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Modular abelian varieties over Q
@ Letf=> anq" € So(l'1(N)) be a normalized newform.
@ Eichler-Shimura construction: f ~~ A;/Q abelian variety.
Properties
@ Ay is modular: it is a quotient of J; (N) = Jac(Xj(N)).
@ Np(Ar) = N9MAr (theorem of Carayol).

o Ayis of GLp-type: EndQ)(Af) = Endg(Ar) ®z Q ~ E number field
with [E : Q] = dim Ar. Infact E~Q(...,ap,...).

Theorem (Ribet + Serre’s Conjecture)
Every A/Q of GL,-type is isogenous to some Ay.

v

@ Every A of GL,-type is modular: is a quotient of J;(N) for some N.
@ By Carayol’s formula: N9MA = A5 (A).

@ GL,-type varieties are simple over Q, but they may factor over Q.
@ Ribet determined their simple factors over Q.
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Definition
A building block is an abelian variety B/Q such that

@ °B~ Bforall o € Gy (equivariant with respect to Endg(B)).

° End%(B) is a central division algebra over a field F of Schur index
t=1ort=2and {[F : Q] =dimB.
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t=1ort=2andt[F: Q] =dimB.

Theorem (Ribet and Pyle)
Let A/Q be a GLo-type variety. Suppose that Ay does not have CM.
® A~g B", where B/Q is a building block.

@ If B/Q is a building block then there exists an A/Q of GL,-type
such that A ~% B".

@ Building blocks are modular over Q:
B/Q building block then it is a quotient of J; (N)q for some N.
@ We aim to give an analogous of Carayol’s formula: a formula
relating the conductor of B and its level of modularity N.
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Inner Twists
o Let F=Q({a3/=(P)}pn) € E.
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@ For each s € Gal(E/F) there exists a single Dirichlet character xs
such that
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Fields of definition of building blocks

@ Let f € Sp(lg(N), ) newform without CM.
@ Let L be the smallest field such that Endg (Af) = End.(Ay).

Inner Twists
o Let F=Q({a3/=(P)}pn) € E.
@ The extension E/F is Galois abelian.

@ For each s € Gal(E/F) there exists a single Dirichlet character xs
such that

Sf:f®Xs.

Theorem (Gonzalez-Lario)

L = Q"kerxs (identifying s with a Galois character).
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@ Then we have
Af ~L Bn7
where B is a building block defined over L.
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a) N.(B)-§dmB = NdmB  except that the formula is
b) 2- Ni( ) f"'mB NImB if v, (f,) = 3 and there exists K C L with

va(fk) =

@ Examples of Q-curves where N, (B) does not belong to Z.
@ Examples where b) does occur.
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Example
@ dim(A;) =2, A~  C?®and [L: Q] = 2.
@ Res;/oC ~q Ar.
@ Np(Res;/oC) = No(Af) = N2,
@ Milne’s formula for the conductor of the restriction of scalars:

Nijg(NL(C)dE /g = N?

o NL(C)-fL:N
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Example
@ dim(A;) =2, A~  C?®and [L: Q] = 2.
@ Res;/oC ~q Ar.
® Ny(Res; gC) = Ng(Ar) = N2.
@ Milne’s formula for the conductor of the restriction of scalars:
NijgNL(C))df /g = N

o NL(C)-fL:N

Strategy
@ Compute Res; /B as a product of Ag’s
@ Apply Milne and Carayol’s formulas
@ Do the computations to check the formula.
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Proposition
Res;/oB ~q A; x -~ Af, with Ar, A non-isogenous.
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Proposition
Res;/oB ~q A; x -~ Af, with Ar, A non-isogenous. J

° End?Q(ResL/@B) o~ End%(B) ® F°[Gal(L/Q)] ~ End%(B) @1 Ei ~ [IM«(E))

We need to identify fi, ..., f;: they are twists of f.
Let G= (xs | s € Gal(E/F)) and define an action

Gal(E/F)x G — G
(s,x) — S-X = Xs°X

Proposition

@ Res;/oB ~q eré(Afc@X)t
o dim(Asg,) = [Gal(E/F): L][F : Q]

@ If Ay~ B™and A; ~; B" then g = f ® x for some character of L.
@ Dimension argument.
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© NyjgWi(B)dEA™E =TT, cq NI™E, Ny = level of f @ x.
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Y NL/Q( ( ))er f2d|mB erGN)?lmB
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© NyjgWi(B)dEA™E =TT, cq NI™E, Ny = level of f @ x.

® NijoWL(B) T eafi ™8 =Tl eq NY™P
@ This gives a formula for N (B).

@ Results of Atkin-Li give formulas for N, in terms of N and f,, £

@ Under the assumptions of the theorem we have a control of the N,
and this formula simplifies to NV, (B)

NL(B) fd|m B Nd|m B
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