, such that 0A, = C-
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Construction of the points
@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3
H H3

hg /

T4
@ This gives a 1-cycle C; on I'o(MN) \ H x H3
@ As before, there is a 2-dimensional chain A, such that 0A, = C-
@ Define: P, = ffAT we € C/Ag ~ E(C)
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Construction of the points

@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3

H Hs

hg /
T0 7'1

T
@ This gives a 1-cycle C; on I'o(MN) \ H x H3

@ As before, there is a 2-dimensional chain A, such that 0A, = C-
o Define: P, = [ [, we € C/Ag ~ E(C)

Conjecture
P. € E(H) with H a finite abelian extension of K.
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Construction of the points
@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3
H H3

hg /
T0 7'1

1
@ This gives a 1-cycle C; on I'o(MN) \ H x H3
@ As before, there is a 2-dimensional chain A, such that 0A, = C-
o Define: P, = [ [, we € C/Ag ~ E(C)
Conjecture
P, € E(H) with H a finite abelian extension of K. J

@ C; is not algebraic, but also this time 'g(91)\H x H3 is neither!
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Construction of the points
@ K atotally imaginary quadratic extension of F
@ rcK\F~meH, 17 eC=0H;3
H H3

hg /

1
@ This gives a 1-cycle C; on I'o(MN) \ H x H3
@ As before, there is a 2-dimensional chain A, such that 0A, = C-
o Define: P, = [ [, we € C/Ag ~ E(C)
Conjecture
P, € E(H) with H a finite abelian extension of K. J

@ C; is not algebraic, but also this time 'g(91)\H x H3 is neither!
@ We found some numerical evidence for the conjecture.
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Outline

@ Numerical evidence for the conjecture
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A concrete calculation
@ F=qQ(r)with r® —r? 41
E:y?+(r—xy+(r?=r)y =x3+(-r> —1)x?® + r’x.
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A concrete calculation
@ F=Q(r)with r® —r? +1

Eoy? (1= Dy + (P = Ay = ¥+ (-~ 1 + .

® K = F(w), where w satisfies w? + (r + 1)w +2r? — 3r + 3.
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@ F=Q(r)with r® —r? +1

Eoy? (1= Dy + (P = Ay = ¥+ (-~ 1 + .

® K = F(w), where w satisfies w? + (r + 1)w +2r? — 3r + 3.
@ Take 7 to be equal to w
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A concrete calculation
@ F=Q(r)with r® —r? +1

E3y2+(f—1)Xy+(r2—r)yzx3+(_r2_1)X2+rzx'

® K = F(w), where w satisfies w? + (r + 1)w +2r? — 3r + 3.
@ Take 7 to be equal to w

H —4r — _r2
@ Stab,(o(MN)) = (v-) with 4 = ( _2r2_3;_g _:2142‘;12 )
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A concrete calculation
o F=Q(r)with r¥ — r2 +1

2 _1)x2 + r’x.

E:y24+(r—0xy+(r2=ry=x3+(-r
@ K = F(w), where w satisfies w2 + (r +1)w +2r2 — 3r + 3.
@ Take 7 to be equal to w

. _ _ _r2
o Stan (o) = (3 with - = (e 43 1213

@ Finding A, such that 9A,; = C. can be reduced to decompose ~,
into elementary matrices (effective congruence subgroup
problem).
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A concrete calculation
o F=Q(r)with r¥ — r2 +1

2 _1)x2 + r’x.

E:y24+(r—0xy+(r2=ry=x3+(-r
@ K = F(w), where w satisfies w2 + (r +1)w +2r2 — 3r + 3.
@ Take 7 to be equal to w

. _ _ _r2
o Stan (o) = (3 with - = (e 43 1213

@ Finding A, such that 9A,; = C. can be reduced to decompose ~,
into elementary matrices (effective congruence subgroup
problem).

e
e P = E / / wge ~ 0.141967077 — 0.055099463v —1
— Jrl JO
] 1
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A concrete calculation
o F=Q(r)with r¥ — r2 +1

E:y2+(r_1)Xy+(r2—r)y:x3_|_(_r2_1)X2_{_r2X‘
@ K = F(w), where w satisfies w? + (r + 1)w + 2r® — 3r + 3.

@ Take 7 to be equal to w

. —4r—-3 —r>42r43
@ Stab,([o(M)) = (7)) with 4 = ( _2r2 _4:—3 —:214;12 )
@ Finding A, such that 9A,; = C. can be reduced to decompose ~,
into elementary matrices (effective congruence subgroup

problem).
7 0
e P = Z/ / wg =~ 0.141967077 — 0.055099463v/ —1
— Jrl JO
1 I

@ The image of J. € C/Ag ~ E(C) coincides (up to 32 digits of
accuracy) with 10P, where

P = (r—1:w—r2+2r:1) € E(K)
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Modular forms over cubic fields and algebraic
points on elliptic curves
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