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Stark—Heegner points in higher level

@ E/Q elliptic curve of conductor N = pM, with p { M.
@ K/Q real quadratic field in which
» pisinert
» all primes dividing M are spilit
@ Darmon’s construction of Stark—Heegner points
P1(Kp) \ P! (Q) = Hp — E(Kp)

T — P
@ P, is defined in terms of certain p-adic periods of f = fg € S>(N)

Conjecture (Darmon, 2001)
P is a global point: P, € E(H,) where H; is a Ring Class Field of K J

@ Explicit computations and numerical evidence:
» Darmon—Green (2002): algorithm for computing P,
» Darmon—Pollack (2006): more efficient calculations with OMS
The algorithm needs to assume M =1
(P-’s only computed on curves of conductor p)
@ In this talk: remove the requirement M = 1 in this algorithm, so
that P. in curves of composite conductor can be computed.
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Integration on H, x H
T2 Y
Double integrals / / wr € Kp, 71,72 € Hp, X,y € P'(Q)
T4 X
@ Definition
> To(M) = {7 € SLa(Z[}]): 7 = (57) (mod M)} c SLa(Z[3])
> f: I)g/ wf = fnﬂ(Qp) log (5 :f) dur{x—y}t) € Kp
> u{x—y} measure in P! (Qp)
* p{x=yY(VZo) = oF f"’ Y Re(2rif(z)dz) € Z fory € To(M)
@ Double multiplicative integral:

T2 Y t— 1 %
wf = ; d,uf{x—>y}(t) S Kp
T X ]P)1(Qp) - 7—1

> [T Y wr =1log (£ f wr)
@ Effective computation:

» They can be very efficiently computed (up to a prescribed p-adic
precision) using overconvergent modular symbols
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ngiy—indefinite integrals
f [ ek /ah e Ha Xy € P(Q), x =y some y € Fo(M)
X
@ Definition
» Cohomology of measured valued modular symbols
@ Properties
1 f7 [Lwrx T [Jwr=f7 [§ wr (multiplicative in the limits)
2. f77 [ wr = f7 [} wy for all y € To(M) (invariance under I'o(M))
8. 7 [{wr+ 7 [{wr = £ [{ wr (Relation with double integrals)
@ Definition of Stark—Heegner points

T  pyr00
P, — Orue (f / wf),Stabro(M)(r):w

@ Computing P; boils down to compute semi-indefinite integrals
» Direct computation (using the very definition) seems to be difficult
» Darmon-Green-Pollack: use 1, 2 and 3 to transform semi-indefinite
integrals into definite double integrals.
» This is the only stage where the assumption M = 1 is needed.
» We give a different method, that works with M > 1
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Reduction to '1(M)

F(M)={y=(3g) €SL2(Z[1/p]): v= (§7) (mod M)} C Fo(M)

@ v, € I'h(M), but we can reduce to the case where ~, € I'1(M)
» If m=[[o(M): T'{(M)], computing mP, = ®rye (f f;?‘)o)
» ifa=p" (mod M) we let o = (p;" ;n) and

T Y+ 0O aT Y00
P L]

with ay; € T'1(M)
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T Yoo
@ We are reduced to compute][ / with v € '1(M)

[e.9]

° SLQ(Z[%]) has the congruence subgroup property
7= (ue 1) (8%) - (e s ?) (3%)s verm
FAZ s f Lo [T f Lo f
f L T e T T TS

@ Small problem: 0 and oo are not I'y(M)-equivalent if M > 1
® But Wy-0=00, Wy=(57")

Assumption
There exists d | M such that Wy(f) = f J

» For instance, if M has at least two factors this is always true

@ Then semi-indefinite integrals are also defined on Wy-equivalent
Cusps.
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@ The problem is reduced to finding an algorithm for computing

7= (wha8) (07) - (wies 7) (67), 7€,

@ Remark: if M = 1 then the x;’s are the quotients of the contineued
fraction of a/c, if v = (25).
@ For M > 1 we need another algorithm.
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A more general setting

@ F: number field with at least a real place
@ S aset of places of F containing the archimedean ones
@ Ogring of S-integers, M C Og an ideal
@ (M) ={y€SLa(Os): v=({%) (mod M)}
(p-adic Stark—Heegner points F = Q, S = {p,c}, M =M - Z[%])
@ Theorem (Serre, Vaserstein): If Og is infinite (i.e. if #S > 1) then
[4(90) is generated by the matrices

(4%) withx € Og, (19) with x € 9,

x 1

@ Problem: given v = (25) € I'y(9m), write it as a product of
elementary matrices
@ Simple case: if ¢ = u + tawith u € Og and t € O then

'7:<c+t(11—a)?) ((1)_%_1)<u(11_a)(1)) ((1))1() (1)

@ We can replace v = (25) by (§ 1)~ = (8¢ bt})
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Effective Congruence Subgroup Problem
Theorem (Cooke—Weinberger)

Assume GRH. Then the set of prime ideals in Og of the form a+ Ac
such that 05 — (Og/(a+ Ac)Og)* is onto has positive density.

Algorithm for elmentary matrix decomposition

Giveny = (25) e ry(mm)
@ Find X € Og such that 05 — (Og/(a+ Ac)Og)*™ is onto
@ Sety' = (§7)7=(*3°"99)
© Find u € OF representing the class of ¢ modulo a+ Ac

© Compute the explicit decomposition (1) to ~'.

Corollary

Assuming GRH, every matrix in '{(9t) can be expressed as a product
of 5 elementary matrices.

v
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Computing the double integrals
@ We need to compute integrals of the form {7 [ wr
@ The hard part is fﬂ,,1 @ )Iog ( ‘T‘> dus(t)
@ Darmon-Pollack: P'(Q,) = - 9iZp, gi € GL2(Q)

/gizplog(;: )duf _Zan/,zp a1 ds(t)

n>1

ngp(g,.‘1 H"du(t): the moments can be efficiently computed via

overconvergent modular symbols

» Number of g;'s depends on the affinoid # containing 7+, 7
HO = {7 € P'(Kp): red(r) ¢ P'(Z/pZ)}
HY = {1 € P'(Kp): red(r) ¢ P'(Z/p™'Z)} \ Hp ™

» We can take a covering of size (p+ 1)+ n(p— 1)

» This increases the running time with respect to the M = 1 case
(when M =1,then 11,7 € ’Hg so p + 1 evaluations is enough), but
it is not critical in the range of values we tested.
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Implementation

@ We have written a SAGE implementation of the method

» we use Robert Pollack’s implementation in SAGE for computing the
moments with overconvergent modular symbols

» we adapt part of the code written by Darmon and Pollack in Magma
forthe M =1 case

» we added the routines for the elementary matrix decomposition, for
transforming semi-indefinite into definite integrals, and for
integrating over the appropriate open covers.

@ (x,y) = ®1ue(J-) and we can actually recognize x,y € Kp as
elements of the expected number field H, (usually we choose 7 so
that H- is the Hilbert class field of K)
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Curve 21A1 (p=7, M=3, prec=7%, K = Q(v/D))

D |h| P,

8 |1 (-9v2+11,45v2 - 64)

29 |1 —2V29 + £ 585./29 - 422

44 | 1 —aV1T =8 3V + 55

53 | 1 (%53 + 1%, 5% V53 - 52

92 | 1 (52, p2vas- )

137 | 1 (7%\/@ + 1?24219’ 2249550800896 137 — 21465204:816)
149 | 1 (— 55 V740 + 525%. 13820, v/140 — 100722 )
197 | 1| (—Zousiis, V107 + G206y Judgnerseccis 197 — Sypedgariat)
D [h 6)

65 | 2 X2 4 (51251 /65 — 451826 ) x — 402762 /65 + ST
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C%r\‘/eh P3A1 (p=

11, M = 3, pr%g=38°, K = Q(v/D))

13 | 1 7;\/13+g,;\/1 7g)
22 55
28 | 1 ( 2 55 f
61 | 1 — VBT + 3, vBT — 11 )
53339 _ / 324687 31203315 290996167
73 1 (_ 49928 73+ 49928 * 7888624 73— 7888624 )
76 | 1 (72 \/19+1)
109 1 143 \/W 9+ 14857 5577 \/@ _ 58223
_ 51842 2065147 / 25921
172 1 21025 3048625 + 21025
94663533349261 / 1048806825770477
193 1 ( 678412148664608 + 678412148664608 °’
147778957920931299317 \/W + 30862934493092416035541
12494688311813553741184 12494688311813553741184
D [ h o (X)
2 2849 _ 63 _ 5082 16819
40 | 2 X +(1681 10 681) Tea1 V10 + ot
2 119 1022 168 1549
85 |2 x +(361 85— 361>X_361V + 381
4 169016003453 _ 1621540207320 3
145 | 4 X'+ ( 83168215321 V 149 — “gaies215821 ) X
1534717557538 . / 18972823294799 2 5533405190489 _ / 66553066916820
+ <7 83168215321 145 + 83168215321 X+ < 83168215321 145 — 83168215321 )
6414913389456 . / 77248348177561
+ = 83168215321 145 + 83168215321
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CL[J)r\‘/eh ‘51A1 (p=3, M=17, prec=3%, K = Q(vD))

27 4 2- ’>
(3vs+2 2V + Z)
5559 /7 78911 2040153 / 17804737
(55778 7+ 55778 9314926 77+ 9314926 )
(793511 150079871 89 1

2401 » 235298 2

656788148124048 _ / 108663526315570777
(7 108395925566683225 101 + 108395925566683225 *

432742605985104670344096 \/W __ 71551860216079551941383354
35687772118459783422252125 35687772118459783422252125

193 /137
(81’1458 13 _’>
(_ 41662615203 /129 | 802189306199

110013332450 110013332450’
39791672228037249 149 — 635290450369692907
25801976926160750 25801976926160750

1915814571 /. 24731592007
( "~ 20670100441 + 20670100441 °
577303899566856 /38 — 7167395643538198
2971761010503011 2971761010503011

62146167667 8395974419456303 16
49710362300 * 53153799096521000

8 |1
53 | 1
77 |1
89 | 1
101 | 1
137 | 1
149 | 1
152 | 1
161 | 1
104 | 2 [ x2+ (—
140 | 2
185 | 2

992302702743 /26 — 57132410901980) __ 4968445297101  / 4 61480175149213

1960400420449 1960400420449 1960400420449 1960400420449
2 _ 7073157 398237221
— Y x + odoevlice
908505900 54207252962 787814100 . /{gF | 45005684581
"~ 7532677681 185 — 7532677681 ) ~ 7532677681 S+ 7532677681
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Curve 105A1 (p =3, M =57, prec=3%°, K = Q(v/D))

D |h] p+

29 2-(3v29+ 8,829+ 1)
44 | 1 (%;—2 11—%)

149

41297 /772G . 554429 28371039 /740 . 340434623
1 <48050 149 + 050 + 7aa7750 V149 + 7447750)
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