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Basic definitions

Definition 1

Given a topological space X , a quasiperiodically forced system (qpf) is a
continuous map T : T ˆ X Ñ T ˆ X of the form

T pθ, xq “ pθ ` ω mod 2π,Tθpxqq, (1.1)

with ω R 2πQ.

We will restrict to the case where X “ R, and the fibre maps Tθ are
monotonically increasing on R. Let TR denote the set of functions from T to R.
To a qpf system T on T ˆ R, we associate the operator F : TR

Ñ TR given by

Fpφqpθq :“ Tθ´ωpφpθ ´ ωqq.
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Invariant curves

Definition 2

Let T be a qpf monotone map T on T ˆ R.
A T -invariant curve is a measurable function φ : T Ñ R which satisfies

Fpφq “ φ. (1.2)

A T -two-periodic curve is a measurable function φ : T Ñ R which
satisfies

F2
pφq “ φ, (1.3)

Fpφq ‰ φ. (1.4)

The equation 1.2 implies that the graph of φ, which will be denoted by Φ,
is forward invariant by T .

If all the fibre maps are differentiable and we denote their derivatives by
DTθ, then the stability of an T -two-periodic curve is measured by its
(vertical) Lyapunov exponent, given by

λpφq :“

ˆ
T

plogDTθpFpφqpθqq ` logDTθpφpθqqq dθ. (1.5)
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Two-periodic Strange Non-chaotic Attractor

We now define what is (for us) a strange non-chaotic attractor.

Definition 3

A two-periodic strange non-chaotic attractor (TSNA), in a quasiperiodically
forced system T , is the union of a non-continuous T -two-periodic curve φ with
Fpφq such that λpφq ă 0.

It is important to remark the following:

The point set corresponding to a non-continuous invariant curve is not a
compact invariant set, which is usually required in the definition of
”attractor”.

However, in some cases, it can be proved that an SNA attracts and
determines the behavior of a set of initial conditions with full Lebesgue
measure (Keller 1996 [Kel96], Bjerklöv 2009 [Bje09] and Jorba et al.
[JTZ24]).
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Finite time Lyapunov exponents

Let T be a qpf monotone map T on T ˆ R. We introduce several notions
about Lyapunov exponents. For a given n ą 0 and pθ, xq P T ˆ R, the
pointwise (vertical) finite-time forward and finite-time backward Lyapunov
exponents of T are defined as λ`

pθ, x , nq and λ´
pθ, x , nq are defined by

λ`
pθ, x , nq :“

1

n

n´1
ÿ

i“0

logpDT pθ ` iω,T i
θpxqq,

λ´
pθ, x , nq :“

1

n

n´1
ÿ

i“0

logpDT pθ ´ iω,T´i
θ pxqq.

If we have a family Tb of qpf monotone maps on T ˆ R that depend on b, then
λ˘

pθ, x , nq “ λ˘
pb, θ, x , nq will depend also on b.
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Upper Lyapunov exponents

We do not have granted that λ˘
pθ, x , nq converge as n Ñ 8. Then, we define

the upper forward Lyapunov exponent and upper backward Lyapunov
exponent by

λ`
s pθ, xq :“ lim sup

nÑ8

λ`
pθ, x , nq,

λ´
s pθ, xq :“ lim sup

nÑ8

λ´
pθ, x , nq.

Consider the situation where ψ is an unstable and φ is a stable continuous
invariant graph, and there is no other invariant graph in between. There is four
cases:

1 Points on the repeller ψ will have a positive forward and a negative
backward Lyapunov exponent.

2 Points on the attractor φ will have a negative forward and a positive
backward Lyapunov exponent.

3 All points between ψ and φ will converge to φ forwards and to ψ
backwards in time. Hence, their exponents will be negative.

4 The remaining possibility is that both Lyapunov exponents are positive!!
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System with two attracting invariant curve and one repelling in the middle
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Sink-source orbits

The main idea for this orbits is the following:

A sink-source orbit is an orbit that have both forward and backward
Lyapunov exponents positive.

Definition 4 (Jäger 2008)

For a given pθ, xq P T ˆ R, we say that an orbit tT i
pθ, xquiPZ is a sink-source

orbit when

λ`
pθ, xq :“ lim

nÑ8
λ`

pθ, x , nq,

λ´
pθ, xq :“ lim

nÑ8
λ´

pθ, x , nq,

exists and λ`
pθ, xq ą 0 and λ´

pθ, xq ą 0. We say that an orbit tT i
pθ, xquiPZ is

a weak sink-source orbit when λ`
s pθ, xq ą 0 and λ´

s pθ, xq ą 0.

In certain qpf maps, the numerical computation of the finite-time
Lyapunov exponents showed a large proportion of positive values for very
big n ą 0.
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Existence of SNA using orbits

Definition 5

A strange non-chaotic attractor (SNA), in a quasiperiodically forced system
T , is a non-continuous curve φ such that Fpφq “ φ and that

ˆ
T
log|DT pφpθqq|dθ ă 0.

Definition 6

A strange non-chaotic repeller (SNR), in a quasiperiodically forced system
T , is a non-continuous curve φ such that Fpφq “ φ and that

ˆ
T
log|DT pφpθqq|dθ ą 0.

Theorem 7 (Jäger 2008)

If there exists a weak sink-source orbit then there exists a strange non-chaotic
attractor and a strange non-chaotic repeller.
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A quasiperiodically forced piecewise-linear map

Let a ă 0, b ą 0. We consider the quasiperiodically forced map
Fa,b : T ˆ R Ñ T ˆ R defined by Fa,bpθ, xq “ pθ̄, x̄q where

#

θ̄ “ θ ` ω mod 2π,

x̄ “ hapxq ` bgpθq,
(2.1)

for all pθ, xq P T ˆ R, ω R 2πQ. The map g : T Ñ R is a sufficiently smooth
function and the map ha : R Ñ R is given by

hapxq “

#

ax if x ą 1
a
,

1 if x ď 1
a
.

(2.2)
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Space of Lipschitz continuous functions in T

Consider LippT,Rq the space of Lipschitz continuous functions from T to R.
For any f P LippT,Rq let

Lpf q :“ sup

"

|f pθq ´ f pθ1
q|

|θ ´ θ1| | θ, θ1
P T, θ ­“ θ1

*

.

Now we define ∥f ∥L :“ ∥f ∥8 ` Lpf q.

The function ∥¨∥L : LippT,Rq Ñ R` is a norm.

The space LippT,Rq endowed with the norm ∥¨∥L is a Banach space.

Proposition 8 (Arcelà-Ascoli)

Let fn : T Ñ R, n P N, be Lipschitz functions such that there exists an M such
that Lpfnq ď M for all n P N. Then if for every θ P T the exists the limit

f pθq :“ lim
nÑ8

fnpθq,

then f is Lipschitz with Lpf q ď M and tfnun converges uniformly to f on T.
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Uniform contraction case (case ´1 ă a ă 0)

Let ´1 ă a ă 0. The map F : LippT,Rq Ñ LippT,Rq is given by

Fpφqpθq “ hapφpθ ´ ωqq ´ bgpθ ´ ωq.

The map F is a Lipschitz map with Lipschitz constant |a|. Actually,

|Fpφqpθq ´ Fpψqpθq| ď |a||φpθ ´ ωq ´ ψpθ ´ ωq|.

So we obtain that

∥Fpφq ´ Fpψq∥L ď |a|∥φ´ ψ∥L.

As a consequence of the Banach fixed point theorem we can state the following
result.

Theorem 9

Let ´1 ă a ă 0 and b ą 0. The dynamical system Fa,b has a unique Lipschitz
continuous invariant curve.
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Sequences of functions

Consider the following curves

φ0pθq “ 1 ´ bgpθ ´ ωq,

and µ the continuous solution of the equation

µpθq “ aµpθ ´ ωq ´ bgpθq.

A straightforward computation shows that, for b ą 0 small enough, the curve
φ0 is a two-periodic curve and µ is an invariant curve.

Lemma 10

Suppose a ă 0. Then we have that

dφ0 :“ min
θPT

pφ0pθq ´ µpθqq “ amin
θPT

ˆ

1

a
´ µpθ ´ ωq

˙

.
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Plots of the system

For the plot we used gpθq “ 1 ` cospθq.
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Distance of the curves

Now we define two sequences of curves: λ0 “ φ0 ´ µ and for all n ě 0

φn`1pθq :“ F2
pφnqpθq “ hphpφnpθ ´ 2ωqq ´ bgpθ ´ 2ωqq ´ bgpθ ´ ωq,

λn`1pθq :“ hphpµpθ ´ 2ωq ` λnpθ ´ 2ωqq ´ bgpθ ´ 2ωqq ´ aµpθ ´ ωq.

We can prove the following properties of the sequences:

λnpθq “ φnpθq ´ µpθq for all n ě 0.

The sequences tφnun and tλnun are monotone decreasing.

The sequences tφnun and tλnun are lower bounded by µ and x “ 0
respectively. Additionally, tφnun and tλnun have an upper semicontinuous
pointwise limit φ8 and λ8 respectively.

There exists a b ą 0 such that dφ0 “ 0. Moreover, we define b˚
paq as

supbą0 dφ0 ą 0.
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There exists a b ą 0 such that dφ0 “ 0. Moreover, we define b˚
paq as

supbą0 dφ0 ą 0.

Rafael Mart́ınez Vergara (rafa@maia.ub.es) DocTorV Seminar, March 27, 2026 16 / 23



Quasiperiodically forced systems Quasiperiodically forced piecewise-linear maps

Strange Nonchaotic Attractor

Main Theorem 11

Let a ă ´1 and b “ b˚
paq. Then

1 φ8 is a two-periodic upper semicontinuous curve such that λpφ8q ă 0.

2 The set

A “ tθ P T | φ8pθq “ µpθqu

is a residual dense subset of T and has zero Lebesgue measure.
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Idea of the proof

1 Since in the base we have an irrational rotation, A is dense. By ergodicity
A has zero measure or total measure.

2 Define the following sequence of continuous functions

ψnpθq :“

#

λn`1pθ`2ωq

λnpθq
if λnpθq ­“ 0,

a2 if λnpθq “ 0.

3 The sequence tlog ˝ψnun is a monotone increasing sequence of integrable
functions such that 0 ď ψnpθq ď a2 for all θ P T. By the Dominated
Convergence Theorem we obtain that there exists an integrable function
ψ : T Ñ R such thatˆ
T
logpψpθqq “ lim

nÑ8

ˆ
T
logpψnpθqq ď

ˆ
T
logpλnpθ ` 2ωqq ´

ˆ
T
logpλnpθqq “ 0.

4 If θ0 P T is the only zero of λ0 then

A∖ tθ0 ´ ωu Ă tθ0 P T | ψpθq “ a2u.

5 If tθ P T | Fpφqpθq “ aφ8pθq ´ bgpθq ă 1
a
u has positive measure then

λpφ8q ă 0.
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Plots of the system
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Global attractor

Theorem 12

Let a ă 0 and 0 ď b ď b˚
paq. Consider the sets

A` :“ tpθ, xq P T ˆ R | µpθq ď x ď φ0pθqu,

Λ` :“
č

ně0

F 2n
a,bpA`q,

Λ´ :“ Fa,bpΛ`q,

Λ :“ Λ` Y Λ´.

Then,

The set Λ is a compact invariant set for the map Fa,b.

There exists a set E Ă T with full Lebesgue measure such that for every
pθ, xq P E ˆ R there exists an n0 ą 0 such that F n0pθ, xq P Λ.

The set Λ` has positive two dimensional Lebesgue measure.

The graph of φ8 is dense on Λ`.
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Fractalization

Definition 13

We say that a uniformly bounded family of Lipschitz continuous functions tfbu,
indexed by a parameter b P R, left-fractalizes for some b̂ if

lim sup
bÒb̂

Lpfbq “ `8.

Proposition 14

Let a ă ´1 and gpθq ě 0 for all θ P T. The family of two-periodic curves
tφ8pbqub, parametrized by b ą 0, left-fractalizes for the parameter b “ b˚

paq.
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Plots of the system
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