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Notation

If k is a field then k denotes an algebraic closure of k, ks a separable
closure of k and Gj, = Gal(ks/k). All rings we consider are associative and
with unity. If R is a ring then M, (R) is the ring of n X n matrices with
coefficients in R, and GL,,(R) is the group of invertible elements of M,,(R).
When working with equivalence relations we will usually denote by [z] the
equivalence class of z. The dimension of an F-vector space E is denoted
either by dimp F or by [E: F]if F C E.

For an algebraic variety V defined over k£ and a field K containing k we
write Vi for the extension of scalars V' xgpecr Spec K. If A is an abelian
variety over k, Endg(A) denotes its ring of endomorphisms defined over
k. If k is clear by the context, this ring is sometimes denoted by End(A).
We mainly work in the category of abelian varieties up to isogeny, and the
notation End?(A) stands for the endomorphism algebra Endy(4) ®z Q.






Introduction

This thesis is concerned with several arithmetic properties of abelian
varieties that are isogenous to their Galois conjugates. To be more precise,
the central object of study are abelian k-varieties, especially in the case
where k is a number field. That is, we discuss abelian varieties B over k such
that for each o € Gal(k/k) there exists an isogeny p,: °B — B satisfying
Qe pie = po°%p for all ¢ € Endg(B). We study their simple factors, their
endomorphism algebras and their fields of definition.

In the case £k = Q, an interesting type of abelian QQ-varieties are the
so-called building blocks: those whose endomorphism algebra is a central
division algebra over a totally real number field F', with Schur index t =
1 or t = 2 and reduced degree t[F' : Q] equal to the dimension of the
variety. The interest in these geometric objects arose in connection with
the Shimura-Taniyama conjecture about modularity of elliptic curves over
Q, and its generalizations to higher dimensional varieties over Q as well as
to varieties over number fields. Indeed, building blocks are known to be the
Q-simple factors up to isogeny of non-CM abelian varieties over Q of GLo-
type. As Ribet showed in [Ri92], the recently proven Serre’s conjecture on
2-dimensional mod p Galois representations (now a theorem of Khare and
Wintenberger [KW09)]) implies that the GLa-type varieties are precisely the
Q-simple factors of modular Jacobians J; (V). As a consequence, building
blocks are the modular abelian varieties over Q, in the sense that they are
the Q-simple factors of the modular Jacobians Jj (N )

The modularity of building blocks is a key property that can be exploited
for the study of their arithmetic or for applications to other problems. For
instance, the theory of Heegner points and Gross-Zagier type formulas can
be used to prove partial results in the direction of the Birch and Swinnerton-
Dyer conjecture. On the other hand, the modularity of Q-curves has been
exploited to solve some diophantine equations of Fermat-type; cf. the work
of Ellenberg [Ell04] or Dieulefait and Jiménez [DJ09]. It is worth noting
that the Q-curves C'/ K that are suitable for this application are those whose
L-series L(C'/K;s) are a product of L-series of modular forms.

In spite of this, many of the interesting arithmetic properties of build-
ing blocks were established before they were known to be modular, being
just a consequence of the existence of compatible isogenies to their Galois
conjugates and of the structure of their endomorphism algebras. Indeed,
a lot of research has been done on the subject since the seminal work of
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4 INTRODUCTION

Ribet. For instance, Ribet himself proved in [Ri92] that every elliptic Q-
curve arises as the Q-simple factor of some GLa-type variety over Q. Elkies
[E102] showed that non-CM elliptic k-curves are parametrized up to isogeny
by k-rational points on modular curves X* (V) for squarefree integers N. As
a consequence, he obtained results on the possible fields of definition of such
k-curves up to isogeny. Shortly after, and motivated by Elkies’s work, Ri-
bet studied in [Ri94] the relation between the field of moduli and the field
of definition of abelian k-varieties with real multiplication. Quer [QuO00]
performed a similar study for the possible fields of definition of a Q-curve
C together with the corresponding isogenies between Galois conjugates. In
addition, he characterized the fields K with the property that the restric-
tion of scalars Resg/q(C) is isogenous over Q to a product of GLa-type
varieties. After the validity of Serre’s conjecture, this property guarantees
that L(C'/K;s) is a product of L-series of modular forms.

Many of the results of Ribet for Q-curves or for building blocks with
real multiplication were generalized to the case of arbitrary building blocks
by his student Elizabeth Pyle in her 1995 PhD thesis [Py02]. In particular,
she completed the characterization of building blocks as the Q-simple factors
of non-CM GLo-type varieties, establishing a correspondence between the
two kinds of objects: every such GLa-type variety is isogenous over Q to
the power of a building block, and every building block appears as the Q-
simple factor of some GLa-type variety. In the last section of [Py02] some
questions were posed about how this correspondence could be generalized
to GLa-type varieties over other fields k. This was the starting point of the
present thesis, which naturally led us to investigate other related properties
of abelian k-varieties.

We focus on three different aspects of the arithmetic of abelian k-varieties.
First, we aim to give a practical method for computing their possible fields
of definition up to isogeny. Second, we provide an answer to the question
in Pyle’s thesis, by characterizing the absolutely simple factors of GLo-type
varieties over number fields k. A generalization of the Shimura-Taniyama
conjecture for Hilbert modular forms predicts that GLa-type varieties are
precisely the modular abelian varieties when k is totally real (cf. [Da00)
Conjecture 2.4] for a precise statement). Third, we characterize the abelian
k-varieties B/K such that their restriction of scalars Resy /1, (B) is isogenous
over k to a product of GLa-type varieties. Observe that this implies that
L(B/K;s) is then a product of L-series of GLa-type varieties over k.

On the other hand, as we said above, many good arithmetic properties of
building blocks come from the structure of their endomorphism algebra and
from the existence of isogenies to their Galois conjugates. In view of this,
it seems natural to consider also the problem of extending the techniques
applied to building blocks to as wide a class of abelian varieties as possible.
For this reason, the strategy that we follow in this thesis is the following.
First of all, we abstract the properties of building blocks that provide them
with good arithmetic behavior. Then we consider the most general abelian
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varieties with these properties, and we study if analogous results for the
arithmetic of these varieties hold in the more general situation. In this way
we address the three concrete above mentioned problems, but stating some
results in greater generality whenever possible.

Outline of the main results. In order to identify the widest setting to
which each part of the building block theory can be extended, the chapters
follow a somewhat decreasing level of generality. After Chapter [I| which is
devoted to standard background material, in Chapter [2| we begin by con-
sidering an arbitrary field k&, and by looking into abelian varieties with field
of moduli k£ up to isogeny: that is, varieties B/ks that are ks-isogenous
to their Galois conjugates. A descent theorem of Ribet characterizes un-
der what conditions such a variety is isogenous to a variety defined over k.
However, in concrete cases it is sometimes difficult to verify whether such
conditions are satisfied or not. The main result of this chapter is Theorem
in which Ribet’s theorem is used in order to identify two obstructions
to descend the field of definition. Such a characterization of the descent
property is more suitable for practical computations, as it will be clear from
the examples provided in Section [£.3]

After Chapter [2 we gradually consider more restricted settings. In
Chapter [3] we deal with abelian k-varieties, which are a special type of va-
rieties with field of moduli k. In Proposition |3.16| we use the results of the
previous chapter to characterize their fields of definition up to isogeny, in
terms of certain cohomology classes canonically attached to them. Moreover,
in Proposition we characterize their fields of complete definition (that
is, where the endomorphisms and the isogenies to the Galois conjugates are
defined), also in terms of those cohomology classes.

The results of Chapter |3| concerning fields of definition can be made
very explicit for abelian k-varieties of the first kind, due to the particularly
simple structure of the cohomology groups involved in this case. This is
what we do in Chapter 4] In it we perform the technical computations that
are necessary in order to determine in practice the minimal fields of def-
inition up to isogeny. In the particular case k = @Q, this method can be
seen as a complement to Ribet and Pyle’s study of the field of definition
of building blocks. Indeed, they dealt with fields of definition of building
blocks together with their endomorphisms. In the case of quaternionic mul-
tiplication, the varieties can sometimes be defined over smaller fields than
their endomorphisms, and this is what our approach permits to detect. In
Section we illustrate this phenomenon in concrete examples of building
blocks with quaternionic multiplication. For them we apply the techniques
developed through the chapter to explicitly compute their minimal fields of
definition, which are sometimes smaller than the minimal fields of definition
of the endomorphisms.

In Chapter 5] we put ourselves in the case where k is a number field.
One of the main goals is to prove Proposition which provides the
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correspondence between GLo-type varieties over k and certain k-varieties.
However, the key property of GLo-type varieties that permits to establish
such a correspondence is that they are k-varieties defined over k, for which
the algebra End?(A) is a maximal subfield of End%(A). Thus, we identify
the varieties satisfying this property as the more general class for which a
similar correspondence holds. We call them Ribet-Pyle varieties. In Propo-
sition we see that every Ribet-Pyle variety is k-isogenous to a power of a
k-variety, and in Theorem [5.3| we prove the converse: every abelian k-variety
is the k-simple factor of some Ribet-Pyle variety. From this we deduce the
above mentioned correspondence for GlLg-varieties over k. We also study
restrictions of scalars of k-varieties. To be more precise, we compute their
algebra of endomorphisms defined over k (Proposition , and we char-
acterize when they are isogenous to products of Ribet-Pyle varieties over k
(Propositions and [5.36)).

In the final two chapters we take k = Q, and we study some properties of
abelian Q-varieties related to their modularity. The main result of this part
of the thesis is Theorem [6.17l It is a characterization of the abelian varieties
over a number field K with the property that L(B/Kj;s) is a product of
L-series of classical elliptic modular forms over Q. The varieties satisfying
this property, which we have called strongly modular, are the ones that are
useful in most of the applications of modularity. For instance, as we men-
tioned above this is the property needed for their use in solving diophantine
equations. Another important consequence is that their L-series L(B/K}; s)
are known to satisfy the Hasse conjecture.

Finally, in Chapter [7] we present some explicit examples of strongly mod-
ular abelian varieties. They are surfaces with quaternionic multiplication,
constructed as Jacobians of genus 2 curves given by explicit equations over
number fields. Thus they are constructed without any use of modular forms.
By applying the results of Chapter [6] we deduce their strong modularity just
as a consequence of their geometric and arithmetic properties. As an illus-
tration of our results, in some cases we are able to explicitly identify the
corresponding modular forms, which give the L-series of the varieties as
products of L-series of modular forms.

Agraiments. Voldria agrair molt sincerament al meu director, en Jordi
Quer, tota la seva ajuda i la seva generositat a I’hora de compartir les idees
matematiques, sense les quals aquesta tesi no hauria estat possible.

Faig extensiu ’agraiment als companys del grup de teoria de nombres de
Barcelona i de la UPC. Entre ells, i de manera molt especial, a aquells amb
qui he compartit aventura: en Francesc Fité, en Santi Molina, en Juanjo Rué,
en Francesc Creixell i en Luis Emilio Garcia. També a I’Enrique Gonzalez-
Jiménez, amb qui he tingut 'oportunitat i el plaer de treballar, i a en Victor
Rotger, de qui també és sempre un plaer aprendre matematiques. No em
puc oblidar tampoc d’agrair a en Josep Grané tot el seu ajut i el seu guiatge,
ja des que vaig comencar la carrera.
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També vull donar les gracies als amics que, més sovint del que potser
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CHAPTER 1

Background

The first chapter is devoted to summarize the material that constitutes
the background for the rest of the thesis. The aim is twofold: first, to present
in a concise and in a (as much as possible) self-contained way the definitions
and results that will play a role later on; second, to settle the notation and
terminology related to the algebraic and geometric objects that we will use
throughout the thesis.

The contents of sections to are well-known facts about group
cohomology, simple algebras and abelian varieties, that can be found in
the standard references for these topics. Because of this, we will not give
explicitly a reference for each of the results that we state; instead, we will
give some general references at the beginning of each section, providing a
citation for a particular statement only if it cannot be found in the general
references. Section [1.5]is a brief review of the definitions and properties of
abelian varieties of GLo-type over Q and their simple factors over Q.

1.1. Galois cohomology

A standard reference for the basic facts on group and Galois cohomology
is [SeT9l Chapter VII], and this section is largely based on it. Another
excellent reference is [Mi08|, Chapter II].

Definitions and basic properties. The case of interest to us is that
of a Galois group, endowed with the Krull topology, which acts naturally
on some algebro-geometric object. For this reason, we will mainly consider
the case of profinite groups acting continuously on discrete modules. Let
G be a profinite group and let M be a discrete abelian G-module, written
multiplicatively. We write the continuous G-action on M exponentially on

the left
GxM — M

(o,m) +—— m,

so that 7(mn) = “m%n and *?m = 7("m) for all o, 7 € G, m,n € M. A con-
tinuous action of G on M is the same as a continuous group homomorphism
G — Aut(M). Let MY be the submodule of fixed elements

MC ={me M|°m=m for all 0 € G}.

The functor M — MC is left exact. Its right derived functors are the
cohomology groups of G with coefficients in M, denoted H" (G, M) for r > 0.

9



10 1. BACKGROUND

Next we recall how they can be computed in terms of continuous cochains,
cocycles and coboundaries.

The set C"(G, M) of continuous maps G" — M is a group, called the
group of r-cochains of G with values in M (here G° is taken to be {1}). Let
d: C"(G,M) — C"™*Y(G, M) be the homomorphism given by

(d"e)(o1,y...,0041) =

016(027 s 7UT+1) (
%

r

—_1)* 1yl
C(Ulv"'70-7',O'i+17"'70'7"+1)( 2 )C(Ula"'agr)( 2 .
1

The group of r-cocycles of G with values in M is defined to be Z" (G, M) =
ker(d"), and the group of r-coboundaries is B"(G, M) = im(d"~1). By direct
computation one sees that d"t1od" = 1, so that B"(G, M) C Z"(G, M). The
r-th cohomology group of G with coefficients in M can be then computed as

H"(G,M) = Z"(G, M)/B"(G, M).

If ¢ belongs to Z"(G, M) we will denote by [c] its class in H"(G, M). Two
r-cocycles are said to be cohomologous if they differ by a coboundary.

Remark 1.1. The groups H" (G, M) depend not only on G and M, but also
on the action ©: G — Aut(M). We will write H"(G, M; O) if we need to
make it explicit. The notation H" (G, M; 1) means that the action considered
is the t¢rivial one (i.e. the one such that “m = m for all 0 € G, m € M).
Moreover, if the group G is the Galois group of a finite extension K/Q and
its action on M is clear by the context, we will often write H"(K/Q, M)
instead of H"(Gal(K/Q), M).

It follows from the definition of cohomology groups as derived functors
that given an exact sequence of discrete G-modules

1-M—>N—-P—1,

there exist connecting homomorphisms 6" : H" (G, P) — H"*1(G, M) giving
rise to the cohomology long exact sequence

o= H"(G,N) = H"(G,P) 5 H™"Y(G, M) — H Y (G,N) — - - .

In fact, if ¢ is an element in Z" (G, P) one can compute a representative for
d"([c]) in the following way: lift the map ¢: G" — P to a map ¢: G" — N
then, since d"(c) = 1, necessarily d"(¢) takes values in M so that d"(¢) €
Z™ (G, M), and one defines 6"([¢]) to be the class of d"(¢).

An important property of the continuous cohomology groups H" (G, M)
is that they are torsion groups for all r > 0.

Inflation and restriction. If H is a subgroup of G then M is a discrete
H-module. Composing the inclusion H" — G" with a cocycle ¢: G" —
M one obtains a cocycle H” — M. This induces the so-called restriction
homomorphism

Res: H"(G, M) —s H"(H, M).
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Similarly, if H is a normal subgroup of G then M is a G/H-module.
Composing the natural map G — (G/H)" with cocycles c: (G/H)" — MH
gives the inflation homomorphism

Inf: H"(G/H, M) — H"(G, M).

Particular cases: H!(G, M) and H?(G,M). Since we will only work
with first and second cohomology groups in this thesis, we particularize the
above definitions to these cases. A 1-cocycle is a continuous map ¢: G — M
such that

c(or) = c(0)%¢(T)

for all 0,7 € G. A 1-coboundary is a map G — M of the form o — m~17m
for some m € M. Then H'(G, M) is the group of 1-cocycles modulo the
subgroup of 1-coboundaries. In particular, if the action of G on M is trivial
then H'(G, M) can be identified with Hom(G, M), the group of continuous
homomorphisms from G to M.

A 2-cocycle is a continuous map c: G X G — M such that

e(a,7)elp, 07) = c(po, 7)elp, )

for all p,o,7 € G, and a 2-coboundary is a map G x G — M of the form
(0,7) = s(0)?s(7)s(or) ™! for some continuous map s: G — M.

A 2-cocycle ¢ is said to be normalized if ¢(1,1) = 1. Every 2-cocycle
is cohomologous to a normalized one. Indeed, if ¢(1,1) = m consider the
constant map A,,: G — M such that A, (o) = m™Y; then d'(\y)c is nor-
malized.

An application of H?: group extensions. Let G be a group and let
A be an abelian group. An extension of G by A is an exact sequence of
groups
1 —A-5G6 56 —1.
Two such extensions are said to be equivalent if there exists an isomorphism
¢: G1 — Gy such that the following diagram commutes:

L1 T

1 A G, G 1

R

L2 2

1 A G G > 1.

We remark that the isomorphism class of G does not determine the equiv-
alence class of the extension in general, because it is necessary to specify
the epimorphism G & G. In particular, there might exist non-equivalent
extensions with isomorphic groups G and Gs.

We can make G act on A in the following way: for each o € G choose a
preimage & for it in G, and define “a = Gas ! (for simplicity in the notation
it is convenient to identify A with a subgroup of G via ¢). This gives a group
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homomorphism ©: G — Aut(A), and we will denote by H?(G, A;©) the
second cohomology group with respect to this action ©.

The action © defined above only depends on the equivalence class of the
extension. From now on we fix an action ©® and we consider extensions of
G by A with associated action ©. A (set theoretic) section for 7 is a map
s: G = G such that mos = Id. Given a section s, the map cs: G X G —
A defined by cs(0,7) = s(o)s(t)s(o7)"! belongs to Z?(G,A;0). For a
different choice of the section for 7, one obtains a 2-cocycle cohomologous

to ¢s. In this way one can associate to each extension of G by A (with action
©) an element of H%(G, A; ©).

Proposition 1.2. The above construction gives a one-to-one correspon-
dences between the set of equivalence classes of extensions of G by A with
action © and H?(G, A; ©).

In the next section we will see another example where 2-cohomology
groups are used to classify equivalence classes of certain objects, in that
case of central simple algebras.

Non-abelian cohomology. If M is non-abelian, the above definitions
can be adapted to define H*(G, M) and H'(G, M), in such a way that these
objects satisfy some analogous properties to the ones of the corresponding
cohomology groups in the abelian case. Let M be a discrete non-abelian
G-module. H°(G, M) is defined as M. A 1-cocycle is a continuous map
¢: G — M such that ¢(o7) = ¢(0)%(7) for all 0,7 € G. Two 1-cocycles ¢
and ¢ are cohomologous if ¢/ (o) = m~'c(o)m for some m € M. This defines
an equivalence relation in the set Z!(G, M) of 1-cocycles, and H*(G, M) is
the quotient set. We remark that H'(G, M) does not have in general a
natural group structure; instead, it is regarded as a pointed set (i.e. as a
set with a distinguished element), with the distinguished element being the
class of the map o+ 1.

Ifl - M — N — P — 1is an exact sequence of non-abelian G-modules
there is a morphism of pointed sets A: HY(G,P) — H!(G, M) such that
the sequence

(1.1) 1 M% = NC - PY 38 gYG, M) — HY(G,N) — HY(G, P)

is exact (the kernel of a morphism of pointed sets is the preimage of the
distinguished element). Moreover, if M lies in the center of N then there is
a morphism of pointed sets : HY(G, P) — H?(G, M) such that can
be extended to an exact sequence

o> P98 HYG, M) - HY(G,N) » HYG, P) > HX(G, M).

The definition of § goes as follows. Let ¢ be an element of Z1(G, P). For

each o € G take a preimage ¢(o) of ¢(o) in N. Then 6([c]) is represented by

the class of the map (o, 7) — &(0)?¢(7)é(or) L.
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An application of H!: Twists of varieties. An interpretation of the
first cohomology group that will be important for us is that it classifies twists
of some geometric objects. Next we recall the case of projective varieties.

Let X be a quasiprojective variety over a separable field k. A twist of
X is a variety Y over k which is isomorphic to X over k (that is, X7 and
Y7 are isomorphic). Let Autz(X) denote the group of automorphisms of
Xz. Since X is defined over k, the Galois group G = Gal(k/k) acts in a
natural way on the automorphisms of Xz, so that Aut;(X) is a discrete
G-module (the continuity of the action being a consequence of the fact that
every endomorphism of X is defined over a finite extension of k).

Given a twist Y of X and a k-isomorphism ¢: Y — X, the map ¢y : G —
Autz(X) given by cy (o) = Tpop! is easily checked to be a l-cocycle of G
with values in Autz(X). With another choice of the isomorphism ¢ one ob-
tains a cohomologous cocycle, and if Z is k-isomorphic to Y then [cz] = [cy].
This gives therefore a well defined map between the set of k-isomorphism
classes of twists of X and H'(G, Autz(X)).

Proposition 1.3. If X is a quasiprojective variety over k then the above
construction is a natural one-to-one correspondence
{Twists of X} 1.1

HY(G, Aut-(X)).
k-isomorphism (&, Autg (X))

The fact that to each cohomology class corresponds a twist of X is a
consequence of the results of Weil [We56] on Galois descent of varieties.
However, what we will use throughout the thesis is an analogous correspon-
dence in the category of abelian varieties up to isogeny, which is a conse-
quence of the results of Ribet on Galois descent in this category (cf [Ri92),
§8] or Remark [2.6| below).

1.2. Central simple algebras

There are many excellent sources describing the theory of central simple
algebras. For instance, [Pi82] gives a detailed exposition of it, and this is
the book we will use in subsequent chapters as a reference for some specific
results. However, the brief review of the basic material we present in this
section is more similar to Chapter IV of [Mi08|, which provides a very
concise introduction to this topic.

Simple and semisimple algebras. Let F be a field. A F-algebra is
a ring A whose center contains F; it is called central F-algebra if its center
is equal to F. A subalgebra of a F-algebra is a subring that contains F
in particular, a subfield of A is a field E C A such that FF C E. A F-
algebra homomorphism ¢: A — B is a F-linear ring homomorphism such
that ¢(14) = 1p. All F-algebras we consider throughout this section are
assumed to be of finite dimension over F.

A F-algebra is simple if it has no two-sided ideals other that 0 and A,
and it is semisimple if it is a direct sum of simple algebras. A division
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algebra is an algebra such that every nonzero element x has an inverse,
i.e. an element 27! such that zz~' = 27!z = 1. A division algebra D is
obviously simple; in fact, the algebra M,,(D) is simple as well. The following
celebrated theorem states that these matrix algebras over division algebras
are essentially all simple algebras up to isomorphism.

Theorem 1.4 (Wedderburn). Let A be a finite dimensional simple F-
algebra. Then there exists a division F-algebra D, which is uniquely deter-

mined up to isomorphism, and a positive integer n such that A is isomorphic
to M, (D).

Since the center of a division algebra is a field, Wedderburn’s Theorem
implies that the center of a simple algebra is also a field (because the center
of M,,(D) is isomorphic to the center of D). Hence, any simple algebra is
central over its center. Moreover, the center of a semisimple algebra is a
product of fields.

Next we state another famous theorem that characterizes the automor-
phisms of a central simple algebra.

Theorem 1.5 (Skolem-Noether). Let B be a simple F-algebra and let A be
a central simple F-algebra. If ¢,¢: B — A are F-algebra homomorphisms,
then there exists an element a € A* such that ¢(b) = arp(b)a~! for allb € B.
In particular, every F-algebra automorphism of A is inner.

An element of A* acts trivially on A by conjugation if and only if it
belongs to the center of A. Therefore the group of automorphisms of a
central simple F-algebra A is isomorphic to A*/F*.

Centralizers and maximal subfields. Let B be a subalgebra of a
F-algebra A. The centralizer of B in A is

Ca(B)={a€ A|ba=abforall be B}.

Theorem 1.6 (Double Centralizer Theorem). Let A be a central simple
F-algebra and let B C A be a simple subalgebra. Then C4(B) is simple,
Ca(Ca(B)) =B and

[B: F|[CA(B): F]=[A: F).

A subfield E¥ of A is called a mazximal subfield if it is maximal with
respect to inclusion. The following is a useful characterization of maximal
subfields, in the case where F' is a number field.

Proposition 1.7. Let A be a central simple algebra over a number field F,
and let E be a subfield of A. Then E is a mazimal subfield of A if and only
if CAo(E) = E.

Let D be a central division F-algebra. The dimension [D : F] turns out
to be a perfect square and the integer ¢ = [D : F]/2 is called the Schur index
of D. In general, if A is a central simple algebra, by Wedderburn’s Theorem
A ~ M, (D) for some n and for some division algebra D; in this situation,
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the Schur index of A is defined to be the Schur index of D. We see that
[A: F)] is also a perfect square, and as a consequence of the Double Central-
izer Theorem and Proposition we have the following characterization of
maximal subfields in algebras over number fields.

Proposition 1.8. Let A be a central simple algebra over a number field F'.
A subfield E of A is mazimal if and only if [A: F] = [E : F]%.

The Brauer group. Let A and B be two central simple F-algebras.
By Wedderburn’s Theorem there exist division algebras D4 and Dpg such
that A ~ M,,(D4) and B ~ M,,(Dp) for some positive integers n and m.
The algebras A and B are said to be similar if Dg >~ Dp. An equivalent
condition for similarity is that A @ p M, (F) ~ B ® M(F') for some r, s.
Similarity is an equivalence relation; let Br(F') denote the set of equivalence
classes.

The fact that the tensor product of two central simple F-algebras is
again a central simple F-algebra is used to define an operation in Br(F') by
means of [A][B] = [A ®F B]. This is well defined and it induces in Br(F)
a structure of abelian group; Br(F) is called the Brauer group of F. The
identity is the class of F', and the inverse of [4] is the class of the opposite
algebra A°PP (this is an algebra isomorphic to A as F-vector space, but with
product z -y = yx). The Brauer group is known explicitly for some types of
fields. In the following theorem we collect some of these results.

Theorem 1.9. The Brauer group of an algebraically closed field is trivial.
The Brauer group of R is isomorphic to Z/2Z, and the class of Hamilton’s
quaternions H is the only nontrivial element. The Brauer group of a fi-
nite field is trivial. The Brauer group of a monarchimedean local field is
canonically isomorphic to Q/Z.

If A is a central simple F-algebra and L is a field containing F', then
A®p L is a central simple L-algebra. Then, the map A — A ®p L induces
a group homomorphism

Br(F) — Br(L).
The kernel of this map is denoted Br(L/K). A field L is said to split A,
or it is said to be a splitting field of A, if A belongs to Br(L/F); that is, if
A®p L is isomorphic to a matrix algebra over L. If E is a maximal subfield
of A then it splits A. It is a well known fact that every central simple F-
algebra has a maximal subfield separable over F', and this has the following
consequence.

Proposition 1.10. Br(F) = UBr(L/F) where L runs over the finite Galois
extensions of F in F.

Galois cohomology and Brauer Groups. Suppose that F' is a per-
fect field. Let L/F be a finite Galois extension and consider L* as a dis-
crete Gal(L/F) module with the Galois action. Let ¢ be an element in
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Z%(L/F,L*), and let A. be the free L-module with basis {eotocqal(r/F)-
Define a product operation in A. by the rules

o e,x =xe, for x € L and o € Gal(L/F),

o e er =c(0,T)esr.
The cocycle condition ensures that the defined product is associative, so
that A. is a ring. Moreover, it is a central simple F-algebra and it contains
L as a maximal subfield. If ¢ is a cocycle cohomologous to ¢, then A. and
A, are isomorphic as F-algebras. Hence, there is a well defined map

H?*(L/F,L*) — Br(L/F)
[c] — Al

Theorem 1.11. The above map is in fact a group isomorphism between
Br(L/F) and H*(L/F,L*). By taking direct limits over L one gets a group
isomorphism H%(Gal(F/F),F") ~ Br(F). Finally, if F C M C F then
the natural map Br(F) — Br(M): [A] — [A ®F M] corresponds under this
isomorphism to Res: H2(Gal(F/F),F") — H*(Gal(F/M),F").

A consequence of this theorem is that Br(F') is a torsion group, since
the same is true for cohomology groups.

Brauer groups of number fields. Let F' be a number field and let A
be a central simple F-algebra. If v is a (finite or infinite) place of F' then F,
denotes the completion of F' at v, and A, denotes A®g F, which is a central
simple F-algebra. If v is a finite place, then Br(F,,) is canonically isomorphic
to Q/Z. Hence, there exists a homomorphism Inv,: Br(F) — Q/Z sending
each A to the element in Q/Z that corresponds to A, under the isomorphism
Br(F,) ~ Q/Z. If v is a real infinite place then Br(F,) ~ Z/2Z ~ 1Z/Z C
Q/Z. Hence in this case there is also a homomorphism Inv,: Br(F) — Q/Z.
Finally, if v is a complex infinite place, the map Inv,: Br(F) — Br(F)
sends each A to 1, since then Br(F,) ~ Br(C) is trivial. Thus we get a
homomorphism Inv: Br(F) — [[, Q/Z as the product of Inv, for all places
v of F. The following deep theorem is a fundamental result in the theory of
Brauer groups over number fields.

Theorem 1.12. Let F' be a number field. The image of the homomorphism
Inv: Br(F) — [[,Q/Z lies in @, Q/Z, and the sequence

1 — Br(F) ™5 P Q/zZ = Q/Z — 1

18 exact.

A central simple algebra A is said to be split at a place v of F' if Inv,(A) =
0 or, equivalently, if A ®p F), is isomorphic to a matrix algebra over F,.
Otherwise, A is said to ramify in v. The first part of the previous theorem
states that a central simple algebra ramifies only at a finite number of places.
Another important property of Brauer groups over number fields, which
is a consequence of Theorem and of a study of the Brauer groups of
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local fields, is that the order of [A] if Br(F) is equal to the Schur index of
A.

Quaternion algebras. Let F' be a field with char(F) # 2. A quater-
nion algebra over F' is a central simple F-algebra of dimension 4 over F'.
Every quaternion algebra over F' can be described as a free F-module with
F-basis {1,4, j, k} and multiplication rules i2 = a, j2> = b and ij = —ji = k,
for some a,b € F*. We will use the symbol (a,b)r to denote such a quater-
nion algebra. In particular, (—1,—1)g is isomorphic to Hamilton’s quater-
nions H.

A quaternion algebra (a,b)p is either isomorphic to Ma(F) or it is a
division algebra; in particular it is a central simple algebra. Its class in
Br(F') has order 1 or 2, and a theorem of Merkur’ev states that the 2-torsion
of Br(F) is generated by the classes of quaternion algebras.

Now suppose that F'is a number field, and let Q be a quaternion algebra
over F. For each place v we have that Inv,(Q) is equal to 0 or to 1/2; that
is, the knowledge of Inv,(Q) is equivalent to know if Q splits or ramifies in v.
The injectivity of the map Inv in Theorem implies that the isomorphism
class of Q is determined by the places where Q ramifies. The exactness at
the central group implies that there exists a quaternion algebra that exactly
ramifies in a set S of places of F' if and only if S is finite of even cardinality
and it does not contain any complex place of F'.

Reduced norms and traces. Let A be a central simple F-algebra,
and let E be a splitting field of A (for instance a maximal subfield, or an
algebraically closed field containing F'). Then we can find an isomorphism
of E-algebras ¢: A @p E — M, (F) for some n. For each a € A, the
determinant and the trace of the matrix ¢(a) belong to F', and their values
do not depend on F nor on the chosen isomorphism ¢. The determinant
of ¢(a) is called the reduced norm of a, and the trace of ¢(a) is called the
reduced trace of a. They are denoted by N 4,r(a) and Tr4,r(a) respectively.

Suppose now that F' is a finite separable extension of a field k. The
reduced norm of A over k is defined to be N4/, = N/, ° Ny p, where Np/,
is the usual norm of field extensions. The reduced trace of A over k is
defined to be Try/, = Trpjg  Tra/p, where Trp)y is the usual trace of field
extensions.

1.3. Abelian varieties

This section contains a brief review of some of the basic facts on abelian
varieties that we will need in the thesis. The main references used are
[Mu70|, [Mi86] and [MoGe].

Definition and basic properties. Let k be a field. A group variety
over k is a variety V over k together with two morphisms

m:VxV-=V VsV
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defined over k, and an element e € V' (k) such that m and i define a group
structure on V' (k) with identity element e. The quadruple (V, m,,e) is then
a group in the category of varieties over k, so that for any k-algebra S the

maps m and ¢ induce a group structure on V (S).

Definition 1.13. An abelian variety over k is a complete group variety over
k.

Although only completeness is required in the definition, an important
property is that there exists an ample divisor on an abelian variety, which
implies that every abelian variety is projective. Moreover, abelian varieties
are always nonsingular (in fact this is true for all group varieties). The
group law on an abelian variety A is necessarily commutative; accordingly
it is usually denoted by +, and the identity element by 0.

Homomorphisms. If A and B are abelian varieties over k, a regular
morphism of algebraic varieties A — B over k is a homomorphism if the
map that it induces on points A(k) — B(k) is a group homomorphism.
The notation Homy (A, B) stands for the set of all such homomorphisms.
The set Endg(A) = Homy (A, A) has a natural group structure given by the
addition in A; it is torsion-free and finitely generated as Z-module. What is
more, Endg(A) admits a natural ring structure, with the product being the

composition of endomorphisms.

Remark 1.14. The subscript £ in the notation for the homomorphisms
and endomorphisms emphasizes the fact that they are morphisms defined
over k, but it is often suppressed in the modern literature. If the ground
field k is clear, we will also follow this convention sometimes, so Hom(A, B)
and End(A) will denote homomorphisms and endomorphisms defined over
k. However, in many situations it will be convenient for us to preserve the
subscript for the field of definition, in order to avoid confusions with homo-
morphism defined over other fields. Indeed, if K is a field containing k£ we
will often consider the set Homg (Ag, Bi) of homomorphisms defined over
K. For simplicity we will write Homg (A, B) instead of Homg (Ag, Bg) and
Endg (A) instead of End g (Ak). Note that Homy (A, B) C Homg (A, B), but
the inclusion is strict in general. The following property gives some control
on the possible fields of definition for the homomorphisms.

Proposition 1.15. If A and B are abelian varieties over k, then there
exists a finite extension K/k (with K C k) such that K is the smallest field
of definition of all the endomorphisms from A to B. That is to say, for
any field extension K C L we have that Homg (A, B) = Homp (A, B), and
for any field extension k C L such that Homp (A, B) ~ Homy, (A, B) then
necessarily K C L.

The Galois group Gal(ks/k) acts naturally on A(ks). For instance, if we
consider an embedding of A into P} and x = [zg: ---: x,] € A(ks) then for
each o € Gal(ks/k) we have that “x = [“xg : - - - : “zp]. The group Gal(k,/k)



1.3. ABELIAN VARIETIES 19

also acts on Homy, (A, B) in the following way: for f € Homy, (A, B), then
9 f is the homomorphism that on points is given by 7 f(z) = U(f(gilx)). We
have a characterization of Homg (A, B) as

Hompg (A, B) = {f € Homy, (A,B) |°f = f for all 0 € Gal(ks/K)}.

Isogenies. Let f : A — B be a homomorphism of abelian varieties.
The kernel of f, ker(f), is the scheme theoretic fibre over 0 € B. Such
an f is called an isogeny if it is exhaustive and it has finite kernel. The
degree of f is deg(f) = [k(A) : k(B)], the degree of the extension of function
fields given by f* : k(B) — k(A). If g : B — C is another isogeny, then
deg(g-f) = deg(g) deg(f).

An important example of isogenies are the ‘multiplication by n maps’:
for a positive integer n, the map ns: A — A given on points by = — nz is
an isogeny of degree n??, where g is the dimension of A. The kernel of ny4
is denoted by A[n], and its points over ks form a group whose structure is
as follows:

Aln](ks) ~ (Z/nZ)* if char(k) { n,
A[p"|(ks) = (Z/p™Z)" if p = char(k),
for some ¢ in the range 0,...,g. Since n4 is defined over k, if z belongs

to A[n](ks) then for any o in Gal(ks/k) the conjugate point “z belongs to
A[n](ks) as well. This gives an action of Gal(ks/k) on A[n](ks).

Abelian varieties up to isogeny. We will mainly work in the category
of abelian varieties up to isogeny: its objects are abelian varieties, and the
homomorphisms from A to B are the elements of Hom)(A, B) = Q ®z
Homy (A, B). The 0 superscript will be also used to indicate ‘tensor product
with Q’ in similar contexts. For instance, End{(A) stands for Q®z Endy(A),
which is a Q-algebra called the endomorphism algebra of A; this terminology
differentiates it from the endomorphism ring Endg(A).

Given an isogeny f: A — B there exists an isogeny g: B — A such that
feg = np for some n > 0. This property implies that the isogenies are
isomorphisms in this category, and from now on if f: A — B is an isogeny
f~! will denote its inverse in Hom{ (A, B). Observe that, since the isogenies
‘multiplication by n’ are defined over k, there is a natural extension of the
action of Gal(ks/k) on Homy (A, B) to an action on Hom{ (A, B), given by
“(re@f)=r®°f for all r € Q. By abuse of terminology we will also refer
to the elements r ® f as isogenies.

Finally, two abelian varieties A and B are isogenous if there exists an
isogeny from A to B. As we said above, in this case there exists also an
isogeny from B to A, so that the property of being isogenous is an equiva-
lence relation. We will write A ~; B to indicate that A and B are isogenous.

Remark 1.16. The subindex k indicates that the varieties are isogenous
with an isogeny defined over k. As with homomorphisms, if the ground field
of A and B is clear to be k we will just write A ~ B, and this shall be
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understood as A ~;, B. As usual, if K is a field containing k& we will write
A ~g B instead of Ax ~x By, and we will say in this case that A and B
are isogenous over K.

Tate modules and /-adic representations. Let £ be a prime number.
The ¢-adic Tate module of A is defined to be Ty(A) = @A[f”](k;s), where
the inverse system is given by the multiplication by ¢ maps. An element
a = (an) of Ty(A) is a sequence of points a, € A(ks) such that fa; = 0 and
fay, = a,_q1 for all n > 1. If £ is different from the characteristic of k then
Ty(A) is a free Zg-module of rank 2g. Let Vy(A) = Q¢ ®z, Ty(A). Then V(A)
is a Qg-vector space of dimension 2g. If F is a subfield of Endg(A)7 then E
acts on V;(A) by giving an F ®g Qg-module structure on V;(A). In fact, we
have the following result.

Proposition 1.17. Let E be a subfield of EndY(A). Then V,(A) is a free
E ®q Q¢-module of rank 2g/[E : Q).

A homomorphism f: A — B gives rise to a group homomorphism
A[n](ks) — A[n](ks), and therefore it induces a Zy-homomorphism
Tg(f): Tg(A) — Tg(B).
In fact, for any ¢ different from the characteristic of k the map
Homk(A, B) — HOIHZZ (Tg(A), TZ(B))
obtained in this way is injective, and it extends to a map
Hom{(A, B) —» Homg, (Vi(A), Vi(B)).
In the particular case where A = B we have a ring injection
Ty Endy(A) — Endgz, (Ty(A)) =~ Mag(Zy),

where the isomorphism is obtained by choosing a Zg-basis of Ty(A). If ¢
belongs to Endi(A) and ¢ is different from char(k), then the characteristic
polynomial Py(X) of T;(¢) has coefficients in Z and it does not depend on
the prime /¢; it is called the characteristic polynomial of ¢. The degree 0
coefficient of P, is equal to deg(¢), and the trace of ¢ is defined by the
identity
Py(X) = X% — Tr(¢) X297 + .- + deg(o).

The notions of characteristic polynomial, degree and trace can be extended
in the obvious way to elements ¢ in End% (A) by using the ¢-adic represen-
tation of End)(A)

(1.2) Ve: End)(A) — Endg, (Vi(4)) = Mag(Q0).

There is a continuous action of Gal(ks/k) on Ty(A), since it acts on each
A[l™|(ks). This gives a (-adic representation of Gal(ks/k), i.e. a continuous
homomorphism

pe: Gal(ks/k) — Autz, (Ty(A)) ~ GLay(Zy),

where the isomorphism is obtained again by choosing a Z-basis of T;(A).



1.3. ABELIAN VARIETIES 21

L-series. Let K be a number field. For a prime p of K we denote by
I, C G the inertia group at p, by N, the number of elements of the residue
field and by Frob, € Gk a Frobenius element at p. Let A/K be an abelian
variety of dimension g, and let S be the finite set of primes of K that are
primes of bad reduction of A. The family of ¢-adic representations

{pe: Gk — Autq, (Vi(A)) = GL2g(Q0)}
satisfies the following properties.

(1) If p is a prime of K such that p does not belong to S and p does
not divide ¢, then p, is unramified at p (i.e. pe(Ip) = {1}).
(2) For every prime p of K the polynomial

Po(T) = det(1 — pe(Froby)T)y, 4y

belongs to Z(T'), and it does not depend on £ if p 1 .
The L-series of A over K is defined to be

L(A/K;s) = [T RN
p

where the product runs over all primes of K. The factor Ly(A/K;s) =
P, (N, *)~ ! is called the local factor at p. The following theorem was proved
by Faltings in the paper where he also proved the Mordell Conjecture [Fa86].

Theorem 1.18 (Faltings Isogeny Theorem). Let A and A’ be abelian va-
rieties defined over Q. They are Q-isogenous if and only if L,(A/Q;s) is
equal to L,(A'/Q; s) for all but finitely many primes p.

Dual abelian variety and Rosati involution. Now we recall the
basic properties that we will need concerning duals of abelian varieties. Let
A be an abelian variety over k, and let Pic(A) be the group of invertible
sheaves on A. Let Pic’(A) be the group of invertible sheaves invariant under
translation

Pic’(A) = {£ € Pic(A) | tiL ~ L on A for all a € A(k)}.

The dual of A is an abelian variety A over k such that A(k) = Pic%( A7),
where this identification is given by an invertible sheaf on A x A. That is,
there exists an invertible sheaf P on A x A such that for all @ € A(k) the
restriction P4, ) Tepresents a in Pic? (Az). It satisfies the properties that
are natural to expect of a dual: it is of the same dimension as A, every
homomorphism f: A — B over k induces a homomorphism f : B — A over

k and A is canonically isomorphic to A.

Every invertible sheaf £ on Az induces a homomorphism ¢g: Az — AE
by means of ¢, (a) =5 (L)@ L. A polarization of A is an isogeny A\: A —
A over k such that, over k it is of the form ¢, for some ample sheaf £ on
Az, The pair (A, \) is called a polarized abelian variety.
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The Rosati involution of End((A) associated to a polarization X is de-
fined to be the map

End)(A) — Endg(A)
® — @ = Alego

It is easily checked that (¢ + ) = ¢’ + o/, (ap) = a¢’ and (poa) = '@’
for all ¢,a € End%(A), a € Q. In addition, it is indeed an involution,
ie. ¢’ = ¢. A key property of the Rosati involution is that it is positive
definite, in the sense that for each nonzero ¢ € End?(A) the rational number
Tr(¢pe¢’) is positive.

Jacobians. Let k£ be an algebraically closed field and let C'/k be a
smooth projective curve of genus g. The Jacobian of C' is an abelian variety
Jac(C) over k of dimension g, provided with an embedding C < Jac(C).
When extended linearly to divisors on C, this embedding induces a group iso-
morphism between Pic’(C) and Jac(C)(k). Moreover, the curve C' induces

a principal polarization on Jac(C) (i.e. a polarization Jac(C) — Jac(C)

which is an isomorphism); it is called the canonical polarization of Jac(C').
All the above properties of Jacobians also hold when the field k£ is not

algebraically closed, provided that C' has at least one k-rational point.

Representations of the endomorphism algebra. In addition to the
f-adic representation , we will often use two other representations of
End(A). First of all, we recall the space of tangent vectors Lie(A/k), which
is a k-vector space of dimension equal to the dimension of A. Since End{(A)
acts on Lie(A/k) as k-endomorphisms, Lie(A/k) is indeed a End? (A)-module.
See [Mu70, §11] for the details about Lie(A/k).

If k is a subfield of C, then the variety Ac is a complex manifold. It
turns out that the first homology group H;(Ac,Z) is a free abelian group of
rank 2dim(A). The homology with coefficients in Q, H;(Ac,Q), is then a
Q-vector space of dimension equal to 2dim(A) with an action of End%(A).

Restriction of scalars. This paragraph is based on [We82| §1.3]. Let
K /k be a finite separable field extension and let V/K be an algebraic va-
riety. A variety W/k together with a K-morphism p: Wx — V is called
the restriction of scalars of V from K to k if it has the following universal
property: for every variety X/k and K-morphism ¢: Xx — V, there exists
a unique k-morphism ¢': X — W such that pe¢’ = ¢. The restriction of
scalars, if it exists, is unique up to k-isomorphism and we will denote it by
Resy /k(V). Another property, which in fact could be taken as the definition
of restriction of scalars (see [We82, p. 5 ), is the following: if o1,...,04
are the distinct k-embeddings of K in k, then

(“'p,..., %) W — MV x .. x 74V
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is a k-isomorphism. As for its existence, we are only concerned with the
case where V is quasiprojective, and then it is another consequence of the
results of Weil on Galois descent [We56].

Theorem 1.19. If V/K is quasiprojective then Resg (V') exists.

In particular, if B/K is an abelian variety then Resg/;,(B) exists. More-
over, in this case Resg /;(B) acquires a structure of abelian variety.

Proposition 1.20. If B/K is an abelian variety then A = Resg/,(B) is
also an abelian variety, and p: Ax — B is a homomorphism. If C is an
abelian variety over k, as a consequence of the universal property p induces
an isomorphism Homg (C, B) ~ Homy(C, A).

1.4. Endomorphism algebras of abelian varieties

Decomposition into simple varieties up to isogeny. An abelian
variety A over k is called simple (or simple over k, or k-simple) if there does
not exist any abelian variety B C A over k except 0 and A. If K is a field
containing k, we will say that A is simple over K if A is simple over K
we remark that a simple variety over k can be non-simple over K. If A is
simple over k then it is said to be absolutely simple. We will also say that
A is isotypical if it is isogenous to a power of a simple variety.

Theorem 1.21. Let A be an abelian variety over k. There exist k-simple

and pairwise non-isogenous abelian varieties Ai,...,A,, and positive inte-
gers ni, . ..,n, such that

n ™
(1.3) A~ AT X X AT

The varieties A; are unique up to k-isogeny (and up to permutation) and
the associated multiplicities n; are uniquely determined.

Let A be a simple variety over k, and let ¢ € Endi(A) be an endo-
morphism. The connected component of ker(¢) containing 0 is an abelian
variety, so that it is either 0 or A. Hence, any nonzero endomorphism is
an isogeny, and therefore it has an inverse in End(A). This shows that
Endg (A) is a division algebra, which is of finite dimension over Q. The en-
domorphism algebra of A™ is then isomorphic to M, (End(A)). In addition,
if A and B are non-isogenous then Hom)(A, B) = 0 and End)(A x B) ~
End(A) x End)(B). Using these properties one can prove the following
standard consequence of Theorem [1.21]

Proposition 1.22. Let A be an abelian variety and let (1.3) be its decom-
position into k-simple varieties up to isogeny. Then we have that

End)(A) ~ M, (D1) x --- x My, (D),
where D; is the division algebra End(A4;).

We see that the endomorphism algebra of an abelian variety is therefore
a semisimple finite dimensional algebra over Q.
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Classification of endomorphism algebras. Let A be a k-simple
abelian variety with endomorphism algebra D = End((A). The Rosati
involution ’ on D (associated to a certain polarization) is positive; that is, it
satisfies that Trp /g(¢¢’) > 0 for all ¢ # 0, where Trp g is the reduced trace
of D over Q (in fact, we have stated this property before for Tr, the trace of
an endomorphism, but Tr is a positive multiple of Trp ). There is a classi-
fication due to Albert of all possible pairs (D, '), with D a finite dimensional
division algebra over Q and ’ an involution such that Trp /Q(q§¢’ ) > 0 for all
¢ # 0. This classification applied to End2(A) gives the following structure
theorem for endomorphism algebras of simple abelian varieties.

Theorem 1.23. Let A be a k-simple abelian variety of dimension g. Let
F be the center of D = EndY(A), and let Fy = {x € D|z' = 2} be the
subfield fized by the Rosati involution '. Define the following quantities:
d=[D:F)'?, e=[F:Q] and eg = [Fy : Q. Then D is isomorphic to an
algebra of one of the following four types:

e TYPE I D = F = Fy is a totally real number field and the Rosati
involution is the identity. In this case, e|g.

e TYPE II. F = Fy is a totally real number field and D is a totally
indefinite quaternion division algebra over F. That is, for any
embedding o: F' — R one has that D ®, R ~ My(R). In this case
2e|g.

e TYPE III. F = Fy is a totally real number field and D is a totally
definite quaternion division algebra over F. That is, for any em-
bedding o: I — R one has that D ®, R ~ H, where H denotes
Hamilton’s quaternions. In this case €2 | g.

e TYPE IV. Fy is a totally real number field, F' is a CM extension of
Fy (i.e a totally imaginary quadratic extension of Fy) and D is a a

division algebra with center F. In this case eod? | g if char(k) = 0,
and eod | g if char(k) > 0.

Observe that Fy is a totally real number field and that F' is equal either
to Fy or to a CM extension of Fy. The variety A is said to be of the first
kind if F = Fy and of the second kind if F' is a CM extension of Fj.

Complex multiplication. An abelian variety A over k of dimension g
is said to have complex multiplication (or CM for short) over k if End{(A)
contains a commutative semisimple algebra of dimension 2g over Q. This is
the maximal dimension that such a subalgebra can have. If k is a field of
characteristic 0, then a k-simple variety has complex multiplication over k
if and only if End(A) is a CM number field of degree 2g over Q.
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For simplicity, if we just say that A has CM (without specifying over
which field) we mean that A has CM over k.

1.5. Abelian varieties of GLo-type and Q-varieties

Ribet introduced in [Ri92] the notion of abelian variety over Q of GLq-
type. The initial interest on these varieties relied on its relation with the (at
that time conjectural) generalization of the Shimura-Taniyama conjecture
(see [Ri92, §4] or Section of this thesis for more details). In that semi-
nal article, Ribet characterized the 1-dimensional absolutely simple factors
up to isogeny of abelian varieties of GLa-type without CM. This character-
ization was completed in E. Pyle’s thesis [Py02], in which the absolutely
simple factors up to isogeny of abelian varieties of GLa-type without CM
were characterized (without any dimensional restriction). These absolutely
simple factors are known as building blocks, and they are a special type of
so-called abelian Q-varieties.

As a motivation for this thesis, we briefly recall in this section the defini-
tions of abelian variety of GLo-type over Q, of building block and of abelian
Q-variety, and we state the relation between these types of varieties.

Definition 1.24. An abelian variety A over Q is of GLa-type if End?@(A) is
a number field E of degree [F : Q] = dim A.

Remark 1.25. Since E acts on A as endomorphisms defined over Q, each
o € Gg acts E ®qg Q-linearly on V;(A). Then the f-adic representation of
G in fact takes values in Autpgg,(Vi(A)). Since Vi(A) is a free E ®g Q-
module of rank 2dim A/[E : Q] = 2, by taking a basis one obtains a ¢-adic
representation

pe: Gg — GL2(E ® Qy).
This is the reason why these varieties are called of GLo-type.

The abelian varieties over Q of GLs-type and dimension one are the
elliptic curves defined over Q. Indeed, any elliptic curve C' over Q satisfies
that End?Q(C) ~ Q (even if C' has complex multiplication over Q).

Definition 1.26. An abelian Q-variety is an abelian variety B/Q which is
End%(B)—equivariantly isogenous to all of its Galois conjugates. That is, for

each o € G there exists an isogeny uy,: B — B such that the following
diagram

(1.4) °B—— B

commutes for all ¢ € End%(B).

Equivalently, B is an abelian Q-variety if and only if the pair (B, End%(B )
has field of moduli Q.
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Definition 1.27. A building block is an abelian variety B/Q such that

(1) B is an abelian Q-variety, and
(2) End%(B) is a central division algebra over a totally real number

field F', with Schur index ¢t =1 or ¢t = 2 and ¢[F : Q] = dim B.

Remark 1.28. Ribet introduced in [Ri92] the term Q-curve to denote an
elliptic curve C/Q that is isogenous to all of its Galois conjugates. If a
Q-curve does not have CM, then diagram automatically commutes for
all ¢ € End%(C’). Hence, a building block of dimension 1 is the same as a
Q-curve without complex multiplication.

Many interesting things can be said about the arithmetic of abelian
varieties of GLa-type and of Q-varieties. For instance, in [Ch87] the Brauer
class of the algebra of endomorphisms over Q of the varieties of GLa-type
was computed, and in [Ri94] the possible fields of definition of Q-varieties
were characterized. Moreover, the two kinds of varieties are related by the
following theorem, which is [Py02] Propositions 1.4 and 4.5].

Theorem 1.29 (Ribet-Pyle). Let A/Q be an abelian variety of GLa-type
without complex multiplication. Then A ~0 B™ for some building block B
and somen > 0. Conversely, given a building block B there exists an abelian
variety A/Q of GLa-type such that A ~g B" for some n > 0.



CHAPTER 2

Field of moduli and field of definition up to
isogeny

In this chapter we study the field of moduli of an abelian variety up
to isogeny. We begin with Section containing definitions and some
basic properties. In Section we introduce the main theme we study
in this chapter and also in the next two: the relation between the field
of moduli and the field of definition up to isogeny of an abelian variety.
In this direction, a theorem of Ribet characterizes completely under what
conditions a variety can be defined up to isogeny over its field of moduli.
What we do in Section is to restate Ribet’s result in a convenient way
for subsequent computations. More concretely, we state it in terms of the
splitting of an exact sequence of topological groups. This leads us to treat
in Section the splitting of group extensions with non-abelian kernel,
and to apply the results obtained to the problem of determining the field
of definition up to isogeny of an abelian variety in Section [2.4] The main
result of this chapter is Theorem [2.17] which will be the base for our further
study of fields of definition up to isogeny. Finally, in Section [2.5] we put the
contents of the chapter in a more general framework, and we observe that
they can be also used in other situations. This shall be seen as an attempt
to identify the most general situation in which the formalism described in
this chapter applies, but it will not be used in the rest of the thesis.

2.1. Field of moduli up to isogeny

Let ©Q/k be a Galois extension and let G be its Galois group G =
Gal(Q/k). Recall that the Krull topology on G has as a basis of open
sets around the identity the subgroups of the form Gal(Q2/K), with K a
finite extension of k. We will be mostly interested in the cases where Q/k
is a finite extension (hence the topology on G is discrete) or where Q2 is a
separable closure ks of k. Let B/ be an abelian variety.

Definition 2.1. The field of moduli up to isogeny of B relative to Q/k is
OF | the subfield of § fixed by the subgroup H of G defined as:

H = {0 € Gal(/k) | "B ~ B}.

Although B is defined over €, it has a model defined over some finite
extension L of k; that is, there exists an abelian variety A defined over L such
that B ~ Aq. For such an L we have that Gal(2/L) C H, and therefore H

27



28 2. FIELD OF MODULI AND FIELD OF DEFINITION UP TO ISOGENY

is an open (hence also closed) subgroup of G. By the fundamental theorem
of Galois theory, if K is the field of moduli up to isogeny of B relative to
Q/k then Gal(Q2/K) = H, and K has the property that °B ~ B for all
o € Gal(Q/K). In fact, it is the smallest subfield of Q2 containing &k that has
this property, since for any field M such that ?B ~ B for all o € Gal(Q2/M)
we have that Gal(2/M) C H, and K = Qf C M. In particular, we see
that the field of moduli K is a finite extension of k which is included in all
possible fields of definition of B.

Observe that the definition of field of moduli we have given depends on
the extension Q/k. Replacing k by the finite extension K if necessary, we
can always suppose that k is the field of moduli of B relative to 2/k, and this
is the situation we will consider from now on, because all fields of interest
of the theory must contain the field of moduli. We also fix the extension
Q/k and, to simplify the terminology, we will just say that B/ has field of
moduli k up to isogeny. This will indicate that k is the field of moduli up
to isogeny of B relative to Q/k, and by the definitions this is equivalent to
the existence, for each ¢ € G, of an isogeny ¢,: °B — B. The collection
of isogenies {¢, }sec can be taken to be locally constant. This means that
there exists a finite extension L/k such that ¢, = ¢, whenever o)L = TL-
Indeed, one can take L to be a finite extension of k such that B has a
model defined over L (with all the endomorphisms defined over L), which
by abusing notation we denote again by B. One can consider compatible
isogenies ps: *B — B for all s € Gal(L/k), and then for ¢ € Gy define
¢o = ps, where s = oy, In view of this, we make the following definition.

Definition 2.2. Let B/ be an abelian variety with field of moduli k& up
to isogeny. A system of isogenies for B is a locally constant set of isogenies

{QZ)U: B — B}O’EG'

Let B = End®(B) be the endomorphism algebra of B. Since B is semisim-
ple, its center F' is a product of number fields, and a system of isogenies for
B can be used to define an action * of G on F: for ¢ € G and ¢ € F
we define o x ¢ = ¢go%pop; 1. It is easy to check that o x ¢ belongs to F
and that % is indeed an action. We remark that in verifying the property
o* (T xp) = (o7) % p it is crucial to use the fact that ¢ belongs to the
center of B, and therefore x will not define in general an action on the whole
algebra B, but only on its center F'. Moreover, the action on F' does not
depend on the system of isogenies used: if {us}seq is another system of
isogenies then

MU°UW°M;1 = M0°¢;1°¢U°U¢°¢;1°¢G°M;1
= (Hoods ') (0% p)(oodz") " =%,
because o x ¢ lies in F' and it commutes with the elements of B.
If B is isotypical, that is, if B ~ C™ for some simple variety C, then B
has field of moduli k if and only if C' has field of moduli k. Indeed, if C has
field of moduli k£ then °C' ~ C' and therefore °B ~ °C" ~ C"™ ~ B. On the
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other hand, if B has field of moduli k£ then B ~ B implies that °C™ ~ C",
and by the uniqueness of the decomposition of abelian varieties into simple
factors up to isogeny we see that °C' ~ C and B has field of moduli .

In the general case we have that B decomposes up to isogeny as a product
By x --- x B,, where the B;’s are isotypical varieties with non-isogenous
simple factors. If each B; has field of moduli k, clearly B has also field of
moduli k. However, B having field of moduli £ does not imply that each B;
has field of moduli k. For instance, consider a simple variety B/M defined
over a finite Galois extension M of k£ but not having field of moduli k.
Then A = HTeGal( K/k) "B has field of moduli k, but its isotypical factors
do not. The problem in this case is that there exist isogenies A — A,
but they do not come from isogenies "B — "B on each isotypical factor.
This phenomenon can be detected by means of the action induced by the
isogenies “A — A on the center of the endomorphism algebra: the isogenies
respect each isotypical factor if and only if the action they define restrict to
an action on each simple factor of the center of the endomorphism algebra.
In this direction, the following proposition asserts that the only obstruction
for an abelian variety with field of moduli & to have all of it simple factors
with field of moduli k is precisely this one.

Proposition 2.3. Let B/Q2 be an abelian variety with field of moduli k up
to isogeny with isotypical decomposition B ~ By X---X B,., and let F' ~ F} X
-+ x I, be the associated decomposition of the center of its endomorphism
algebra as a product of number fields. Then each B; has field of moduli k if
and only if the action x on F' restricts to an action on each F;.

ProoF. If each B; has field of moduli & up to isogeny then for each
o € G there exists an isogeny ¢! : °B; — B;. Define ¢,: °B — B to be the
isogeny that is ¢! on each component. Let ); be an element in F;, and let
A be the element in F' which is ); in the i-th component and 0 in the other
ones. Then o x A is equal to cbf,o")\ioqﬁi_*l in the i¢-th component and 0 in
the others, so the action of G on F restricts to an action of G on Fj.

Suppose now that x restricts to an action on each F;. Since B has field
of moduli k, for each o € GG there exists an isogeny between B and B, and
by the uniqueness of the isotypical decomposition this implies that there
exists an isogeny ¢y “B; — B, for some index €(i). For \; in [, let A
be the element in F' whose i-th coordinate is A\; and the others are 0. Then
o * A is the isogeny whose €()-th coordinate is ¢4 ;°7\; od);}, and the others
are 0. Since x restricts to an action on Fj;, we have that €(i) = i for each 1,
and each B; has field of moduli k. O

2.2. Field of moduli versus field of definition

Let B be an abelian variety defined over €. If A is an abelian variety
defined over k such that Aq is isogenous to B, then B has field of moduli
k up to isogeny. The converse of this property does not hold in general: if
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B/Q has field of moduli k& up to isogeny, there does not necessarily exist
an abelian variety A/k with Aq isogenous to B. Indeed, if A is defined
over k and A\: B — Agq is an isogeny, for each ¢ in G one can define an
isogeny ¢, = A"'e%X: °B — B, and these isogenies satisfy the relation
G5 °%Pr = ¢or. Therefore, the existence of these ¢, ’s is a necessary condition
for the existence of a variety defined over k and isogenous to B. The following
theorem of Ribet, which is [Ri92, Theorem 8.2], states that it is also a
sufficient condition.

Theorem 2.4 (Ribet). Let Q/k be a Galois extension and let B/S) be an
abelian variety. Suppose that there exist isogenies {¢,: °B — B},eq satis-
fying the compatibility condition

(2'1) d’a"gﬁbT = ﬁbo‘r'

Then there exists an abelian variety A/k and an isogeny A\: B — Aq such
that ¢y = A"Le\.

Remark 2.5. As we remarked after Proposition this theorem is the
analogous in the category of abelian varieties up to isogeny of the famous
Galois descent results of Weil in other categories of algebro-geometric ob-
jects. More precisely, Weil studied the fields of definition of quasiprojective
varieties up to (regular) isomorphism and also up to birrational equivalence.
See [We56| for more details.

Remark 2.6. Let A/k be an abelian variety. A twist of A in the cate-
gory of abelian varieties up to isogeny is an abelian variety A’/k that is
k-isogenous to A. Ribet’s theorem implies that twists of A are classified
by H(Gy, Aut%(A)), meaning that there is a natural one-to-one correspon-
dence

{Twists of A} 1.1
k-isogeny

HY(G, Aut2(A)).

Definition 2.7. We will say that a field K is a field of definition of B up
to isogeny, or that B can be defined over K up to isogeny, if there exists an
abelian variety A/K such that Ag and B are isogenous over €.

The previous theorem completely characterizes the fields of definition up
to isogeny of an abelian variety B with field of moduli £ up to isogeny: they
are the fields K such that for each o in Gal(Q2/K) there exists an isogeny
¢s: B — B, and these ¢,’s satisfy . However, in practice it is usually
difficult to prove the existence or non-existence of such ¢,’s. The goal of this
section is to restate Theorem 2.4 but with the condition on the existence of
compatible isomorphisms up to isogeny replaced by an equivalent condition
more suitable for computations in practice. This new condition will involve
the splitting of an exact sequence of groups.
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For ¢ € G denote by Isog?(? B, B) the isogenies between °B and B. Let
E be the disjoint union of the sets Isog’(?B, B) for ¢ in G, that is

E = | | Isog"(°B, B).
oeG

The elements in E are of the form ¢,, with ¢, an element in Isog®(? B, B).
Observe that, since F is defined as a disjoint union, ¢, belongs to a unique
subset of E of the form Isog®(“?B, B), even if ¢, can be interpreted in a
natural way as an element of Isog?("B, B) for some 7 different from o (for
instance because "B = ?B).

We can make E into a group by defining the product - of an element ¢,
in Isog’(?B, B) and an element ¢, in Isog’("B, B) as ¢, - ¢r = ¢g%¢,. It
is immediately checked that ¢, - ¢, belongs to Isog?(°"B, B), and that (E, )
is a group, where the neutral is the identity morphism Id € IsogO(B , B) and
the inverse of ¢, is "_1¢;1 € Isog’(° ' B, B).

Since Tsog"(B, B) is the same as B* = End’(B)*, there is an injective
group homomorphism ¢: B* — E. We can also define a group homomor-
phism 7: E — G by sending each element ¢, € Isog®(?B, B) to o. If B has
field of moduli &k, then 7 is exhaustive. Therefore, in this case we have an
exact sequence of groups

(2.2) 1 —B* %5 E-5G—1.

We will consider this as an exact sequence of topological groups, with the
discrete topology on E. Recall that an exact sequence of groups is said to
be split if there exists a (set-theoretic) section s for 7 that is also a group
homomorphism. When working with topological groups, it is natural to
require such sections to be continuous homomorphisms. Our reformulation
of Theorem [2.4] is the following statement.

Proposition 2.8. Let B/Q) be an abelian variety with field of moduli k.
The variety B can be defined over k up to isogeny if and only if the exact
sequence ([2.2)) splits with a continuous section.

PROOF. A set-theoretic section for m is a map o — ¢,: G — FE such
that ¢, belongs to Isog?(“B, B). By the definition of the group law in F, it
is a homomorphism if and only if ¢,°%¢, = ¢ for all o,7 in G, which is
precisely .

Now if there exists such a variety A/k with an isogeny A\: B — Agq,
then {¢, = A17\},¢q is a section of 7 that is a homomorphism; and it is
continuous since A is defined over a finite extension of k. Conversely, if
splits with a continuous section, then Theorem implies the existence of
A/k and A\: B — Aq. O

In this way, the problem of determining whether an abelian variety B/
with field of moduli k£ up to isogeny can be defined over a field K up to
isogeny translates into the problem of determining whether an exact se-
quence of topological groups (with non-abelian kernel in general) is split.
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2.3. Group extensions with non-abelian kernel

The problem of determining whether an exact sequence of groups is
split is well known and it has been vastly studied in the case of abelian
kernel. However, we are interested in the sequence even if B is not a
commutative algebra, and then the kernel is non-abelian. For this reason,
in this section we consider exact sequences of groups

(2.3) 1—H-5%FE-5G—1,

where we do not require H to be commutative. We will identify H with its
isomorphic image in E. Recall that a (set-theoretic) section of 7 is a map
s: G — E such that mes = Id, and that the sequence is said to be split
if there exists a section s that is a group homomorphism. For each section
s of m we define ¢4 to be the map

cs: GxG — H
(o,7) = s(o)s(r)s(or)7L.

Let Z be the center of H. A key role in the study of the splitting of non-
abelian extensions is played by the so-called central sections.

Definition 2.9. We say that s is a central section if ¢s(o,7) lies in Z for
all o, 7 € G.

A central section s can be used to define an action O of G in H, by
defining

Os(0)(h) = s(0)hs(o)™, forallo € G,hc H.

It is easily checked that this is indeed a group action that depends, in general,
on the central section s used. However, when restricted to Z it gives rise to
an action of G on Z that is independent of the central section s.

Let 0: G — Aut(Z) be the action defined on Z by any central section and
denote by Z2(G, Z;0) the group of (non-necessarily continuous) 2-cocycles
of G with values in Z with respect to the action 6. One easily checks
that cs € Z2(G, Z;60). In the commutative kernel case, i.e. when H = Z,
the cohomology class [cs] does not depend on the section s, and the exact
sequence is split if and only if [c,] is trivial. However, if the kernel is
non-abelian the cohomology class [cs] does depend in general on the central
section s. Even in this case, the splitting of the extension is characterized
in terms of the cohomology classes attached to central sections.

Proposition 2.10. The exact sequence ([2.3|) is split if and only if there
exists a central section s such that its cohomology class [cs] € H*(G, Z;0) is
trivial.

ProoF. If the sequence splits there exists a section s that is also a group
homomorphism, and therefore cs(o,7) = s(c)s(7)s(or)~! = 1. That is, s is
a central section and [cg] = 1.
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Suppose now that s is a central section with [cs] = 1. This means that
there exists a map o — 7, from G with values in Z such that

e, 7) = s(0)s()s(o7) ™" = 1)y )11y
(

= nes(o)nrs(o) " 'ngt =ngts !

0)11r8(0) o

Then, the map t(o) = 5, 's(c0) is also a section, and it is indeed a group
homomorphism:

to)t(r)tlor) ™ = ny ' s(o)n; s()s(o7) s
= 0, 's(o)n;  s(0)  s(0)s(T)s(oT)  nor
= ;" s(o)n; " s(0) nors(o)s(r)s(oT)
=, 's(o)ny s(0)  erc(o, T) = 1.

Hence, deciding whether an exact sequence is split is equivalent to decid-
ing whether the set of all cohomology classes associated to central sections
contains the trivial class. Now we show how to compute the set of all coho-
mology classes associated to central extensions from the knowledge of one
particular class [cg] in this set.

Let s be a central section; we denote by ©4 the action it defines on H and
by 0 the action it defines on Z. The following exact sequence of G-groups

(2.4) l1—-Z72—H—H/Z—1

gives rise to the cohomology exact sequence of pointed sets (cf. Section
- — HY(G, Z;0) — HY(G, H;0,) — HY(G, H/Z;0,) - H(G, Z;0).

The explicit description of the connecting map ¢ is given in terms of cocycles
by
§: HYG,H/Z;0,) — H*G,Z;0)

[0 = YeZ] — [(o,7) = %95(0)(%)%71]-

Proposition 2.11. The set of all cohomology classes associated to central
sections is [cs]im(8) C H?(G, Z;0).

(2.5)

PROOF. Let ¢: 0 — 1;Z be an element in Zl(G,H/Z; ©;). Then

cs(o, 1)) (0,7) = cs(o,T)os(0)rs(o)

= (0, T)Yos(0)hrs(T)s(0 ) s(or)s(1) " s(0) "y,
Cs(G T)%S(G)%S(T) ( ) tes(o,7) gy
= Yos(0)yrs(m)s(07) " W57,

which is the 2-cocycle associated to the central section o +— 1,s(0).
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Let t be an arbitrary central section. For each o € G we define ¢, =
t(o)s(o)~!. The map ¢: o +— 1), Z satisfies that

S(W)(a,m) = Yos(0)rs(o) g,
= t(o)s(o)Ls(o)t(r)s(r) Ls(o) (o)t (o)t
= t(o)t(1)t(o7) t(oT)s(T) L s(o) Ls(or)t (o)t
= ci(o,7)t(or)s(or) L s(or)s(T) ts(o) ts(or)t(or) !
= c¢i(o,7)es(o, )7,

and we see that [¢;] € [cs]im(0). O

As a consequence of Proposition [2.10] and Proposition [2.11] we have the
following characterization of the splitting of exact sequences.

Corollary 2.12. The exact sequence ([2.3)) is split if and only if the following
conditions hold:

(1) There exists a central section s.
(2) The set [cs]im(8) € H?(G, Z;0) contains the trivial cohomology
class.

Remark 2.13. In this section we have stated all the results for arbitrary
group extensions, and this has led us to use cohomology groups constructed
with non-necessarily continuous cocycles. If one uses continuous cohomology
groups instead, then one obtains a characterization of exact sequences of
topological groups splitting with continuous sections. This was our original
aim in view of Proposition 2.8 and from now on all cohomology groups we
consider are continuous cohomology groups.

2.4. Field of definition up to isogeny

Now we particularize the results of the previous section to the exact
sequence . Let Q/k be a Galois extension with Galois group G. Let
B/Q be an abelian variety with field of moduli k, B = End®(B), F = Z(B)
and let {¢,: 7B — B},eq be a system of isogenies. The exact sequence
particularized to our current setting is

(2.6) 1— F* — B — B*/F* — 1.

The system of isogenies {¢s}oc is a set-theoretic section for w, and as
we have seen it defines an action 6 of G on F*: for 0 € G and ¢ € F*
then 0(c)(¢) = ¢y"po¢, . The action § on F* does not depend on the
system of isogenies chosen, and in fact it coincides with the action x that
we defined in Section [2.1] The only difference is that in Section the
action was on F' (as a Q-algebra), and now is on F'* (as a group); however,
the action on F'* determines a unique action on F' because F' has a Q-
basis consisting of invertible elements. We denote by ¢y the map (o, 7) —
boobrod il Gx G — B*.
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Definition 2.14. The system of isogenies {¢s}scq is central if cy(o,T)
takes values in F'*.

As we have seen in Section when {¢s}scq is central then cy is a
continuous 2-cocycle of G with values in F* (equipped with the G-action 6),
and its cohomology class [cs] belongs to the group H?(G, F*;6). Moreover,
we can extend the action 6 to an action ©4 of G on B* in the obvious
manner: O4(0)(p) = ¢oo7p¢, . Actually by the results in Section E we
know that this is an action on B*, but again since B has a basis formed by
invertible elements it is in fact a well defined action on the whole B.

We denote by A(B) the set of cohomology classes [cy] in H?(G, F*;0)
associated to central systems of isogenies. Note that A(B) only depends on
the Q-isogeny class of B. Indeed, if {¢,}occ is a central system of isogenies
and A\: B — B’ is an isogeny, then {1, = Ao¢y°°A"1},eq is a central
system of isogenies for B’ and cy(0,7) = Aecy(o,7)°A71, so the cocycles
¢y and ¢, coincide under the identification of Z(End"(B’)) and Z(End’(B))
given by A.

The connecting map § corresponding to is given by:

§: HYG,B*/F*;0,) — H*G,F*;0)

{U’_)¢UF><} — {(U’T)H¢a°(¢o°0¢7°¢;1)°¢;} :
Proposition 2.15. Let [cy] be the cohomology class attached to a central
system of isogenies. Then A(B) = [cg]im(6).

ProoF. This is Proposition [2.11 O
Theorem 2.16. Let B/S) be an abelian variety with field of moduli k up to

isogeny. The variety B can be defined over k up to isogeny if and only if the
following conditions hold:

(1) There exists a central system of isogenies {¢s toec for B.

(2) The set A(B) = [cg]im(0) contains the trivial class.

ProoOF. This is Corollary U

Finally, we can use the above result to give a method for determining
whether a certain field K is a field of definition of B up to isogeny.

Theorem 2.17. Let B/ be an abelian variety with field of moduli k, and
let [cg] be the cohomology class attached to a central system of isogenies for

B. There ezists a variety A/K such that B and Aq are Q-isogenous if and
only if there exists an element ¢ € H'(Gal(Q/K), B> /F*;04) such that

(2.7) 3() Resy, [eg] = 1,
where Resk is the usual restriction map
Resl : H*(G,F*;0) — H*(Gal(/K), F*;0).

ProoF. This is an application of Theorem [2.16| since B has field of mo-
duli K with respect to Q/K and Res [c4] is the cohomology class attached
to the central system {¢, }yeqai(Q/K)- O
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In Chapter [4 we will use the above theorem to explicitly compute fields
of definition of abelian k-varieties of the first kind.

2.5. Weil descent

We devote this last section to a digression on the possibility of adapting
the scheme we followed so far in this chapter to a more general setting, al-
lowing the use of our techniques to a pool of different but somehow related
situations. As we have already noted in Remark Ribet’s theorem is one
instance of a more general framework of results relating fields of moduli and
fields of definition in other categories of interest in arithmetic geometry, be-
ing the theorems of Weil on the field of definition of quasiprojective varieties
the most prominent examples. The categories where the analogous of Weil’s
theorems hold will be said to admit Weil descent.

To be more precise, let C be a category on which the Galois group G of a
certain extension §/k operates. By this we mean that G acts on the objects
and on the morphisms of C. Thus, if ¢ is an element of G then for each
object C there is an object ?C', and for each morphism ¢: Cy — C5 there is
a morphism %¢: ?Cy — 7Cy. Moreover, we assume that all properties that
are natural to expect for such an action are satisfied. For instance

IdC — C, T(O’C) — T0'07 Id¢ — ¢ T(O’¢) — ng)v U(QZ)"IZ)) — U¢oo¢‘

We say that an object C' is defined over a field K if °C = C for all ¢ €
Gal(2/K); similarly, a morphism ¢ is defined over K if 79 = ¢ for all
o € Gal(Q2/K). Note that all objects and morphisms of C are defined over
Q. From now on, we assume that for each object or morphism of C, there
exists a finite extension K of k where it is defined. In this way, the action
of G on C is discrete. There are many examples of this kind of categories;
for instance, the category of algebraic varieties defined over 2 with regular
morphisms would be a prototypical one.

Asin Deﬁnition the field of moduli relative to Q/k of an object C' is
defined to be the fixed field of {2 by the elements ¢ € G such that °C' ~ C.
If C is isomorphic to an object B defined over K, then K contains the
field of moduli of C. Indeed, if A: C — B is an isomorphism then ¢, =
AL\ for o € Gal(2/K) is an isomorphism ¢, : °C — C. Obviously these
isomorphisms satisfy the condition ¢y°?¢; = ¢sr, and the set {¢p,: 7°C —
Cl}occal(@/K) is locally constant.

Definition 2.18. We say that C satisfies Weil’s descent criterion if each
object C' of C satisfies the following property: for every locally constant set
of isomorphisms {¢,: 7C' — C}oeqai/k) Such that ¢oo%¢r = ¢or, there
exists an object B defined over k and an isomorphism A: C' — B such that
by = AL,

Among the categories satisfying Weil’s descent criterion we can find, for
example:
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e Quasiaffine and quasiprojective varieties with regular morphisms;
quasiaffine and quasiprojective varieties with rational morphisms.
This is in [We56].
e Abelian varieties up to isogeny (as we said this is [Ri92, Theorem
8.2]).
e Coverings of curves (cf. [DD9T]).
Now, following the same line of reasoning as in Section [2.2] we can
interpret Weil’s descent condition of Definition [2.18]in terms of the splitting
of an exact sequence of groups. More precisely, the set

|_| Isom(°C, C)

oceG
can be given a group structure by defining ¢, - ¢r = ¢o°%¢; for ¢, €
Isom(?C,C) and ¢, € Isom("C, C). In this way we have a group monomor-
phism

t: Aut(C) — |_| Isom(°C, C),
o€

consisting on viewing each ¢ € Aut(C) as an element of Isom('4C, C). There
is also a group homomorphism

T |_| Isom(°C,C) — G
ceqG
sending an element ¢, € Isom(?C, C) to 0. An object C' has field of moduli

k if and only if 7 is an epimorphism. In that case we have the following
exact sequence

1 — Aut(C) |_| Isom(°C,C) = G — 1.
oeG

Exactly the same argument we used in proving Proposition leads us to
the following statement.

Proposition 2.19. Let C be a category with a discrete action of G =
Gal(Q2/k). Then C satisfies Weil’s descent criterion if for each object C
in C the following conditions are equivalent:

(1) There ezists an object B defined over k that is isomorphic to C.
(2) The object C has field of moduli k with respect to Q/k and the exact
sequence

1— Auw(C) || Tsom("C,C) 5 Gal(Q/k) — 1,
oeGal(Q/k)
splits with continuous sections.
Therefore, by Corollary we see that in categories with Weil descent
there are two obstructions to an object with field of moduli k£ to being

isomorphic to an object defined over k. The first one is the existence of
some central section s for 7; that is, such that cs(o,7) = s(0) - s(7) - s(o7) ™
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lies in Z = Z(Aut(C)) for all 0,7 € G. The second one is the existence
of an element ¢ € H'(G,Aut(C)/Z;O,) such that [cs] - §(v)) = 1. When
Aut(C) is abelian the condition reduces to the more familiar case where the
obstruction is a unique element of a cohomology group.



CHAPTER 3

Abelian k-varieties

In Chapter [2] we have seen that for an abelian variety with field of moduli
k there is a natural action of the Galois group Gy = Gal(ks/k) on the center
of its endomorphism algebra. This chapter is devoted to the study of the
particular case of abelian varieties with field of moduli k¥ where this action
is trivial: we call them abelian k-varieties. Actually, one of the main themes
of this thesis is to characterize the field of definition up to isogeny of abelian
k-varieties of the first kind.

In Section [3.1] we give the definition and some basic properties of abelian
k-varieties; in particular we describe their behavior under the decomposition
up to isogeny into absolutely simple varieties, and we canonically attach to
them a cohomology class that will constitute one of the basic tools for their
study. In Section we start investigating their field of definition up to
isogeny, and we give the general results that will be used in Chapter [ to
give a concrete characterization of these fields for varieties of the first kind.
Precisely, as a preparation for Chapter [4 in Section [3.3] we present the
background material that is necessary for giving a detailed description of
the field of definition up to isogeny of abelian k-varieties of the first kind.

3.1. Definition and basic properties

Let k be a field, ks a separable closure of k and Gy = Gal(ks/k). From
now on we will use the terminology of the previous chapter particularized to
the case where Q = ks. So we say that an abelian variety B/ks has field of
moduli & (relative to the extension k,/k) if for each o € G}, the varieties B
and B are isogenous. As usual, we denote by I the endomorphism algebra of
B and by F its center. Recall that a system of isogenies {¢: 7B — Bl}seq,
defines an action 6 of Gy, on F*: if ¢ € F* then 0(a)(p) = dy"p-¢, .
The abelian k-varieties are characterized as those for which this action is
the simplest one.

Definition 3.1. An abelian k-variety is an abelian variety B/ks with field
of moduli k£ such that the action 6 of Gy, on F* is trivial.

Note that if the action of Gy on F* is trivial, the action on F' (as Q-
vector space) is trivial as well, because F' has a basis formed by invertible
elements. The property of being an abelian k-variety is preserved by the
decomposition into simple abelian varieties up to isogeny.

39
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Proposition 3.2. B/kg is an abelian k-variety if and only if all of its simple
factors up to isogeny are.

PROOF. Suppose first that B is isotypical and B ~ C™. Since we can
identify the field Z(End°(C)) with Z(End%(B)), the action of G, is trivial
on one of these fields if and only if it is trivial on the other one.

In the general case, let B ~ Bj x --- X B, be the decomposition of B
into isotypical varieties, and let F' ~ F} X --- X F,. be the corresponding
decomposition of F' into a product of number fields. If each B; is an abelian
k-variety, then the action of G of F'* is trivial since it is trivial on each
F. If B is an abelian k-variety, then by Proposition each B; has field
of moduli &, and the action of Gy, on F/* is trivial since it is the restriction
of the action of Gy on F*, which is trivial by hypothesis. O

Definition 3.3. We say that an isogeny u,: °B — B is compatible with
the endomorphisms of B, or for simplicity just compatible, if pop, = ps°%p
for all ¢ € End®(B). That is, if for all ¢ € End’(B) the following diagram
commutes:

O'BL)B

og{ %

UBLB'

Remark 3.4. If ;1 is compatible and A belongs to the center of End’(B)
then A-p, is also a compatible isogeny. Conversely, if y, is compatible then

every compatible isogeny ¢, is of the form ¢, = Aopu, for some A in the
center of End’(B).

Proposition 3.5. An abelian variety B/ks is an abelian k-variety if and
only if for all o in Gy, there exists a compatible isogeny py: °B — B.

PRrROOF. If there exists a set of compatible isogenies {fio: 7B = B}seq,
then for all ¢ € F we have that p,%¢ou;! = ¢, and then the action @ of
Gy on F is trivial and B is an abelian k-variety.

Suppose now that B is an isotypical abelian k-variety. Then B is a
simple F-algebra, and for each ¢ in Gy, there exists an isogeny ¢,: °B — B
such that ¢,%p-¢ ! = ¢ for all ¢ € F. This means that the map ¢
boo%po¢yl: B — B is an automorphism of F-algebras. By the Skolem-
Noether Theorem it is an inner automorphism: there exists an element .,
belonging to B such that ¢,°%pe¢ !t = azopea;! for all ¢ in B. Then
to = aylod, satisfies that pyo%peust = ¢ for every ¢ € B, and therefore
it is a compatible isogeny. In the general case, we have that B ~ By X---X By,
where each B; is isotypical. If B is an abelian k-variety, then by each
B; is a k-variety, and by the previous case for each ¢ in G} there exists
a compatible isogeny for B;. By taking the product of these isogenies we
obtain a compatible isogeny for B. O
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Remark 3.6. We could equivalently give the condition on the existence of
a system of compatible isogenies by saying that the pair (B,End’(B)) has
field of moduli k.

Remark 3.7. We could have taken the existence of a compatible system of
isogenies as the definition of abelian k-variety, and this would have been a
natural generalization of the definition of abelian Q-variety given by Ribet
and Pyle (cf. Definition [1.26). Instead, we have chosen a different (but
equivalent) approach, in order to emphasize the paper that plays the natural
action of G on F'in a variety with field of moduli k; from this point of view,
it seems natural to study those varieties where this action is the simplest
possible. However, the useful property when working with k-varieties, and
the one we will more often use, is the existence of compatible isogenies.

Every system of compatible isogenies {{io: “B — B}seq, is central.
Indeed, for ¢ in B we have that

MU"UUT"M;}"@ = MU°UMT°UT90°,U/;7} = ,U/Ut’USO"UNT",U/;q} = ‘~P°,U/<7°a/1"r°,u;7}a
and therefore ¢, (0,7) = py%pepu; ' belongs to F*. Recall that ¢, belongs
to Z2(G}, F*), where now the action of Gj on F* is the trivial one. In the
rest of the thesis all cohomology groups appearing will be with the trivial

action, unless otherwise stated; hence we drop the mention of the action in
the notation for the cohomology groups.

Lemma 3.8. The cohomology class [c,] € H*(Gy, F*) does not depend on
the system of compatible isogenies {1y}, and it is an invariant of the isogeny
class of B.

PROOF. Let {¢,} be another system of compatible isogenies. Then ¢, =
Aot for some A, belonging to F'* (see Remark [3.4), and we have that

C(b(aa T) = (/\a"Ma)°U()\7-°,U7-)°()\UT°M;}) = )‘U°N0°U)\T°GNT°M;7}°)‘;7}
= AUOATOMUOO—MTOM;'}O)\;; :/\a")\r"cu(gﬂ_)")‘;}
= cu(0,T) o Ago Ao Nt

o1

which shows that ¢, and ¢, are cohomologous.
Now let x: B’ — B be an isogeny. Then it is easy to check that {v, =
kK Lop, %k} seq, is a system of compatible isogenies for B’ and

cy(o,7) =K1

Hence, under the identification of Z(End®(B’)) with Z(End’(B)) given by
K, the two cocycles coincide. O

ccu(o,T)ek.

As we have seen the cohomology class attached to a compatible system
of isogenies only depends on the variety B, and we will reflect this fact in
our notation.

Definition 3.9. We will denote by [cp] the cohomology class [c,] associated
to any system of compatible isogenies.
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In the next section we will work with cohomology classes [c4] attached
to central systems of isogenies not necessarily compatible. In this case, [cy]
depends in general on the particular system {¢, },cc, used, and it does not
need to coincide with [cp]|. As we will see, this will be one of the main points
to be exploited when studying fields of definition up to isogeny of abelian
k-varieties. For the moment, we give two more properties of [cg]. The first
one refers to its good behavior with respect to the decomposition of B into
simple factors.

Proposition 3.10. Let B ~ B}' x --- x BJ' be the decomposition of B
into simple abelian varieties, and let F' ~ Fy X --- X F}. be the corresponding
decomposition of the centers of the endomorphism algebras. Then [cg] =

([esy)s- -+ [e,]), under the identification H?*(Gy, F*) ~ [[\_; H*(Gy, F}).
ProoF. This is a straightforward verification. O

From now on we will usually consider absolutely simple abelian k-varie-
ties, since the general case can be reduced to this one using Proposition [3.10
We finish this section of basic properties of k-varieties with a lemma that
we will use in Proposition [3.18

Lemma 3.11. Every 2-cocycle representing the cohomology class of [cg| can
be obtained as the cocycle associated to a system of compatible isogenies.

PRrROOF. Let ¢, be the cocycle associated to a system of compatible iso-
genies {1, }. If ¢ is a cocycle cohomologous to ¢, then

c(o,7) = cu(0,T) e Ao o Are AL,
where the \’s belong to F'*. Then the cocycle associated to the system of

compatible isogenies { s o }oeq, 1S O

3.2. Fields of definition of abelian k-varieties

Let B/ks be a simple abelian k-variety. Ribet proved that the cohomo-
logy class [cg] contains all the information concerning the possible fields of
definition up to isogeny of an abelian k-variety together with its endomor-
phisms. More precisely, we have the following

Proposition 3.12 (Ribet-Pyle). Let B be an abelian k-variety and let K
be a field containing k. There exists an abelian variety By defined over K,
ks-isogenous to B and with all its endomorphisms defined over K if and
only if [cp] lies in the kernel of the restriction map ReskK: H?(G, F*) —
H?(Gg, F*).

PRrROOF. This is proved in [Py02] proposition 5.2] for the particular case
of building blocks (i.e. abelian Q-varieties satisfying certain conditions on
the dimensions of their endomorphism algebras). But neither the fact that
k = Q nor the extra conditions on the endomorphism algebras play any role
in the proof, so exactly the same argument proves what is stated here. [
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Remark 3.13. We can interpret this result as a characterization of the
fields of definition up to isogeny of the pair (B,End’(B)); that is, of the
fields of definition of the variety and of its endomorphisms.

Remark 3.14. If we say that the endomorphisms of B are defined over K,
it is of course implicitly assumed that B itself is defined over K. Therefore,
for simplicity we will just say in this case that K is a field of definition of the
endomorphisms of B. Accordingly, if we say that K is a field of definition
of B, we are not giving any information about the field of definition of the
endomorphisms of B, except that it is a certain field containing K.

Proposition does not characterize completely the fields of definition
up to isogeny of B, since it may occur that for a certain field K there exists
a By defined over K and isogenous to B, but that there is no such By with
all of its endomorphisms defined over K. However, this situation is only
possible if the endomorphism algebra of B is non-commutative, as we can
see in the following

Proposition 3.15. If a k-variety B is defined over a field K, then the
endomorphisms in the center of its endomorphism algebra are also defined
over K.

PROOF. Since B is defined over K, for each 0 € Gx we have that
B = B, and a compatible isogeny p,: °B — B belongs to End’(B). If
A is an element in the center of the endomorphism algebra, then A =
potedopy = A, so A is defined over K. O

Hence, if B has a non-commutative endomorphism algebra it is natural
to ask for a characterization of its fields of definition up to isogeny. In
this case the information is not all contained in [cp], but also in all the
other cohomology classes [c,] attached to central systems of isogenies. This
is the content of Theorem which we now particularize to abelian k-
varieties. Note that, since in this case the action of G of F'* is trivial, the
cohomology pointed set H'(G i, BX/F*) coincides with Hom (G g, BX /F*),
the set of continuous group homomorphisms from Gg to B*/F*. Hence,
the connecting map J is given by

0: HOHI(GK,BX/FX) — H2(GK,FX)
{o = Yo ™} — {(0,7) = g otpro ;—rl}

Proposition 3.16. Let B be an abelian k-variety and let [cg| be the cohomo-
logy class associated to a compatible system of isogenies for B. There exists

a variety By defined over K and isogenous to B if and only if there exists a
group homomorphism ¢: Gx — B*/F* such that §(¢)) Resk [cp] = 1.

(3.1)

Proor. This is Theorem [2.17|in the setting of abelian k-varieties. [

In Chapter [4] we will expand on this result by studying, for abelian
varieties of the first kind with quaternionic multiplication, to what extent the
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fields of definition of the variety can be smaller than the fields of definition
of the endomorphisms.

Now we turn our attention to the field of definition of the compatible
isogenies between the variety and its Galois conjugates. First of all, we
observe that if B is defined over K and u,: °B — B is a compatible isogeny
defined over K, then all compatible isogenies °B — B are also defined over
K. This is because any other compatible isogeny is of the form pu! = Ay e g,
with A, belonging to F'*. By Proposition the map A, is defined over
K, and so ) is defined over K as well.

Definition 3.17. Let K/k be a Galois extension. We say that an abelian
k-variety is completely defined over K if the variety, all of its endomorphisms
and all its compatible isogenies are defined over K.

Let B be an abelian k-variety completely defined over K, and for each
s € Gal(K/k) let us: *B — B be a compatible isogeny. It is easily checked
that the map

cp/i: Gal(K/k) x Gal(K/k) — F*,  cp/(s,t) = s ot gy

is a well defined 2-cocycle of Gal(K/k) with values in the trivial Gal(K/k)-
module F*. Moreover, its cohomology class [cp k] € H?(K/k,F*) is an in-
variant of the K-isogeny class of B, and the inflation of [cg /] to H*(Gy, F'*)
is equal to [cp|. This last property has a converse in the following proposi-
tion, which is a generalization of [Qu00, Theorem 2.4].

Proposition 3.18. An abelian k-variety B is ks-isogenous to an abelian
k-variety completely defined over K if and only if the cohomology class [cp]
belongs to the image of the inflation map Inf: H?(K/k, F*) — H*(Gy, F¥).
Moreover, if [cg] = Inf([c]) for some [c] € H*(K/k,F*), then there exists
such a variety Bo/K with [c, k] = [c].

PROOF. Assume that [cp] = Inf([c]). Since the image of the inflation
lies in the kernel of the restriction, by Proposition [3.12| we can suppose that
B and all of its endomorphisms are defined over K.

Modifying the 2-cocycle ¢ by a coboundary we can assume that it is
normalized, i.e. that it takes the value ¢(1,1) = 1, and as a consequence of
the cocycle condition this implies that also ¢(s,1) = ¢(1,s) =1 for all s €
Gal(K/k). Moreover, by Lemma we can suppose that Inf(c) coincides
with the cocycle c¢p. This implies that cg(o,7) = 1 whenever o or 7 belong
to the subgroup Gg. It follows that the map o — pu, is a 1-cocycle of G
with values in the group Aut®(B), viewed as a module with the natural
Galois action of G, which is in fact the trivial action since all the elements
of End’(B) are defined over K.

Let By be the twist of B by this 1-cocycle: it is an abelian variety By
defined over K together with an isogeny x: B — By such that p, = k1<%
for all o € Gk (see Remark . We will see that this variety satisfies the
conditions of the proposition.
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Every endomorphism of By is of the form k1) ™! for some ¢ € End®(B).
Since all endomorphisms of B are defined over K and the isogenies pu, are
compatible, for every o € G one has

U(Ko¢oﬁ_1) = U[Qogqboo—/{_l = KOM000¢°M;1°K_1 = K/o’l!)o/{l_l

and the endomorphisms of By are defined over K as well.

A calculation shows that the maps v, = Keu,°°<" " are compatible
isogenies By — By for every o € Gy, and the relation u, = k1% for
elements ¢ € G shows that v, = 1 for ¢ fixing the field K. The cocycle
cp, computed from this set of isogenies is related to cp by cp,(o,7) =
kocg(o, 7)okt for all 0,7 € Gj. Since cp is the inflation of ¢ and this
cocycle is normalized, one deduces that cp, (0, 7) = 1 if either o or 7 belong
to the subgroup Gg. Applying this fact to a pair 0 € Gy and 7 € Gi one
deduces that

1

1= cpy(0,7) = Vg vy ov,} = vpov, ),
and so that v, = v,. This means that v, only depends on the action of ¢ on
K (i.e. on the class of 0 modulo the normal subgroup Gk ). Now, applying

the identity to a pair 0 € Gx and 7 € G, one has
1=cpy(0,7) = Voo Tvpov,t = Tvpovt =Ty 0t

and so v, = v, proving that the compatible isogenies v, are also defined
over K for every 7 € Gy,.

Finally, for every element s € Gal(K/k) let vs be the isogeny v, for any
o € G, whose action on K is given by the element s. In this way one obtains
a set of compatible isogenies for By defined over the field K and the cocycle
cp,/Kk computed using this set is the cocycle cpy/k(s,t) = Kkoc(s,t)or L.
Hence, under the isomorphism between the centers of the endomorphisms
of the varieties By and B given by conjugation by the isogeny x between
them, the cohomology class [cp, k] is the class [c] we started with. O

If B is a variety of the first kind, then the previous proof actually gives
us slightly more information than the stated in the proposition. Indeed, we
have the following result.

Proposition 3.19. Let B be a simple abelian k-variety of the first kind,
defined over K and such that [cp] = Inf([c]) for some [c] € H*(K/k, F*).
Then there exists a By completely defined over K with [cg,/k] = [c], and
such that By is isomorphic to B with an isomorphism defined over a qua-
dratic extension of K.

PROOF. In the proof of we constructed the variety By as the x-
twist of B, where y is a homomorphism G — F*. Since B is simple of
the first kind we have that F is a totally real number field, so the only roots
of unity it contains are {£1}. Therefore x takes values in {£1}, which can
be identified in a canonical way with true isomorphisms of B, and x factors
through a quadratic extension L of K. This implies that B is L-isomorphic
to Bo. |
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3.3. Varieties of the first kind

Let B/ks be a simple abelian k-variety of the first kind. Recall that
this means that B = End’(B) is either a totally real number field F, or a
quaternion division algebra over a totally real number field F'. In this section
we give a precise description of the fields of definition up to isogeny of the
endomorphisms of B. This description was first given by Ribet and Pyle
for the particular case of building blocks. Our aim is to show that their
arguments and results are also valid in the more general case of abelian
k-varieties of the first kind.

The degree map and the structure of H?(Gy, F*)[2]. Let B; and
Bs be simple abelian varieties of the first kind, and fix A\y: By — Bl,
Xo: By — B polarizations of By and Bs respectively. An isogeny u: By —
By is said to be Rosati compatible if the isomorphism End®(B;) ~ End®(By)
induced by p is compatible with the Rosati involutions defined by A; and
A2. Writing down this condition, it is easy to see that u is Rosati compatible
if and only if the element /“/\1_1 ofi° Ay belongs to the center of End®(By).
In this case, we say that d(u) = peA[ efic Ay € Z(End®(By)) is the degree
of u. An important property of d(u) is that it is a totally positive element
of the totally real field Z(End(Bz2)). The justification for the name degree
comes from the following property.

Proposition 3.20. Let By and Bs be simple k-varieties of the first kind.
Let \i: By — By and \a: By — Bo be polarizations with deg(\1) = deg(A2)
and let u: By — Bs be a Rosati compatible isogeny. Then we have that
deg p1 = Npg/g(d(1))", where B = End®(By), Npg/q is the reduced norm on B
and n = dim By /(t - [F : Q]).

PROOF. The proof is the same as in [Py02| Proposition 5.5]. O

If ¢»: By — Bs is another isogeny then d(vop) = (Yed(p)ep™1)d(¥).
Hence, if we call F' = Z(End(Bs)), and we use ¢ to identify Z(End(Bz3))
with F', we can write d(¢epu) = d(v) - d(u) as elements in F'. Moreover, it is
easy to check that if a belongs to End’(B;) then d(a) = a-a’, where the ’
denotes the Rosati involution defined by A;.

Now let B be a simple abelian k-variety of the first kind, and let A: B —
B be a polarization. It is straightforward to check that compatible iso-
genies u,: °B — B are Rosati compatible. By taking A: °B — B
as polarizations for 7B we have that d(i,) = fio°°A" e fiyo A\ belongs to
F = Z(End(B)). The following is a key property of the cohomology class
[cB], and its proof is an application of the degree map.

Proposition 3.21. The cohomology class [cg| has order dividing 2.
PROOF. Applying d to the expression cg(0,7) = o prop;t we find
that cg(o,7)-cp(o,7) = d(po) - d(pr) - d(per) L. Since B is of the first kind

and any Rosati involution fixes F' we can replace cg(o,7)" by cg(o, 1), and
this gives an expression for the cocycle CQB as a coboundary.
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Now we describe the structure of H?(G},, F*)[2], which turns out to be
particularly simple. As we will see in the next chapter, this fact gives a lot
of information about the field of definition of the endomorphisms of abelian
k-varieties of the first kind.

A sign map for F' is a group homomorphism sign: F* — {£1} such that
sign(—1) = —1. A sign map gives a group isomorphism F* ~ P x {+1},
where P = F*/{£1}. From now on we fix a sign map for F' by fixing an
embedding of F' in R, and then taking the usual sign. The corresponding
isomorphism F* ~ P x {41} gives then a decomposition of H?(Gy, F*)[2].

Proposition 3.22. Let F be a totally real number field, and let P be the
group F*/{£1}. There exists a (non-canonical) isomorphism of groups

(3.2) H*(Gy, F¥)[2] ~ H*(Gy, {£1}) x Hom(Gy, P/ P?).

If v belongs to H?(Gy, F*)[2] we denote by v+ € H?(Gy,{£1}) and 7 €
Hom (G}, P/P?) its two components under the isomorphism (3.2). They
can be computed, in terms of a representative ¢ for v, in the following way:

(1) The cohomology class v+ is represented by the cocycle (o,7T)
sign(c(o, 7)).

(2) If c(o,7)? = dod,d,} is an expression of ¢* as a coboundary, the
map 5 is given by o — dy mod {£1}(F*)2.

Proor. This is essentially the content of the propositions 5.3 and 5.6
in [Py02]. O

Remark 3.23. We will say that 7 is the degree component of v, and that ~.
is the sign component of . If k has characteristic 2 then H?(Gy, {+1}) =
{1}. From now on we assume that the characteristic of k is different from
2. In this case H2(Gy, {£1}) is isomorphic to the 2-torsion of the Brauer
group of k, which is generated by the quaternion algebras over k. As it is
usual, we will use the notation (a,b); for the quaternion algebra generated
over k by elements i,j such that i> = a, j2 = b and ij + ji = 0. As for
the elements in Hom(Gy,, P/P?) we will use the notation (¢,d)p with t € k
and d € F*, to denote (the inflation of) the homomorphism that sends the
non-trivial automorphism of Gal(k(v/t)/k) to the class of d in P/P?. Every
element in Hom(Gy, P/P?) is the product of morphisms of this kind, and
therefore it can be expressed in the form (t1,d1)p - (t2,d2)p - - (tn,dy)p for
some t; € k, d; € F*. We remark that, although they are convenient for
their compactness, these expressions for the elements of Hom(Gy, P/ P?) are
not unique.

Minimal abelian extensions of exponent 2. Elkies proved in [E102]
that every elliptic k-curve without CM is ks-isogenous to some elliptic curve
defined over an abelian extension of k of exponent 2 (also called a (2,...,2)-
extension of k). He obtained this result as a consequence of the fact that
elliptic k-curves are parametrized by k-rational points of curves of the form
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Xo(N)/W(N). Here Xo(N) is the modular curve associated with the mo-
duli problem of classifying elliptic curves together with a cyclic subgroup of
order N, and W (N) is the group of Atkin-Lehner involutions of Xy(NNV). In
fact, starting from a k-rational point in Xo(N)/W (V) and taking a preim-
age of it in Xo(/NV) one obtains a point P in X(/N) that represents an elliptic
curve C defined over kg; the point 7P corresponds to °C, and since P and
9P are related by an Atkin-Lehner involution, by the moduli interpretation
of these involutions one obtains that °C and C are isogenous. Thus C' is
a k-curve, and since W(N) is a group isomorphic to Z/2Z X --- x Z/27Z
we see that C is defined over an abelian extension of k of exponent 2. The
point is that Elkies showed that every elliptic k-curve is isogenous to one ob-
tained by this process applied to some k-rational point in Xo(N)/W (N), for
some N. A similar argument works also for abelian k-surfaces with quater-
nionic multiplication, as it is explained in [GMUO09], but in this case they are
parametrized by k-rational points of curves of the form Xo(D, N)/W (D, N),
where Xo(D, N) is a Shimura curve.

Ribet proved in [Ri94, Theorem 1.2] with a different approach that any
abelian k-variety of the first kind is ks-isogenous to some variety defined
over an abelian extension of k of exponent 2. Actually more is true, because
such an extension can also be taken to be the field of definition of the
endomorphisms of the variety.

Theorem 3.24 (Ribet). Let B be an abelian k-variety of the first kind.
There exists a variety ks-isogenous to B and with all the endomorphisms
defined over a (2,...,2)-extension of k.

PROOF. Let v = [cg] be the cohomology class in H?(Gy, F*)[2] asso-
ciated to a compatible system of isogenies for B, and let 7 and v+ be its
degree and sign components respectively. Since P/P? is an abelian group of
exponent 2, the fixed field of ks by ker7 is a (2,...,2)-extension Kp of k,
and the restriction of 7 to Kp is trivial. The component v+ can be identified
with a product of quaternion algebras, and each quaternion algebra is split
by a quadratic field. Hence, v+ is split by a (2,...,2)-extension K. There-
fore, the field K = K. Kp is a (2,...,2)-extension of k such that Resk (v)
is trivial. The result follows now from Proposition [3.12 ([

Since the restriction map respects the decomposition , a field K
trivializes v if and only if it trivializes the two components 7 and ~4.
A field K trivializes 7 if and only if it contains Kp, the fixed field of
ks by ker7w. As we have seen, the map 7 is given by the degree; that
is 7(0) = d(pe) mod{£1}(F*)2. The field Kp is of the form Kp =
k(\/ti,...,\/tn) for certain elements t; € k, and if we denote by o; the
generator of Gal(k(v/%;)/k) and d; = d(u1s,), then in the notation described
in Remark we have that ¥ = (t1,d1)p -+ (tn, dn)p-

If the field Kp already trivializes 4, then Kp is the minimal field of
definition of the endomorphisms of B up to isogeny. Ribet proved in [Ri94]



3.3. VARIETIES OF THE FIRST KIND 49

that if & has characteristic 0 then this is always the case for abelian k-
varieties with real multiplication and odd dimension. However, for varieties
with quaternionic multiplication, or of even dimension in general, it does not
need to be the case, as the counterexamples given by Quer in [Qu09| show.
In general, the fields of definition of the endomorphisms of B up to isogeny
are the composition of Kp with a field splitting the algebra represented by
v+. If Kp does not split v+ there does not exist a minimum field of definition
for the endomorphisms of B, but only minimal (2,...,2)-extensions: they
are the composition of Kp with any (2,...,2)-extension of k splitting ..
Of course a main source of abelian k-varieties for the particular case
k = Q are modular abelian varieties. For these varieties, the fields Kp and
K can be explicitly computed. Jordi Quer has programmed several routines
in Magma to perform such computations, based on the packages for modular
abelian varieties by William Stein. In [Qu09] these routines are explained,
as well as the theory behind them. Moreover, in the appendix of [Qu09]
we find tables with the fields Kp and the rational quaternion algebras ~v+
corresponding to the modular abelian varieties of small conductor.






CHAPTER 4

Fields of definition of k-varieties of the first kind

In the last section of Chapter [3| we have seen that given a k-variety B
of the first kind, there always exist abelian extensions K/k of exponent 2
such that that B is ks-isogenous to some variety whose endomorphisms are
defined over K. Moreover, we have also given a detailed characterization of
the minimal extensions having this property. This gives a fairly complete
picture of the fields of definition of Endgs (B) up to isogeny.

In this chapter we deal with the fields of definition of B up to isogeny. In
particular, we are interested in the case where there exist fields of definition
of the variety that are strictly smaller that the minimal fields of definition
of the endomorphisms. In Section we will provide examples where this
situation does occur. However, as a result of our study we will see that there
is a restriction in this phenomenon: if K is a minimal (2,...,2)-extension
where the endomorphisms of B are defined, and L C K is a field of definition
of B up to isogeny, then [K : L] < 8.

Most of our analysis of the possible fields of definition of B up to isogeny
will be based on the results of Chapter 8] In particular, in Proposition [3.16]
which we now restate for convenience in a slightly modified version.

Proposition 4.1. Let B be an abelian k-variety of the first kind and let v =
[cB] be the cohomology class associated to a compatible system of isogenies
for B. There exists a variety By defined over K and isogenous to B if and
only if Resg(y) belongs to im(6), where the connecting map § is given by:

§: Hom(Gg,B*/F*) — H?*(Gg,F>)
{o = Yo"} — {(0,7) = Yo etbr et}

PROOF. By Proposition we know that B is defined over K up
to isogeny if and only if there exists ¥ € Hom(Gg,B*/F*) such that
5(1)) Resi (y) = 1. By Proposition the cohomology class v has order
dividing two, and then the condition is equivalent to Resk () = 6(x). O

(4.1)

In view of this proposition, a key step in computing the fields of def-
inition up to isogeny of B is to describe precisely what possibilities for
the image of the connecting map 6 we have. Section is devoted to
this task: we compute all possible cohomology classes of the form §(1))
for v € Hom(Gg,B*/F*). We use these results in Section where we
analyze to what extent it is possible to descend the field of definition of

51
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the variety, starting from a minimal field of definition for the endomor-
phisms. Finally, is Section we apply our study to some concrete abelian
Q-varieties.

4.1. The image of §

Let B/ks be a simple abelian k-variety of the first kind. This corre-
sponds, according to the usual classification of simple abelian varieties in
terms of their endomorphism algebras, to varieties of type I, IT and III (see
Section . The variety is of type I if B = End®(B) is isomorphic to a
totally real number field F'; it is of type 11 if B is a division totally indefinite
quaternion algebra over a totally real number field F'; finally, it is of type I11
if B is a division totally definite quaternion algebra over a totally real number
field F'. Recall that B is totally indefinite if B®g R ~ Ma(R) x - - - x Ma(R).
Equivalently, if B ~ (a,b)r then either o(a) > 0 or o(b) > 0 for each em-
bedding o: F' — R. Similarly, B is totally definite if B&g R ~ H x --- x H,
where H is the algebra of Hamilton quaternions, and in this case for any
expression B ~ (a,b)r we have that a and b are totally negative. From
now on we will consider only varieties of types II and III since, as we know
from Proposition the field of definition of the variety up to isogeny
can be smaller than the field of definition of the endomorphisms only if the
endomorphism algebra is noncommutative.

Let B be a division quaternion algebra over a totally real number field
F. As we said, the goal of this section is to compute all the elements in
H?(G,F*)[2] that are of the form §(1) for some continuous morphism
Y: G — BX/F*, and to determine their components §(¢))+ and 5(¢))
under the isomorphism H?(Gf, F*)[2] ~ H*(Gg, {£1}) x H?(Gg, P/P?).
Recall that this isomorphism depends on the choice of an embedding F' — R;
hence, we fix such an embedding and from now on we view F' as a subfield
of R.

The image of a continuous homomorphism ¢ : Gxg — B*/F* is a finite
subgroup of B*/F*. In [CF00, §2] these subgroups are classified. In the
following proposition we collect some of the results from this article that are
relevant to us.

Proposition 4.2 (Chinburg-Friedman). Let B be a quaternion algebra over
a number field F. Each finite subgroup of B*/F* is isomorphic to one of
the following groups: a cyclic group Cy, of order n, a dihedral group Doy,
of order 2n, the symmetric groups S4 and S5, or the alternating group As.
Moreover we have that

e BX/F* always contains subgroups isomorphic to Cs.

e BX/F* always contains subgroups isomorphic to Co X Cy ~ Dy.

o Letn > 2 be an integer and let (, be a primitive n-th root of unity
in F. There exists a subgroup of B*/F* isomorphic to Cy, if and
only if G+t belongs to F and F((y,) is isomorphic to a mazimal
subfield of B.
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o [f BX/F* contains a subgroup isomorphic to Cy, then it also con-
tains a subgroup isomorphic to Day,.

e BX/F* contains a subgroup isomorphic to Ay if and only if B ~
(_17 _1)F-

o If BX/F* contains a subgroup isomorphic to A4, then it contains
a subgroup isomorphic to Sy as well.

e BX/F* contains a subgroup isomorphic to As if and only if B ~
(=1, —1)F and \/5 belongs to F.

In addition, when proving that this is a complete classification of finite
subgroups of B* /F*, explicit generators for subgroups of each isomorphism
class are given in [CF00]. We will describe these generators when we need
them.

Observe that if B is totally indefinite then A4, S4 and As never occur as
subgroups of B*/F*, and then the only finite subgroups possible are cyclic
or dihedral. The case B totally indefinite is specially important, since it is
the case of building blocks. For these reasons we split our study into two
separate cases: totally indefinite and totally definite quaternion algebras.

Totally indefinite quaternion algebras. Let B be a division totally
indefinite quaternion algebra over a totally real number field F. In this
case the only possible finite subgroups of B* /F* are cyclic or dihedral. In
order to compute the cohomology classes §(1)) we will consider four separate
cases, depending on whether im ¢ is isomorphic to Cy, Cy x Co, C,, or Do,
for some n > 2. We will use the following notation: if G is a group, then
A¢ will denote the set of elements v € H?(Gy, F*)[2] that are of the form
v = 0(¢), for some morphism ¢: Gg — B*/F* such that imy ~ G. In
addition, we will make use of the notation introduced in Remark

Proposition 4.3. An element v € H?(Gg, F*)[2] belongs to Ac, if and
only if
e 7= (t,b)p, for somet € K*\ K*% and b € F* such that F(v/b)
is isomorphic to a mazximal subfield of B.
o vy = (t,sign(b)) k.

PRrOOF. Let 9 be a morphism whose image is isomorphic to Cy. Then
the fixed field of kerv is K(v/t) for some t € K* \ K*2 and 1 is the
inflation of a morphism (that we also call ¢) from Gal(K (v/%)/K), which is
determined by the image of a generator o of the Galois group. If ¢(c) =7
(here 7 denotes the class of y in BX/F*), then b = y? belongs to F* and y
does not belong to F*. That is, F(v/b) is isomorphic to a maximal subfield
of B. From the explicit description of § given in , a straightforward
computation shows that a cocycle ¢ representing §(v) is given by

c(1,1) =c(1,0) =c¢(o,1) =1, c(o,0) =b.

By taking the sign of this cocycle we obtain a representative for 0(¢)4,
and it corresponds to the quaternion algebra (¢,sign(b))r. The cocycle ¢
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is the coboundary of the map 1 — 1, ¢ — b, and by Proposition the
component (1) is (t,b)p.

Now, for t € K* \ K*? and b € F* such that F(v/b) is isomorphic
to a maximal subfield of B, take y € B with > = b. Then the morphism
Y: Gal(K(vt)/K) — B*/F* that sends a generator o to 7 has image
isomorphic to Cy, and by the previous argument the components of (1))

are 0(¢)+ = (t,sign(b))x and 0(¢) = (¢,b)p. O

Proposition 4.4. An element v € H*(G,F*)[2] lies in Ac,xc, if and
only if
e ¥ = (s,a)p-(t,b)p for some s,t € K*\ K*? and a,b € F* such
that a is positive and B ~ (a,b) .
® 7+ = (sign(b)s, 1)k

PRrROOF. If 4 is a morphism with image isomorphic to Cs x Cs, it factors
through a finite Galois extension M /K with Gal(M/K) ~ Cyx Cy. We write
M as M = K(y/5,V/t), and let 0,7 be the generators of the Galois group
such that M(?) = K(v/t) and M'7) = K(\/s). If T = (o) and § = (1),
we know that a = x? belongs to F*, b = y? belongs to F* and zy = eyz
for some ¢ € F'*. In fact, multiplying this expression on the left by z we see
that necessarily ¢ = —1, hence B ~ (a,b) .

Let 754 be the element in Z2(M/K, F*) defined as the inflation of the
cocycle

’Ys,a(L 1) = 'Ys,a(aa 1) = 'Ys,a(lao') =1, ’75,@(07 U) = a,

and in a similar way we define the cocycle v;;, by means of

fYt,b(la 1) = f)/t,b(Tv 1) = ’Yt,b(laT) = 17 f)/t,b(Tv T) =b.
Let xs and x; be the elements in Hom(Gal(M/K),Z/2Z) defined by the
formulas ?y/s/v/s = (—=1)X(P) and #/t//t = (=1)X¢() and let s, be the
2-cocycle belonging to Z?(M/K,{£1}) defined by

Vs t(p’ M) = (71)XS(#)Xt(p)’

Then, a direct computation gives that a cocycle ¢ representing 0(¢) is the
product of these three 2-cocycles: ¢ = st - Vsa - Vep- The cocycle 7 4
represents the quaternion algebra (s,t)x, and then we have that

(4.2) 5 = (5,8) - (5, sign(a))x - (£, sign(b)) k.

Since B is totally indefinite, we can suppose that a is positive, and then
d(¢)+ = (sign(b) s,t)g. Arguing as in the proof of Proposition the
component 6(1)) is easily seen to be (s,a)p - (t,b)p.

Finally, suppose that B ~ (a,b)r where the element a is positive. Let
s,t be in K* \ K*2 and let x,y € B be such that 22 = a, 3> = b and
ry = —yz. With the same notations as before for Gal(K (v/s,v/t)/K), the
map ¢ that sends o to T and 7 to g satisfies that d(¢)+ = (sign(b) s,t)x

and 6(v) = (s,a)p - (t,b)p. O
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Proposition 4.5. Suppose that B*/F* contains a subgroup isomorphic to
C, for some n > 2; let ¢, be a primitive n-th root of unity in F and let
a=2++¢ . An element v € HX(G g, F*)[2] lies in Ac, if and only if
there exists a cyclic extension M /K, with Gal(M/K) = (o) such that

o 7= (t,a), where K(v/t) = M),

e 1 is represented by the cocycle

o 1 L
(43) Ci(0_170_]) _ ZflﬁL] <nmn,
-1 ifi+j52>2n.
We note that if n is odd then Ac, = {1}.

PRrOOF. Let 9 be a morphism with image isomorphic to C,. Then the
fixed field for ker is a cyclic extension M/K with Gal(M/K) = (o). The
element = € B* such that ¢(0) = 7 has the property that a = z" lies in F'*.
Since (0?) = 2, a straightforward computation shows that §(1) is given
by

(4.4) (0", 07) = {1 Lot
a ifi+j>n.

By [CF00, Lemma 2.1] we can suppose that x = 1+ ¢ with ( € B* an
element of order n. We identify ¢ with (, and then by Proposition 4.2
we see that ¢ + ¢! € FX. From (1 +¢)?¢™' = 2+ ¢ + ¢! we see that
(14+¢)?" = (2+ ¢+ ¢ 1", and if we define a = (2+ ¢+ (¢~ 1) € F* we have
that a? = 2" = (1+¢)?" = a™. Therefore, the cocycle ¢? is the coboundary
of the map o° — o', 0 < i < n, and by Proposition the component
(1) is the map that sends o to the class of a in P/P2. Clearly o2 is in the
kernel of this map, and since (o) = (0?) if n is odd, then §(¢)) is trivial in
this case, while if n is even and K (/) is the fixed field of M by (c?), then
5(¢) = (tva)P-

A cocycle representing §(¢)+ is the sign of . If n is odd, the co-
homology class of this cocycle is always trivial (it is the coboundary of the
map o' - (signa)’ for 0 < i < n). If n is even then a is negative because

a=z"=(14+"=2+(+ g—l)n/QCn/Q = —(2+4C+ C—l)n/Z’

and 24 ¢ + ¢! is positive due to the identification of ¢ with (,,. This gives
that §(¢)+ is given by (4.3).

Finally, if t, M, 0 and « are as in the statement of the proposition, the
map v sending o to (14 ¢) with ¢ € B* an element of order n gives a (1))
with the predicted components. [l

Proposition 4.6. Suppose that B*/F* contains a subgroup isomorphic to
Ds,, for some n > 2. Let (, be a primitive n-th root of unity in F, a =
24+ Cn+Ctandd = (G +¢1)2—4. A cohomology class v € H*(G g, F*)[2]
lies in Ap,, if and only if there exists a dihedral extension M/K, with
Gal(M/K) = (0,7 | 0" = 1,72 = 1,07 = 70~ 1) such that
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o 7 = (s,0)p - (t,b)p, where L(v/s) = M7, L(\t) = M@ and
b € F* satisfies that B ~ (d,b)p.
e 1 is given by the cocycle

1 if i—i>0

4.5 ir oty =
(4:5) cx(0'T, 0" {—1@fi—ﬂ<&

1 4f i+id<n
1 if it =

(4.6) e (ot 0?77y = {

We note that if n is odd, then 7 = (t,b)p and v+ = 1.

PRrROOF. Let ¥ be a morphism with image isomorphic to Da,. It factors
through a dihedral extension M with Gal(M/K) = (o,7) and relations
between the generators as in the proposition. If we call T = (o), ¥ = ¥ (1),
we know that a = 2™ belongs to F¥, that b = y? belongs to F* and that
there exists some ¢ € F* such that zy = eyz~!. Multiplying in the left by
2" ! we find that 2"y = €"y2~", and so " = a®. Now we show that, in
fact, € can be identified with «. Indeed, x = 1 4+ { with { € B* of order
n that we identify with ¢,, and so 27! = (1 4+ ¢ (2 + ¢+ ¢ 1)L Since
F(¢) is a maximal subfield of B different from F(y), the conjugation by y
is a non-trivial automorphism of F(¢)/F. The only such automorphism is
complex conjugation, which sends ¢ to (~', and therefore y~ ¢y = (.
This implies that (1+¢)y = y(1+¢™1), and thisis zy = (2+ ¢+ ¢ Hyaz L.
Therefore € = (2 + ¢ + (1), which is identified with a.

In order to give a compact expression for 6(1) we first define a cocycle

o:

1 ifj+4 <2,

A7 i, 0" 1) =

and a cocycle e:

o ifi—i >0
a’a”l ifi—4d <0,

a ifi+i >n.
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To compute a cocycle that represents (1) ( ), we take the lift ¢) form B> /F*
to B given by ¢(ci7/) = 2'y/ for 0 <i < n, 0 < j < 2. Then we have that

B@)(o'r,e" ) = P(o'T)p(e" )
(0" (o )
y

(UTO' 7'7) 1

x yx yj i—i', (1+5' )m0d2)71 if 4 — 4 >0

(o’
{ZL’ y:[; y] n+(l i )y(1+.7l) mod2)*1 lf 4 — 'L./ < 0
i 1+] y —(1+5") mod 2 w*(i*i/) 17— i/ > 0
H] y~ (i mod2 p—(i=i)pn i/ <
{’ybO'TO'TJ ifi—i >0

(o, ot 7)ol a™t it i — i <0,

()0, 0" ) = (o )b(a" Yoo )
()b (0" 7)o 7T
- "y (@) ifi+i' <n

gt yd =3 = () ifi+i <n
A Yl G PV | U ()

(o, o) ifi+i <n
(ot o' tHa ifi+i >n

From these expressions we see that d(v) is represented by the cocycle 7, - e.
Clearly vy is 2-torsion since ’yb is the coboundary of the map d, (o H =1,
d(o'T) = b. The cocycle e is 2-torsion as well, and a coboundary for e? is
given by the map d.(o'7/) = ai. If we view d, and d, as taking values in
P/P? then by Proposition [3.22| we have that §(¢) is the map d. - d,. Note
that (02,7) C kerd,. If n is odd then (02,7) = Gal(M/K) and the only
contribution to (1)) comes from d, and it is the map (¢,b)p. If n is even,
then the contribution of 7, is (s, @), and in this case 6(1)) = (s,a)p - (t,b)p.
The component 6())+ comes from taking the sign in the cocycle 7 - e.
The element b is positive, since by [CF00, Lemma 2.3] we have that B ~
(d,b)r and d is negative. To determine the sign of a, note that from o™ = a2,
we have that if n is even then a™/2 = +a. The case a//% = a is not possible
since otherwise F(z"/2,y) would be a subfield of B of dimension 4 over
F. Then a™? = —q and the fact that « is totally positive forces a to be
negative. This gives that J(1)+ is represented by the cocycle given by -
and (4.6). If n is odd then cy is the coboundary of the map o077 — (—1)".
As usual, given an extension M/K, elements b € F*, s,t € K* and
c+ € Z2(M/K, {#£1}) with the properties described in the proposition, one
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can construct easily a map 1 with the prescribed (1)) just defining (o) =T
and (1) = 7, where T,y generate a subgroup of B* isomorphic to Dy, and
2

Totally definite quaternion algebras. Let B be a totally definite
quaternion algebra over F. The description of Ag when G is a cyclic or a
dihedral group is very similar to the case of totally indefinite algebras, being
the only differences in the sign components; in fact, the proofs are almost
the same, with minor changes concerning the sign of some elements in F'*.

Proposition 4.7. An element v € H*(Gg, F*)[2] belongs to Ac, if and
only if
e 7= (t,b)p, witht € KX\ K*% and b € F* is such that F(v/b) is
isomorphic to a mazximal subfield of B.
e 1 =(t,—1k.
PROOF. This is proved exactly as Proposition [£.3] but noticing that now
b has to be a negative element, hence sign(b) = —1. O

Proposition 4.8. An element v € H*(G,F*)[2] lies in Ac,xc, if and
only if

e ¥ =(s,a)p- (t,b)p, where s,t € KX\ K*? and B ~ (a,b)F.

® vy = (s,t)K . (—1,St)K.

PROOF. The only difference with Proposition [4.4] is that in the expres-
sion (4.2)) both a and b are negative, and this gives that the sign component
is (s,t)k - (—1,st)k. O

Proposition 4.9. Suppose that B*/F* contains a subgroup isomorphic to
C, for some n > 2, let ¢, be a primitive n-th root of unity in F and let
a=2++¢ . An element v € HX(G g, F*)[2] lies in Ac, if and only if
there exists a cyclic extension M /K, with Gal(M/K) = (o) such that

o ¥ =(t,a), where K(v/t) = M),

e 1 is represented by the cocycle

o 1 L
(48) C:t(O'l,O'J) _ Zfl+] <nmn,
-1 ifi+j2>2n.
We note that if n is odd then Ac, = {1}.

PROOF. In this case the result and the proof are exactly the same as
in Proposition [£.5] since no use of the fact that the algebra was totally
indefinite was made there. O

Proposition 4.10. Suppose that B*/F* contains a subgroup isomorphic
to Do, for some n > 2. Let (, be a primitive n-th root of unity in F, o =
24+ Cu+Ctandd = (G +¢1)2—4. A cohomology class v € H*(Gg, F*)[2]
lies in Ap,, if and only if there exists a dihedral extension M/K, with
Gal(M/K) = (0,7 | 0" = 1,72 = 1,07 = 70~ 1) such that
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o 7 = (s,0)p - (t,b)p, where L(v/s) = M7, L(\t) = M@ and
b € F* satisfies that B ~ (d,b)p.

e 1 is given by the cocycle

(-1 if i—i>0

(=) i =i <0,

(4.9) et (oir, o’ 77 = {

1 if i+i<n
-1 if i+ >n.

(4.10) cx(ot, o’ 7'y = {

We note that if n is odd, then 7 = (t,b)p and v+ = 1.

PROOF. Again, the argument is as in Proposition but now the sign
of b in (4.7) is —1, and modifying accordingly the sign component vi we
obtain the result. O

Now we turn our attention to the subgroups of B*/F* isomorphic to
Ay, Sq and As. The precise structure of these subgroups is given in the
following proposition, whose proof can be found in [CF00, §2].

Proposition 4.11 (Chinburg-Friedman). The group B*/F* contains a
subgroup isomorphic to Sy if and only if it contains a subgroup isomorphic to
Ay. This occurs if and only if B ~ (—1,—1)p. On the other hand, B> /F*
contains a subgroup isomorphic to As if and only if B~ (—1,—1)r and /5
belongs to F'. Moreover, any two of these subgroups are always conjugated
if they are isomorphic as abstract groups.

Let 1,9 and k be elements of B* such that 1> = —1, » = =1, 1y = &
and . = —k, and let ag = (1 +1+ 7+ k)/2. Then the subgroup of B> /F*
generated by the classes of v and as is isomorphic to Ay, and the subgroup
generated by the classes of 1 +1 and ag is isomorphic to Sy. Suppose that
V5 belongs to F, and define T = (1++/5)/2 and oy = (1+7"1147)/2. The

subgroup generated by the classes of as and oy is isomorphic to As.

Proposition 4.12. Let ¢: Gx — B*/F* be a continuous morphism with

image isomorphic to Ay. Then 6(v) is trivial.

ProOF. The homomorphism v can be regarded as the inflation of a
homomorphism ¢: Gal(M/K) — B*/F*, where M /K is an extension with
Gal(M/K) ~ A4. We can take the following presentation for Gal(M/K):
Gal(M/K) ~ {a,b|a® =1, b® = 1, (ab?)? = 1), and under this identification
its elements are

Gal(M/K) = {1,a,b,b* ab, ab?, ba, b*a, bab, b*ab, bab*, aba}.

By Proposition we know that im(¢)) is conjugated to the subgroup
generated by 7 and as. But ¥ and a conjugated of ¢ have the same image
by d, hence we can assume that im(¢)) is the group generated by 7 and @j.
These elements of B> /F* satisfy that 72 = 1, @3 = 1 and (1a3) = 1, so we
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can suppose that 1)(a) =7 and ¢(b) = @. Hence we can take the following
lift ¢ of¢ in B*:

P(1) = zé(a) = b(b) = az, P(b%) = a3,
P(ab) =waz,  P(ab? ) w3, P(ba) = P(b%a) = oy,
Y(bab) = anicra, P(b*ab) = a%zag, Y(bab?) = agad, P(aba) = 1amn.

The fact that ¥(o)(1)y(o7)~! is equal to 1 in B*/F* means that we can
transform the expressmn V(o ) (1)¢ (7)1 to 1 € BX/F* by using the rela-
tions 72 = 1, @3 = 1 and (7@3) = 1. Since 1 = —1, a3 = —1 and (za2)3 =1,
using these relations we can transform the element (o) (7)1 (o7)~" into
an element of F'*, which necessarily is equal to either 1 or —1. Therefore

§(¥)?(o,7) is equal to 1 for all o and 7 in G, and then §(v) is trivial. O

Proposition 4.13. Let : Gxg — B*/F* be a continuous morphism with
image isomorphic to Sq. Let M be the fixed field of ks by the kernel of
Y, and let t be an element in K such that Gal(M/K(v/t)) ~ Ay. Then

5(¢) = (tv 2)P-

PROOF. By the previous proposition the morphism () restricted to the
subgroup Gal(ks/K (y/t)) is trivial. Thus §(z) is the inflation of a morphism
Y: Gal(K(vt)/K) — B*/F*, and this implies that it is of the form (¢,d)p
for some d. A presentation of Gal(M/K) which is isomorphic to Sy is given
by

Gal(M/K) = <€,f|€4 =1, f3 =1, (6f)2 = 1>a
and the elements a = €2 and b = f satisfy the relations given in the presen-
tation of A4 we used in the proof of Proposition From Proposition [4.11
we can suppose that im(v) is generated by 1 + ¢ and @y, and these elements

satisfy the same relations as e and f. This means that we can take a lift of
1 such that ¢(e) = 1+ and ¢ (a) = 2. Then

v(e)dle)i(a) =1+l +u " =2,
and from this we obtain that §()(e) =2 mod {£1}F*2. O

Proposition 4.14. Let ¢: Gx — B*/F* be a continuous homomorphism
with image isomorphic to As. Then §(v) is trivial.

PROOF. The reasoning is the same as in Proposition Let M be
the field fixed by the kernel of ¢». Then Gal(M/K) ~ As has a presentation
given by
(4.11) Gal(M/K) ~ (a,b|a®> =1, b° =1, (ab)® = 1).

By Proposition we can suppose that im(t)) is generated by @s and
@y, and therefore it is also generated by azas and (62)2. These last two
generators satisfy the same relations as a and b in , that is: (a4a2)2 =
1, (@2)3 =1 and (@4)® = 1. Hence we can take a hft 1/1 such that 9(a) =

agao, Y(b) = af and ¥(ab) = a4. But (aa)? = —1, (03)® = 1 and
af = —1, and therefore 6(1) takes values in {£1}. O
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Remark 4.15. Observe that in the proofs of Propositions and
we have computed the images (up to conjugation) of the morphism ).
From this, it is straightforward to derive the explicit expression for the sign
component §()+.

4.2. Descent of the field of definition of the variety

Let B/ks be a simple abelian k-variety of type II or III, and let B be its
endomorphism algebra with center F'. Suppose that the endomorphisms of
B are defined over a minimal (2, ..., 2)-extension K of k. In this section we
investigate the subfields of K that are fields of definition of B up to isogeny.

Proposition 4.16. Suppose that B is defined up to isogeny over a field L
such that k C L C K. Then [K : L] < 8.

PROOF. Let v = [cp] be the cohomology class attached to B. By Propo-
sition there exists a continuous morphism v¢: Gy, — B*/F* such that
ResZ(vy) = §(¢)). By the results of the previous section characterizing the
elements of the form §(z)) we can always find a field M with [M : L] < 8
(and in fact with [M : L] < 4 if im(J) is not isomorphic to Da, with n > 2)
such that ResM (6(¢)) = 1. But then Res)(y) = 1 and M is a field of
definition of the endomorphisms of B. The minimality of K implies that
[K: L] <8. O

It is clear that if By/L is isogenous to B with L strictly contained in K,
then EndY (By) ¢ Endgs(Bg). An interesting case of this situation is when
the endomorphisms of By are defined over K, but then the field L cannot
be much smaller than K, as we can see in the following proposition.

Proposition 4.17. Let B be a building block such that B and its endomor-
phisms are defined over a minimal (2,...,2)-extension K. There ezists a
variety By defined over L & K that is K-isogenous to B and has all of its
endomorphisms defined over K if, and only if, there exists a continuous ho-
momorphism v : G, — B*/F* such that Resk (v) = (1) and G C ker(v)).
In particular Gal(K/L) ~ Cy or Gal(K/L) ~ Cy x Cs.

ProOOF. Let Kk : B — By be an isogeny defined over K, where By is
defined over L and Endgs(Bo) = End%(By). For ¢ € Gy, let v, = k1<%,
and let 1, = vyou,! where u, is a compatible isogeny for B. Since
Vpovrovst = 1 for all 0,7 € G, we see that ResZ(y) = 6(¢). More-
over, for 0 € Gk the isogeny u, lies in F* and v, = 1, so 1, belongs to
F*.

For the other implication, for o € G, let v, = ¥, i, With p, a compat-
ible isogeny. Under the conditions of the proposition, there exists a variety
By defined over L and an isogeny & : B — By such that v, = k~1+k. Then
any endomorphism of By is of the form kopex~! for some ¢ € Endgs(B).
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Then for o € Gi we have that

J(/{ogponil) = O-K/oo.gpoo./iil:/{cwaoﬂo_oa(pouglow;lomil

= ﬂcwacspow;loﬁilzﬂcspoﬁil'
Finally, the last statement follows because Gal(K/L) must be isomorphic
to a subgroup of B*/F*, and all abelian groups of exponent 2 contained in
B* /F* are isomorphic to either Cy or Cy x Co. O

4.3. Examples: building blocks with quaternionic multiplication

In this section we show in some concrete examples how the techniques
developed so far can be used to descend the field of definition of k-varieties,
starting from a minimal field of definition for their endomorphisms. Our
examples will be abelian Q-varieties and, more concretely, building blocks
with quaternionic multiplication arising from modular abelian varieties. In
Section [6.1| we will briefly review the theory of modular abelian varieties and
its relation with abelian varieties of GLo-type. At this point, we just recall
that to each non-CM newform f = )" a,q" of weight 2 for I';(N) one can
associate an abelian variety Ay of GLo-type over Q, such that End?@(A £) is
isomorphic to Q({ay }n>1). We will denote by By the corresponding building
block such that Ay ~g (Bf)".

We will use the information provided by the building block table of
[Qu09, Section 5.1 of the Appendix]. This data can also be obtained directly
by means of the Magma functions implemented by Jordi Quer, which are
based on the packages of William Stein for modular abelian varieties.

Example 4.18. Let f be the unique newform of level 243 and trivial Neben-
typus that appears in the table. The variety Ay has dimension 2 and it is
absolutely simple, so in this case Ay ~a Br- Therefore, we know a priori
that Q is a field of definition of By up to isogeny. Let us see how this can
also be deduced using our results.

Let v = [cp f] be the corresponding cohomology class. The components
of v are v+ = 1 and ¥ = (—3,6)p, and Kp = Q(v/—3) is a minimum field
of definition of By and of its endomorphisms up to isogeny. The endomor-
phism algebra B is the quaternion algebra over Q ramified at the primes
2 and 3. The field Q(v/6) is isomorphic to a maximal subfield of B, and
by Proposition there exists a morphism ¢: Gg — B*/Q* such that
5() = (=3,6)p and §(¢p)+ = (—3,1)q, which is trivial in H?(Gg, {£1}).
Therefore v - (1)) = 1 and we deduce the existence of an abelian variety
defined over QQ and isogenous to By.

Remark 4.19. In general, if f is a newform of weight two for I'y (V) such
that the variety Ay is absolutely simple and has quaternionic multiplication
over Q, then the minimal field of definition of all the endomorphisms of
Ay will always be strictly larger that Q. However, it is obvious that the
variety Ay is defined over Q. This is a rather trivial case where the field of
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definition of the variety is strictly smaller than the field of definition of the
endomorphisms. We have included one of these trivial examples in order to
show that they can also be recovered with our techniques. The following are
nontrivial examples, in the sense that it is not clear a priori whether their
field of definition can be descended or not, and it is then necessary to use
the results of the previous sections.

Example 4.20. Let f be the unique modular form in the table of level 60
and Nebentypus of order 4. In this case the variety Ay is 4-dimensional
and Ay ~5 (B f)2. The cohomology class associated to By has components
5 =(52)p-(—=3,5)p, and v+ is the quaternion algebra over Q ramified at
the primes 3 and 5. The field Kp = Q(v/5,v/—3) is the minimum field of
definition of the variety and of its endomorphisms up to isogeny, and the
algebra B = End%(B ¢) is the quaternion algebra over Q ramified at 2 and
5, which is isomorphic to (—2,5)g. Hence, by Proposition there exists a
: Gg — B*/Q* such that 6(¢)) = (5,—2)p - (—3,5)p and 6(¢)+ = (5, 3)q,
which is the quaternion algebra ramified at 3 and 5. Hence v-4d(y)) = 1 and
by Proposition there exists a variety Bg defined over Q and with all its
endomorphisms defined over Kp that is isogenous to By.

In [DRO5] there are some equations of genus two curves over QQ, whose
Jacobian has QM over Q. These are explicit examples of the phenomenon
described above from the modular point of view.

Example 4.21. Let f be the unique modular form in the table of level 80
and Nebentypus of order 4. The dimension of Ay is 4 and Ay ~g5 (Bf)Z.
Now 7 = (5,2)p - (—4,3)p and ~4 is the quaternion algebra over Q ramified
at 2 and 5. Again Kp, which in this case is Q(v/5,v/—1), is the minimum
field of definition of By and of its endomorphisms up to isogeny.

First, we show that there does not exist a variety By defined over Q
and with all its endomorphisms defined over Kp. By Proposition the
existence of such variety would be equivalent to the existence of a 1: Gg —
B*/Q* with image isomorphic to Co x Cy such that 6(¢)) =7 and §(¢)+ =
~v+. By Proposition () = (s,a)p - (t,b)p with B ~ (a,b)q. If we want
W = 7, the only possibilities for a,b modulo squares are the following:
a=2andb=3 a=2andb=-3,a=-2andb=3o0ora= -2
and b = —3. Since B is the quaternion algebra of discriminant 6, only
the first two options are possible. But if 6(v) = (5,2)p - (—4,3)p, from
Proposition we see that 0(¢)+ = (5, —4)q, which is not equal to 74, and
if 6(¢p) = (5,2)p-(—4, —3)p then §(¢0)+ = (—5, —4)g which is also not equal
to v+. Hence there does not exist such a .

Now we will see that there exists a ¢: Gg — B*/F* with image iso-
morphic to Dg.4 such that - d(¢) = 1. This tells us that there exists an
abelian variety By defined over Q that is isogenous to By, but that does not
have all its endomorphisms defined over Kp. First of all, we observe that
B ~ (—1,3)q, and so B contains a maximal subfield isomorphic to Q(%),
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where i = \/—1. This implies that B*/Q* contains subgroups isomorphic
to Da.4. More precisely, if x,y are elements in B such that 22 = —1, y? = 3,
and zy = —yz, then the subgroup of B*/Q* generated by 1+ x and ¥ is
isomorphic to Do.4.

The number field M = Q(+/5, ) has Gal(M/Q) ~ Ds.4, generated by the
automorphisms o : V5 i{l/g, i—iand 7: V5 — V5, i +— —i. We define
¢: Gg — B*/F* as the morphism sending o to 1+ z and 7 to 3. From the
expressions given in Proposition we see that 6(¢) = (=1,3)p - (5,2)p,
which is equal to 7. It only remains to see that §(¢)+ = 4. Let D
be the quaternion algebra associated to d(¢)+. Since §(¢))+ belongs to
Z%(M/Q,{#£1}) and the extension M/Q only ramifies at the primes 2 and
5, D can only ramify at the places 2, 5 and oo (see [Pi82, Proposition 18.5]).
We will see that D ®q Q(7) is not trivial in the Brauer group (and therefore
D ramifies at some prime), and that D ®g Q(v/5) is trivial (and therefore D
does not ramify at co). These two conditions imply that D ramifies exactly
at 2 and 5.

Since Gal(M/Q(i)) = (o), a 2-cocycle ¢ representing D ®g Q(¢) is the
restriction to the subgroup (o) C Gal(M/Q) of a cocycle representing 6 ().

From (4.5)) and (4.6) we obtain that

(o' o) 1 ifi+j<4
g ,0 =
’ —1 ifi+j>4.

By [Pi82] Lemma 15.1] the algebra associated to this cocycle is trivial if and
only if —1 belongs to Nmys/q@) (M), where Nmy;/q(;) refers to the norm
in the extension M/Q(i). But —1 is not a norm of this extension, hence
D ®qg Q(i) is non-trivial in the Brauer group.

Since Gal(M/Q(v/5)) = (02, 7), a 2-cocycle ¢ representing D ®g Q(v/5)
is the restriction to (02,7) C Gal(M/Q) of a cocycle representing §(z)).
Again from and we obtain the following:

c(l,1)=1 c(o?,1) = c(r,1) =1 c(o?r,1) =1
c(1,0?) = c(0?,0%) = -1 c(r,0?) = -1 c(o?r,0%) =1
ce(l,r)=1 c(o?,7) =1 e(r,7)=1 c(o?r,7) =1
c(l,0?1) =1 c(c?,0%r)=—-1 ¢c(r,0°1)=—-1 c(o?1,0%7) =1.

To see that the cohomology class of this cocycle in H?(M/Q(v/5), M*) is
trivial (where now the action is the natural Galois action), we define a map
Aby A1) =1, AM(¢?) =4, A(7) = i and A(¢?7) = —i. Now a computation
shows that c(p, 1) = A(p) - PA(1) - AM(pp) ™! for all p, u € Gal(M/Q(V/5)).

Example 4.22. Let f be the unique modular form in the table of level 336
and Nebentypus of order 6. The dimension of Ay is 8 and Ay ~g (Bf)4.
For this variety ¥ = (—3,11)p and 7+ is the quaternion algebra ramified
at 2 and 3. Hence Kp = Q(v/—3) and since Resgl’ (7+) = 1 we have that
Kp is the minimum field of definition of B; and of its endomorphisms up to
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isogeny. We will show that By is not isogenous to any variety defined over
Q.

As Kp is a quadratic number field and v+ # 1, the only morphisms
1) we have to consider are those with image isomorphic to Cy or to C), for
some even n > 2. The only such values of n with B*/Q* containing a
subgroup isomorphic to Cy, are n = 4 and n = 6. Since the component
§(¢) associated to a ¢ with image C,, has the form (¢,2+ ¢, +¢; 1), and for
n = 4,6 we have that 2 + ¢, + ¢, ! is not congruent to 11 modulo {+1}Q*?,
it turns out that there does not exist any @ with image C4 or Cg such that
v - 0(¢) = 1. If ¢ has image Cy, the only possibilities are d(v) = (—3,11)
or §(1) = (—3,—11). In the first case we would have §(¥))+ = (—3,1)g and
in the second case ()1 = (—3,—1). In both cases d(¢)+ # 7+, and thus
there does not exist a ¥ with image C3 such that v - () = 1.







CHAPTER 5

Varieties defined over k£ and k-varieties

As we said in Section [I.5] abelian Q-varieties appear in a natural way
in [Py02] when studying Q-simple factors of abelian varieties of GLa-type
over Q. Recall that an abelian variety A/Q is said to be of GLo-type if
End(%(A) is a number field of degree equal to dim A. If A does not have
complex multiplication, then A decomposes up to Q-isogeny as the power of
a building block. A building block is a Q-variety B/Q whose endomorphism
algebra B is a central division algebra over a totally real number field F
and t[F : Q] = dim B, where ¢ is the Schur index of B. Every building
block is the absolutely simple factor up to isogeny of some abelian variety
of GLa-type over Q. In this way, there is a correspondence between abelian
varieties of GLa-type over Q and building blocks.

The goal of this chapter is to generalize the above correspondence in two
different directions. First of all, we want to consider not only abelian Q-
varieties, but also abelian k-varieties for any number field k. This would lead
us to consider abelian varieties of GLo-type over k. That is, abelian varieties
A/k whose endomorphism algebra End?(A) is a number field of degree equal
to dim A. But we also would like to drop the condition relating the dimension
of the k-simple factor and its endomorphism algebra that one has in the case
of building blocks. In the case £k = QQ, the main property of abelian varieties
of GLa-type that allows to prove the correspondence with building blocks
is, in fact, that End(%(A) is a maximal subfield of End%(A). Moreover, this

property implies that A itself is an abelian Q-variety (a proof of this fact
is given in Proposition . Therefore, we propose a generalization which
consists on considering abelian k-varieties defined over k such that End?(A)
is a maximal subfield of End%(A). We call them Ribet-Pyle varieties, and
we show that there is a correspondence between them and absolutely simple
abelian k-varieties, in the same way as it happens with abelian varieties of
GLsa-type over Q and building blocks.

In Section [5.1] we define Ribet-Pyle varieties, and establish the corre-
spondence between them and abelian k-varieties when k is a number field:
Ribet-Pyle varieties decompose up to k-isogeny as a power of an abelian k-
variety, and any abelian k-variety is the k-simple factor of some Ribet-Pyle
variety. In Section we study the relation between the Ribet-Pyle varieties
that have the same simple factor over k. In Section we deal with abelian
varieties of GLo-type over k, and we prove that they are indeed a particular
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case of Ribet-Pyle varieties. Finally, in sections and we study the
restriction of scalars of abelian k-varieties. More precisely, in Section we
compute their algebra of endomorphisms defined over k, and in Section [5.5
we characterize when these restrictions of scalars are isogenous to products
of Ribet-Pyle varieties.

5.1. Ribet-Pyle varieties

We begin this section by defining the type of varieties that we will study
in the rest of the chapter.

Definition 5.1. A Ribet-Pyle variety over a field k is an abelian k-variety
A defined over k such that End{(A) is a maximal subfield of End%(A).

One of the directions of the correspondence that we aim to establish is
not hard to prove.

Proposition 5.2. A Ribet-Pyle variety is isotypical over k. That is, A ~E
B™ for some absolutely simple abelian k-variety B.

PROOF. Since A is an abelian k-variety defined over k, by Proposi-
tion we have that the center of End%(A) is contained in End?(A). By

hypothesis End?(A) is a field, which implies that the center of End%(A) is

a field as well. Thus Az is isotypical, since otherwise the center of End%(A)
would be a product of fields. Moreover the absolutely simple factor of A is
a k-variety by Proposition O

The goal of this section is to prove the other direction of the correspon-
dence.

Theorem 5.3. Let k be a number field, and let B/k be a simple abelian
k-variety. Then there exists a Ribet-Pyle variety A/k such that A ~¢ B"
for some n.

In the rest of this chapter, k& will denote a number field and B/k will
be a simple abelian k-variety. The endomorphism algebra End%(B) will be
denoted by B, and its center by F'. We remark that we are not assuming B
to be of the first kind, so I’ can be either a totally real field or a CM field,
and the Schur index ¢ of B can be greater that 2. We fix an algebraic closure
F of F, and a system of compatible isogenies {jiy: °B — B},cq,. We recall
that cp, the corresponding cocycle associated to the compatible system, is
defined by cg(0,T) = g%ty o+ and it belongs to Z2(Gy, F*), where the
action of G, on F'* is trivial. As usual [cp] will denote its cohomology class

in H2(Gy, ).

Splitting maps. As in the work of Ribet and Pyle, the following the-
orem of Tate will play an important role in our proof of Theorem

Theorem 5.4 (Tate). The group H*(Gj, F ") is trivial when we consider
the trivial action of Gy on Fr.
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PROOF. This theorem appears in [Ri92] as Theorem 6.3 in the partic-
ular case k = Q, and it is a consequence of a theorem of Tate. The same
argument works in general, and we reproduce it here.

Let W C F~ be the group of roots of unity in F™. The exact sequence

1—W-—F —F /W -—1

gives rise to a en exact sequence of cohomology groups

o= HY Gy, F /W) — H*(Gy, W) — H*(Gy, F ") — H*(Gy,, F /W)

The group - /W is uniquely divisible (that is, for each integer n the
map raising to the n-th power is a group isomorphism), and this implies
that H (Gg, F /W) = {1} for all i. Therefore the group H2(Gy, F ) is
isomorphic to H2(Gy, W). Since the action of G}, on W is trivial, H?(Gy, W)
is isomorphic to H?(G},Q/Z), and by a theorem of Tate (which is proved
in [Se77, §6.5]) for any local or global field K the group H?(G,Q/Z) is
trivial. O

The inclusion of trivial Gg-modules F'* < F” induces a homomorphism
H*(Gy, F*) — H*(Gy,, F).

Theorem implies that the image of [cg] in H2(Gy, F ) is trivial. Thus
there exist continuous maps 5: G — F™ such that

(5.1) cg(o,7) = B(0)B(1)B(or)™ !, forall o,7 € Gy.

Definition 5.5. A continuous map 8: G, — F « satisfying (5.1)) is called a
splitting map for cp.

Note that any map of the form 3’ = By, with x: Gy — F*a character, is
another splitting map for c¢p. In fact, as we vary x through all the characters
from G} on F™ we obtain all the splitting maps for cg. Moreover if we
multiply 8 by a continuous map A\: G — F* we obtain a splitting map for
a cocycle cohomologous to cp.

For a splitting map 3, we will denote by Eg the field F({8(0)}secy)s
which is a subfield of F. The extension Eg/F is finite, because of the
continuity of 5. In the proof of Theorem we will need to choose 8 such
that the field E3 contains an appropriate root of unity. Now we prove that,
in fact, for any root of unity we can find a 8 such that Eg contains it.

Let m be the order of [eg] in H?(G}, F*), and let d be a continuous
map d: G, — F'* expressing cl5 as a coboundary; that is, such that

(5.2) cp(o, 7)™ = d(o)d(r)d(oT) L.
We define a map

=X

€p: Gk — F
o +— B(o)™/d(o).
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By (5.1) and (5.2)) we see that eg: G}, — F” is a continuous character.

Lemma 5.6. For each nonnegative integer n there exists a splitting map (3
such that F((,) C Eg, where G, is a primitive n-th root of unity in F.

PROOF. Let 3’ be a splitting map for cp, and let r be the order of eg.

Let e = ged(n, r) and let x: G, — F* be a character of order mn/e, where
m is the order of [cp] in H?(Gy, F*). Then the character y™eg is the
character that corresponds to the splitting map 8 = xS’ and its order is
nr/e, which is a multiple of n. Therefore E3 contains a primitive n-th root
of unity (,. ([l

Cyclic splitting fields of simple algebras. Let A be a central simple
algebra over a field F'. A field L containing F' is called a splitting field for A if
A®p L is isomorphic to a matrix algebra over F. An equivalent terminology
is to say that A is split by L.

In order to prove Theorem we will use the fact that any division
algebra over F' is split by a field of the form F((,). This result is already
known, but we include a proof of it based on a standard theorem of class
field theory, the Grunwald-Wang Theorem.

Theorem 5.7 (Grunwald-Wang Theorem). Let K be a number field, and
let {(v1,n1),...,(vr,n.)} be a finite set of pairs, where each v; is a place of
K and each n; is a positive integer such that n; < 2 if v; is a real place, and
n; = 1 if v; is a complex place. Let m be the least common multiple of the
n;’s. If m divides n, then there exists a cyclic extension L/K of degree n
such that for each i the degree [L,, : K,,] is divisible by n;.

Proposition 5.8. Let F' be a number field and let D be a central division
algebra over F. There exists a cyclic extension L/Q such that LF is a
splitting field for D.

PROOF. Let F’ be the Galois closure of F. Let n = [F’ : Q] and let ¢
be the Schur index of D. Let {pi,...,ps} be the set of primes of F' where
D ramifies, and let {p1,...,p;} be the set of primes of Q below {p1,...,ps}.
The Grunwald-Wang Theorem, when applied to the primes p; with n; = tn,
and to the infinite place of Q with n, = 2, guarantees the existence of
a cyclic extension L/Q of degree 2tn such that [L, : Q,] = tn for all p
belonging to {pi,...,p;} and L, = C for all archimedean place v of L. Let
K =LF.

If p is a prime of F' dividing p, and B is a prime of K dividing p, the fields
L, and Fj can be seen as subfields of K. Then the degree g = [L,NF, : Q]
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divides n, and in the following diagram

Qp

we see that ¢ divides [Ky : F}]. Therefore K is a totally imaginary extension
of F' such that, for any prime p of F' ramifying in D and for any prime B
of K dividing p, the index [Ky : F}] is a multiple of the Schur index of D.
An important property of division algebras over number fields is that, when
this happens, the field K is necessarily a splitting field for D (see [Pi82,
Corollary 18.4 b and Corollary 17.10 a]). O

Corollary 5.9. Every central division F-algebra is split by an extension of
the form F(().

PRrOOF. By the previous proposition there exists a cyclic extension L/Q
such that LF splits D. The field L is contained in a field of the form Q(¢,)
by the Kronecker-Weber Theorem, and then F((,) splits D. O

Construction of Ribet-Pyle varieties. What we do now is to start
with an absolutely simple abelian k-variety B and then to construct a Ribet-
Pyle variety over k that has B as its simple factor up to k-isogeny. Recall
that B denotes End%(B), F is the center of B and ¢ denotes the Schur index
of B. Besides, cp is the cocycle attached to a compatible system of isogenies
{tto: B = B}seq, and f is a splitting map for cp.

Let n be the degree [Es : F|, which depends on S although we do not
make it explicit in the notation. By fixing a F-basis of Ejz we have an
injective F-algebra homomorphism

¢: Bz — M, (F) C My(B) ~ End)(B").
The elements of Eg act as endomorphisms of B" by means of ¢. Let fi, be
the isogeny fi,: “B™ — B" consisting in u, in each factor.

Proposition 5.10. Let ¢: Eg — M, (F') be a F-algebra homomorphism.
There exists an abelian variety Xg over k and an isogeny k: B" — Xpg
over k such that k= '-%k = ¢(B(c)) o fiy for all o € Gi. In addition, the
k-isogeny class of Xg does not depend on ¢.
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PROOF. Let v, be the isomorphism of abelian varieties up to isogeny
defined by v, = ¢(B8(0)) ' efi,. In order to prove the existence of Xz, by
Theorem we need to check that v, %1, o1t = 1. Indeed,

vooTvrevgt = (B(0))  efigoT(B(T)) T e fir o figt o (B(0T))
= ¢(B(0) " od(B(T)) o fig>Tfir =iyt o (B(0T))
= ¢(B(0)) o p(B(r)) " ecplo, ) ¢(B(oT))
= ¢(B(o) ' =B(r) e B(oT)) cp(o,7T)
(

= ¢ CB(O',T)_l)OCB(O', 7) = cp(o, 7’)_1063(0', T)=1.

Now suppose that ¢ and v are F-algebra homomorphisms Ez — M,,(F'), and
let X34 and Xg, denote the varieties constructed by the above procedure
using ¢ and v respectively to define the action of Eg on B". We aim to see
that Xz 4 and X, are k-isogenous.

Let C denote the image of ¢. The map ¢(z) — ¥(x): C — M, (F)
is a F-algebra homomorphism. Since C' is simple and M, (F) is central
simple over F', by the Skolem-Noether Theorem there exists an element b
belonging to M, (F)* such that ¢(z) = bip(z)b~! for all x in Ez. By the
defining property of Xz 4 and Xg,, there are isogenies x: B" — Xpg 4 and
A: B" — Xp 4y such that

(5.3) LTk = G(B(0)) o iy = bow(B(o) " eb e i,

(5.4) AN = (B(0)) e
The isogeny v = rebeA"1: X —> X4 is defined over k, since for each o
of G}, we have that

v 1%y = XeblogTleTkehooN\TE
= MXob~ ! ob°¢(5(g))—1 obLefigoThoo A1
= Aw(B(0) i o b The TN
= XA 1eNeN\ =1,
where we used the compatibility of ji, with the endomorphisms of B™ in the

third equality, and the expressions (5.3) and (5.4)) in the second and fourth
equality respectively. O

We fix a F-algebra homomorphism ¢: Eg — M, (F'), and we make Eg
act on B" by means of ¢. If 3 is a splitting map for cg, then Xz will denote
a variety over k such that there exists a k-isogeny x: B" — X g with the
property that K~ 1-%% = B(0)"!ofi, for all o in Gj. This variety is unique
up to k-isogeny. Observe that, although we have had to make a choice in the
homomorphism ¢, the k-isogeny class of the variety Xz does not depend on
this choice. Since Xz ~ B"™ we have an isomorphism End%(X 3) ~ M, (B).
In the following proposition we compute the algebra of endomorphisms of
Xp defined over k.
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Proposition 5.11. The algebra Endg(Xg) is isomorphic to the centralizer
of Eg in M, (B).

PROOF. As we said, End%(X 3) is isomorphic to M,,(B) and the isomor-
phism is given by the isogeny x: B"™ — Xg; that is, any endomorphism of
Xp up to k-isogeny is of the form Kook ™L, for some 1) € End%(B”). For o
in Gy we have the following:

O—(K/owo/{il):’ioqﬁo’q/il Uﬁogwooﬂilzﬂod]o,{il
K—loal{oawoﬁo(ﬁ—loa%)—l _ 1/}
B(0)ofio "o i < f(o) T =0
B(o)o =t p(o).

11t

This means that the endomorphisms of X3 defined over k are exactly the
ones coming from endomorphisms ¢ that commute with 8(c), for all o in
G). Now the proposition is clear, since the §(o)’s generate Eg. [l

Corollary 5.12. The algebra End%(Xlg) is isomorphic to Eg @p B.

ProoF. This is a well known property of central simple algebras that
follows from the Double Centralizer Theorem; for convenience of the reader
we include a proof here. Let C be the centralizer of Eg in M, (B). In view of
Proposition we have to prove that C' ~ Eg ®p B. It is clear that Ej is
contained in C. Moreover, B is contained in C' because the elements of Eg
can be seen as n X n matrices with entries in F', and these matrices commute
with B (which is identified with the diagonal matrices in M, (B)). Since Eg
and B commute, there exists a subalgebra of C' isomorphic to Fg ®f B,
which has dimension nt? over F. By the Double Centralizer Theorem we
know that

[C: F][Eg : F] = [Mn(B) : F] = n*t?,
and from this we obtain that [C : F] = nt?, hence C is isomorphic to
Eg ®F B. O

At this point we have at our disposal all the tools needed to prove The-
orem

Proor oF THEOREM [5.3l By Corollary there exists an integer m
such that F'(¢,,) splits B. Let /3 be a splitting map for cp with Eg containing
F((m); the existence of such a f is guaranteed by Lemma Consider the
variety Xg. By Corollary we have that End%(Xﬂ) ~ FEg ®f B, and
this later algebra is in turn isomorphic to M;(Eg) because Eg is a splitting
field for B. Therefore there exists an abelian variety Ag defined over k
such that Xg ~y Atﬁ and End)(Ag) ~ Eg. Clearly Ag is k-isomorphic
to B!, where n = [Es : F], and we claim that it is in fact a Ribet-Pyle
variety. This follows by a dimension argument: the dimension of the subfield
is dimp End)(A43) = dimp(Ez) = n, while the dimension of the ambient
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algebra is dimp End%(Ag) = ()2 dimp(B) = n®. Hence, by Proposition
we see that End{(A) is a maximal subfield of End%(A). O

Given an abelian k-variety B there do exist in general infinitely many
Ribet-Pyle varieties with k-simple factor isogenous to B. What is more,
they can have arbitrarily large dimension. We have seen in this section how
to produce, for each splitting map 3 for cg, a Ribet-Pyle variety with this
property. In the following proposition we see that, in fact, when we vary
£ among all possible splitting maps for cg we obtain by the construction
above all Ribet-Pyle varieties whose simple factor is B.

Proposition 5.13. Any Ribet-Pyle variety with simple factor B is isogenous
over k to the variety Ag obtained applying the above procedure to some
splitting map B for cp.

PROOF. Let A/k be a Ribet-Pyle variety and let  be a k-isogeny B™ —
A. Let E be the maximal subfield End)(A) of End%(A), and fix an embed-

ding of E in F. We have the relation [E : F] = nt, where t is the Schur
index of B = End%(B). We also choose a system of compatible isogenies
{#to: B — B}seq,, and we denote by fi, the diagonal isogeny “B"™ — B"
given by js. We define 3(c) = kefiy %1, which is a compatible isogeny
Az — Az The fact that 3(o) is compatible implies that 5(o) ey = 7@ B(0)
for all o in Gy and ¢ € End%(A). In particular, when applied to elements
¢ of E, this property says that (o) lies in the centralizer of F, which is
E itself by the maximality of E, and since cg(o,7) = B(0)B(7)B(o7)*
the map o — [(0) is a splitting map for cg. We have already seen the
inclusion Eg C E; moreover, it is clear that C(Eg) C E, and taking
centralizers and applying the Double Centralizer Theorem we have that
E =C(F) CC(C(Eg)) = Eg. Hence E = Eg and so [Eg : F| = nt.

Now we define a k-isogeny &: (B")! — A! as the diagonal isogeny asso-
ciated to x, and we make Eg act on B™ by means of 4. It is easy to check
that A7 1e% = &~ 1ef(0) Lefkefiy, so Al satisfies the property defining Xpg.
By the uniqueness of Xg we have that A’ ~; X3, and so Ag ~, A. O

Remark 5.14. During the proof of Theorem 5.3} the fact that & is a number
field is only used in Tate’s theorem in order to guarantee the existence of
splitting maps for ¢p. In consequence, Theorem is valid for all fields k
such that H2(Gj, F ;1) is trivial. In particular, it is valid for all local or
global fields, as we have already commented in the proof of Theorem

Remark 5.15. For any splitting map 3 for ¢g we have constructed an
abelian variety Xz with End)(X 3) ~ Eg @p B. The key step in proving the
existence of a Ribet-Pyle variety with B as its k-simple factor, is to show
that there exist splitting maps 3 such that the field Eg splits B. Under
certain conditions on B and k, all splitting maps 3 produce a field Eg that
splits B. For instance, we have the following result.
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Proposition 5.16. Let d = 2dim B/t[F : Q]. If t is square-free and
ged(t,dk : Q]/2) = 1, then for any splitting map [ for cp the field Eg
splits B.

PROOF. Let ty be the Schur index of Eg ®r B, which is a divisor of t.
We know that End)(Xs) ~ Es ®F B, so Eg @ B acts on the k-vector space
Lie(A/k). This means that there exists a division algebra of dimension t2

over Eg acting on a vector space of k-dimension equal to dim Xg = [Ejp :
F]dim B. This implies that

. td
BUBs FIIF Q] | (B : Fldim Blk: Q) = [y : F] (7 Ql[k - Q).
We see that 2 divides td[k : Q]/2, and if ¢ is square-free then #, divides
d[k : Q]/2, which forces ty to be 1 and Ejg splits B. O

Remark 5.17. When £ = Q and B is a building block we are in the situation
of Proposition since then d[k : Q]/2 is equal to 1, and ¢ is either 1 or 2,
hence square-free. This is why in Ribet and Pyle’s construction of abelian
varieties of GLa-type associated to a building block, it is not necessary to
prove the existence of splitting fields for cg that are also splitting fields for
the algebra B, since all of them are. However, in their proof they did not
use an argument similar to the one in Proposition [5.16] They used instead
the fact that the image of the cohomology class [cg] in H2(Gp, F ") (where
now the action of Gy on F is the Galois action) gives the Brauer class
of B, under the isomorphism H2(Gp,F ") ~ Br(F). In the more general
situation of abelian k-varieties we do not have this information about the
Brauer class of B.

5.2. Ribet-Pyle varieties coming from the same k-variety

In this section we study the relation between Ribet-Pyle varieties that
have the same simple factor up to k-isogeny. As we have seen, any two such
varieties are of the form Ag and Ag, for some splitting maps 3 and ' for cp
such that Eg and Eg split B. The main result of this section is Proposition
which is an expression relating the /-adic representations of Ag and
Apgs involving the splitting maps 5 and . To be more precise, the traces of
the two f-adic representations differ by the character y = 8/8’. We begin
by giving some elementary properties of f-adic representations of twits and
isotypical varieties that we will need later.

Isotypical varieties, twists and their /-adic representations. Let
A/k be an abelian variety and let E be a number field acting on A over k.
More precisely, we suppose given an injection ¢: E <> End% (A) so that the
elements of E act on A as endomorphisms over k by means of ¢; we consider ¢
fixed once and for all, so we do not make it explicit in the notation. Let £ be
a prime number and denote Vy(A) = Ty(A) ®z, Q,, where T;(A) = 1'&114[6”]
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is the ¢-adic Tate module of A. The rank of V; as £ ®g Qp-module is d =
2dim A/[E : Q], and the action of G on Ty gives the (-adic representation

pg: G — AutE®QZ (VgA) ~ GLd(E & Qg),

where the isomorphism between Autggq,(VeA) and GLg(E ®Qy) is given by
fixing a basis of VA as E® Qg-module. If (ay),>1 is a sequence representing
an element in TyA and o is an element in Gy, then p&(0)((an)) = (“an).

Now we describe the relation between certain f-adic representation of
A and certain f-adic representation of A". Let L/FE be a field extension of
degree r. By fixing an F-algebra embedding L — M, (FE) the field L acts
on A”. Then V;(A") is a L ®g Q,-module of rank d, so we can consider the
f-adic representation

phe: G — Autre,(Vi(AT)) ~ GLg(L @ Q).

Lemma 5.18. If ¢ is a prime number that splits completely in L, then there
exist L ® Qq-basis of Vy(A") such that pk, takes values in GLq(E ®g Qy);
moreover, pﬁ,« is isomorphic to the extension of scalars of pg to L ® Q.

PROOF. Let {P1, Pa,..., P} be abasis of ;A as E®Qp-module, and for
each i let P; = (P;,..., P;) be the element of V;(A") ~ (V;A)" obtained by
repeating r times P;. Since ¢ splits completely in E we have that £ ® Qp ~
Qy, and therefore

Q) -P+Q} -Po+---+Qf - P.=Vy(A).
Hence we see that

Q)" -P1+(Q7)" - Pa+--- 4+ (QF)" - Pr = (Vi(A))".

This implies that {P1,Pg,..., P} is a L ® Qp-basis of Vy(A"), because
(Q})" ~ L ® Q. Now for o € Gy, let (s;) € GL4(F ® Q) be the matrix

ph(0). By definition this means that °P; = 3" sé-Pj, so we also have

B (R ) - YR
since an element of £ ® Q, acts on (V;A)" by acting on each factor Vy(A).
This means that the matrix of pﬁr in the basis {P1,Ps,...,P,} is (s;-)7
which is the image in GLa(L ® Q) of the matrix p% (o), and this proves the
lemma. ([

Now we study the effect on the ¢-adic representation of twisting A by
a character. The group Gy acts on End%(A), and so it does on E since we
view E as a subfield of End%(A). Actually, E is a subfield of End{(A4), so
G}, acts trivially on E. For this reason, a character x: Gy — E* can be
regarded as an element belonging to H' (G}, End%(A)). Consider the variety
AX, the twist of A by the cocycle y. This is a variety defined over k together
with a k-isogeny x: A — AX such that k1<%, = x (o) for all ¢ € G). Then
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we can make E act on AX by means of : if ¢ belongs to E, then kopeor ™!
belongs to End%(AX). Moreover, for each o € G}, we have that

-1 1

:U/{o(poaf{_ =

_10/{/_1 = /{/o(po/{_lj

U(/{O(po,‘{_l) — a/{oa(’poalLi
= rex(0)epex(o)

so E can also be seen as a subfield of End?(AX). Hence, we can consider the
l-adic representations attached to A and AX respectively:

pg: G — AutE®Q£ (VgA),
pgxt G — AUtE®Qg (VgAX)
Lemma 5.19. The representation pﬁjx is isomorphic to x ® pﬁ?.

ProOOF. The isogeny x: A — AX gives the following map between the
Tate modules, that we also call «:

K Vi(4) Vo(AX)
(ois P (o B(Po),. o).

Being clear that k is an isomorphism of Q-modules, we note that it is also
a morphism of E-modules: if ¢ belongs to E and P, belongs to A[("], we
have to check that x(p - P,) = ¢ - k(P,). But ¢ acts on AX[{"] as keper™!,
and therefore

- K(Po) = koper (5(Pn)) = K(0(Pn)) = K0 - Pa).

Now, for o € GG}, the representations are as follows: pg (0): P, — 7P,
and p%, (0): Qn — “Qy. We have that p§, (o) -k = rkex(0)pK(0), because

(04x(0) 2 K) (Pn) = 7 (k(Pa)),

(ke x(0)p5(0)(Pa) = (k™ k(7 P,)) = “K(Pa) = 7 (5(Pn)).
This, together with the fact that s is an isomorphism of E ® Q-modules

implies that it is an isomorphism between the representations pf;x and X®p£.
O

Varieties attached to splitting maps: a generalization. Let 5 be
a splitting map for cp, and let Eg C F be the extension of degree n over
F obtained adjoining to F the values of 3. Let L C F be an extension of
Eg of degree r, and fix an F-algebra embedding ¢: L — M,,(F'), where
m = nr. Denote by [i, the diagonal isogeny ?B" — B™ given by u,, and
define v, = ¢(B(c)) teofi,. Using the same argument as in the proof of
Proposition [5.10] one can prove the following statement.

Proposition 5.20. There exists an abelian variety Xé over k and an isogeny
Kk: B™ — XﬁL over k such that k 1ok = ¢(B(c)) e fiy for all o € Gy. In
addition, the k-isogeny class of Xé does not depend on ¢.
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Obviously, if we take L = Eg then X é coincides with the variety Xg

defined in Proposition In general, the relation between Xz and X é: is
also very simple, as we see in the next lemma.

Lemma 5.21. Let L/Eg be an extension of degree r. Then XBL and (Xg)"
are k-isogenous.

PROOF. To define the action of L on B™, where m = [L : F|, we take
a F-algebra morphism ¢ : L — M,,(F') compatible with the tower of exten-
sions L/ Eg/F. That is, we construct it as the composition of two morphisms
L — M, (Eg) = M, (M,(F)), where the first morphism is the one obtained
by fixing an Fg-basis of L, and the second one is obtained by fixing a F-basis
of Eg. Using this ¢, and since 8 takes values in Eg C L, we see that the
elements [(o) act on B™ = (B")" independently on each of the r factors
of the form B™. With this action, the variety (Xg)" clearly satisfies the
condition that defines X é: , and therefore X é: ~r (Xg)". O

Now let § and ' be two splitting maps for cg, and take L = EgEg.
These splitting maps take values in L, so we can consider the varieties X BL
and X é:,, that are both k-isogenous to B™. Recall that there exist k-isogenies
k: B™ — XBL and \: B™ — Xé, such that k= 1%% = B(o) e, and
A"Le%)\ = B'(0) 7o i, respectively. Using these isogenies we can translate
the action of L on B™ into an action of L on Xé: and X[’;,. In fact, we obtain
inclusions L < End{(X BL) and L — EndQ(X é,) Hence, the character x =
B/B': G, — L* can be identified with an element of H'(Gj, End}(X%)),
and it makes sense to consider the variety (X é )X, the twist of X ﬂL by x.

Proposition 5.22. The varieties Xé, and (Xé)x are k-isogenous.
PRrROOF. The variety X é, is defined over k, and the isogeny
_ 1. yL L
V= MAK : Xﬂ — X,B’
satisfies that, for o € Gj.:
]/7100']/ — /Qo)\flog)\oafgfl:moﬁ/(g)floﬂo_oaﬁflz
= kB (0) i o fig e Bl e n T = Rex(@)on L
The variety (X)X is the unique (up to k-isogeny) abelian variety satisfying
these properties, and hence X BL’ and (X é )X are k-isogenous. O

Given 3 and /' two splitting maps for cg, we can also consider the vari-
eties Ag and Ag and their /-adic representations. To simplify the notation,
we will call pg and pg the f-adic representations of G, associated to Ag and
Ap that take values in GLa(Es ® Q) and GLa(Eg ® Qy) respectively.

Proposition 5.23. The traces of the {-adic representations pg and pg: are
related by

tr(pg) = x - tr(pg),
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where x is the character 5/’

PROOF. Let L = EgEg,r = [L: Egland r’ = [L : Eg]. Since the traces
of the /-adic representations are independent of £, we can suppose that /¢
splits completely in L. Consider the varieties X Ig and X BL’ By Proposition

we have that X ﬁL’ and (X é“ )X are k-isogenous, and by Lemma we
find that pg(é/ ~x® pg([;. But by Lemma [5.18| this implies that p)E([;/, ®L ~

X ® (p)E([; ® L), and taking traces this gives:

!

E E
(5.5) tr(py),) = x - tr(py)).
Since X ~ (Ag)' and Xz ~ (Ap)" we have that tr(pi’;) = t-tr(pig)

Eg Eg . .. .
and tr(pX’;,) =t- tr(pAZ,). When we substitute this in (5.5) we obtain the
relation in the statement of the proposition. [l

5.3. Abelian varieties of GLo-type over k

As we said in the introduction of this chapter, one of the goals of intro-
ducing Ribet-Pyle varieties is to establish a correspondence between abelian
varieties of GLa-type over k and a particular type of k-varieties. Up to now,
this correspondence had only been studied for the case k = Q in the articles
by Ribet and Pyle. In this section we show that abelian varieties of GLo-
type over k without CM are Ribet-Pyle varieties, and then we use Theorem
to prove the correspondence in this case.

Definition 5.24. An abelian variety of GLo-type over k is an abelian variety
A/k such that End{(A) is a number field of degree over Q equal to the
dimension of A.

By [ShT72, Proposition 1.5] if an abelian variety of GLa-type over k has
some absolutely simple factor with CM, then A itself has CM over k. Since
arithmetic properties of abelian varieties with CM are well studied, and this
case requires completely different methods from the ones we are using here,
we will suppose from now on that all abelian varieties of GLa-type over k
do not have (any absolutely simple factor with) CM.

Lemma 5.25. Let A be an abelian variety of GLa-type over k and let K/k
be a Galois extension. Then A decomposes as A ~kg B™ where B/K is a
K-simple abelian variety. If we let B = End%(B), F = Z(B) and t the
Schur index of B, then E = End{(A) is a mazimal subfield of End% (A) and
t[F: Q] = dim B.

PRrROOF. First we prove that A ~x B" for some K-simple abelian variety
B/K. A priori we know that A ~p B x --- x B'. Since E = End)(A)
is a field, it acts on each B;". Hence, it acts on H;((B;")c,Q), which is a
Q-vector space of dimension 2n; dim B;. This implies that [F : Q] divides
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2n;dim B;. On the other hand, [F : Q] = dim A = > n;dim B;, thus
[E : Q] > n;dim B;. This means that, either [F : Q] = n;dim B; or [E :
Q] = 2n; dim B;. But the second option is impossible, since we are assuming
that A has no simple factor with CM. Therefore [E : Q] = n; dim B; and in
the K-decomposition of A only appears one simple factor.

Next, we prove that E is a maximal subfield of End%(A). Since A is
isotypical, End%(A) is a simple algebra, so it is enough to see that C(E),
the centralizer of F in End(])((A), is a field. Let ¢ be an element belonging
to C(F). A priori p(A) ~x B" for some r < n, but since E acts on p(A)
we have that [E : Q] | 2r dim B, which means that » = n or r = n/2. The
second option is again impossible, since it would imply that A has a factor
with CM, so we have that » = n. Thus ¢ is an isogeny, hence invertible in
End% (A).

Now, since E = End{(A) is a maximal subfield of End% (A) ~ M, (B)
we have that [E : F] = nt. Multiplying this equality by [F' : Q] we have
that [E : Q] = nt[F : Q], and from [E : Q] = dim A = ndim B we obtain
the relation ¢t[F' : Q] = dim B. O

Proposition 5.26. Let A be an abelian variety of GLa-type over k without
complex multiplication. Then it is a Ribet-Pyle variety over k.

PRrOOF. By Lemma with K = k we know that £ = End{(A) is
a maximal subfield of End(A). It only remains to prove that A is an

abelian k-variety. For each o € G the automorphism of End%(A) given by
p +— % fixes E; since E is a maximal subfield, it contains the center F' of
End%(A), and so ¢ — ¢ is a F-algebra automorphism. By the Skolem-

Noether Theorem there exists an element a(o) belonging to End%(A) such

that “p = a(o)pa(o)~!. This relation implies that a (o) commutes with

the elements in F, since they are endomorphisms defined over k. But F is a
maximal subfield, so that it coincides with its centralizer. This implies that
a(o) belongs to E, and it is a compatible isogeny. O

Remark 5.27. The variety B/K appearing in Lemma is an abelian
k-variety with a system of compatible isogenies defined over K. Indeed, in
the proof of we have seen that A is an abelian k-variety with a system
of isogenies defined over k. The system of isogenies induced on B by the
decomposition A ~x B™ gives compatible isogenies for B defined over K.

Lemma and Remark with K = k characterize the k-simple
factors of abelian varieties of GLo-type over k. Moreover, the divisibility
conditions in the classification theorem of endomorphism algebras of abelian
varieties (cf. Theorem [1.23)), together with the condition ¢[F : Q] = dim B
imply that t = 1 or t = 2. In the case of abelian varieties of GLa-type over Q,
Pyle used the name building blocks for their Q-simple factors. Accordingly,
we propose the following generalization.
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Definition 5.28. A building block for abelian varieties of GLa-type over k is
an abelian k-variety B/k whose endomorphism algebra is a central division
algebra over a field F' with Schur index ¢ =1 or ¢t = 2 and ¢[F' : Q] = dim B.

Now a straightforward application of Theorem implies that, in fact,
every building block for abelian varieties of GLa-type over k occurs as k-
simple factor of some abelian variety of GLs-type.

Proposition 5.29. Let B be a building block for abelian varieties of Glia-
type over k. There exists an abelian variety of GLa-type over k such that
A~z B" for some n.

Proor. By Theorem there exists a Ribet-Pyle variety A over k such
that A ~z B" for some n. The field E = End}(A) is a maximal subfield of
End%(A) ~ M,,(B), which means that [E : F| = nt. Multiplying both sides
of this equality by [F' : Q] we see that [F : Q] = nt[F : Q] = ndim B =
dim A, and so A is a variety of GLo-type over k. O

5.4. The endomorphism algebra of the restriction of scalars

Let B/k be a simple abelian k-variety. In Section we have seen the
relation of B with certain abelian varieties defined over k: the Ribet-Pyle
varieties having B as simple factor. Another way of obtaining an abelian
variety defined over k starting from B is by means of restriction of scalars.
In this section we compute the endomorphism algebra of the restriction of
scalars of B, a result that we will use in the next section in order to see
the relation between the restriction of scalars and the Ribet-Pyle varieties
associated to B.

It is worth noting that, although restriction of scalars has not appeared
explicitly until now in our approach, it has been implicitly used in the con-
struction of Ribet-Pyle varieties from a k-variety we described in Section [5.1]
Indeed, we have used Theorem [2.4] as a black box that, given an abelian vari-
ety over k and a system of isogenies satisfying certain conditions, it produces
an abelian variety defined over k, which is the one we have used to construct
the Ribet-Pyle varieties. However, in Ribet’s proof of this theorem, the vari-
ety defined over k is obtained as one of the factors of a restriction of scalars
of the variety defined over k.

Let K/k be a finite Galois extension with Galois group G. Suppose that
B is defined over K and that for each o € G}, there exists a compatible
isogeny po: “B — B defined over K (note that in this case all compatible
isogenies 7B — B are also defined over K). This situation is similar to the
one where B is completely defined over K (cf. Definition , except that
we do not require now all the endomorphisms of B to be defined over K. In
addition, we relax the hypothesis of B being k-simple, and we only require
B to be K-simple. As usual we denote by B the endomorphism algebra
End%(B) and by F the center of B. Let also D be the algebra End%(B) and
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let E be the center of D. Observe that Proposition [3.15] gives an inclusion
FCE.

To such a variety B, we can attach a cohomology class [cg/ k] belonging
to H?(G, EX), where E* is seen as a G-module with trivial action. The
definition of the cocycle cp/k is very similar to the one given Section
for the case of varieties completely defined over K. That is, for each s €
choose a representative § in Gg, and define

e Gx G = B, epyr(s,t) = pso*ppops

When all the endomorphisms of B are defined over K this cocycle cp, g
takes values in F" and coincides with the cp/k defined in Section so it
can be seen as a generalization of that case; hence the choice of the notation.
Since now we are not requiring the field K to be a field of definition of all the
endomorphisms of B we can only guarantee that cg/(s,t) lies in E*, but
not in F'*. In the next lemma we state the main properties of this cocycle.

Lemma 5.30. The map cp/ is a 2-cocycle of G with values in E*, con-
sidered as a module with trivial action. The cohomology class [cp k] €
H?(G, E*) does not depend neither on the lift s = §, nor on the choice of
the isogenies pz. Moreover, the inflation of [cp/k] to H?(Gy, EX) coincides
with the image of [cg] by the morphism H?(Gy, F*) — H?*(Gy, E*) induced
by the embedding F* — E*.

PROOF. Let ¢ be an element of D. Since st = {7 for some 7 € Gk we
have

cprr(s,t)ep = pselupons o = psotupepons =

tr

5 -1 5,5t -1
= IL’Lgole’L{o Spo'u/gi :ugosugos SDOIU";t =

= st tupopst = pepse it = pecp (s, t),

and this shows that cp(s,t) lies in E. In the same way we can prove the
cocycle condition, and the independence on the set {is}seq, is seen in an
analogous way than for the case of the cocycle cp.

Observe that, if o € G}, is such that o|g = §|x then ugo,ug_l commutes
with the elements in D; therefore, we can write pu, = A\, °uz for some A\, €
E*. Now it is immediately seen that using another lift from G to G modifies
the cocycle cg/k by a coboundary.

It remains to prove the last statement in the lemma. Take o, 7 € G, and
put s = 0|k, t = 7|x. We use the same name for the cocycles and for their
images for the morphisms involved; namely, cp/k is the inflation to Gy of
cp/k and cp is the image of cp in Z%(Gy, EX). By the definitions cg(o,7) =
ooty o ps L and cp/k(0,T) = M§°§M£°M§tl- Since o\ = 5|k Wwe see that
lo = pz° Ay for some A\, € E. Now cg(o,7) = CB/K(J,T)o)\Uo)\To)\;Tl and
the two cocycles are cohomologous. O
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Remark 5.31. Observe that, since we are not requiring K to be a field of
definition of all the endomorphisms of B, now the cohomology class [cp / K]
can contain very small information about the variety B. For instance, if B
is an abelian variety of GLa-type over k, we can take K = k and then [cp/k]

is trivial, whereas if we take K a field of definition of End%(B) then [cp/k]
will not be trivial in general.

Our objective now is to compute the algebra End(Resy /k(B)). What
we obtain is a generalization of the expression found by Ribet in [Ri92)
Lemma 6.4] for the case of Q-curves, giving the algebra as a twisted group
algebra. The main difference is that in our case the algebra is obtained by
a construction that mimics the standard twisted group algebra definition,
which we first describe in abstract terms.

Let A be any central E-algebra and let ¢ € Z2(G, E*) be a two-cocycle of
a finite group G with values in the multiplicative group E* viewed as a mod-
ule with trivial action. One defines the E-algebra A¢[G] by just generalizing
the usual definition of twisted group algebra: it is the free left A-module
DseaA - As with basis a set of symbols A\s; indexed by the elements s € G
and multiplication defined by the relations:

a-ds = As - a, for a€ A,

)\5 . At = C(S,t) . )\st‘

The cocycle condition for ¢ is used to check that this definition makes sense
and produces an associative algebra. Of course its isomorphism class does

only depend on the cohomology class of the cocycle c. This algebra is related
with the twisted group algebra E°|G] through the following isomorphism:

A°[G] ~ A®g E°[G] as F-algebras.
Indeed, if we put E°[G] = @seqE - As then the map
A®gp E°lG] — A°G]
a®> x5 As —> > (axms) - Ag

is an isomorphism of E-algebras.

(5.6)

Proposition 5.32. Let B be an abelian k-variety defined over K which
is K-simple and has a system of compatible isogenies defined over K. Let
D = End%(B) and E = Z(D). Then,

(5.7) End} (Resg /4 (B)) ~ D ®p E#/5[G).
Proor. Call A the variety Resg/;(B). For each s € G fix a represen-

tative § for s in G}, but imposing that 1 = 1. Let {1, }seq, be a locally
constant set of compatible isogenies defined over K in which we have chosen
p1 to be the identity. We know that A ~x [[,cq B, and that by the univer-
sal property of the functor restriction of scalars Endg(A) ~ Homg (A, B).
Hence,

End(A) ~ Hom% (A, B) ~ H Hom(}{(gB,B) ~ H D s
seG s€G
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and we see that End{(A) is a left D-module of dimension [K : k]. We shall
determine now its structure as an algebra. Define, for s € G, As to be the
endomorphism of A that sends B to !B via ‘uz. It is fixed by all elements
in G}, and so it is an endomorphism of A defined over k. Since we forced 1
to be 1, we can identify A\; with the identity endomorphism of Endy(A).

We can embed D in End)(A) by sending each d € D to the morphism
whose components are the diagonal maps *d: °B — °B. Hence, we can
multiply the A; by elements d in D in the following way, depending on
whether we left or right multiply:

. i - P
do),: BB M ip ld,ip

~ ts ~ £, ~
Aeod: ¥B L s 1 ip,
By the compatibility of the isogenies it is clear that these two maps coincide,
and therefore deA; = Asod. Also the compatibility of the isogenies gives us
the formula Ase\; = cp/ (8, t) Ast. Hence the multiplication in End{(A) is
given in terms of this basis by formulas (5.6) with cocycle cp/k. Therefore

this algebra is isomorphic to D°B/X [G], which is in turn isomorphic to D®pg
E°B/K[G]. O

5.5. Restriction of scalars and Ribet-Pyle varieties

In this section we consider abelian k-varieties defined over a Galois ex-
tension K /k, and we study under what conditions their restriction of scalars
Resg i, B is k-isogenous to a product of Ribet-Pyle varieties. We begin by
characterizing the varieties that appear as simple factors of Ribet-Pyle va-
rieties when decomposed over Galois extensions. The result is, in fact, a
generalization of Lemma [5.25

Proposition 5.33. Let A be a Ribet-Pyle variety over k, and let K/k be
a Galois extension. Then A decomposes up to K-isogeny as A ~x B",
where B is an abelian k-variety defined over K and with compatible isogenies
between conjugates defined over K. If D = End%(B), E = Z(D) and t is
the Schur index of D, then [End(A) : E] = tn.

PRrROOF. Since End{(A) € End% (A) we have that
Z(End (4)) € C(End)(4)) = End)(A),

which is a field. Hence A is isotypical over K and we have that A ~x B",
and from this we see that B is a k-variety. What we have to prove is the
existence of compatible isogenies defined over K.

For each o € G, there exists an element a(c) belonging to End%(A)
such that 7y = a(o)e1poa(o)~! for all ¢ € End%(A). This implies that a(o)
commutes with all elements of End{(A), hence a(c) belongs to End?(A)

because the centralizer of a maximal subfield is the field itself. Let ¢ be an
element in End%(B), and let ¢ the K-endomorphism of A ~x B" obtained
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as the diagonal of ¢. Denote also by 7; the projection to the i-th component
B™ — B. We have the following commutative diagram:

7B diag o gn K cA— A O‘(U)ilA kL Bn s B
% 7@ @ »
‘L diag & l cy(a)_1l o1 i l
°B 7B" TA=A A B" B.

Since the isogeny k is defined over K, the rows are morphisms °B — B
defined over K. For some 7 this morphism is non-zero, and so it is an
isogeny because B is K-simple. This gives a compatible isogeny °B — B.
Finally, the last statement in the proposition follows from the fact that
End{(A) is a maximal subfield of End%(A), hence it is also a maximal sub-

field of End% (A). 0

Corollary 5.34. Let B/K be a K-simple variety such that Resgx B is k-
isogenous to a product of Ribet-Pyle varieties. Then B is a k-variety with a
system of compatible isogenies defined over K.

PrOOF. Since Resg/, B ~k HseGal(K/k) *B, clearly B is a K-simple
factor of a Ribet-Pyle variety. O

Let B/K be a K-simple abelian k-variety with a system of compatible
isogenies defined over K. Let G = Gal(K/k), D = End%(B), E = Z(D)
and ¢ the Schur index of D. We want to characterize under what conditions
Resg i, B is k-isogenous to a product of Ribet-Pyle varieties.

Proposition 5.35. If A = Resg/,(B) is k-isogenous to a product of Ribet-
Pyle varieties, then

ANkAtj Xoeee XAZ,
with the A; pairwise non-isogenous k-simple Ribet-Pyle varieties. Moreover,
the algebra E°B/X[G] is isomorphic to a product of number fields, and each
one of them splits D.

PrOOF. A priori we know that
(5.8) A~ ATV X x A

for some s; > 0 and with the A; being non-isogenous k-simple Ribet-Pyle
varieties. If we put F; = End?(4;) then

(5.9) Endd(A) ~ My, (Ey) x --- x My, (Ep).

On the other hand, from Proposition we have that End)(A) ~ D ®p
E°B/K[G]. The algebra E°B/K[G] is semisimple, so it has a decomposition
E°B/X[G] ~ [[i%; My, (D;), where each D; is a simple division algebra of
index t; over its center, which contains E. Therefore, we have that

(5.10) End)(A) :D@EﬁMn(Di) ~ ﬁMri(D ®p D;).

i=1 i=1
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Comparing and we see that necessarily m = n and (rearranging
terms if necessary) D ®p D; is a matrix algebra over E;. By looking at the
dimensions we know that it has to be in fact isomorphic to My, (E;), and
this gives that

(5.11) End}(A) ~ [ [ Mur, (E).
=1

Comparing this expression with (5.9) we see that s; > ¢t. We claim that,
actually, we have the equality s; = t. To prove it, we can use the following
isomorphisms

End{(A) ~ Hom% (Ag, B) ~ Hom%(H °B, B) ~ H D.
seG seG
From this we have that

(5.12) dimp(Endl(A)) = |G| dimg D = |G|t2.
Note that A; ~x B for some h;. Since A; is a Ribet-Pyle variety, E; is a

maximal subfield of End% (4;) so that [E; : E] = h;t. If we had s; > t for
some ¢ then we would have that

dimpg(End(A)) = s}Ey:E|4+ -+ 82[E,: E] = sthat + - + s2hyt
> t*(s1hy + -+ sphy) = |G,

which would give a contradiction with , and we conclude that s; =t
for all 4.

It only remains to prove the last statement in the proposition. Since A is
a product of Ribet-Pyle varieties, by what we have just proved Endg (A) ~
[T, M¢(E;). Thus, in we must have r; = 1 and ¢; = 1. Since
t; = 1, we see that E; splits D, and then since r; = 1 we have that E°B/K ~
I1E:. O

We have the following converse to the previous proposition, in which we
have to impose that all endomorphisms of B are already defined over K.

Proposition 5.36. Let B be a k-variety completely defined over K. Suppose
that E°B/K[G] is commutative and that all of its simple factors split D. Then
A = Resg . B is k-isogenous to a product of Ribet-Pyle varieties.

PROOF. Let E°B/K[G] ~ [[", E; be a decomposition into a product of
fields. Since each FE; splits D we have that

EndQ(A) ~ [[D @ B ~ [[ Mu(E).
=1 =1

From this we deduce a decomposition A ~j A! x --- x Al | where each A; is
an abelian variety defined over k such that End{(4;) ~ E;. We claim that
each A; is a Ribet-Pyle variety. Indeed, observe that A; ~x B", for some
non-negative integer r;. Thus, A ~x B! x ... x B and we have the
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relation t(ry 4 - - -+ r,,) = |G|. From the universal property of restriction of
scalars we know that

[End)(A): E] = |G|-[D: E] = |G| - t*.
On the other hand we have that
[End)(A): E] =t*([E1 : E] + - - [Em : E)).
Combining these expressions we find that
[E1:E|+ - [En:El=tlri+ - mm).

Since E; is a subfield of M, (D) we have that [E; : E] < tr;. Therefore
we find that [E; : E] = tr;, and E; is a maximal subfield of End(}{(Ai) =
End2(A;). O






CHAPTER 6

Modular abelian varieties over number fields

The final two chapters of this thesis have a somewhat different flavor
from the preceding ones. In some sense, chapters [2| through [5| were an at-
tempt to extend to arbitrary number fields Ribet’s theory of abelian varieties
of GLo-type over Q and their absolutely simple factors. But in this last part
we will only deal with abelian varieties of GLa-type over Q, also called mod-
ular abelian varieties, and with their simple factors over number fields. To
be more precise, we will look into the properties of their L-series over num-
ber fields, being particularly interested in the case where these L-series are
equivalent with a product of L-series of classical elliptic modular forms over
Q. The varieties satisfying this last property will be called strongly modular.

However, it is worth noting that the following chapters are not discon-
nected from our work up to now. Indeed, at some points it will be crucial to
use results from the past chapters, especially from chapters [3|and [5, When-
ever possible, we have stated results in their full generality for Ribet-Pyle
varieties over k; here we will apply them in the particular case of abelian
varieties of GLa-type over k = Q.

We begin this chapter by introducing in Section[6.1]modular and strongly
modular abelian varieties, and by justifying the interest of considering these
two different notions of modularity.

6.1. Modular and strongly modular abelian varieties

The Shimura-Taniyama conjecture, also known as the Modularity the-
orem after being proved by Wiles, Breuil, Conrad, Diamond and Taylor,
states that every elliptic curve E/Q is modular. There are several equiv-
alent notions in the literature for what a modular elliptic curve over Q is,
but we are interested in the following two. An elliptic curve E/Q is said to
be modular if for some N € Z~( there exists a non-constant morphism of
algebraic curves Xo(N) — E defined over Q. Equivalently, E/Q is modular
if there exists a classical newform f of weight 2 and level N € Z~( such
that L(f;s) is equivalent (i.e. equal up to a finite number of Euler factors)
to L(E/Q;s). Both of these equivalent notions of modularity are important
and have major consequences for the arithmetic of elliptic curves. For in-
stance, the first one has been exploited by Gross, Zagier and Kolyvagin to
prove, by means of the theory of Heegner points in Xy(N), the Birch and
Swinnerton-Dyer conjecture for elliptic curves of analytic rank less than or

89
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equal to 1. On the other hand, the second notion of modularity is the one
that permits the proof of the Hasse conjecture for the L-series L(E/Q; s).
There is a similar notion of modular abelian variety of arbitrary di-
mension, which generalizes the previous one-dimensional case. However,
now one has to consider modular forms for I'; (V) instead of I'o(N). Let
f=>_anq" be a weight two newform for a congruence subgroup I'; (IV), and
let Ef = Q({an}) be the number field generated by its Fourier coefficients.
Shimura attaches to f an abelian variety Ay defined over Q, constructed as a
subvariety of the Jacobian J;(NN) of the modular curve X;(N). The variety
Ay has dimension equal to the degree [E : Q] and the algebra End?Q(A ¢) of
its endomorphisms defined over Q is isomorphic to the number field E'¢. The
abelian varieties Ay and, more generally, all abelian varieties A/Q that are
isogenous over Q to Ay for some f are known as modular abelian varieties.
Ribet proved that J;i(IV) is isogenous over Q to a product of abelian
varieties of the form Ay, where f is a newform of some level dividing N.
Hence, a simple abelian variety A/Q is modular if and only if there exists
a non-constant homomorphism J;(N) — A defined over Q for some N.
On the other hand, the L-series L(Af/Q;s) is equivalent to the product
IL. Ef(_MCL(”f; s) of the L-series of the Galois conjugates of the form f

[Sh71l Section 7.5]. As a consequence of Faltings’s isogeny theorem (see
Proposition below for the details), a simple abelian variety A/Q is mod-
ular if and only if its L-series L(A/Q; s) is equivalent to a product of L-series
of newforms for I'1 (V). Therefore, similar to the one-dimensional case, we
can give two equivalent definitions for modular abelian varieties: a simple
abelian variety A/Q is modular if there exists a non-constant homomor-
phism J;(N) — A defined over Q for some N; equivalently, a simple abelian
variety A/Q is modular if L(A/Q; s) is equivalent to a product of L-series of
newforms for I'; (V) for some N. As with modular elliptic curves, L-series
of modular abelian varieties satisfy the Hasse conjecture, and the theory of
Heegner points can be used to produce partial results for modular abelian
varieties in the direction of the Birch and Swinnerton-Dyer conjecture.

Because of these nice properties, modular abelian varieties have been
intensively studied and exploited in the last decades. In practice, one can
easily compute and work with modular forms and the corresponding mod-
ular abelian varieties thanks to the powerful tool provided by the theory
of modular symbols: see [Cr97] for elliptic curves and [St07] for arbitrary
dimension. The computer systems Magma and Sage include packages pro-
grammed by William Stein and others that are able to perform many explicit
computations with those objects.

On the other hand, one would like to characterize the modularity of a
given abelian variety A/Q. Obviously, in the one-dimensional case this is
achieved by the Shimura-Taniyama conjecture, which asserts that every el-
liptic curve over Q is modular. In [Ri92] Ribet introduced the concept of a
variety of GLa-type as a variety A/Q for which End?Q(A) is a number field of
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degree equal to the dimension of A. He generalized Shimura-Taniyama by
conjecturing that every variety of GLa-type is modular over QQ, and proved
that this fact would be a consequence of Serre’s conjecture on the modular-
ity of 2-dimensional mod p Galois representations. After the recent proof of
Serre’s conjecture by Khare and Winterberger [KW09], we know that mod-
ularity of an abelian variety over QQ is equivalent to the property of being of
GLo-type.

The abelian varieties of GLo-type are not absolutely simple in general.
Indeed, over a number field K, one has a decomposition of the form A ~x B"™
for some K-simple abelian variety B. Hence, for this B one has a non-
constant homomorphism J; (V) — B defined over K. It is natural then to
make the following definition.

Definition 6.1. A simple abelian variety B/K is modular over K if there
exists a non-constant homomorphism J;(N) — B defined over K for some
N.

This generalizes the first of the equivalent definitions we gave of modu-
larity for varieties defined over @@, and one is tempted to use this property
for varieties over K in the same way as it was done over Q. But as we
have already remarked, in some applications the key property of modular-
ity is the fact that the L-series of the variety is equivalent to a product of
L-series of modular forms. In the case of varieties over number fields, this
is a more restrictive condition than being a K-simple factor of some J; (V).
This suggests that we make the following definition.

Definition 6.2. An abelian variety B/K defined over a number field K is
strongly modular over K if its L-series L(B/K; s) is equivalent to a product
of L-series of classical newforms for I'y ().

The main purpose of this chapter is to give a characterization of modu-
lar and strongly modular non-CM abelian varieties over number fields. The
description of modular abelian varieties over a number field K can be per-
formed by adapting the techniques that Ribet and Pyle used in their char-
acterization of modular abelian varieties over Q. With relation to strongly
modular abelian varieties, the case of non-CM elliptic curves was already
studied in [Qu00]. In fact, this part of the chapter can be seen as a a
generalization of some of the results of [QuO00] to arbitrary dimension.

The plan for the rest of the chapter is as follows. In Section [6.2] we
relate strong modularity with the property that the restriction of scalars of
the variety is a product GLa-type varieties. As a consequence of this, we
see that if B/K is strongly modular, then necessarily the extension K/Q
is abelian. In Section [6.3] we characterize modular abelian varieties over
Galois number fields. In Section we use the results of Sections
and in order to give the main theorem of this chapter characterizing
strongly modular abelian varieties. Given a Q-simple abelian variety B we
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give necessary and sufficient conditions guaranteing the existence of some
strongly modular abelian variety in the Q-isogeny class of B.

Remark 6.3. As we have already mentioned in Section[5.3] Shimura proved
that a variety Ay has a factor with complex multiplication if and only if it
is Q-isogenous to a power of an elliptic curve with complex multiplication.
This is also equivalent to the fact that the newform f admits a twist by a
quadratic character whose kernel is the field of complex multiplication of the
corresponding elliptic curve. The CM case requires a special treatment, and
for the rest of the chapter we will tacitly assume that all abelian varieties
considered have no CM-factors up to isogeny; when necessary we will stress
this condition by saying “non-CM abelian variety.”

6.2. Strong modularity and GLo-type

The purpose of this section is to show that an abelian variety B/K is
strongly modular if and only if the abelian variety A/Q obtained by restric-
tion of scalars A = Resg /g(B) is isogenous over Q to a product of abelian
varieties of GLa-type. Due to the fact that this last property is the one
that plays a key role in this chapter, many statements become simpler if we
enlarge the definition of GLo-type to include varieties that are not simple
over Q.

Definition 6.4. An abelian variety A/Q is of GLa-type if End?Q(A) contains
a commutative semisimple Q-subalgebra of dimension over Q equal to dim A.

Note that the standard use of “GLa-type” in the literature (and in the
previous chapters of this thesis) corresponds to the varieties that satisfy
Definition and are simple. The relation between the two concepts is
analogous to the relation between arbitrary CM-abelian varieties and the
simple ones (cf. [Mi06l Pag. 29]), as we now show.

Lemma 6.5. An abelian variety over Q is of GLo-type if and only if all its
Q-simple factors are of GLa-type.

PROOF. For an abelian variety A/Q let A ~g A" X --- x A}" be its
decomposition up to Q-isogeny into Q-simple factors. Put D; = End?Q(Ai),
let F; be the center of D; and let ¢t; = [D; : Fi]l/2 be its Schur index. The
decomposition of End%(A) into simple algebras is

(6.1) End@(A) ~ M,, (D1) x -+ x My, (Dn),

(:g]ld the reduced degree of End&(A) over Q is [End%(A) : Qlrea = D_ritilFi :

If every A; is of GLa-type then D; = F; has degree [F; : Q] = dim A;.
Every field extension E;/F; of degree r; can be embedded in the matrix ring
M, (F;) and the product [] E; is a commutative semisimple subalgebra of
End(%(A) of dimension » [E; : Q] = > r[F; : Q] = Y ridim A; = dim A,
hence A is of GLo-type.
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For the converse we will make use of the following basic facts about asso-
ciative algebras: for any semisimple k-algebra A the maximal commutative
semisimple subalgebras E C A have dimension dimy E = [A : k|yeq, and for
every faithful A-module M one has [A : k|;eq < dimg M with the equality
being only possible if all the simple subalgebras of A are matrix algebras
over fields (cf. [Mi06l Propositions 1.3 and 1.2]). The second fact applied
to the space of tangent vectors Lie(B/Q) of an abelian variety B/Q gives
the inequality [EndQ)(B) : Qlreq < dim B = dim Lie(B/Q).

Assume now that A is of GLa-type. Let E C End?Q(A) be a commutative
semisimple subalgebra with [E : Q] = dim A. Then by the previous results

dimA=[F:Q] < [End?Q(A) : Qlreq < dim A.

Hence each step must be an equality and hence End(%(A) is a product of
matrix algebras over fields, i.e. that ¢; = 1 for all 3.

Now, using the inequalities [End(%(Ai) : Qlred < dim A; for every index,
we have

dimA = [End}(A): Qlrea = Y 7i[Fi: Q]
= Zrz[End?Q(Az) : Q]red g ZT’Z‘ dim Az = dim A;

the equality at each summand follows, from which one deduces [F; : Q] =
dim A; for all i and so all simple factors A; are of GLa-type. O

Proposition 6.6. An abelian variety A/Q is strongly modular over Q if
and only if it is of GLa-type.

ProOF. If A/Q is of GLa-type, by the previous lemma we have that
A ~g AT' x --- x AT, where the A;’s are Q-simple abelian varieties of
GLo-type. By Shimura-Taniyama there exist newforms f; such that A; ~q
Ay, Then L(A/Q,s) ~ [[L(A;/Q,s)" ~ [[L(Ay,/Q,s)" and since each
L(Ay,/Q,s) is the product of the L-series of the newforms that are Galois
conjugates of f;, the variety A is strongly modular over Q.

Now we prove the converse. Let A/Q be a strongly modular abelian
variety over Q, and let fi,...,f, be newforms such that L(A/Q,s) =
[T1L(fi,s). Let E; be the field of Fourier coefficients of f;, and denote by
E = E1Ey - - - E,, their composition. Let m = [E : Q] and m; = [E : E;], and
denote by ¥ g and X, the corresponding sets of complex embeddings. For
every index 4, the restriction of all the elements of X to the field E; gives
m,; copies of every element of Xp,.

We will make use of the following notation: if S = > a,n™* is a Dirichlet
series with a, € C and o belongs to Aut(C), we denote by °S the series
> %a,n~%; that is, the series obtained by applying o to the coefficients
an. Note that “L(A/Q;s) = L(A/Q;s) because L(A/Q;s) has rational
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coefficients. One has

n

L(A™/Q;s) = L(A/Qs)™ = ] “L(A/Qs) = [] TIL(fi59)

7€XE 0ELE i=1
0L 0] T e
i=lo€Xg i=10€Sp,
- HL(Afi/Q§ S)mi =1L ((HA?:Z>/Q;3> '
=1 =1

Then by Faltings’s isogeny theorem the two varieties A™ and HA:[Z” are
isogenous over Q and by the uniqueness of decomposition up to Q-isogeny
into the product of Q-simple varieties it follows that A is isogenous over Q to
a product HA?{ for some exponents e; > 0, and it thus is of GLa-type. [

For other number fields, strong modularity can be reduced to that of the
restriction of scalars.

Proposition 6.7. An abelian variety B/K over a number field K is strongly
modular over K if and only if Resg g B is of GLa-type.

PROOF. A theorem of Milne asserts the equality of L-series L(B/K;s) =
L((Resg/g B)/Q;s) (see [Mi72, Proposition 3]). This implies that B is
strongly modular over K if and only if Resg /g B is strongly modular over
Q, and by the previous proposition this is the case if and only if Resg /g B
is of GLa-type. O

Combining Lemma, [6.6] with the above proposition one immediately ob-
tains the following corollary.

Corollary 6.8. An abelian variety is strongly modular over a number field
K if and only if all its K-simple factors are strongly modular over K.

Now we aim to show that if B/K is strongly modular over K, then
necessarily the extension K/Q is abelian. We will need the following general
property of the varieties obtained by restriction of scalars.

Lemma 6.9. Let k be a field and ks a separable closure of k. Let L, M be
subfields of ks of finite degree over k. Let C be an abelian variety over M.

If the endomorphisms of the variety A = Resyr/, C' are defined over L, then
MCL.

Proor. We will see that Gy, C Gjps. Suppose this is not the case.
Then there exists an automorphism o € G, which does not belong to Gy.
Let Xj; denote the set of k-embeddings 7: M — ks. If we denote by 7y
the inclusion 79: M — ks, then o9 # 79. We will construct an element
¢ € Endg,(A) such that 7 # ¢, and this will be a contradiction with the
fact that Endy, (A) = End(A).
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Let Ap be the variety Ap = HTGEM 'C, and for each p € G} let
¢p: PAg — Ap be the isomorphism which permutes the coordinates accord-
ing to the canonical isomorphisms ?("C') ~ P7C'. By the construction of the
variety restriction of scalars, there exists a kg-isomorphism \: Ay — A such
that A™1ePX = ¢, (see Section .

Let ¢ be a diagonal endomorphism of Ag; that is, one of the form
HTGEM ¥r, with each 9, an element of Endy, (7C'). Since oy # 19 we can,
and do, choose such a ¢ with 79, # 1s7,. Consider now the endomorphism
of A given by ¢ = Xetpe AL, If 9o = ¢ then A7 eXe%) = 1ho A1\, and
therefore ¢, °71) = 1) °¢,. The restriction of ¢, to 77°C' is equal to “1)y,,
whereas the restriction of ¢ °¢, to 77°C' is equal to ¥yr,. But we chose ¥
with Y7, # Yoz, 50 7@ # ¢ and therefore not all the endomorphisms of A
are defined over L. This is a contradiction, thus Gy, is indeed contained in
G as we aimed to see. O

Proposition 6.10. If an abelian variety B/K is strongly modular over K,
then the extension K/Q is abelian.

PrOOF. The variety Resg/g(B) is isogenous over Q to a product of
the form [] f Ay, for some weight two newforms f. The minimal field of
definition of the endomorphisms of Ay is an abelian extension L¢/Q by
IGLO1, Proposition 2.1]. On the other hand, let A¢ and A, be simple factors
over Q of Resg/qg(B). If Hom@(Af,Ag) # 0, then by [Ri80, Theorem 4.7]

there exists a Galois character x: Gg — @X such that g = x® f (identifying
x with a Dirichlet character). If we denote by M the field fixed by the
kernel of x, then Homps(Af, Ay) # 0, so there exists a homomorphism
between A; and Ay defined over the abelian extension M. This implies that
the endomorphisms between A; and A, are defined over the composition
MUL;Lg, which is abelian. Thus, all the endomorphisms of Res K/Q(B) are
defined over a certain abelian extension L. Now Lemma implies that
K C L, so that K is also abelian over Q (and in particular Galois). ([l

6.3. K-building blocks

Since we want to study abelian varieties over a number field K that are
quotients up to K-isogeny of varieties of GLo-type, we slightly adapt the
definition of “building block” given by Pyle in [Py02] Pag.195], in order to

keep track of their decomposition over K and not merely over Q.

Definition 6.11. Let K/Q be a Galois extension. We say that a (non-CM)
abelian variety B/K is a K-building block if
(1) B is a Q-variety having compatible isogenies ji,: B — B defined
over K for every o € Gg.

(2) End% (B) is a division algebra with center a number field E, having
Schur index ¢ < 2 and reduced degree t[E : Q] = dim B.

We note the following remarks:
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e The requirement that End} (B) is a division algebra implies that
K-building blocks are K-simple abelian varieties, but they may
factor over larger fields.

e The Q-building blocks are the non-CM Q-simple abelian varieties
of GLa-type.

e The Q-building blocks are the building blocks in the sense of Pyle’s
definition; we will also use this terminology without a prefix field
sometimes.

e For K = Q, the field E = Z(End%(B)) is necessarily a totally
real field, equal to the center of End%(B). However, for general K

the number field E = Z(End%(B)) may be either a totally real or
a CM-field, and the center F' of End%(B) is a (necessarily totally

real) subfield of E.

e We do not require B to have all its endomorphisms defined over K.
This means that a K-building block is not necessarily a Q-variety
completely defined over K.

Let B be a K-building block over a Galois number field K, let G = Gal(K/Q),
E = Z(End}(B)), and F = Z(End(B)). In Section [5.4 we attached B a

cohomology class [cp, ], which in this case belongs to H*(K/Q, E*). Since
this cohomology class will play an important role in the characterization of
modular and strongly modular varieties, we recall now the definition of the
cocycle cp/i. Let {fio}oec, be a compatible set of isogenies defined over
K. For each s € G choose a representative 5 in Gg. Then

(62) CB/K: GXG—>EX, CB/K(S7t):/J’§°§ME°,us:tI-

When all the endomorphisms of B are defined over K the image of the infla-
tion of [cp/ k] to H*(Gg, F*) coincides with [cg]. However, since now we are
not requiring the field K to be a field of definition of all the endomorphisms
of B, we can only guarantee that cp,(s,t) lies in £ but not in F'* as it
happens when the variety is completely defined over K. Nevertheless, the
image of [cg] in H?*(Gg, E*) is equal to the inflation of [cg /] to Gg. The
main reason why the cocycle cp/f is relevant to the strong modularity of B
is because it appears in the expression for the endomorphisms defined over
Q of the restriction of scalars of B.

Proposition 6.12. Let B be a K-building block over a Galois number field
with G = Gal(K/Q). Let D = End%(B) and E = Z(D). Then,

(6.3) End{(Resg/g(B)) ~ D ®p E5/5[G].
PRrooF. This is a particular case of Proposition O

Proposition 6.13. A K-simple abelian variety B/K is modular over a
Galois number field K if and only if it is a K-building block and [CB/K] has

trivial Schur class (i.e. its image in H2(K/Q,E™) is trivial).
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PROOF. Let B/K be a modular variety over K, and let A/Q be a simple
GLo-type variety with A ~g B"™. The fact that B is a K-building block
follows from Lemma and Remark in the particular case k = Q.
Now let D = End%(B), E = Z(D) and Ey = End(%(A). By Lemma Ey
is a maximal subfield of End}% (A). In particular, since E can be identified
with Z(End% (A)) we see that E is contained in Ey. For each s € Gal(K/Q)
the map

End%(4A) — End%(A)

@ — *p
is an E-algebra automorphism, hence it is inner. So there exists an element
a(s) € End%(A)* such that %o = a(s)epea(s)™! for all ¢ € End%(A).
In particular, elements ¢ € Ey commute with «(s). This means that a(s)
belongs to the centralizer of Ey in End% (A), and therefore a(s) belongs to
Ey. Since a(s) is a compatible isogeny defined over K, we can compute the
cocycle ¢y k as

(6.4) c(s,t) = a(s)oa(t)oalst) L.

Since A ~ B" we have that [cp k] = [ca/k], and states that the
image of [c4/k] in H*(K/Q, Ep) is trivial.

The other implication can be obtained with a slight modification of
the ideas in the proof of Theorem [5.3| (or of [Py02, Proposition 4.5]),
with the algebra of endomorphisms defined over K playing the role that
in those proofs was played by the algebra of endomorphisms defined over
the algebraic closure. We sketch the key steps of the argument. Let B/K
be a K-building block and let D = End%(B) and E = Z(D). Start-
ing from a system of compatible isogenies {ps: °B — Bl}seq, defined
over K we construct the cohomology class [cp/k] € H*(K/Q,E*) as in
(6.2). That is, for each s € Gal(K/Q) fix s € G such that 5 = s; de-
fine yus = pz and then cp/k(s,t) = prso*tiio iy . The image of [cp/K] in
H?*(K/ Q,EX) is trivial by hypothesis, so there exist splitting maps 8 such
that cp/i(s,t) = B(s)B(t)B(st)~'. The field Eg = E({B(s)}secalx/q))
acts on B" as K-endomorphisms, where n = [Eg : E], by means of an
E-algebra homomorphism Eg — M, (E). Hence we can define K-isogenies
vs = B(s)"te 15, where fis is the diagonal isogeny *B™ — B™ obtained from
ts. These isogenies satisfy the condition of Ribet’s Theorem hence
there exists an abelian variety A defined over QQ together with an isogeny
k: A — B" defined over K. As in Corollary the algebra End&(A) is
isomorphic to D ®g Eg. Let t be the Schur index of D, and let ¢y be the
Schur index of D ®g Ejg, which is a divisor of t. Since D ®p Eg acts on
Lie(A/Q) we have that t3[Es : Q] | dim A. But [Es : Q] = n[E : Q] and
dimA = ndim B = nt[E : Q]. Thus #3 | ¢, and since ¢t < 2 we see that
to = 1. Thus the variety A decomposes as A ~g A} with End?Q(Aﬁ) ~ Fg,
and one easily checks that Ag is a variety of GLo-type. U



98 6. MODULAR ABELIAN VARIETIES OVER NUMBER FIELDS

Corollary 6.14. If a K-simple variety is strongly modular over a Galois
number field K, then it is a K-building block.

ProoF. Let B be a K-simple strongly modular abelian variety. By
Proposition since B is strongly modular over K, Resg /q(B) is of GLo-
type. Since Resgq(B) ~k [lscqair/o) °B, the variety B is a K-simple
factor of the extension of scalars of a Q-simple variety of GLa-type, and then
it is a K-building block by the previous lemma. ([l

6.4. Strongly modular abelian varieties

Let B be a K-building block over a Galois number field K with G =
Gal(K/Q). Let D = End%(B), let E = Z(D), and let t be the Schur index
of D. Recall that in the previous section we have associated to B/K a
cohomology class [cp k] € H*(K/Q,E*). In this section, we characterize
when B is strongly modular over K in terms of that class.

Lemma 6.15. Let B be a K-building block over a Galois number field K.
If A = Resg/q(B) is an abelian variety of GLa-type, then

An~g AL x oo x AL

for some t € Z~y and with the A; pairwise non-isogenous Q-simple abelian
varieties of GLa-type.

Proor. This is Proposition with £ = Q. ([

Lemma 6.16. Let B be a K-building block over a Galois number field K
with G = Gal(K/Q). Then B is strongly modular if and only if the algebra
E°B/K[G] is commutative.

PROOF. The proof is similar to those of propositions[5.35|and [5.36] First
suppose that E°B/K[G] is commutative. Then it is a product of fields, say
EB/X[G] = [[ Bi. Call A the variety Resg/q(B). By Proposition we
know that

End}(A) ~ D g E®/x[G] ~ [[ D ®& E;,

with D ®g FE; a central simple Ej-algebra with Schur index ¢; dividing ¢.
Corresponding to this decomposition of End&(A) there is a decomposition
of A up to Q-isogeny: A ~qg []A;, and End%(Ai) ~DRgE;. As Ag ~
[1°B ~x BIGl, each A, is K-isogenous to B™ for some n;. We claim that
n; equals [E; : E]. To prove the claim, first we observe that the natural
inclusion End?Q(Ai) < End% (4;) gives an injective morphism D @p F; —
M,,, (D). Looking at the reduced degrees of these algebras over E we see that
t[E; : E] < tn;, and then [E; : E] < n;. To see the equality, we can use that
o}rll the one hand, as End?Q(A) ~ @, Hom%( °B,B) ~ P, ;D we have
that:

[End(A) : E] = |G[t* =2) " n,.
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But, on the other hand we have that:
[End}(A): Bl = [Deg [[Ei : E] =) [E;: E,

and this gives that [F; : E] = n;.

Returning to the proof of the lemma, since End(%_)(Al-) ~D®EgkE;is a
central simple algebra of index ¢;|t, there exists a division E;-algebra D; of
index ¢; acting on the space of tangent vectors of A;. This space Lie(4;/Q)
is a Q-vector space of dimension equal to the dimension of A;, and so we
have that [D; : Q]|dim A;. But [D; : Q] = ¢?[E; : E][E : Q] and dim 4; =
n; dim B = nit[E : Q] = t[E; : E|[E : Q], because n; = [E; : E]. This means
that

t?|E; : E]|[E : Q] | t[E; : E]|E : Q]
SO t§|t, which implies that ¢; = 1. This means that D @ F; ~ M,(E;), and
therefore A; ~q (4})!, for some abelian variety A with End(A}) ~ E;.
Finally, A} ~p B™/t which gives that
[E;: Q] =ni[E: Q] = %t[E L Q] = ”7 dim B = dim A/,
showing that each A is a variety of GLo-type.

In order to prove the other implication, by the previous lemma we can

suppose that A ~g A} x --- x Al and as a consequence that

(6.5) EndQ(A) ~ M¢(E1) x -+ x My(Ey),

where the notation is the same as in the first part of the proof. On the other
hand,

End}(A) ~ D @p E2/5[G] = Dog | [ My, (C:)

where the C; are division algebras. But (6.5)) forces r; = 1 and C; ~ E; for

Now we state our main result giving a characterization of strong modu-
larity.

Theorem 6.17. Let K be a number field and let B/ K be a K -simple abelian
variety. Then B is strongly modular over K if and only if K/Q is abelian,
B is a K-building block and [cp k] lies in Ext(K/Q, EX) C H*(K/Q,E*),
the subgroup of classes of symmetric cocycles.

PRrROOF. By Proposition the extension K/Q is Galois and G =
Gal(K/Q) is abelian. Then, by Corollary being a K-building block
is a necessary condition, and in that case the previous lemma says that
being strongly modular is equivalent to the fact that the algebra E°B/K[G]|
is commutative. A twisted group algebra E°[G] is commutative if and only if
the group G is abelian and the cocycle ¢ is symmetric, i.e., its class belongs
to the subgroup Ext(K/Q, E*) C H?*(K/Q,E*) consisting of symmetric
cocycle classes. O
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Absolutely simple varieties. The previous theorem shows that strong
modularity puts very restrictive conditions on varieties. In what follows we
will examine the case of Q-building blocks and see which varieties in their
isogeny class are strongly modular.

For that let B be a Q-building block. Let D = End%(B). The center
F = Z(D) is a totally real number field and D is either equal to F', in which
caset = 1 and [F : Q] = dim B, or it is a totally indefinite quaternion algebra
over F, with ¢t = 2 and [F : Q] = £ dim B. Let ¢ = [cp] € H*(Gg, F*) be
the cohomology class attached to B.

We fix an embedding F' — Q. By Tate’s theorem the group H?(Gy, @X)
is trivial (here Gg acts trivially in Q), so there exist continuous maps
B: Gg — Q" such that cg(o,7) = B(0)3(r)B(or)~! for all 0,7 € Go;
two such maps differ in a Galois character. The map 8: Gg — Q” JF*
obtained viewing the values of 8 modulo F* is a morphism; let K3 denote
the fixed field of its kernel, which is an abelian extension of Q. If d denotes
the degree of a compatible isogeny defined in Section |3.3] we can define the
map e5(0) = B(0)?/d(uy), which is a Galois character Gg — Q”; two such
characters differ in the square of a Galois character. Let K., be the fixed
field of kereg; the fact that d(u,) is real and totally positive implies that
K., C Kg. Let Eg = F({8(0)}secy) be the number field generated over
F by the values of f; from the identity defining e5(0) it easily follows that
E3/F is an abelian extension. Even though the splitting maps 4 depend on
the cocycle cp (or, what is the same, on a system of compatible isogenies
between conjugates of B) the morphisms 3, the fields K g and Eg, and the
characters €3 do not depend on that choice. We will call the maps 3 splitting
maps, the fields Kz splitting fields, and the characters eg splitting characters
for the building block B. The isogeny class of a building block determines a
set of morphisms 3 € Hom(G, Q" /F*) that is an orbit by the action of the
group of Galois characters Hom(G@,@X), and a set of splitting characters
eg € Hom(G, @X) that is an orbit by the action of the subgroup of squares
Hom(GQ,@X)Q.

For every Galois character €: Gg — @X choose square roots of its values
and define

c(o,7) = Velo)/e(r)Velor) .
This is a 2-cocycle of G with values in {£1}. Its cohomology class [c.] lies
in H%(Gg, {+1}) ~ Br2(Q) and it gives the obstruction to the existence of
a square root of . If two characters ¢, &’ differ in the square of a character,
then [c.] = [co/]. If € = [cg] € H*(Gg, F¥) is the class attached to a building
block B, then £+ = [c.] with e any splitting character for B (see [Qu09,
Theorem 2.6]).

Theorem 6.18. Let B/Q be a Q-building block and let K/Q be an abelian
extension. There exists an abelian variety Bo/K in the Q-isogeny class of
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B that is completely defined and strongly modular over K if and only if K
contains a splitting field for [cp].

PROOF. The proof is essentially the same given in [Qu00, Proposition
5.2] for the case of Q-curves.

Suppose that K contains the splitting field Kz corresponding to some
splitting map (. For every element s € G = Gal(K/Q) choose an element
B(s) as any of the values (o) for 0 € Gg an automorphism restricting to s,
and define c(s,t) = B(s)B(t)B(st)~L. Then [c] is an element of H?(K/Q, F*)
whose inflation equals to [c¢p]. By Proposition there exists an abelian
variety Bo/K that is Q-isogenous to B and completely defined over K with
[cBy/K] = []. By construction the c is symmetric, hence [cp, k] belongs to
Ext(G, F*) and by Theorem the variety By is strongly modular over
K.

Conversely, assume that there is a variety isogenous to B that is strongly
modular over K. Let cp /x be a cocycle of G attached to this variety.
Then by Theorem the algebra F°Bo/X [G] is commutative. Hence the Q-
algebra Q7% [G] = Q@ F°Bo/K [G] is also commutative, and by a property
of twisted group algebras over algebraically closed fields (cf. [Ka93l Chapter
2, Corollary 2.5]) it follows that the image of the class [cp, k] into the

Schur multiplier group H?(K /Q,@X) is trivial. Hence there exists a map
s B(s): G — Q" such that By i (8:1) = B(s)B(t)B(st) ! and its inflation
to the group Gg is a splitting map for the variety that factors through the
group G, hence Kg C K. O






CHAPTER 7

QM-Jacobian surfaces

In this chapter we illustrate some of the previous general results with
applications to the study of concrete abelian surfaces with quaternionic mul-
tiplication. More precisely, we will consider genus 2 curves C' whose Jacobian
B = Jac(C) has as endomorphism algebra a rational quaternion algebra B5.
In Section we will use the theory provided by [Ro04] to compute the
cohomology classes [cg], provided that B is of a specific type called twist-
ing. In Section we will particularize this to a family of genus 2 curves
defined in [HM95], and using some results on its arithmetic that appear
in [BGO8| we will be able to give very explicitly the cocycles needed for
the characterization of their strong modularity, and for the computation of
Q-endomorphism algebras of their restriction of scalars. After a technical
remark about how twisting a curve affects the cohomology classes attached
to its Jacobian, to which we have devoted Section we will produce in
Section[7.4] a series of explicit examples of strongly modular abelian surfaces.

Remark 7.1. So far we have been working in the category of abelian vari-
eties up to isogeny, and for instance all fields of moduli we have considered
were fields of moduli up to isogeny. In the present chapter our strategy will
be to use what is known about fields of moduli up to isomorphism of abelian
surfaces, in order to obtain results in the context that concerns us of abelian
surfaces up to isogeny. Consequently, from now on we will be very accu-
rate with the terminology, and for instance for homomorphism of abelian
varieties we will mean a ‘true’ homomorphism (and not homomorphism of
abelian varieties up to isogeny); accordingly, the notation Hom(A, B) stands
for the Z-module of homomorphisms from A to B. A similar remark holds
for the ring of endomorphisms End(A), and for the word isomorphism that
is reserved for ‘true’ isomorphisms.

7.1. Field of moduli of QM-curves

We start this section by recalling some notations and results from [Ro04].
For rational numbers a and b we denote by (a,b)g the quaternion algebra
over Q generated by ¢, with +> = a, 3> = b and 19+ 52 = 0. Let B be an
indefinite rational quaternion algebra of discriminant D > 1, and let O be a
maximal order in B. We will denote by n and tr the corresponding reduced
norm and trace.

103
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Definition 7.2. A curve C/Q is said to be a QM -curve with respect to O
if O can be embedded in the endomorphism ring of its Jacobian.

Fix an element p € O such that u? + D = 0, whose existence is guaran-
teed by Eichler’s theory of optimal embeddings, and call the pair (O, u) a
principally polarized order. A twist of (O, u) is an element x € ON Npx (O)
such that x? +n(x) = 0 and xu + px = 0, so that B ~ (—D, —n(x))g-
The pair (O, ) is twisting if it admits some twist in O, and B is said to be
twisting if it contains some twisting polarized maximal order. In fact, B is
twisting if and only if B ~ (—D,m)q for some m dividing D.

Let (B, p)/Q be a polarized abelian variety. Recall that p is an isogeny
p: B — B. If R is a subring of Endg(B), the field of moduli kp, is defined to

be the smallest number field such that for any o € Gal(Q/kg) there exists
an isomorphism ¢, : “B — B such that the diagram

|

°B—— B

commutes for all » € R, and such that the pullback ¢%(p) = boopedo is equal
to ?p. In other words, kp is the field of moduli of the object consisting of the
polarized abelian variety (B, p) together with the subring of endomorphisms

For any curve C, its Jacobian Jac(C') is a polarized abelian variety with
the canonical polarization induced by C. The field of moduli of C', denoted
by k¢, is the smallest number field such that °C' and C are isomorphic for
all 0 € Gal(Q/k¢). Note that this is the same as the field of moduli kz for
the subring Z C Endg(Jac(C)). The following result is [Ro04, Theorem
4.1].

Theorem 7.3 (Rotger). Let C/Q be a smooth irreducible curve of genus 2
such that Endg(Jac(C)) is isomorphic to a mazimal order O in a rational
indefinite quaternion algebra of discriminant D > 1. Fiz an isomorphism
O ~ Endg(Jac(C)) and let p € O such that p?+ D = 0. Suppose that under
the previous isomorphism the Rosati involution is given by ¢ = u~'@u for
all ¢ € O, where the bar denotes the canonical involution on the quaternion
algebra. Suppose also that the polarized order (O, p) is twisting and let m | D
such that B ~ (=D, m)q. Then there exist elements wy, and wp ,, belonging
to O such that pwm = —wmp and pwp /m = —Wp/mi, with the property that

(1) w2, =m and w%/m = D/m,

(2) Kz, and kzjwp,,,] are at most quadratic estensions of k¢,

(3) ko = kzjw,)  Kzjwp -

Let C be a curve as in the previous theorem (in particular we continue

with the same notation for the elements ji, wy, and wp/,,), and let B be
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its Jacobian. For each o € Gal(Q/k¢) the isomorphism C' ~ C induces an
isomorphism of polarized abelian surfaces ¢,: “°B — B. In particular, ¢, is
an isogeny, but it is not guaranteed to be a compatible one. In any case,
the following proposition tells us that there exists some compatible isogeny.

Proposition 7.4. Let B/Q be an abelian variety whose algebra of endo-
morphisms is a central simple Q-algebra. Let o € Gg. If °B and B are
isogenous then there exists a compatible isogeny °B — B.

Proor. Call D the algebra End@(B) ®z Q, and let ¢,: °B — B be
an isogeny. The map ¢ + ¢y%po¢, ! is a Q-algebra automorphism of D
since it fixes the center, which is Q by hypothesis. Then the Skolem-Noether
Theorem implies that it is inner; that is, there exists an element ), € D such
that ¢gyo%peod,t =1 teperh,. The isogeny jiy = 1, ° ¢y is compatible. [

Recall that the degree of a compatible isogeny i, is defined to be d(u,) =
topefizep (cf. Section , which in our case can be identified with a
rational number since the center of B is equal to Q. The map

d: Gal(Q/ke) — Q*/{x1}Q*2
o = d(po) - {£13Q*?

is a homomorphism, and it gives the degree component [cg| of [cp] under
the isomorphism

(7.1) H2(ch7(@x)[2] = Hz(ka {il}) X Hom(kaQX/{il}QXQ)
of Proposition [3.22] Recall also that in Section we introduced the fol-
lowing notation to indicate elements of Hom(Gy,,Q* /{£1}Q*?): if t € k¢

and e € @X we denote by (t,e)p the homomorphism that sends an element
o € Gal(Q/kc) to e {£1}Q*? if and only if 7/t = —/1.

Proposition 7.5. Let C be a curve as in Theorem and let d be the
degree map associated to its Jacobian B. Then d(c) =1 mod {£1}Q*? for
all 0 € Gal(Q/ko). If h belongs to {m,D/m} and o € Gal(Q/kz,]) does
not fix ko, then d(c) = h mod {£+1}Q*2.

PROOF. If o € Gal(Q/ko), by the definition of ko there exists a com-
patible isomorphism ¢,: °B — B such that ¢}(p) = “p, where p is the
polarization of B given by C. Applying the definition of d we find that

d(¢o) - ¢a°ap71°¢a°p = ¢a°¢;1°pil°¢;l°¢a°p =1L
Let o be an element in Gal(Q/kgy,,)) that does not fix ko. By the defi-
nition of kz,,| there exists an isomorphism ¢,: ?B — B compatible with
the endomorphisms in Zlwp], but not necessarily compatible with all the
endomorphisms. However, we know from Proposition [7.4] that we can find
Y, € B such that pu, = ¥,°¢, is a compatible isogeny. From the proof
of Proposition [7.4] we see that v, is characterized by the property that
GooTpodyt = leperh, for all p € B. But if we take p € Z[wy], this
particularizes to ¢ = 9, opet),, s0 1y commutes with every element in
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Z|wp], which implies that v, belongs to Z[w,] ® Q. Hence, we have that
Yy = a + bwyp, for some a,b € Q. In fact, b # 0 because otherwise the iso-
morphism v, would be compatible with all the endomorphisms of B, and
this is not the case since we are assuming that ¢ does not fix kp. Using the
definition of d(u,) we see that

d(is) = d(too60) = Yo60"p s doop
= ¢0°¢a°¢;1°p_1°¢;;1°qgo°¢a°p
= Poop  ethoop = Yooty
Now we know that the Rosati involution of an element ¢ € B is given by
¢’ = p~'Bu. Hence,

d(py) = Yooty = (a+bwp)(a+bwp) = (a+ bwp)p (@ — bwp)p
= (a+bwy)? = a+ hb* + 2abwy,

and since d(j,) must lie in Q* and b # 0, we see that a =0 and d(u,) = h
(mod Q*?). O

Suppose now that ko = Q. Then we can give also a description of the
sign component [cp]+. The explicit expression for the two components of

[cp] under (7.1)) is the following.

Proposition 7.6. Suppose that k¢ = Q, and let kg1 = Q(/Tr) for h €
{m,D/m}. The degree and sign components of [cg] are given by

(72) @ = (tTmD/m)P ’ (tD/mv m)Pa

(73) [CB]:E = (tﬂ’w D/m)(@ ) (tD/m7 m)@ ’ (_D7 m)@'

PRrOOF. The expression for the degree component follows from Propo-
sition First of all, the degree homomorphism d is the inflation of a
homomorphism from Gal(ko/Q), and we know that ko = Q(v/tm, \/Tp/m)
(note that we are not assuming this to be a degree 4 extension). Let
o € Gal(ko/kz|.,,)) that does not fix ko; then it restricts to a generator
of Gal(Q(/Tp/m)/Q), and as we have seen d(o) =m mod {£1}Q*2. This
gives the part (tp/m,,m)p of the degree homomorphism. In the same way
we obtain the part (t,,, D/m)p.

Now, to prove the identity we use [Qu09, Theorem 2.8], which gives
a formula for the Brauer class of the endomorphism algebra of a building
block. Specialized to our case, and having computed the degree component,
this formula gives

(_D7m)(@ = [CB]:I: *(tm, D/m)Q : (tD/mv m)@v

and from this (|7.3)) follows since quaternion algebras have order dividing 2
in the Brauer group. O
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7.2. A family of QM Jacobian surfaces

Let Bs = (2,3)g be the rational quaternion algebra of discriminant 6.
Let 7,7 be the elements in Bg such that 2> = 2 and 2> = 3, and let p = 27+17.
The order O = Z[1, (14 7)/2] is maximal, (O, u) is principally polarized and
the elements wy = @ and w3 = 7 + 1y are twists of (O, u). For ease of
notation, we define the subrings Ry = Z[1] ~ Z[V/2], R3 = Z[j + 1] ~ Z[\/3]
and Rg = Z[u] ~ Z[/—6].

The family of surfaces we are going to consider is the following. For
every algebraic number j € Q let C; be the genus 2 curve with equation

C;: Y?= (—4 + 3\/—733') X6 —12(27j + 16)X?
— 6(27j + 16) (28 + 9\/—76]') x4
+16(275 + 16)2 X3 + 12(27; + 16)? (28 - 9\/—75]') X2
—48(27) + 16)3X + 8(27j + 16)? (4 + 3\/—76]') :

Let B; = Jac(Cj) be its Jacobian equipped with the canonical principal
polarization induced by (). Some properties of these objects proved in
[BGOS| are summarized in the following statement.

Proposition 7.7 (Baba-Granath).

e The curve C; has field of moduli Q(j). For every o € Ggyjy such
that °\/—6j = —/—6] the map

(z,y) = <_2(27j +16) y(—=2(27j + 16))3/2>

x ’ x3
is an isomorphism UCj — Cj.

o The field Q(/—67) ko is a field of definition of the endomorphisms
Of Bj.

o The curves Cj are QM -curves with respect to O. Moreover, for
all j € Q except 26 values, End%(Bj) ~ Bg. Under this isomor-
phism the Rosati involution’ attached to the canonical polarization
of Bj is given by ¢’ = w '@, where the bar indicates the canonical
conjugation of Bg.

e The diagram of fields of moduli

ko
kR, kRg kR,

N

kz,
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for the canonically polarized jacobian Bj is the following one:
Q(vi, /= (27j + 16))

i

Q(v/—(275 +16)) Q(V7) Q(v/—4(275 + 16))

\ /

Q)

Hence, we see that if j is a rational number and the endomorphism
algebra of B; is isomorphic to Bg, then Bj; is a building block completely
defined over the field

K = Q(+/=65,v/3,/—(27j 4+ 16), /—2(27j + 16)).

From now on we assume that j is a rational number and that End%(Bj) o~

Bg. Now we can use Proposition to compute the cohomology class [cp,].

Proposition 7.8. The sign and degree components of [cp;| are given by

(7.6) el = (=(27j +16),3)q - (=j(27] + 16),2)q - (2,3)q-

PROOF. It follows immediately from Proposition [7.6] because Propo-

sition tells us that for this family of curves to = —(27j + 16) and
ts = —j(275 + 16). O

7.3. Cohomology classes of twisted Jacobians

Since we will need quadratic twists later, in this section we include a
technical lemma describing the effect of such twists in the cohomology classes
of interest. For every abelian variety B/K over a number field K and element
v € K* let By denote the K(,/7)-quadratic twist of the variety B over
K. In the standard classification of twists by elements of the first Galois
cohomology group with values in the automorphism group of the object,
this variety corresponds to the morphism of H!(G,{£1}) whose kernel
has K(,/7) as its fixed field, which is given by the formula o — 7,/7/,/7.
Note that here we interpret +1 as automorphisms of B. In other words,
B, is the abelian variety determined up to K-isomorphism by the fact that
there exists an isomorphism ¢: B, — B defined over K(,/7) such that
po%¢ ! = 7Y/ for every o € Gk.

For hyperelliptic jacobians the quadratic twists are easily computed: if
C is a hyperelliptic curve defined by the equation Y2 = F(X) then for
every v € K* the equation vY? = F(X) defines an hyperelliptic curve that
is the K(/7)-quadratic twist of C' over K. The Jacobian Jac(B,) is the
K (/7)-quadratic twist of the abelian variety Jac(B) over K.
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Lemma 7.9. Let B/K be a Q-variety completely defined over a Galois
number field K, and let v € K*. The twist By is completely defined over
K if and only if the field K(\/7) is Galois over Q. In this case [cp k] and
[cp, k] differ by the cohomology class in H*(K/Q,{+£1}) corresponding to
the group extension

(7.7) 1 — Gal(K(y/7)/K) — Gal(K(y/7)/Q) — Gal(K/Q) — 1
under the identification Gal(K (y/7)/K) ~ {%1}.

PROOF. Note that the cohomology classes [cp/k] and [cp. /K] we want to
compare take values in groups F'* consisting of automorphisms of the vari-
eties; the cohomology class attached to the group extension of the statement
takes values in the group {£1}, which must be identified with a subgroup of
F* by the (canonical) identification of its elements as automorphisms of the
variety. In particular, we see that quadratic twisting only affects the sign
components of the cohomology classes and leaves the degree components
unchanged.

Let ¢: B, — B be the isomorphism corresponding to the twist. Then
¢! is an isomorphism giving B as the K (v/7)-twist of B, and for every
o € Gg the map 7¢: 7(B,) — °B is an isomorphism giving ?(By) as the
K (1/77)-twist of ?B. Every compatible isogeny v, : “B, — B, is of the form
Vy = ¢ Loy % for a compatible isogeny i, : °B — B which by hypothesis
is defined over K. For 7 € Gk one has

g,
TVO' — T¢—1°TMO_OTU¢ — T¢—10¢0V0_00'¢—1070'¢ — ‘r\/’7 °VO'°T\/7
val v
which equals v, if and only if the two other maps, each one equal to +1,
coincide. But

/o T
‘r\/’7 -7 O'ry = \/07 :T\/j/ & 7 fixes VU’Y/\/’?'
VYTV VoY VY
Hence the isogeny v, is defined over K if and only if \/7/,/7 belongs to K,
and this condition is satisfied for every o € Gg exactly when the extension

K(,/7)/Q is Galois.
Now assume the condition satisfied. For each s € Gal(K/Q) fix a a lift

5 of s in Gal(K(y/7)/Q). Then

5 1 —1 5, 5,15 &, st
ey K (8:1) = Vs tvpevst =07 opsothetd et gt op=og
- ~ o~
= ¢ lopse et (t geg ) eul o9
~ ~—1_~
= ¢ epse ez oo (oo
s~1571§t~\/*
5
Vi

and the factor in the right is a cocycle associated to the group extension (|7.7)).
O

= CB/K(S»t)"(‘;tilgf(ﬁ"(ﬁ_l) = cp/k(s,t)-
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7.4. Explicit examples of strongly modular surfaces

Now we use the computations of the previous sections and the results
of Chapter [6] to produce some concrete modular Jacobian surfaces. Observe
that in order to determine whether an abelian variety B is strongly modular
over a number field K or not, one has to check the symmetry of the coho-
mology class [cg,k]. However, for the surfaces B; we have not computed
[cB,/K] € H?*(K/Q,Q*), but only their inflations [cp,] € H*(Gg,Q*). For
each particular value of j, one can use the knowledge of [cp,], the structure
of H?(K/Q, {#1}) and the computation of some local factors of L(B;/K; s)
to decide the symmetry of [cp/k]|. As a previous step in this direction, we
recall some facts about the group H?(K/Q, {£1}) for polyquadratic number
fields K. The reader can consult [QuO01, Section 2] for the details, also in a
more general situation.

The structure of H?(K/Q,{+£1}). Let K/Q be a Galois extension
with Gal(K/Q) ~ (Z/2Z)". By Kummer theory K = Q(v/S), where S =
{s1,-+ ,sn} is a subset of Q. For each s € S, let xs: G — {0,1} be the
character given by ?(y/s) = (—1)Xs(9)/s. Given s,t € S, let cs; be the map
Gal(K/Q) x Gal(K/Q) — {£1} given by

Csp(o,7) = (=1 5 e Gal(K/Q).

This map ¢, is a 2-cocycle of Gal(K/Q) with values in {£1}, and its infla-
tion to G corresponds to the quaternion algebra (s,t)qg, under the isomor-
phism of H?(Gg, {£1}) with the 2-torsion of the Brauer group of Q.

Let e: Gal(K/Q) — {1} be a character, and for each o € Gal(K/Q)
fix a square root y/e(o). Then the map c.: Gal(K/Q) x Gal(K/Q) — {£1}
given by

c(0,7) = Ve(o)/e(m)V/e(or)

is a two cocycle of Gal(K/Q) with values in {£1}. For each s € S, we have
the character e5: Gal(K/Q) — {£1} whose kernel is Gal(K/Q(y/s)). The
inflation of ¢, to G is the quaternion algebra (s, —1)qg.

The following proposition gives a basis for H?(K/Q, {£1}) in terms of
the cocycles c¢s; and c,; it also characterizes the symmetric cocycles.

Proposition 7.10. The set

{lee.Jhes U lesdl s es, o

is a 7./2Z-basis of H*(K/Q,{#1}). Moreover, a cohomology class [c] belongs
to Ext(K/Q, Q) if and only if its expression in the above basis only involves
elements of the form [c.,].
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A concrete example: j = 1/81. Let us now consider the example
corresponding to this value of the parameter; let C = C; and B = Jac(C).
Note that End%(B) ~ Bg since j = 1/81 is not in the list of CM points
listed in [BGO8]. Then B is a building block completely defined over
K = Q(v/—6,+/—=3) and it is strongly modular over K if and only if [cp /K]
lies in Ext(K/Q,Q*); that is, if and only if it can be represented by a sym-
metric cocycle. In fact, since the degree component is always symmetric
(over an abelian extension) we need to check this property only for the sign
component [cp ]+ € H*(K/Q,{%1}).

For s = —3, —6 we denote by &, the non-trivial character

eyt Gal(Q(v5)/Q) — {£1}.

The group H?(K/Q, {£1}) admits a basis as a Z/2Z-vector space consisting
on the classes the 2-cocycles c._g, c._, and c_g 3. Hence, we have that

(7.8) leB/xle = lee6]" - [ec5]” - [c-6,-3]"

for some u,v,w € {0, 1}, and [cp/ ] belongs to Ext(K/Q, {£1}) if and only
if w = 0. We know that Inflcg x|+ = [cp]+, which turns out to be trivial
in this case by the expression (|7.6[). Since

Inflc. 4] = (—=6,—1)g, Inflc._,] = (=3, —1)g and Inf[c_¢ 3] = (—6,—3)q,

the only possibilities we can have in areu=v=w=0o0ru=v=
I, w = 0. In both cases w = 0, which implies that [cp/x]+ belongs to
Ext(K/Q,{£1}) and therefore B is strongly modular over K.

The formula particularized to j = 1/81 gives that [cg] = (—3,6)p.
Let &1, & € H?(K/Q, Q) be the cohomology classes with degree component
& =& = (—3,6)p and sign component {14 = 1, {ox = [ce 4] - [c=_4], and
let A = Resg /g B. We have seen that either [cp, ] = & or [cp k] = §2. By
direct computation we see that

Q' [G] = Q(V6) x Q(V6)

and
Q%[G) =~ Q(V6, V~6),

where G = Gal(K/Q). By Proposition we see that if [cp/x] = &1 then
A ~q Ag x A? for some newforms g and h with End?Q(Ag) o~ End(%(Ah) o~
Q(v/6). On the other hand, if [cB/Kk] = &2 then A ~q A?c for some newform
f with End?Q(Af) ~ Q(v6,v/—6).

For a prime p of K the local factor L,(B/K;T) can be computed
by counting points in the reduction of C' modulo p. In fact, to make
the computations of the local factors of the L-series, what we have used

is a function of Magma [CB09] that directly gives the zeta function of
the reduction of C at p. If we call ¥,(C;T) the numerator of such zeta
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function, then L,(B/K;T) = (T*¥,(1/T))"'. We have then computed
Ly(A/Q;T) = Lp(B/K;T) as
Ly(B/K;T) = [ [ Lpy(B/K;TI®),
plp

where f(p) is the residual degree. The results obtained for the first primes
are the following.

p | L,(B/K;T) ' =L,(A/Q;T) !

5 | (1 —4T? +5°TH?

7 [ (1 -2T +77?%)8

11 ] (1—1677 +11°T%)*
13| (1 —25T7 +13°T%)*
17 | (1 —207? +17°T%)?
19 | (1 —3777% 4+ 19°T)?
23 | (1 + 4077 + 23°T*)?
29 | (1 — 3477 +29°T1H)?
31| (1—T+31T%3

(

37| (1 —10T2% + 372°71H)?
41 | (1 +58T% + 41°T%)*

We observe that some of these factors are of the form (1 + e,7? + p?T*)4,
and if we had A ~q A; x A? for some newforms g = Y b,q" and h = 3 ¢,g"
this would imply that

1+ e,T% + p*T* = (1 — b,T + pT?)(1 — b, T + pT?),

with o the non-trivial automorphism of Q(v/6)/Q, and a similar relation
would hold for the coefficients c,. But this relation implies that b]% = 0227 =
2p — ep, which is impossible for the computed values of e, because then
the coefficients b, and ¢, would not lie in Q(v/6). Therefore, the actual

cohomology class is [cp k]| = {2 and A ~q Afc for some newform f = > anq”

with the a,, generating Q(v/6, v/—6). However, Proposition tells us that
there also exists a variety in the Q-isogeny class of B completely defined over
K and with cohomology class £&;. We will find such a variety as the Jacobian
of a quadratic twist of C.

Let v = 2 — /2. The extension K (,/7)/Q is Galois, and an easy compu-
tation shows that the cohomology class associated to in this particular
case is [ce_g] - [cc_,]. Hence, the variety B, is completely defined over K
and [cp k] = [cp/K] - [ce_g] - [cc_3] = &1. Arguing as before we see that
Ay = Resg g By is Q-isogenous to the square of a product of two modu-
lar abelian varieties with field of Fourier coefficients equal to Q(v/6). In
Sa(Tp(24 - 3%)) we find a newform with field of Fourier coefficients Q(/6)
and Fourier expansion

9=q+V6q" —2¢" +V6q" — ¢" +3V6¢"" + ¢ — V6q* + ...
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== 5(5) =

—1, and let h = g ®e¢ which is a newform in S3(T'g(2° - 3?)). In the following
table we list some local factors of the L-series corresponding to the varieties

By/K, A;/Q and A,/Q.

p [ Ly(By/K; 1)} LA, /TT) T [L(A/QT) !

5 (1+4T2 52711 (1+4T2 52T%) | (14472 +5°T?)
7 (A +2T +7T%)8 (1+2T +7T%)? (1+2T +7T%)?

11] (141672 + 112T%)* (1+ 1672 +112T%) | (1 + 1612 + 112T%)
13| (1-T+13T*)*(1+ T+ 137*)* | (1+ T +1377)? (1—T +1377?)?

17] (1 —2072% + 17°T%H)* (1—20T2% +17°T%) | (1 — 2072 + 17°T*)
19| (1-T+197%)*(1+ T+ 197%)* | (1 —T +1977)? (1+7T +1977)?

23| (1 + 4077 + 2327%)* (1+407% +232T%) | (1 + 40772 + 232T7)
29| (1 + 3477 + 29%7T%)* (1+ 3472 +292T%) | (1 + 34T7% + 29°TY)
31| (1—T +317?%)8 (1—T+31T?%)? (1—T+317?%)?

37| (1 —8T +37T*)* (1 + 8T + 3774 (1 — 8T +37T?)2 | (1+ 8T + 377?)?
A1] (1 + 58T% + 412T%)* (1+58T% +412T%) | (1 + 58772 + 41°TH)

We have checked the equality of the local factors of the L-series of A, and
Ag X A% for all primes p < 1000 (p # 2,3) and this suggests that A, ~q
AZ x A7,

Comparing the local factors L,(B/K;T) and Ly(B,/K;T) we can also
find now a modular form f such that A ~q A? as a twist of g. More
precisely, let b be the Dirichlet character of order 4 and conductor 16 such
that ¥(3) = —v/—1 and ¥(5) = /—1. The modular form f = g ® ¥
is a newform in So(I'o(2% - 3%),7?) and the local factors L,(B/K;T) and
L,(Af; T)? coincide for all primes p < 1000 (p # 2,3).

A concrete example: j = —4/27. We now consider another example,
corresponding to the stated value of j. The jacobian B of the curve Cj is
also a building block completely defined over K = Q(1/—6,+/—3) and with
End?@(B) ~ Bg. In this case B is not strongly modular over K. Indeed,

a similar analysis of the possibilities for [cp k] like the one we did in the
previous example shows that in this case the only possibilities for [cg / K+
have w = 1 in the expression , so [ep / K|+ is not symmetric because
its component [c_g 3] is not trivial. This means that no variety in the
Q-isogeny class of B is strongly modular over K.

If we let for instance L = K (y/—1) it is easy to see that there exist sym-
metric elements of H?(L/Q, {£1}) whose inflation to Gg is [cp]+, and then
by Proposition and Theorem there exists a variety Q-isogenous to
B completely defined and strongly modular over L. Indeed, consider the
element v = V6 + /18 € L. The associated cocycle to the exact sequence
for this v is ¢y = ¢z, - €c_5 - Ce_4 - ¢—3 —¢. This implies that [CBW/L]:N:
is symmetric, because its component [c_3 _¢] vanishes. Therefore, B, is
strongly modular over L. Computing the local factors of L(B,/L;T) we
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obtain
P L,(B,/L;T)™ !
5 (1—7T? +5°T*)8
11 (1—5T7 +11°T*)8
B A-T+ 137?81 +T +13T?%)8
17 (1 — 2277 +17°T*)8
19 (1—2T%7 +19°T%)8
23 (1+ 1977 + 23°T1)8
29 (1+ 1777 +29°T?)®
31 (1 —53T% + 312°T%)8
37 | (1 — 4T + 37T?)3(1 + 4T + 3772)8

Using Magma [CBO09] one can find a modular form f € So(I'1(2% - 3%), x),
where x is the quadratic character of conductor 12, whose Fourier expansion
begins with

+ 3V3¢B +2¢% —5V=3¢® —3V—1 4,
and a modular form g € S3(T'1(2° - 3%), x) whose Fourier expansion begins
with

g = =3P +3vV=1q —3V3¢" — ¢ +2/=3¢"7 + 6v/—1¢"°
3V3¢23 +2¢% —5V=3¢2 —3v—1¢ +---.

These forms f and g satisfy that
Lp(Bv/IdT) = Lp(AfS T>2 ) Lp(AQS T)2

for all primes p < 1000, p # 2,3. This suggests that, in fact, one has the
following equivalence of L-series

L(B,/L;s) ~ L(Ay;8)* - L(Ag; 8)?

and therefore that
ResL/Q ny ~Q A?c X AZ

Thus, in this case we have seen that it is enough to go to a quadratic
extension L of K to find a variety in the Q-isogeny class of B that is strongly
modular over L. However, in the family {B;};cq we can find varieties where
any minimal field L with this property is arbitrarily large. In fact, by The-
orem it is equivalent to find in this family varieties where the degree
of any splitting field is arbitrarily large. We will see this by means of the
following lemma.

Lemma 7.11. Let r > 2 be an integer and let p be a prime such that p =1
(mod 2") and p = —1 (mod 3). Then the order of any splitting character
for By, is at least 2".



7.4. EXPLICIT EXAMPLES OF STRONGLY MODULAR SURFACES 115

PrOOF. For simplicity we call B the variety By, and let [cp] be its
attached cohomology class. By (7.6]) the sign component [cp|+ is given as
the following product of quaternion algebras:

[eBle = (=(27 +16p)/p, 3)q - (—(27 + 16p), 2)q - (2,3)-
Applying the formulas for computing the local Hilbert Symbols at p we find
that

(~@T+16p)/p,3)y = ~1,  (—(27+16p),2),=1,  (2.3),=1,

and this implies that the local component of [cp]+ at the prime p is —1. But
[cB]+ = [ce], where € is the splitting character associated to any splitting
map [ for B. We can identify ¢ with a primitive Dirichlet character of
a certain conductor N, and if ¢, denotes the component of ¢ modulo the
largest power of p dividing N, then the local component of [c.| at p is given
by ep(—1). The value g,(—1) = —1 is taken by the characters of order
multiple of 2°792(P=1) and it follows that ord(e) > ord(e,) > 20rd2(P—1)
which is at least 2" by our choice of p. O

Proposition 7.12. For any integer r there exists a variety B in the family
{Bj}jeq such that any splitting field for B has degree at least 2".

ProoOF. Take a prime p as in the previous lemma, and take as B the
variety By/,. Let 8 be any splitting map for B, and let € be its associated
splitting character. Then we have that [K5: Q] > [K. : Q] > 2". O

From Lemma we can derive another interesting consequence.

Proposition 7.13. Let g be any natural number. There exist varieties B in
the family {B;};cq such that every Q-simple abelian variety A of GLa-type
having B as its simple factor is of dimension dim A > g.

PROOF. Let r be an integer such that ¢(27) = 2"~! > ¢, and take
B = By, with p a prime as in Lemma, If A is a simple abelian variety
of GLo-type that has B as its simple factor, the field £ = End&(A) is
isomorphic to Eg for some splitting map 3 for B. The field Eg contains the
values of the splitting character ¢ associated to 3, hence contains the 2"th
cyclotomic extension, of degree ¢(2") over Q, and we have that dim A =

[Es: Q] > 0(27) > g. O
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