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Abstract. We study the asymptotic distribution of Galois orbits of algebraic
points with small height in a projective variety over a number field. Our main
result is a generalization of Yuan’s equidistribution theorem that does not require
Zhang’s lower bound for the essential minimum to be attained. It extends to all pro-
jective varieties a theorem of Burgos Gil, Philippon, Rivera-Letelier and the second
author for toric varieties, and implies the semiabelian equidistribution theorem of
Kühne. We also generalize previous work of Chambert-Loir and Thuillier to prove
new logarithmic equidistribution results. In the last section, we extend our main
theorem to the quasi-projective setting recently introduced by Yuan and Zhang.

Contents

1. Introduction 1
2. R-divisors and inradius 10
3. Adelic R-divisors 12
4. The differentiability of the arithmetic volume function 20
5. The variational approach to the equidistribution problem 25
6. Differentiability of the essential minimum and first applications 27
7. Proof of the main theorem 33
8. Logarithmic equidistribution 39
9. Toric varieties 42
10. Dynamical systems and semiabelian varieties 55
11. Generalization to quasi-projective varieties 64
Appendix A. Auxiliary results on convex analysis 71
References 75

1. Introduction

In their seminal work [SUZ97], Szpiro, Ullmo and Zhang used Arakelov theory
to prove an equidistribution theorem for the Galois orbits of algebraic points on a
projective variety over a number field. This theorem applies in the case of an abelian
variety for generic sequences of points with Néron-Tate heights converging to zero, and
is at the heart of the Bogomolov conjecture for abelian varieties [Ull98, Zha98]. It has
been widely studied and generalized by many authors. On a projective variety over
a number field, these generalizations culminated with the celebrated equidistribution
theorem of Yuan [Yua08]. In this paper we extend the scope of Yuan’s theorem to
allow more flexibility in the choices of the height function and of the generic sequences
of algebraic points.

Let X be a projective variety of dimension d ≥ 1 over a number field K, and
let K be an algebraic closure of K. Arakelov geometry provides a powerful and very
general framework to define and study the height of algebraic points. Classical heights
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in Diophantine geometry such as Néron-Tate heights on abelian varieties are special
cases of height functions associated to adelic metrized line bundles in the sense of
Zhang [Zha95b]. We work with the essentially equivalent notion of adelic divisors,
which can be understood as usual Cartier divisors together with a structure of adelic
line bundle on the associated invertible sheaf.

Let D be an adelic divisor on X with geometric divisor D and height function
hD : X(K) → R. We denote by µess(D) the essential minimum of this function. For

every generic sequence (xℓ)ℓ in X(K) we have lim infℓ→∞ hD(xℓ) ≥ µess(D), and there
exist generic sequences for which equality holds. Following [BPRS19], we say that a
generic sequence (xℓ)ℓ in X(K) is D-small if the heights of the points converge to the
smallest possible value, that is limℓ→∞ hD(xℓ) = µess(D).

A celebrated inequality of Zhang [Zha95a] asserts that if D is ample and D is
semipositive then

(1.1) µess(D) ≥ (D
d+1

)

(d+ 1)(Dd)
,

where (D
d+1

) denotes the top arithmetic intersection number of D.
For every place v ∈ MK , we denote by Xan

v the v-adic analytification of X. It is a
Berkovich space over Cv, the completion of an algebraic closure of the local field Kv.
For every algebraic point x ∈ X(K), we let δO(x)v be the uniform probability measure

on the orbit O(x)v ⊂ Xan
v of x under the action of Gal(K/K).

With this notation, Yuan’s equidistribution theorem [Yua08] reads as follow.

Theorem 1.1 (Yuan). Let D ∈ D̂iv(X) be a semipositive adelic divisor on X with
ample geometric divisor D. Assume that

(1.2) µess(D) =
(D

d+1
)

(d+ 1)(Dd)
.

Then for every v ∈ MK and every D-small generic sequence (xℓ)ℓ in X(K), the
sequence of probability measures (δO(xℓ)v)ℓ on X

an
v converges weakly to c1(Dv)

∧d/(Dd).

In other words, this theorem asserts that if Zhang’s lower bound (1.1) is attained
then D has the equidistribution property, in the sense that the Galois orbits of points
in generic D-small sequences equidistribute in Xan

v for every place v. Moreover, it
shows that in this case the equidistribution measure is the normalized v-adic Monge-
Ampère measure of D. We note that when X is a curve, this theorem is due to
Autissier [Aut01] and Chambert-Loir [Cha06].

Yuan’s theorem is a cornerstone result in the study of the equidistribution prop-
erty, that encompasses in a unified way the theorem of Szpiro, Ullmo and Zhang
for abelian varieties [SUZ97], its non-Archimedean analogue due to Chambert-Loir
[Cha06], as well as the theorems of Bilu for canonical heights on toric varieties [Bil97]
and Chambert-Loir for canonical heights on isotrivial semi-abelian varieties [Cha00].

The positivity assumptions in Theorem 1.1 can be weakened, and in fact Yuan’s
proof remains valid when D is big but not necessarily ample. Moreover, Berman and
Boucksom [BB10] and later Chen [Che11] generalized Yuan’s theorem at Archimedean
places to the non-semipositive case.

In general the equality (1.2) is not satisfied, and in fact it holds if and only if the
essential minimum coincides with the absolute minimum µabs(D) = infx∈X(K) hD(x)
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[Bal24, Theorem 6.6]. This is a very restrictive condition on the behavior of the
height function, that is nevertheless satisfied in the important case of canonical heights
on polarized dynamical systems [Zha95b]. This includes canonical heights on toric
varieties and Néron-Tate heights on abelian varieties.

To our knowledge, apart from the positivity assumptions Yuan’s theorem is the
most general result ensuring the equidistribution property on a projective variety
over a number field. In particular, in general nothing is known at the moment for
an arbitrary adelic divisor when Zhang’s inequality is strict. However, there are two
remarkable situations that fall outside the scope of Yuan’s theorem but where equidis-
tribution phenomena are known to occur.

In the toric case, Burgos Gil, Philippon, Rivera-Letelier and the second author
[BPRS19] achieved a systematic description of the equidistribution property. Their
result gives a criterion for the equidistribution property in terms of convex analysis,
and shows that there are plenty of toric adelic divisors for which Zhang’s inequality
is strict but that nevertheless satisfy the equidistribution property. This provides a
wealth of new equidistribution phenomena, previously out of reach. On the other
hand, not every toric adelic divisor has the equidistribution property.

In [Küh22], Kühne proved the long-standing semiabelian equidistribution conjec-
ture, showing that the equidistribution property holds for canonical heights on semi-
abelian varieties. As shown by Chambert-Loir [Cha00], Yuan’s theorem does not
apply in this case as (1.2) can fail when the semiabelian variety is not isotrivial.
Kühne’s theorem allowed him to give a purely Arakelov-geometric proof of the semi-
abelian Bogomolov conjecture, previously established by David and Philippon with
other methods [DP00].

1.1. Main theorem. The results of [BPRS19] and [Küh22] raise the following ques-
tion: on an arbitrary projective variety, what can be said regarding the equidistribu-
tion property for an adelic divisor when Zhang’s inequality is strict? More precisely,
can we identify a condition weaker than (1.2) that guarantees the equidistribution
property for a given adelic divisor? Our main contribution is a generalization of
Yuan’s theorem that answers positively this question.

As in [SUZ97, Yua08, Cha06, Che11], positivity properties of adelic divisors play
a central role in our approach. We work with the more general notion of adelic R-
divisors developed by Moriwaki, as it provides a particularly efficient framework to
study positivity [BMPS16, Mor16]. Adelic R-divisors are better behaved on normal
varieties, so we assume that X is normal from now on. This assumption is harmless
since our main result is invariant under modification.

Let D be an adelic R-divisor on X. A semipositive approximation of D is a pair
(ϕ,Q) consisting of a normal modification ϕ : X ′ → X and a semipositive adelic R-
divisor Q on X ′ such that the geometric R-divisor Q underlying Q is big and ϕ∗D−Q
is pseudo-effective. The definition of semipositive approximations is very similar to
the one of admissible decompositions in the sense of Chen [Che11, Definition 2], but
here we do not require Q to be nef.

Given two big R-Cartier divisors P,A on X, the inradius of P with respect to A
is the real number

r(P ;A) = sup{λ ∈ R |P − λA is big}.
This geometric invariant was introduced by Teissier [Tei82] and measures the bigness
of P , see §2.2 for more details. Our main result is the following.
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Theorem 1.2. Let D be an adelic R-divisor on X with D big. Assume that there
exists a sequence (ϕn : Xn → X,Qn)n of semipositive approximations of D such that

(1.3) lim
n→∞

µess(D)− µabs(Qn)

r(Qn;ϕ∗nD)
= 0.

Let v ∈ MK , and for each n ≥ 1 let νn,v be the probability measure on Xan
v given by

the pushforward of the normalized v-adic Monge-Ampère measure c1(Qn,v)
∧d/(Qdn) on

Xan
n,v. Then

(1) the sequence (νn,v)n converges weakly to a probability measure νv on Xan
v ,

(2) for every D-small generic sequence (xℓ)ℓ in X(K), the sequence of probability
measures (δO(xℓ)v)ℓ on X

an
v converges weakly to νv.

Theorem 1.1 follows immediately from Theorem 1.2 applied with the constant
sequence (ϕn, Qn) = (IdX , D), n ∈ N. It also implies Chen’s equidistribution theorem
(Corollary 6.5).

We actually prove a stronger result (Theorem 6.1), showing that under the assump-
tion of Theorem 1.2 we have that for every D-small generic sequence (xℓ)ℓ and every

E ∈ D̂iv(X)R,

(1.4) lim
ℓ→∞

hE(xℓ) = lim
n→∞

(Q
d
n · ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
.

In particular, both limits exist in R and the second one does not depend on the choice
of the sequence (ϕn, Qn)n. Theorem 1.2 follows by specifying (1.4) to adelic divisors
E constructed from continuous functions on the analytic spaces Xan

v , v ∈ MK .
In Theorem 6.7 we give an alternative formulation of Theorem 1.2, which is more

intrinsic in the sense that it does not rely on the choice of a specific sequence of semi-
positive approximations. In fact, we show that the existence of a sequence (ϕn, Qn)n
as in Theorem 1.2 is equivalent to an equality

lim
t→µess(D)

µess(D)− t

ρ(D(t))
= 0,

where ρ(D(t)) is an invariant measuring the inradii of the geometric divisors of arith-
metic Fujita approximations for an adelic R-divisor D(t) obtained by twisting the
Archimedean Green functions of D. In this case, for each v ∈ MK the equidistribution
measure can be computed using positive arithmetic intersection numbers introduced
by Chen [Che11] (Remark 6.11).

Using (1.4), we also obtain a generalization of Chambert-Loir and Thuillier’s theo-
rem on logarithmic equidistribution [CLT09]. More precisely, we prove that in the sit-
uation of Theorem 1.2 the equidistribution property extends to test functions with log-
arithmic singularities along hypersurfaces satisfying some numerical condition (Theo-
rem 8.4 and Remark 8.5).

1.2. Toric varieties. Theorem 1.2 allows to recover the main result of [BPRS19].
Our approach is different from that in loc. cit., and gives a new perspective on the
equidistribution problem in the toric setting.

We recall some of the basic constructions from the Arakelov geometry of toric
varieties. Let X be a projective toric variety over K with torus T ≃ Gdm, and D
a toric adelic R-divisor on X with big underlying R-divisor D. Denote by ∆D the
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d-dimensional polytope associated to this divisor. Then the family of Green functions
of D define a family of concave functions ϑD,v : ∆D → R, v ∈ MK , called the local
roof functions, and whose weighted sum give the global roof function

ϑD : ∆D → R.

These concave functions convey a lot of information about the height function of D.
For instance, its essential minimum can be computed as the maximum of the global
roof function [BPS15].

In the toric setting, the condition that D satisfies the equality in Zhang’s lower
bound (1.1) is very restrictive, as it is equivalent to the condition that the global roof
function is constant [BPRS19, Proposition 5.3], see also Example 9.2. Thus the only
toric adelic divisor to which Yuan’s theorem applies are those for which this concave
function is constant.

The global roof function ϑD is said to be wide if the width of its sup-level sets
remains relatively large as the level approaches its maximum, see Appendix A for
details. When this is the case, there is a unique balanced family of vectors uv, v ∈
MK such that each uv is a sup-gradient of the v-adic roof function ϑD,v. Moreover,
for each v ∈ MK we consider a probability measure ηv,uv on Xan

v associated to uv
(Definition 9.7). When v is Archimedean, it is the Haar probability measure on a
translate of the compact torus Sv ≃ (S1)d of Tan

v , whereas in the non-Archimedean
case it is the Dirac measure at a translate of the Gauss point of this v-adic analytic
torus.

The following is our main result in the toric setting.

Theorem 1.3. Let D be a toric adelic R-divisor on X with D big. Assume that
ϑD is wide and let uv, v ∈ MK , be its balanced family of sup-gradients. Then each

v ∈ MK and every D-small generic sequence (xℓ)ℓ in X(K), the sequence of probability
measures (δO(xℓ)v)ℓ on X

an
v converges weakly to ηv,uv .

We actually show a stronger result (Theorem 9.8): when ϑD is wide the limit

in (1.4) implies that for every D-small generic sequence (xℓ)ℓ in X(K) and every

E ∈ D̂iv(X)R the limit limℓ→∞ hE(xℓ) exists in R and can be explicitly computed.
When E is toric we have

(1.5) lim
ℓ→∞

hE(xℓ) =
∑
v∈MK

nv

∫
Xan

v

gE,v dηv,uv ,

where gE,v denotes the v-adic Green function of E.

Furthermore, we show that the converse of this theorem holds when D is semi-
positive: in this situation, the condition that ϑD is wide is necessary for the equidis-

tribution of the Galois orbits of the D-small generic sequences of points (Corollary
9.12). These results allow us to recover the criterion for the equidistribution property
in the toric setting from [BPRS19]. As a byproduct they also show that the sufficient
condition in this criterion remains valid without the semipositivity hypothesis and
extend its scope to cover the height convergence property in (1.5), see Remark 9.13
for more details.

The proof of Theorem 1.3 is an application of Theorem 6.7, which as explained is a
reinterpretation of Theorem 1.2 in terms of positive arithmetic intersection numbers.
In addition, it uses the computation of the positive arithmetic intersection numbers
of toric adelic divisors in terms of the mixed integrals of their local roof functions.
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Finally, as an application of Theorem 8.4 we strengthen our toric equidistribution
theorem to allow test functions with logarithmic singularities along the boundary divi-
sor and special translates of subtori. For simplicity, here we state it for the semipositive
setting, and refer to Theorem 9.15 for the general case.

Theorem 1.4. Let D be a semipositive toric adelic R-divisor on X with D big and
such that ϑD is wide. Let E be an effective divisor on X such that each of its geometric
irreducible components is either contained in the boundary X \X0, or is the closure V
of the translate of a subtorus of X0 with µess(D|V ) = µess(D). Then for each v ∈ MK

and every D-small generic sequence (xℓ)ℓ in X(K) we have

lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v =

∫
Xan

v

φdηv,uv .

for any function φ : Xan
v → R∪{±∞} with at most logarithmic singularities along E.

1.3. Semiabelian varieties. As another application, we study the equidistribution
of the Galois orbits of algebraic points of small height in semiabelian varieties. In
particular, we recover Kühne’s theorem in this direction.

Let G be a semiabelian variety over K that is the extension of an abelian variety A
of dimension g by the split torus Grm. Consider the compactification G induced by
toric compactification (P1)r of Grm, which is a smooth variety containing G as a dense
open subset. The projection G → A extends to a morphism π : G → A allowing
to consider this compactification as a (P1)r-bundle over A. Moreover, for any given
integer ℓ > 1 the multiplication-by-ℓ on G extends to an endomorphism [ℓ] : G→ G.

Let M can be the boundary divisor G \ G equipped with its canonical structure of
adelic divisor with respect to [ℓ] in the sense of arithmetic dynamics. In addition,
denote by N can the canonical adelic divisor associated to an ample symmetric divisor
on A. Then we consider the adelic divisor on G defined as

D =M can + π∗N can.

The associated height function is nonnegative on G(K) and vanishes on the torsion
points, and so µess(D) = 0. On the other hand, it might take negative values on
(G \G)(K) whenever G is not isotrivial, that is isogenous to the product Grm ×A. In
this case we have µess(D) > µabs(D) and so D is outside the scope of Yuan’s theorem.
In spite of this, we show that it is possible to recover the semiabelian equidistribution
theorem from Theorem 1.2.

Corollary 1.5 (Kühne [Küh22]). Let (xℓ)ℓ be a D-small generic sequence in G(K).
Then for every v ∈ MK the sequence of probability measures (δO(xℓ)v)ℓ on Xan

v con-

verges weakly to c1(Dv)
∧r+g/(Dr+g).

This corollary is obtained by considering the sequence of adelic R-divisors defined
as

Qn = ℓ−nM + π∗N, n ∈ N.
Using the dynamical properties of M can and π∗N can one can check that (IdG, Qn) is

a semipositive approximation of D whose absolute minimum decreases much faster
than its inradius as n → ∞, and that the normalized v-adic Monge-Ampère measure
of Qn coincides with that of D. The result then follows as a direct application of
Theorem 1.2.
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More generally, the limit in (1.4) similarly implies that for every generic D-small

sequence (xℓ)ℓ in G(K) and every E ∈ D̂iv(G) we have

(1.6) lim
ℓ→∞

hE(xℓ) =
((M can)r · (π∗N can)g · E)

(M r · π∗Ng)
,

see Theorem 10.11 and Remark 10.12.
Our approach is similar in spirit to Kühne’s, in the sense that it ultimately relies on

an asymptotic use of the arithmetic Siu inequality. However, our technical implemen-
tation is different since we do not need to modify G through a sequence of isogenies
as in [Küh22], but rather produce a suitable sequence of semipositive approximations
sitting on G.

Finally, as an application of Theorem 8.4 we strengthen the semiabelian equidistri-
bution theorem to allow test functions with logarithmic singularities along the closure
of a torsion hypersurface (Theorem 10.15).

Theorem 1.6. Let (xℓ)ℓ be a D-small generic sequence in G(K). Then for every
v ∈ MK and any function φ : G

an
v → R ∪ {±∞} with at most logarithmic singularities

along the closure of a torsion hypersurface of G we have

lim
ℓ→∞

∫
G

an
v

φdδO(xℓ)v =

∫
G

an
v

φ
c1(Dv)

∧r+g

(Dr+g)
.

We formalize our approach in the dynamical setting for sums of canonical adelic
R-divisors, obtaining general versions of the above results which might be of interest
beyond the semiabelian case (Theorems 10.8 and 10.10).

1.4. Further results and questions. In [YZ23, Theorem 5.4.3], Yuan and Zhang
generalized Yuan’s Theorem 1.1 to quasi-projective varieties using their new theory of
adelic line bundles. In §11 we present a generalization of Theorem 1.2 in this context,
that recovers [YZ23, Theorem 5.4.3].

As already explained, in the toric case the condition of Theorem 1.2 translates into
a convex analysis statement involving the global roof function. It turns out that on
an arbitrary projective variety we have a similar result involving arithmetic Okounkov
bodies in the sense of Boucksom and Chen [BC11]. Since this is beyond the scope of
this article, it will appear in a subsequent manuscript.

The condition of Theorem 1.2 is optimal in the semipositive toric case, in the sense
that for a semipositive toric adelic R-divisor the equidistribution property at every
place is equivalent to the existence a sequence of semipositive approximations with
(1.3). It is natural to ask whether this remains true in general, that is if Theorem
1.2 actually gives a criterion for the equidistribution property. We refer to Question
6.12 for a precise formulation involving the invariants ρ(D(t)). In Proposition 6.13 we
give an affirmative answer under an additional technical condition, which is always
satisfied for semipositive toric adelic R-divisors.

1.5. Outline of the proof. Our approach is based on the variational principle of
[SUZ97]. Let v ∈ MK be a place and φ a real-valued function on Xan

v . With the
notation and assumptions of Theorem 1.2, we need to prove that

(1.7) lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v = lim
n→∞

∫
Xan

v

φdνn,v.
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By a standard density argument, it suffices to consider the case where φ is Gal(Cv/Kv)-
invariant (see §3.5). This allows to associate to φ an adelic divisor E = 0

φ
with trivial

geometric divisor E = 0, such that (1.7) translates into

(1.8) lim
ℓ→∞

hE(xℓ) = lim
n→∞

(Q
d
n · ϕ∗nE)

(Qdn)
.

The proof is significantly simpler when X is a curve, and we restrict to this case
here. Then ϕn = IdX for every n, and the inradius of two nef and big R-Cartier
divisors A,B is simply r(A;B) = (A)/(B) (where (A), (B) denote the degrees of the
R-Weil divisors associated to A and B). Therefore, in that case the assumption of
Theorem 1.2 boils down to

(1.9) lim
n→∞

µess(D)− µabs(Qn)

(Qn)
= 0.

For simplicity, we furthermore assume that E can be written as the difference of two
semipositive adelic divisors, and that µess(D) > 0. Then µabs(Qn) ≥ 0 for n large
enough, which means that Qn is nef. A classical consequence of Yuan’s arithmetic
version of Siu’s inequality [Yua08] then implies that there exists a constant C ∈ R
such that

(1.10) v̂ol(Qn + λE) ≥ (Q
2
n) + 2λQn · E − Cλ2

for every λ ∈ (0, 1) and every sufficiently large n (see [Che11, Lemma 4.2] and Lemma

4.5). Here v̂ol denotes the arithmetic volume (§3.3). On the other hand, standard
variants of Zhang’s theorem on minima give

(1.11) µess(Qn + λE) ≥ v̂ol(Qn + λE)

2(Qn)
and

(Q
2
n)

2(Qn)
≥ µabs(Qn).

Moreover, we have

µess(D) + λ lim inf
ℓ→∞

hE(xℓ) = lim inf
ℓ→∞

hD+λE(xℓ) ≥ µess(D + λE) ≥ µess(Qn + λE),

where the last inequality comes from the fact that D − Qn is pseudo-effective, see
Lemma 3.15. Combining this with (1.10) and (1.11) gives

lim inf
ℓ→∞

hE(xℓ) ≥
1

λ
(µabs(Qn)− µess(D)) +

(Qn · E)

(Qn)
− C

λ

(Qn)
.

Applying this to a suitable sequence of real numbers (λn)n and using (1.9) we obtain
lim infℓ→∞ hE(xℓ) ≥ lim supn→∞(Qn · E)/(Qn), and the result follows in that case

by applying this inequality to −E. Similar arguments remain valid for an arbitrary

adelic R-divisor E ∈ D̂iv(X)R, leading to the height convergence property in (1.4).
This requires a bit more work as we have to take care of a term vol(Qn+λE) appearing
in Zhang’s inequality.

In higher dimension the argument breaks down as a lower bound of the form (1.10)
is not precise enough to take advantage of the assumption (1.3). The core of our proof
is a finer consequence of Yuan’s bigness theorem, with an error term involving the
inradius of Qn (§7.1). It relies on precise estimates of arithmetic intersection numbers
based on the arithmetic Hodge index theorem of Yuan and Zhang [YZ17].

As emphasized in [Che11], the variational principle can be translated into differen-
tiability statements for invariants associated to adelic divisors. For example, Yuan’s
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theorem is a consequence of the differentiability of arithmetic χ-volumes [Yua08], and
Chen’s equidistribution theorem follows from the differentiability of arithmetic vol-
umes [Che11]. Under the assumption of Theorem 1.2 we actually show the differen-
tiability of the essential minimum at D, which is equivalent to the height convergence
property in (1.4) and thus implies Theorem 1.2.

1.6. Organization of the paper. Sections 2 and 3 contain the material we need
concerning R-divisors and adelic R-divisors. In section 4 we collect basic results on
the differentiability of concave functions and we recall Chen’s theorem on the differ-
entiability of arithmetic volumes. Section 5 relates the equidistribution problem to
the differentiability of the essential minimum function. We state our main theorem
in section 6 and we prove it in section 7. In section 8 we deduce a generalization
of Chambert-Loir and Thuillier’s logarithmic equidistribution theorem. In sections 9
and 10 we apply our results in the setting of toric varieties and of (non-necessarily po-
larized) dynamical systems, including semi-abelian varieties. Finally, in section 11 we
extend our main theorem to quasi-projective varieties. Appendix A contains auxiliary
results on convex analysis that are used in section 9.

1.7. Notation and conventions.

1.7.1. A variety is a separated and integral scheme of finite type over a field. We let
K be a number field and we fix an algebraic closure K of K. Throughout the text,
we let X be a normal projective variety over K of dimension d = dimX ≥ 1. The
elements of X(K) are called the algebraic points of X. We let XK′ = X×KSpecK ′ for
any field extension K ⊂ K ′. A modification of X is a birational projective morphism
ϕ : X ′ → X. We say that it is normal if so is X ′.

1.7.2. We let OK be the ring of integers of K, MK its set of places, and M∞
K ⊂ MK

the subset of Archimedean places. For every v ∈ MK , we let Kv be the completion of
K with respect to v and Qv be the completion of Q with respect to the restriction of
v to Q. We fix an algebraic closure Kv of Kv and an embedding K ↪→ Kv. We equip
Kv with the unique absolute value | · |v extending the usual absolute value on Qv:
|p|v = p−1 if v is a finite place over a prime number p, and | · |v is the usual absolute
value on C if v is Archimedean. We denote by Cv the completion of Kv with respect
to this absolute value. We let

nv =
[Kv : Qv]
[K : Q]

.

For any place v0 ∈ MQ we have
∑

v|v0 nv = 1, where the sum is over the places

v ∈ MK above v0. Moreover, we have the product formula for K: for any a ∈ K×,∑
v∈MK

nv log |a|v = 0.

1.7.3. A measure is a regular Borel measure on a locally compact Hausdorff space.
A signed measure is a difference of two measures.
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2. R-divisors and inradius

We recall some facts that we shall frequently use about R-divisors and their pos-
itivity in the geometric setting. We refer the reader to [Laz04] and [Mor16, §1.2] for
more background. In §2.2 we review the definition and basic properties of the inradius
of two R-divisors.

2.1. R-divisors. We denote by Div(X) the set of Cartier divisors onX and by Rat(X)
the set of rational functions on X. We let Rat(X)×R = Rat(X)× ⊗Z R. We denote by
Div(X)Q = Div(X)⊗ZQ the set of Q-Cartier divisors, and by Div(X)R = Div(X)⊗ZR
the set of R-Cartier divisors. Since X is normal, there exists an injective morphism
from Div(X) to the free Abelian group of Weil divisors of X. Therefore Div(X) has
no torsion and we have inclusions

Div(X) ⊂ Div(X)Q ⊂ Div(X)R.

In this text, we are mainly concerned with Cartier divisors and R-Cartier divisors
and so we call them just divisors and R-divisors, for short. Given a rational func-
tion f ∈ Rat(X)×, we let div(f) ∈ Div(X) be the corresponding divisor. The map
div : Rat(X)× → Div(X) extends by linearity to a map Rat(X)×R → Div(X)R, which
we also denote by div. Given two R-divisors D,D′ ∈ Div(X)R, we write D ≡ D′ if
they are linearly equivalent, that is D′ = D + div(f) for some f ∈ Rat(X)×R .

For D ∈ Div(X)R, we let supp(D) ⊂ X be the support of D, that is the support
of the associated R-Weil divisor. It is a closed subset of X. We say that D is effective
if so is its associated R-Weil divisor.

Given a family D1, . . . , Dd in Div(X)R and an r-dimensional cycle Z on X (0 ≤
r ≤ d), we denote by (D1 · · ·Dr ·Z) the intersection number. When Z = X, we simply
write (D1 · · ·Dd). This number only depends on the linear equivalence classes of the
R-divisors and it is invariant under normal modifications. If Di, i = 1, . . . , d − 1,
are nef and Dd −D′

d is pseudo-effective, then the corresponding intersection numbers
compare as

(2.1) (D1 · · ·Dd−1 ·D′
d) ≤ (D1 · · ·Dd−1 ·Dd).

If D ∈ Div(X)R is nef, the intersection number (Dd) coincides with the volume vol(D)
of D.

The set of global sections of an R-divisor D is defined as

Γ(X,D) = {(f,D) | f ∈ Rat(X)×, D + div(f) ≥ 0} ∪ {0}.
For s = (f,D) ∈ Γ(X,D)\{0}, we let div(s) = D+div(f) ∈ Div(X)R. If s1 = (f1, D1)
and s2 = (f2, D2) are global sections of R-divisors D1, D2 ∈ Div(X)R, we denote by

s1 ⊗ s2 = (f1f2, D1 +D2) ∈ Γ(X,D1 +D2)

their product.
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2.2. Inradius of two R-divisors. Following Teissier [Tei82], given two R-divisors
P,A ∈ Div(X)R with A big, we define the inradius of P with respect to A as

r(P ;A) = sup{λ ∈ R | P − λA is big} = sup{λ ∈ R | P − λA is pseudo-effective}.
In general, r(P ;A) ∈ R ∪ {−∞}. However, if P is big then r(P ;A) > 0 by the
continuity of the volume function. Moreover, we have r(δP ;A) = δ r(P,A) and
r(P ; δA) = δ−1 r(P,A) for any δ ∈ R>0, and r(ϕ∗P, ϕ∗A) = r(P,A) for any nor-
mal modification ϕ : X ′ → X. This follows from the fact that the volume is invariant
under birational morphisms.

Lemma 2.1. Let P,A1, A2 be big R-divisors on X. Then

r(A2;A1)× r(P ;A2) ≤ r(P ;A1) ≤
1

r(A1;A2)
× r(P ;A2).

Proof. Since P − r(P ;A2)A2 and A2 − r(A2;A1)A1 are pseudo-effective,

P − (r(P ;A2)× r(A2;A1))A1

is pseudo-effective. Therefore r(A2;A1)× r(P ;A2) ≤ r(P ;A1). The second inequality
follows by interchanging the roles of A1 and A2. □

Lemma 2.2. Let P and A be nef and big R-divisors on X. Then

(P d)

d× (P d−1 ·A)
≤ r(P ;A) ≤ (P d)

(P d−1 ·A)
.

Proof. Let λ ∈ R. By Siu’s inequality [Laz04, Theorem 2.2.15], P−λA is big whenever

λ d× (P d−1 ·A) < (P d).

The first inequality follows. For the second one, note that P − r(P ;A)A is pseudo-
effective. Since P is nef, we have

(P d)− r(P ;A)(P d−1 ·A) = (P d−1 · (P − r(P ;A)A)) ≥ 0.

□

Lemma 2.3. Let P and A be nef and big R-divisors on X such that A−P is pseudo-
effective. Then

r(P ;A) ≥ (P d)

d(Ad)
.

Proof. Since A−P is pseudo-effective and A,P are nef, we have that (P d−1 ·A) ≤ (Ad)
by (2.1). Therefore the results follows from Lemma 2.2. □

Lemma 2.4. Let P,E ∈ Div(X)R with P big. Let A be a big R-divisor such that
A± E are pseudo-effective. For every λ ≥ 0, we have(

1− λ

r(P ;A)

)d
vol(P ) ≤ vol(P + λE) ≤

(
1 +

λ

r(P ;A)

)d
vol(P ).

Proof. Since A− E is pseudo-effective,

1

r(P ;A)
P − E =

1

r(P ;A)
(P − r(P ;A)A) +A− E

is also pseudo-effective. Therefore

vol(P + λE) ≤ vol(P +
λ

r(P ;A)
P ) =

(
1 +

λ

r(P ;A)

)d
vol(P ).
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Similarly,
1

r(P ;A)
P + E =

1

r(P ;A)
(P − r(P ;A)A) +A+ E

is pseudo-effective since so is A+ E. Therefore(
1− λ

r(P ;A)

)d
vol(P ) = vol(P − λ

r(P ;A)
P ) ≤ vol(P + λE).

□

3. Adelic R-divisors

In this section we recall the definition and important facts concerning adelic R-
divisors, that generalize adelic line bundles in the sense of Zhang [Zha95b]. Our main
references are [BPS14], [BMPS16] and [Mor16].

3.1. First definitions. For every v ∈ MK , we let Xv = XCv . We denote by Xan
v

the analytification of Xv in the sense of Berkovich (see [BPS14, §1.2] and [Mor16,
§1.3] for short introductions sufficient for our purposes). We have an injective map
X(Cv) ↪→ Xan

v , which induces an inclusion

ιv : X(K) ↪→ Xan
v

via the chosen embedding K ↪→ Kv ⊂ Cv. For every algebraic point x ∈ X(K),
we denote by O(x) the orbit of x in X(K) under the action of Gal(K/K), and by
O(x)v = ιv(O(x)) its image in Xan

v . The absolute Galois group Gv = Gal(Kv/Kv)
acts on Xan

v . We let C(Xan
v ) be the set of continuous real-valued functions on Xan

v ,
and C(Xan

v )Gv ⊂ C(Xan
v ) the subspace of continuous functions that are Gv-invariant.

Let D ∈ Div(X)R and let v ∈ MK . A continuous v-adic Green function on D is a
Gv-invariant function

gv : X
an
v \ supp(D)anv → R

with the following property: for every open covering X =
⋃ℓ
i=1 Ui of X such that D

is defined by fi ∈ Rat(X)×R on Ui, gv + log |fi,v|v extends to a continuous function on
Uan
i,v for every i ∈ {1, . . . , ℓ}, where fi,v is the pull-back of fi to U

an
i,v . In this article

we only consider continuous v-adic Green functions, and we call them v-adic Green
functions for short.

Let U ⊂ Spec(OK) be a non-empty open subset. A model of X over U is a
normal integral projective scheme X → U such that X = X ×U SpecK = X. Let
D ∈ Div(X)R. A model of (X,D) over U is a pair (X ,D) where X is a model of X
over U and D is an R-divisor on X such that D|X = D. Such a model induces v-adic
Green functions on D for every place v ∈ U , that we denote by gD,v (see [Mor16, §2.1]
for details).

Definition 3.1. An adelic R-divisor on X is a pair D = (D, (gv)v∈MK
) where D ∈

Div(X)R and gv is a v-adic Green function on D for every v ∈ MK , such that there
exists a nonempty open subset U ⊂ SpecOK and a model (X ,D) of (X,D) over U
with gv = gD,v for every v ∈ U .

We say that D is an R-divisor over D and conversely, we also say that D is the
geometric R-divisor of D.
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Unless otherwise stated, we use the following convention: given an adelic R-divisor
D ∈ Div(X)R, we always use the same letter D to denote its geometric R-divisor and
we denote by (gD,v)v∈MK

its family of Green functions.

The set of adelic R-divisors forms a group, that we denote by D̂iv(X)R. Let

D ∈ D̂iv(X)R. If D ∈ Div(X) (respectively Div(X)Q), we say that D is an adelic
divisor (respectively an adelic Q-divisor). Adelic divisors and adelic Q-divisors form

subgroups of D̂iv(X)R, which we denote by D̂iv(X) and D̂iv(X)Q respectively.

Example 3.2. Let (φv)v∈MK
be a family with φv ∈ C0(Xan

v )Gv for every v ∈ MK

and φv = 0 for all except finitely many v ∈ MK . Then (0, (φv)v∈MK
) ∈ D̂iv(X).

Every adelic divisor over 0 ∈ Div(X) is of this form.

We let [∞] = (0, (φv)v∈MK
) ∈ D̂iv(X) be the adelic divisor over 0 given by the

constant functions φv = 1 if v is Archimedean, and φv = 0 otherwise.

Let D = (D, (gv)v∈MK
) ∈ D̂iv(X)R, and let ϕ : X ′ → X be a morphism from a

normal projective variety X ′ such that the image of ϕ is not contained in supp(D).

Then we define the pullback ϕ∗D ∈ D̂iv(X ′)R as the R-divisor ϕ∗D equipped, at each
place v ∈ MK , with the pullback of gv to (X ′)anv by the v-adic analytification of ϕ.

Let f ∈ Rat(X)×. For each v ∈ MK , we let fv be the pullback of f to Xan
v . We

define an adelic divisor on X by

d̂iv(f) = (div(f), (− log |fv|v)v∈MK
).

This construction defines a group morphism Rat(X)× → D̂iv(X). It extends by

linearity to a group morphism Rat(X)×R → D̂iv(X)R, also denoted d̂iv. Two adelic

R-divisors D,D′ ∈ D̂iv(X)R are said linearly equivalent, denoted D ≡ D
′
, if there

exists f ∈ Rat(X)×R such that D
′
= D + d̂iv(f).

Let D ∈ D̂iv(X)R. We say that D is semipositive if gD,v is of C
0∩PSH-type in the

sense of [Mor16, §1.4 and Definition 2.1.6] for every v ∈ MK . We say that D is DSP
(short for difference of semipositive) if there exist two semipositive adelic R-divisors
D1, D2 such that D = D1−D2. We denote by D̂SP(X)R ⊂ D̂iv(X)R the subgroup of

DSP adelic R-divisors. Note that if D ∈ D̂iv(X)R is semipositive, then its geometric
R-divisor D is nef and in particular vol(D) = (Dd).

Remark 3.3. It is standard that to an adelic divisor D ∈ D̂iv(X) one can associate
an adelic line bundle L = (OX(D), (∥.∥v)v∈MK

) in the sense of Zhang [Zha95b], and
that every adelic line bundle can be constructed in this way. We refer the reader to
[BMPS16, proof of Proposition 3.8] for details on this construction. The adelic line
bundle L is semipositive in the sense of [Zha95b] if and only if D is semipositive, and
it is integrable in the sense of [Zha95b] if and only if D is DSP.

3.2. Heights of points and subvarieties. Let D ∈ D̂iv(X)R and x ∈ X(K). Let
f ∈ Rat(X)×R be such that x /∈ supp(D + div(f)). The height of x with respect to D
is the real number

hD(x) =
∑
v∈MK

nv
#O(x)v

∑
y∈O(x)v

g
D+d̂iv(f),v

(y).

This quantity does not depend on the choice of f by the product formula.
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Let Y ⊂ X be an r-dimensional subvariety, r ∈ {1, . . . , d}, and (Di)1≤i≤r ∈
D̂SP(X)rR. For every v ∈ MK , we have a signed measure

(3.1) c1(D1,v) ∧ · · · ∧ c1(Dr,v) ∧ δY an
v

on Xan
v , supported on Y an

v and with total mass (D1 · · ·Dr · Y ). In the case where all
the Di’s are semipositive adelic divisors, this is the measure defined in [Cha06] (asso-
ciated to the metrized line bundles corresponding to D1, . . . , Dr). This construction
is symmetric and multilinear in D1, . . . , Dr, thus it extends to the general case of DSP

adelic R-divisors by multilinearity. For every E ∈ D̂iv(X)R, the v-adic Green function
gE,v is integrable for the signed measure (3.1). This is proved in [CLT09, Theorem

4.1] for adelic divisors, and remains true for adelic R-divisors by multilinearity. In the
case where Y = X and D1 = D2 = . . . = Dr are equal, we simply write c1(D1,v)

∧d.

This measure is called the v-adic Monge-Ampère measure associated to D1.

Let Dr+1 ∈ D̂iv(X)R, and let D
′
r+1 ≡ Dr+1 be such that D′

r+1 intersects Y prop-

erly. The height hD1,...,Dr+1
(Y ) of Y with respect to (Di)1≤i≤r+1 is defined by induc-

tion using the following arithmetic Bézout formula: we let h(∅) = 0, and

(3.2) hD1,...,Dr+1
(Y ) = hD1,...,Dr

(Y ·D′
r+1)

+
∑
v∈MK

nv

∫
Xan

v

g
D

′
r+1,v

c1(D1,v) ∧ · · · ∧ c1(Dr,v) ∧ δY an
v
.

This is well-defined, independent of the choice ofD
′
r+1, and multilinear inD1, . . . , Dr+1

[BPS14, §1.5], [BMPS16, page 225]. In the case where Dr+1 ∈ D̂SP(X)R, this con-
struction is symmetric in D1, . . . , Dr+1. The definition of hD1,...,Dr+1

(Y ) extends to

the case where Y is an r-dimensional cycle by multilinearity. When D1 = . . . = Dr+1,
we simply write hD1

(Y ) = hD1,...,Dr+1
(Y ).

If r = d, the arithmetic intersection number of D1, . . . , Dd+1 is

(D1 · · ·Dd+1) = hD1,...,Dd+1
(X).

This quantity only depends on the linear equivalence classes of D1, . . . , Dd+1, and

(ϕ∗D1 · · ·ϕ∗Dd+1) = (D1 · · ·Dd+1)

for every normal modification ϕ : X ′ → X. Moreover, it follows from the definition
that

(3.3) ([∞] ·D2 · · ·Dd+1) =
∑
v∈M∞

K

nv

∫
Xan

v

c1(D2,v)∧ · · · ∧ c1(Dd+1,v) = (D2 · · ·Dd+1).

When Dd+1 is DSP, our definition of arithmetic intersection number coincides with
the one in [Mor16, §4.5].

3.3. Arithmetic volumes and positivity. Let D ∈ D̂iv(X)R. For every s =
(f,D) ∈ Γ(X,D) \ {0} and y ∈ Xan

v with y /∈ supp(div(s))anv , we let

∥s(y)∥v = exp(−g
D+d̂iv(f),v

(y)).
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By [Mor16, Propositions 1.4.2 and 2.1.3], this definition can be extended to define a
continuous map y ∈ Xan

v 7→ ∥s(y)∥v ∈ R. We let

∥s∥v,sup = sup
y∈Xan

v

∥s(y)∥v,

and we say that s is small if ∥s∥v,sup ≤ 1 for every v ∈ MK . By convention, we say

that 0 ∈ Γ(X,D) is small. We denote by Γ̂(X,D) the set of small global sections of
D. We remark that for every m ∈ N and non-zero s ∈ Γ(X,mD) we have

(3.4) hD(x) ≥ − 1

m

∑
v∈MK

nv log ∥s∥v,sup for all x ∈ X(K) \ supp(div(s)).

Let AK be the ring of adèles of K, and let

B(D) = {(sv)v∈MK
∈ Γ(X,D)⊗K AK | ∥sv∥v,sup ≤ 1 ∀v ∈ MK}.

Note that Γ(X,D) ⊗K AK is a locally compact group, and Γ(X,D) is a lattice in
Γ(X,D) ⊗K AK via the diagonal embedding K ↪→ AK . We denote by µ the unique
Haar measure on Γ(X,D)⊗K AK satisfying

µ((Γ(X,D)⊗K AK)/Γ(X,D)) = 1,

and we let χ̂(X,D) = logµ(B(D)).

Definition 3.4. The arithmetic volume of D is the quantity

v̂ol(D) =
1

[K : Q]
lim sup
m→∞

log(#Γ̂(X,mD))

md+1/(d+ 1)!

The arithmetic χ-volume of D is

v̂olχ(D) =
1

[K : Q]
lim sup
m→∞

χ̂(X,mD)

md+1/(d+ 1)!
.

In the sequel we recall some important properties of arithmetic (χ-)volumes. We
mainly refer to [Mor16] for details and proofs. We note that as opposed to [Mor16],
we do not assume X to be geometrically irreducible. However, by Stein factorization
there exists a finite field extension K ′ of K with the property that the structural
morphism X → Spec(K) factors through a morphism X → Spec(K ′) and that X is
geometrically connected over K ′. Since X is normal, it is geometrically irreducible as
a variety over K ′ and all the results we use from [Mor16] readily extend to our setting.

We have v̂ol(ϕ∗D) = v̂ol(D) and v̂olχ(ϕ
∗D) = v̂olχ(D) for every normal modifica-

tion ϕ : X ′ → X, and moreover v̂ol(D) ≥ v̂olχ(D) by Minkowski’s inequality [Mor16,
§4.3]. By [Mor16, Theorem 5.2.1], we have the following continuity property: for every

E ∈ D̂iv(X)R,

v̂ol(D) = lim
λ→0

v̂ol(D + λE) and v̂olχ(D) = lim
λ→0

v̂olχ(D + λE).

We now recall classical positivity notions for adelic R-divisors.

Definition 3.5. Let D ∈ D̂iv(X)R. We say that D is

• effective if D is effective and if gD,v ≥ 0 on Xan
v \supp(D)anv for every v ∈ MK ,

• big if v̂ol(D) > 0,

• pseudo-effective if D +B is big for every big B ∈ D̂iv(X)R,



16 BALLAŸ AND SOMBRA

• nef if D is semipositive and hD(x) ≥ 0 for every x ∈ X(K).

Remark 3.6. If there exists s ∈ Γ̂(X,D) \ {0}, then for every big B ∈ D̂iv(X)R and

m ∈ N>0 we have an inclusion Γ̂(X,mB) ↪→ Γ̂(X,m(D +B)) given by multiplication

by s⊗m. It follows that v̂ol(D + B) ≥ v̂ol(B) > 0, and D is pseudo-effective. In
particular, an effective adelic R-divisor is pseudo-effective. Moreover, a nef adelic
R-divisor is pseudo-effective [Mor16, Proposition 4.4.2 (2)].

We recall a version of the well-known fact that adelic R-divisors can be approxi-
mated by DSP adelic R-divisors.

Lemma 3.7. Let E ∈ D̂iv(X)R and let ε > 0. There exists E
′ ∈ D̂SP(X)R over E

such that E
′ − E is effective and E + ε[∞]− E

′
is pseudo-effective.

Proof. By [Mor16, Theorem 4.1.3], there exists a finite set S ⊂ MK containing M∞
K

with the following property. For every ε′ > 0, there exists a model E of E over SpecOK

such that if we set g
E

′
,v
= gE,v and φv = g

E
′
,v
− gE,v for every non-Archimedean place

v ∈ MK , then φv = 0 for every v /∈ S and 0 ≤ φv ≤ ε′ for every v ∈ S \ M∞
K . By

the Stone-Weierstrass theorem, for every Archimedean place v ∈ MK there exists a
smooth v-adic Green function g

E
′
,v

on E such that φv = g
E

′
,v
− gE,v satisfies 0 ≤

φv ≤ ε′. By construction, E
′
= (E, (g

E
′
,v
)v∈MK

) is DSP and E
′ − E = (0, (φv)v∈MK

)

is effective. Moreover, it follows from [BMPS16, Lemma 1.11] that for ε′ sufficiently
small we have

Γ̂(X,E + ε[∞]− E
′
) = Γ̂(X, ε[∞]− (0, (φv)v)) ̸= ∅,

hence E + ε[∞]− E
′
is pseudo-effective by Remark 3.6. □

Lemma 3.8. Let (Di)1≤i≤d ∈ D̂SP(X)dR be nef. For every pseudo-effective E ∈
D̂iv(X)R we have

(D1 · · ·Dd · E) ≥ 0.

Proof. In the case where E ∈ D̂SP(X)R, this is [Mor16, Proposition 4.5.4 (3)]. The
general case follows by (3.3) and Lemma 3.7. □

Arithmetic (χ-)volumes coincide with arithmetic intersection numbers under suit-
able positivity conditions.

Theorem 3.9 ([Mor16, Theorem 5.3.2]). Let D ∈ D̂iv(X)R. If D is semipositive,

then v̂olχ(D) = (D
d+1

). If moreover D is nef, then v̂ol(D) = v̂olχ(D) = (D
d+1

).

Remark 3.10. If D ∈ D̂SP(X)R, then it can be written as D = N1 − N2 with

N1, N2 ∈ D̂iv(X)R nef and big. Indeed, there exist semipositive D1, D2 ∈ D̂iv(X)R
such that D = D1 − D2. Take any semipositive A ∈ Div(X)R with A ample. For
each i ∈ {1, 2}, A+Di is ample since Di is nef. It follows from (3.4) that the height
functions hDi+A

: X(K) → R are both bounded from below by a real number. Taking

a sufficiently large c ∈ R and letting N i = Di+A+ c[∞] for i = 1, 2, we have that N i

is nef and (N
d+1
i ) > 0. Then D = N1 −N2 and N1 and N2 are big by Theorem 3.9.

The following is Yuan’s arithmetic analogue of Siu’s inequality [Yua08, Theorem
2.2]. The statement in [Yua08] extends to nef adelic R-divisors by continuity, as shown
in [CM15].
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Theorem 3.11 ([CM15, Theorem 7.5]). Let P 1 and P 2 be two nef adelic R-divisors
on X. Then

v̂olχ(P 1 − P 2) ≥ (P
d+1
1 )− (d+ 1)(P

d
1 · P 2).

We end this paragraph with a consequence of the existence of arithmetic Fujita
approximations, established independently by Yuan [Yua09] and by Chen [Che10].

Theorem 3.12 ([Mor16, Theorem 5.1.6]). Let D ∈ D̂iv(X)R be big. For every ε > 0,

there exists a normal modification ϕ : X ′ → X and a nef P ∈ D̂iv(X ′)R such that
ϕ∗D − P is pseudo-effective and

(P
d+1

) = v̂ol(P ) ≥ v̂ol(D)− ε.

Let D ∈ D̂iv(X)R. We associate to D the graded algebra

R(D) =
⊕
m∈N

Γ(X,mD).

When D is a divisor, this is the classical algebra of sections of the line bundle OX(D)
[Laz04, Definition 2.1.17].

For every n ∈ N and for every t ∈ R, we let Rtm(D) ⊂ Γ(X,mD) be the K-linear

subspace generated by Γ̂(X,m(D − t[∞])). Note that Γ̂(X,m(D − t[∞]) is the set of
global sections s ∈ Γ(X,mD) such that

log ∥s∥v,sup ≤
{

−mt if v is Archimedean
0 otherwise.

Then we set
Rt(D) =

⊕
m∈N

Rtm(D),

which is a graded subalgebra of R(D). The volume of Rt(D) is the quantity

vol(Rt(D)) = lim sup
m→∞

dimK R
t
m(D)

md/d!
.

If D − t[∞] is big, the lim sup is actually a limit by [BC11, Lemma 1.6] and [LM09,
Theorem 2.13]. The following theorem was proved by Chen in the setting of adelic
divisors [Che10, Theorem 3.8] (see also [Che11, (5.2) page 380]). We mention that
it can also be seen as a consequence of Boucksom and Chen’s theorem on arithmetic
Okounkov bodies [BC11, Theorems 1.11 and 2.8], whose proof extends to the setting
of adelic R-divisors [Mor16, §7.3].

Theorem 3.13 (Chen). Let D ∈ D̂iv(X)R. If D is big, then

v̂ol(D) = (d+ 1)

∫ ∞

0
vol(Rt(D))dt.

3.4. Absolute and essential minima. Let D ∈ D̂iv(X)R. The absolute minimum
of D is

µabs(D) = inf
x∈X(K)

hD(x).

Clearly we have that µabs(ϕ∗D) = µabs(D) for any surjective morphism ϕ : X ′ → X.
By definition, D is nef if and only if it is semipositive and µabs(D) ≥ 0. When D is
semipositive, we have

µabs(D) = sup{t ∈ R | D − t[∞] is nef }.
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The following lower bound for the height of effective cycles is a consequence of
Zhang’s theorem on minima [Zha95a, Theorem 5.2], [Zha95b, Theorem 1.10].

Lemma 3.14. Let D ∈ D̂iv(X)R be semipositive, r ∈ {0, . . . , d} and let Z be an
effective r-dimensional cycle on X. Then hD(Z) ≥ (r + 1)µabs(D) × (Dr · Z). In

particular, if D is nef then hD(Z) ≥ 0.

Proof. By linearity, we may assume that Z is a subvariety. When D is ample, the

result follows from [Bal24, Corollary 2.9]. Let A ∈ D̂iv(X)R be semipositive with A
ample. Then for any ε > 0, D + εA is ample and therefore

hD+εA(Z) ≥ dµabs(D + εA)× ((D + εA)r · Z)

≥ d (µabs(D) + εµabs(A))× ((D + εA)r · Z)
We conclude by letting ε tend to zero using multilinearity. □

The essential minimum of D is the quantity

µess(D) = sup
Y ⊊X

inf
x∈(X\Y )(K)

hD(x),

where the supremum is over all the closed subsets Y ⊊ X. It follows from the definition
that µess(ϕ∗D) = µess(D) for any normal modification ϕ : X ′ → X. Moreover we
always have µess(D) <∞, and µess(D) ∈ R as soon as R(D) ̸= {0} [BC11, Proposition
2.6].

Lemma 3.15. Let D1, D2 ∈ D̂iv(X)R.

(1) We have µess(D1 +D2) ≥ µess(D1) + µess(D2).

(2) If D1 is big, then limλ→0 µ
ess(D1 + λD2) = µess(D1).

(3) For every t ∈ R such that Rt(D1) ̸= {0}, we have µess(D1) ≥ t.

(4) If D1 is big and D1 −D2 is pseudo-effective, then µess(D1) ≥ µess(D2).

Proof. For the first two points, see [Bal21, Lemma 3.15]. The third one is a direct

consequence of (3.4). To prove (4), let B ∈ D̂iv(X)R be big and let ε > 0. Then
D1+ εB−D2 is big, and therefore R0(D1+ εB−D2) ̸= 0. By (1) and (3), we obtain

µess(D1 + εB) ≥ µess(D1 + εB −D2) + µess(D2) ≥ µess(D2).

We conclude by letting ε tend to zero, using (2). □

The following theorem gives a converse to Lemma 3.15(3). It was proved in [Bal21,
Theorem 1.1] as a consequence of a theorem of Ikoma [Iko15], under the additional
assumption that D is semipositive. In recent works, Qu and Yin [QY22] and Szach-
niewicz [Sza23] independently relaxed the latter condition.

Theorem 3.16 ([Bal21], Theorem 1.1; [QY22], Theorem 1.4; [Sza23], Theorem 3.3.7).
Let D be an adelic R-divisor. Then

µess(D) ≤ sup{t ∈ R | D − t[∞] is pseudo-effective},
with equality if D is big. In that case, we have

µess(D) = sup{t ∈ R | D − t[∞] is big} = sup{t ∈ R | Rt(D) ̸= 0}.

Proof. It follows from [Sza23, Lemma 3.3.5 and Theorem 3.3.7]. □

We have the following variants of Zhang’s inequality [Zha95a, Theorem 5.2].
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Theorem 3.17 (Zhang). Let D be an adelic R-divisor with D big. Then

µess(D) ≥ v̂olχ(D)

(d+ 1) vol(D)
.

Moreover, if D is big then

µess(D) ≥ v̂ol(D)

(d+ 1) vol(R0(D))
≥ v̂ol(D)

(d+ 1) vol(D)
.

Proof. In the case where D is ample and D is semipositive, the first statement is given
by Zhang’s inequality [Zha95a, Theorem 5.2]. It remains true in the above generality
[Bal21, Theorem 7.2]. The second one follows from Theorem 3.13 and Lemma 3.15 (3),
which imply

(d+ 1) vol(R0(D))× µess(D) ≥ (d+ 1)

∫ µess(D)

0
vol(Rt(D))dt = v̂ol(D).

□

Under mild positivity assumptions, if equality holds in Zhang’s inequality then the
essential and absolute minima coincide.

Theorem 3.18 ([Bal24, Theorem 6.6]). Let D ∈ D̂iv(X)R be semipositive with D big.
Then

µess(D) =
(D

d+1
)

(d+ 1)(Dd)

if and only if µess(D) = µabs(D).

3.5. Extension of linear functionals on C(Xan
v ). Let v ∈ MK .

Lemma 3.19. Let Λ: C(Xan
v )Gv → R be a positive linear functional.

(1) There exists a unique Gv-invariant positive linear functional Λ̃ on C(Xan
v ) extend-

ing Λ.

(2) Let (νℓ)ℓ be a sequence of Gv-invariant probability measures on Xan
v such that

lim
ℓ→∞

∫
Xan

v

φdνℓ = Λ(φ) for all φ ∈ C(Xan
v )Gv .

Then (νℓ)ℓ converges weakly to the Gv-invariant measure on Xan
v defined by Λ̃.

Proof. (1) Let V ⊂ C(Xan
v ) be the subspace of functions φ ∈ C(Xan

v ) for which
there exists a finite extension K ′

v of Kv such that φ is Gal(Kv/K
′
v)-invariant. By

[Yua08, page 638, “Equivalence”] (see also [GM22, Proposition 2.11 and Theorem
2.13]), V is dense in C(Xan

v ) for the supremum norm. Let K ′
v/Kv be a finite extension,

φ ∈ C(Xan
v ) a Gal(Kv/K

′
v)-invariant function, and

φ̃ =
1

#Gal(K ′
v/Kv)

∑
σ∈Gal(K′

v/Kv)

σ∗φ.

Then φ̃ ∈ C(Xan
v )Gv , and we let Λ̃(φ) = Λ(φ̃). This defines a positive linear functional

Λ̃ : V → R, that extends uniquely to a Gv-invariant positive linear functional on
C(Xan

v ) by continuity. Let Λ′ : C(Xan
v ) → R be another Gv-invariant positive linear
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functional on C(Xan
v ) extending Λ. Then for every φ and φ̃ as above we have Λ′(φ) =

Λ(φ̃) = Λ̃(φ) by Gv-invariance of Λ′. Therefore Λ′ = Λ̃ by density of V .
(2) For every φ ∈ V , we can define φ̃ ∈ C(Xan

v )Gv as above and we have∫
Xan

v

φdνℓ =

∫
Xan

v

φ̃ dνℓ −−−→
ℓ→∞

Λ(φ̃) = Λ̃(φ)

by Gv-invariance of the measures νℓ, ℓ ∈ N. Since V is dense, the statement follows
from Weyl’s criterion for weak convergence [GM22, Proposition 5.11]. □

Let φ ∈ C(Xan
v )Gv . Note that φ is a v-adic Green function on the trivial divisor

0 ∈ Div(X). We define an adelic divisor 0
φ
over 0 by equipping it with φ at v, and

with the zero function at other places. The assignment φ 7→ 0
φ
allows us to view

C0(Xan
v )Gv as a linear subspace of D̂iv(X)R. Let D ∈ D̂SP(X)R. It follows from the

definition and the Bézout formula (3.2) that

(3.5) (D
d · 0φ) = nv

∫
Xan

v

φ c1(Dv)
∧d.

4. The differentiability of the arithmetic volume function

In this section we recall Chen’s differentiability theorem [Che11] and we revisit its
proof in order to express the derivative in terms of arithmetic Fujita approximations.
This will allow us to give a simple definition for the positive arithmetic intersection
numbers that will be relevant for our results.

4.1. Differentiability of concave functions. We first recall the definition of dif-
ferentiability of functions on real vector spaces and its relation with concavity. Our
ambient will be a real vector space V endowed with the topology defined by declaring
that a subset U ⊂ V is open whenever its restriction to any finite-dimensional affine
subspace H ⊂ V is open with respect to the Euclidean topology of H.

Definition 4.1. Let Φ: U → R be a function on an open subset U ⊂ V . For a point
x ∈ U and a subspace W ⊂ V , we say that Φ is differentiable at x along W if for
every z ∈W , the one-sided derivative

∂zΦ(x) = lim
λ→0+

Φ(x+ λ z)− Φ(x)

λ

exists in R, and the map z ∈ W → ∂zΦ(x) ∈ R is linear. When W = V , we simply
say that Φ is differentiable at x.

A real-valued function Φ on a subset U ⊂ V is concave when U is convex and

Φ(λx+ (1− λ)y) ≥ λΦ(x) + (1− λ)Φ(y) for all x, y ∈ U and 0 ≤ λ ≤ 1.

Lemma 4.2. Let Φ: U → R be a concave function on an open convex subset of V ,
and let x ∈ U . Then

(1) for all z ∈ V , the one-sided derivative ∂zΦ(x) exists in R and satisfies that
∂zΦ(x) ≤ −∂−zΦ(x),

(2) for a subspace W ⊂ V , the function Φ is differentiable at x along W if and only
if ∂zΦ(x) = −∂−zΦ(x) for all z ∈W .
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Proof. For (1), let a > 0 be a real number sufficiently small so that x + λz ∈ U
for all −a < λ < a. Let ι : (−a, a) → V be the inclusion map defined by ι(λ) =
x + λz, so that ι∗Φ is a concave function on the interval (−a, a). Then the func-
tions r−, r+ : (0, a) → R respectively defined by

r−(λ) =
ι∗Φ(−λ)− ι∗Φ(0)

−λ
and r+(λ) =

ι∗Φ(λ)− ι∗Φ(0)

λ

verify that r− is non-decreasing, r+ is non-increasing, and r−(λ) ≥ r+(λ) for all λ.
Hence both converge when λ→ 0+ and their limits verify that

−∂−zΦ(x) = lim
λ→0+

r−(λ) ≥ lim
λ→0+

r+(λ) = ∂zΦ(x).

For (2), it is clear that the differentiability of Φ at x alongW implies that ∂zΦ(x) =
−∂−zΦ(x) for all z ∈ W . Conversely, let z1, z2 ∈ W and suppose that this condition
holds for these two vectors. For λ > 0, we deduce from the concavity of Φ that

Φ(x+ λ(z1 + z2))− Φ(x)

λ
≥ Φ(x+ 2λz1)− Φ(x)

2λ
+

Φ(x+ 2λz2)− Φ(x)

2λ
.

Letting λ → 0+ we get ∂z1+z2Φ(x) ≥ ∂z1Φ(x) + ∂z2Φ(x). Applying this inequality to
−z1,−z2 together with (1) we obtain that

−∂−z1Φ(x)− ∂−z2Φ(x) ≥ −∂−z1−z2Φ(x) ≥ ∂z1+z2Φ(x) ≥ ∂z1Φ(x) + ∂z2Φ(x).

By assumption both extremes in this inequalities coincide, and so ∂z1+z2Φ(x) =
∂z1Φ(x) + ∂z2Φ(x). Furthermore, the one-sided derivative is positive homogeneous
of degree 1 and so it is linear, as stated. □

4.2. Differentiability of arithmetic volumes. Let D ∈ D̂iv(X)R.

Definition 4.3. A semipositive approximation of D is a pair (ϕ,Q) where

(1) ϕ : X ′ → X is a normal modification,

(2) Q is a semipositive adelic R-divisor on X ′ with big geometric R-divisor Q,

(3) ϕ∗D −Q is pseudo-effective.

If moreover Q is nef, we say that (ϕ,Q) is a nef approximation. We denote by Θ(D)
the set of nef approximations. When ϕ is the identity on X, we simply denote by Q
the semipositive approximation of D corresponding to the pair (IdX , Q).

If D is big, the existence of arithmetic Fujita approximations (Theorem 3.12) im-
plies that there exists a sequence (ϕn, Pn)n in Θ(D) such that

(4.1) lim
n→∞

(P
d+1
n ) = v̂ol(D).

The following is a slight variant of Chen’s differentiability theorem [Che11].

Theorem 4.4. Assume that D is big, and let (ϕn, Pn)n be a sequence of nef approx-
imations of D satisfying (4.1). Then the arithmetic volume function is differentiable

at D, and for every E ∈ D̂iv(X)R we have

∂E v̂ol(D) = (d+ 1) lim
n→∞

(P
d
n · ϕ∗nE).

In particular, the limit on the right-hand side exists in R and does not depend on the
choice of the sequence (ϕn, Pn)n.
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We need the following consequence of Yuan’s arithmetic version of Siu’s inequality
(Theorem 3.11), which already appears in [Che11] and [Iko15].

Lemma 4.5. Let P and E be two adelic R-divisors with P nef. Assume that there
exists a nef and big adelic R-divisor A such that A−P is pseudo-effective and A±E
are nef. There exists a constant Cd depending only on d such that

∀λ ∈ [0, 1], v̂ol(P + λE) ≥ (P
d+1

) + (d+ 1)λ(P
d · E)− Cdλ

2v̂ol(A).

Proof. When all non-Archimedean Green functions are induced by a model over
SpecOK , this is given by [Iko15, Proposition 5.1]. The general case follows by conti-
nuity. □

Proof of Theorem 4.4. Consider the function Φ = v̂ol
1

d+1 on the big cone of D̂iv(X)R.
It is positive homogeneous of degree one and super-additive by the Brunn-Minkowski

inequality [Mor16, Theorem 5.3.1]. Therefore it is concave. Noting that v̂ol(D) > 0

and using Lemma 4.2, it follows that the one-sided derivative ∂E v̂ol(D) exists for

every E ∈ D̂iv(X)R, and moreover −∂−E v̂ol(D) ≥ ∂E v̂ol(D).

Let E ∈ D̂iv(X)R. We claim that

(4.2) ∂E v̂ol(D) ≥ (d+ 1) lim sup
n→∞

(P
d
n · ϕ∗nE).

To prove this, we first assume that E is DSP. Then there exists a nef and big A ∈
D̂iv(X)R such that A± E are nef (Remark 3.10). Replacing A by a sufficiently large
multiple, we assume that A − D is pseudo-effective. This implies that ϕ∗nA − Pn is
pseudo-effective for every n ∈ N. By Lemma 4.5 there exists a constant C such that

v̂ol(D + λE) ≥ v̂ol(Pn + λϕ∗nE) ≥ (P
d+1
n ) + (d+ 1)λ(P

d
n · ϕ∗nE)− Cλ2

for every λ ∈ (0, 1] and n ∈ N. Taking the lim sup on n and using the condition (4.1)
gives

v̂ol(D + λE)− v̂ol(D)

λ
≥ (d+ 1) lim sup

n→∞
(P

d
n · ϕ∗nE)− Cλ,

and we obtain (4.2) by letting λ tend to zero.

For the general case, let ε > 0. By Lemma 3.7 there exists a DSP Eε ∈ D̂iv(X)R
such that E − Eε and Eε + ε[∞] − E are both pseudo-effective. The first condition

implies that ∂E v̂ol(D) ≥ ∂Eε
v̂ol(D), and the second one together with Lemma 3.8

gives

(P
d
n · ϕ∗nEε) ≥ (P

d
n · ϕ∗n(E − ε[∞])) = (P

d
n · ϕ∗nE)− ε vol(Pn) ≥ (P

d
n · ϕ∗nE)− ε vol(D)

for every n (note that (P dn) = vol(Pn) since Pn is nef). By the DSP case we obtain

∂E v̂ol(D) ≥ (d+ 1)(lim sup
n→∞

(P
d
n · ϕ∗nE)− ε vol(D))

and (4.2) follows by letting ε tend to zero.
Applying (4.2) to −E we obtain

(d+ 1) lim inf
n→∞

(P
d
n · ϕ∗nE) ≥ −∂−E v̂ol(D) ≥ ∂E v̂ol(D) ≥ (d+ 1) lim sup

n→∞
(P

d
n · ϕ∗nE),

and we conclude with Lemma 4.2. □
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Corollary 4.6. Assume that D is big. For every sequence (ϕn, Pn)n of nef approxi-
mations of D satisfying (4.1), we have

lim
n→∞

(P
d
n ·D) = v̂ol(D), lim

n→∞
(P dn) = vol(R0(D)), and lim

n→∞
µess(Pn) = µess(D).

Proof. This follows from Theorem 4.4 after noting that ∂D v̂ol(D) = (d+1)v̂ol(D) by

homogeneity, and that ∂[∞] v̂ol(D) = (d + 1) vol(R0(D)) thanks to Chen’s Theorem

3.13. Note that (P
d
n · [∞]) = (P dn) for every n ∈ N by (3.3). For the last claim,

assume by contradiction that there exists c > 0 such that µess(Pn) ≤ µess(D)− c for
an arbitrarily large n. Let

C = (d+ 1)

∫ µess(D)

µess(D)−c
vol(Rt(D)) dt > 0.

By Chen’s Theorem 3.13 we have

v̂ol(Pn) = (d+ 1)

∫ µess(Pn)

0
vol(Rt(Pn)) dt ≤ (d+ 1)

∫ µess(Pn)

0
vol(Rt(D)) dt

≤ v̂ol(D)− C,

which contradicts the condition (4.1). □

Corollary 4.7. Assume that D is big. Let t < µess(D) and D(t) = D−t[∞]. For every
ε > 0, there exists a semipositive approximation (ϕ,Q) of D such that µabs(D) ≥ t,

(Qd) ≥ vol(Rt(D))− ε, and (Q
d+1

) ≥ v̂ol(D(t)) + (d+ 1)t vol(Rt(D))− ε.

Proof. By Theorem 3.16, D(t) is big. By Corollary 4.6 applied to D(t), there exists a
nef approximation (ϕ, P ) of D(t) such that

(P
d+1

) ≥ v̂ol(D(t))− ε and (P d) ≥ vol(R0(D(t)))− ε = vol(Rt(D))− ε.

Let Q = P + t[∞]. By construction, (ϕ,Q) is a semipositive approximation of D.
Since P is nef we have µabs(Q) = µabs(P ) + t ≥ t, and (Qd) ≥ vol(Rt(D)) − ε since
Q = P . Moreover, by (3.3) we have

(Q
d+1

) = (P
d+1

) + t(d+ 1)(Qd) ≥ vol(D(t)) + t(d+ 1)(Qd)− ε

≥ vol(D(t)) + t(d+ 1) vol(Rt(D))− ε(1 + (d+ 1))t.

□

Assume that D is big. For every E ∈ D̂iv(X)R, we define the positive arithmetic

intersection number (⟨Dd⟩ · E) as

(4.3) (⟨Dd⟩ · E) = lim
n→∞

(P
d
n · ϕ∗nE),

where (ϕn, Pn)n is any sequence of nef approximations of D satisfying (4.1). This is
well-defined and does not depend on the choice of the sequence by Theorem 4.4.

Remark 4.8. Since the quantity (d + 1)(⟨Dd⟩ · E) coincides with the derivative

∂E v̂ol(D), our definition coincides with the positive intersection numbers introduced
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by Chen [Che11] and further studied by Ikoma [Iko15]. In particular, when E is nef
we have

(⟨Dd⟩ · E) = sup
(ϕ,P )∈Θ(D)

(P
d · ϕ∗E).

Although [Che11] and [Iko15] only deal with adelic R-divisors whose non-Archimedean
Green functions are induced by an integral model, this equality remains valid in our
setting by continuity ([Che11, Proposition 3.6], [Iko15, Proposition 3.10]). We men-

tion that more generally, positive intersection numbers of the form (⟨Dd+1−i⟩ · Ei)
where defined in [Che11], and Ikoma [Iko15, Proposition 4.4] showed that they can be
computed as limits using some specific sequences of nef approximations. It would be
interesting to check whether this latter result remains true for any choice of sequence
of nef approximations satisfying (4.1).

Remark 4.9. One can similarly adapt the proof of [BFJ09, Theorem A] to estab-
lish the differentiability of the geometric volume function. This shows that for any
D,E ∈ Div(X)R with D big, the geometric positive intersection number (⟨Dd−1⟩ ·E)
introduced in [BFJ09] can be expressed as

(⟨Dd−1⟩ · E) = lim
n→∞

(P d−1
n · ϕ∗nE)

where (ϕn, Pn)n is any sequence such that Pn is a nef R-divisor on a birational modi-
fication ϕn : Xn → X with ϕ∗nD − Pn pseudo-effective and limn→∞(P dn) = vol(D).

Assume that D is big. The positive arithmetic intersections numbers introduced
above allow us to define the linear form

ΩD : D̂iv(X)R −→ R, E 7−→ (⟨Dd⟩ · E)

vol(R0(D))
.

Let (ϕn, Pn)n be a sequence of nef approximations of D satisfying (4.1). By definition
of the positive arithmetic intersection numbers and by Corollary 4.6, we have

(4.4) ΩD(E) = lim
n→∞

(P
d
n · ϕ∗nE)

(P dn)
for every E ∈ D̂iv(X)R.

Remark 4.10. By (3.3) and Lemma 3.8, we have ΩD([∞]) = 1 and ΩD(E) ≥ 0 for

every pseudo-effective E ∈ D̂iv(X)R. Moreover, ΩD(d̂iv(f)) = 0 for any f ∈ Rat(X)R.
It follows that ΩD defines a GVF functional in the sense of [Sza23].

Let v ∈ MK . Recall that we view C(Xan
v )Gv as a linear subspace of D̂iv(Xv)R via

the assignment φ 7→ 0
φ
. By Lemma 3.19, the restriction of ΩD to C(Xan

v )Gv extends
uniquely to a Gv-invariant positive linear functional on C(Xan

v ). We denote by ωD,v
the unique Gv-invariant measure on Xan

v satisfying

nv

∫
Xan

v

φdωD,v =
(⟨Dd⟩ · 0φ)
vol(R0(D))

for every φ ∈ C(Xan
v )Gv .

This is a probability measure: indeed, by equality (4.4) we have∫
Xan

v

dωD,v = lim
n→∞

1

(P dn)

∫
Xan

n,v

c1(Pn,v)
∧d = 1.
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5. The variational approach to the equidistribution problem

In this section we relate the differentiability of the essential minimum function to

the equidistribution problem. Recall that the essential minimum function on D̂iv(X)R
takes finite values on the open cone C ⊂ D̂iv(X)R of adelic R-divisors with big geomet-
ric R-divisor. Moreover, it is positive homogeneous of degree one and super-additive
by Lemma 3.15. Therefore it is concave on C.

Let D be an adelic R-divisor with big geometric R-divisor D. We say that the
essential minimum function is differentiable at D if so is its restriction to C. By

Lemma 4.2, the one-sided derivative ∂E µ
ess(D) exists in R for every E ∈ D̂iv(X)R

and we have −∂−E µess(D) ≥ ∂E µ
ess(D).

5.1. Generic small sequences and differentiability.

Definition 5.1. We say that a sequence (xℓ)ℓ in X(K) is generic if for every closed
subset Y ⊊ X, there exists ℓ0 ∈ N such that xℓ /∈ Y (K) for every ℓ ≥ ℓ0. A generic
sequence is called D-small if

lim
ℓ→∞

hD(xℓ) = µess(D).

In the sequel, all the generic sequences considered lie in X(K), unless otherwise
explicitly stated. By [BPRS19, Proposition 3.2], for every such generic sequence (xℓ)ℓ
we have that lim infℓ→∞ hD(xℓ) ≥ µess(D), and moreover there exist generic sequences

that are D-small.
When one considers heights with respect to another adelic R-divisor E, the same

conclusion holds if µess(D) is replaced by ∂E µ
ess(D).

Proposition 5.2. Let E ∈ D̂iv(X)R. For every D-small generic sequence (xℓ)ℓ, we
have

−∂−E µ
ess(D) ≥ lim sup

ℓ→∞
hE(xℓ) ≥ lim inf

ℓ→∞
hE(xℓ) ≥ ∂E µ

ess(D).

Moreover, there exists a D-small generic sequence (xℓ)ℓ such that

lim
ℓ→∞

hE(xℓ) = ∂E µ
ess(D).

Proof. Let (xℓ)ℓ be a D-small generic sequence. Then for every λ > 0 we have that
lim infℓ→∞ hD+λE(xℓ) ≥ µess(D + λE), hence

lim inf
ℓ→∞

hE(xℓ) = lim inf
ℓ→∞

hD+λE(xℓ)− hD(xℓ)

λ
≥ µess(D + λE)− µess(D)

λ
.

Therefore lim infℓ→∞ hE(xℓ) ≥ ∂E µ
ess(D), and we obtain the first statement by ap-

plying this to −E. We now prove the second one. By homogeneity, after multiplying
E by a positive constant we assume that that D+E is big without loss of generality.
For every n ∈ N>0, there exists a generic sequence (xn,ℓ)ℓ such that

(5.1) lim
ℓ→∞

hD+ 1
n
E(xn,ℓ) = µess(D +

1

n
E).

Denote by H = {Hi}i∈N the countable set of hypersurfaces in X. Let n ≥ 2 be an
integer. By (5.1) and genericity of (xn,ℓ)ℓ, there exists ℓ(n) ∈ N such that the point

ξn = xn,ℓ(n) ∈ X(K) satisfies

• ξn /∈ ∪ni=1Hi,
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• hD+ 1
n
E(ξn) < µess(D + 1

nE) + 1
n2 , and

• hD(ξn) ≥ µess(D)− 1/n2.

By the first point the sequence (ξn)n is generic. Since D + E is big, this implies that
there exists a real number C ∈ R such that hD+E(ξn) ≥ C for n ∈ N sufficiently large
by the lower bound in (3.4). It follows that

hD(ξn) =
n

n− 1
×
(
hD+ 1

n
E(ξn)−

1

n
hD+E(ξn)

)
≤ n

n− 1
µess(D +

1

n
E) +

1

n(n− 1)
− C

n− 1
,

and therefore the sequence (ξn)n is also D-small by the continuity of the essential
minimum (Lemma 3.15(2)). On the other hand the conditions for ξn give

− 1

n2
+

1

n
hE(ξn) ≤ hD(ξn) +

1

n
hE(ξn)− µess(D) = hD+ 1

n
E(ξn)− µess(D)

≤ µess(D +
1

n
E)− µess(D) +

1

n2
.

Therefore

lim sup
n→∞

hE(ξn) ≤ lim
n→∞

n(µess(D +
1

n
E)− µess(D)) = ∂E µ

ess(D),

and we conclude that limn→∞ hE(ξn) = ∂E µ
ess(D) by using the first statement of the

proposition. □

Proposition 5.3. Let E ∈ D̂iv(X)R. The following conditions are equivalent:

(1) ∂−E µ
ess(E) = −∂E µess(E),

(2) for every D-small generic sequence (xℓ)ℓ, the limit limℓ→∞ hE(xℓ) exists.

If they are satisfied, then limℓ→∞ hE(xℓ) = ∂E µ
ess(D) for every D-small generic se-

quence (xℓ)ℓ.

Proof. The implication (1) ⇒ (2) is given by the first part of Proposition 5.2. Con-
versely, assume that (2) holds. Then we have limℓ→∞ hE(xℓ) = ∂E µ

ess(D) for every

D-small generic sequence (xℓ)ℓ. Indeed, if the limit were different then we could con-
struct a D-small generic sequence (x′ℓ)ℓ such that (hE(x

′
ℓ))ℓ does not converge by the

second part of Proposition 5.2. Moreover, applying the latter to −E gives a D-small
generic sequence (xℓ)ℓ satisfying

∂−E µ
ess(D) = lim

ℓ→∞
h−E(xℓ) = − lim

ℓ→∞
hE(xℓ) = −∂E µ

ess(D)

□

Corollary 5.4. The essential minimum function is differentiable at D if and only if

for every E ∈ D̂iv(X)R and every D-small generic sequence (xℓ)ℓ we have that

lim
ℓ→∞

hE(xℓ) = ∂E µ
ess(D).
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5.2. Equidistribution property and differentiability. Let v ∈ MK . For every
x ∈ X(K) we define a probability measure δO(x)v on Xan

v by

δO(x)v =
1

#O(x)v

∑
y∈O(x)v

δy.

Definition 5.5. We say that D satisfies the equidistribution property at v if there
exists a probability measure νD,v on Xan

v with the following property: for every D-

small generic sequence (xℓ)ℓ, the sequence of measures (δO(xℓ)v)ℓ converges weakly to

νD,v. When this holds, we call νD,v the (v-adic) equidistribution measure of D.

Note that for every x ∈ X(K), O(x)v is Gv-invariant and thus δO(x)v is a Gv-

invariant measure. Therefore, if D satisfies the equidistribution property at v then
the equidistribution measure νD,v is Gv-invariant as a limit of Gv-invariant measures.

For every φ ∈ C(Xan
v )Gv and x ∈ X(K) we have

h0φ(x) =
nv

#O(x)v

∑
y∈O(x)v

φ(y) = nv

∫
Xan

v

φdδO(x)v .

Therefore we have the following by combining Lemma 3.19 and Proposition 5.3.

Proposition 5.6. The following conditions are equivalent:

(1) D satisfies the equidistribution property at v,

(2) the essential minimum function is differentiable at D along C(Xan
v )Gv .

If they are satisfied, then the equidistribution measure νD,v is the unique Gv-invariant
measure on Xan

v such that

nv

∫
Xan

v

φdνD,v = ∂0φ µ
ess(D) for all φ ∈ C(Xan

v )Gv .

6. Differentiability of the essential minimum and first applications

In §6.1 we state the central result of this paper, that shows the differentiability
of the essential minimum under the assumption of Theorem 1.2. The proof will be
given in the next section. We explain how it implies Yuan’s and Chen’s equidistribu-
tion theorems [Yua08, Che11] in §6.2, and we reformulate our result using arithmetic
positive intersection numbers in §6.3.

Throughout this section, D is an adelic R-divisor on X over a big R-divisor D.

6.1. Main theorem. The following result strengthens Theorem 1.2.

Theorem 6.1. Assume that there exists a sequence (ϕn, Qn)n of semipositive approx-
imations of D such that

(6.1) lim
n→∞

µess(D)− µabs(Qn)

r(Qn;ϕ∗nD)
= 0.

Then the essential minimum function is differentiable at D, and for each E ∈ D̂iv(X)R
we have

∂E µ
ess(D) = lim

n→∞

(Q
d
n · ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
.

In particular, the limit on the right-hand side exists in R and does not depend on the
choice of the sequence (ϕn, Qn)n.
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Under the assumption of the theorem, it follows from Proposition 5.3 that

lim
ℓ→∞

hE(xℓ) = lim
n→∞

(Q
d
n · ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
.

for anyD-small generic sequence (xℓ)ℓ and any E ∈ D̂iv(X)R. In particular, D satisfies
the equidistribution property at each place v ∈ MK and the v-adic equidistribution
measure is the weak limit νD,v = limn→∞ νn,v, where νn,v denotes the pushforward

to Xan
v of the normalized Monge-Ampère measure c1(Qn,v)

∧d/(Qdn), as claimed in
Theorem 1.2.

Remark 6.2. Recall that we assume X to be normal, since we did not define adelic R-
divisors on an arbitrary projective variety. However, in the case where D ∈ D̂iv(X) is
an adelic divisor Theorem 6.1 remains valid on any projective variety over K. Indeed,
since all the data involved are invariant under birational modifications, one can reduce
to the normal case by working on the normalization.

Remark 6.3. The inradii r(Qn, ϕ
∗
nD) appearing in Theorem 6.1 measure the bigness

of the geometric R-divisorsQn, n ∈ N. For our purposes, these invariants are finer than
the geometric volumes vol(Qn) = (Qdn) in the sense that any sequence of semipositive
approximations (ϕn, Qn) of D such that

lim
n→∞

µess(D)− µabs(Qn)

(Qdn)
= 0

satisfies (6.1). In fact, for any ample A ∈ Div(X)R such that A−D is pseudo-effective
we have that ϕ∗nA−Qn is pseudo-effective for every n, and therefore r(Qn, ϕ

∗nD) ≥
(Qdn)× (d(Ad))−1 by Lemma 2.3.

By Corollary 4.7, one can always construct a sequence (ϕn, Qn)n of semipositive
approximations of D such that µabs(Qn) converges to µess(D). However, for such
sequences the inradii r(Qn, ϕ

∗
nD) can be very “small”, and the condition (6.1) is not

necessarily satisfied.

6.2. Application to classical equidistribution results. As explained in the in-
troduction, Yuan’s Theorem 1.1 is a straightforward consequence of Theorem 6.1,
which also gives the differentiability of the essential minimum in this setting. This
slight improvement can already be obtained by adapting Yuan’s proof, as observed
by Chambert-Loir and Thuillier [CLT09, Lemma 6.1]. For completeness we state the
result here, which is valid for an adelic R-divisor with big geometric R-divisor.

Corollary 6.4. Assume that D is semipositive and extremal for Zhang’s inequality,

that is µess(D) = (D
d+1

)/((d + 1)(Dd)). Then the essential minimum function is

differentiable at D, and for every E ∈ D̂iv(X)R we have

∂E µ
ess(D) =

(D
d · E)− dµess(D)× (Dd−1 · E)

(Dd)
.

In particular, D satisfies the v-adic equidistribution property at each v ∈ MK , with
equidistribution measure νv(D) = c1(Dv)

∧d/(Dd).

Proof. Apply Theorem 6.1 to the sequence of semipositive approximations given by
Qn = D, n ≥ 1. By Theorem 3.18 we have µabs(D) = µess(D) and so the condition
in (6.1) is verified. □
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Similarly, Theorem 6.1 implies Chen’s equidistribution theorem [Che11, Corol-
lary 5.5].

Corollary 6.5. Assume that D ∈ D̂iv(X)R is big and that

µess(D) =
v̂ol(D)

(d+ 1) vol(D)
.

Then the essential minimum function is differentiable at D, and

∂E µ
ess(D) =

(⟨Dd⟩ · E)− dµess(D)× (⟨Dd−1⟩ · E)

vol(D)

for every E ∈ D̂iv(X)R. In particular, D satisfies the v-adic equidistribution property
at each v ∈ MK , with equidistribution measure νv(D) = ωD,v.

In the above statement, ωD,v is the measure defined in §4.2 and (⟨Dd−1⟩ ·E) is the

geometric positive intersection number defined in [BFJ09] (see Remark 4.9).

Proof. By Chen’s Theorem 3.13 and Lemma 3.15(3), we have

µess(D) =
v̂ol(D)

(d+ 1) vol(D)
=

1

vol(D)

∫ µess(D)

0
vol(Rt(D)) dt.

Therefore vol(Rt(D)) = vol(D) for every t ∈ (0, µess(D)). Letting D(t) = D − t[∞],
we also have

v̂ol(D(t)) = v̂ol(D)− (d+ 1)t vol(D)

by Theorem 3.13. Using Corollary 4.7, it follows that there exists a sequence (ϕn, Qn)n
of semipositive approximations of D such that

lim
n→∞

(Q
d+1
n ) = v̂ol(D), lim

n→∞
(Qdn) = vol(D), and lim

n→∞
µabs(Qn) = µess(D).

By Remark 6.3, (ϕn, Qn) satisfies condition (6.1). Moreover, since µess(D) > 0, Qn is
nef for sufficiently large n and therefore (ϕn, Qn)n is a sequence of nef approximations.
By definition of arithmetic positive intersection numbers and by Remark 4.9, we have

lim
n→∞

(Q
d
n · ϕ∗nE) = (⟨Dd⟩ · E) and lim

n→∞
(Qd−1

n · ϕ∗nE) = (⟨Dd−1⟩ · E).

Hence the result follows from Theorem 6.1. □

6.3. Interpretation in terms of arithmetic positive intersection numbers.
Here we propose a reformulation of Theorem 6.1 that gives a more intrinsic sufficient
condition for the differentiability of the essential minimum function, and shows that
the derivative can be computed using limits of positive arithmetic intersection numbers
defined in §4.

We define the inradius of a big adelic R-divisor as the supremum of the geometric
inradii of its nef approximations. B.

Definition 6.6. Let B ∈ D̂iv(X)R be a big adelic R-divisor. Let A ∈ Div(X)R be a
big R-divisor. The inradius of B with respect to A is defined as

ρ(B;A) = sup{r(P ;ϕ∗A) | (ϕ, P ) ∈ Θ(B)}.
We also set ρ(B) = ρ(B;B) for the inradius of B with respect to its geometric R-
divisor B, which is also big.
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The supremum in Definition 6.6 can be taken over the pairs (ϕ, P ) ∈ Θ(B) with P
big, and ρ(B;A) > 0.

For every real number t < µess(D), we let D(t) = D − t[∞] ∈ D̂iv(X)R. Note that
D(t) is big by Theorem 3.16. Recall that we defined a linear form

ΩD(t) : D̂iv(X)R −→ R, E 7−→ (⟨D(t)d⟩ · E)

vol(Rt(D))
.

in §4.2. In the next result and similar ones, the limits when t tends to the essential
minimum are taken from below, so that in particular the inradii ρ(D(t)) are well-
defined.

Theorem 6.7. Assume that

(6.2) lim inf
t→µess(D)

µess(D)− t

ρ(D(t))
= 0.

Then the essential minimum function is differentiable at D, and

(6.3) ∂E µ
ess(D) = lim

t→µess(D)
ΩD(t)(E)

for every E ∈ D̂iv(X)R.

We first observe that the conditions in Theorems 6.1 and 6.7 are equivalent.

Lemma 6.8. The condition (6.2) holds if and only if there exists a sequence (ϕn, Qn)n
of semipositive approximations of D satisfying (6.1).

Proof. Assume that (6.2) holds. Then there exist a sequence (tn)n of real numbers in
(−∞, µess(D)) and a sequence (ϕn, Pn)n where (ϕn, Pn) ∈ Θ(D(tn)) for every n ∈ N,
such that

lim
n→∞

µess(D)− tn
r(Pn, ϕ∗nD)

= 0.

We let n ∈ N and we put Qn = Pn + tn[∞]. Then (ϕn, Qn) is a semipositive approxi-
mation for D with Qn = Pn and µabs(Qn) = µabs(Pn) + tn ≥ tn. Therefore (ϕn, Qn)n
satisfies (6.1).

Conversely, let (ϕn, Qn)n be a sequence of semipositive approximations of D satis-
fying (6.1). For every n we let tn = µabs(Qn). Then Pn := Qn − tn[∞] is nef, since it
is semipositive and µabs(Pn) = µabs(Qn)− tn = 0. Moreover,

ϕ∗nD(tn)− Pn = ϕ∗nD − tn[∞]− (Qn − tn[∞]) = ϕ∗nD −Qn

is pseudo-effective since (ϕn, Qn) is a semipositive approximation. Therefore (ϕn, Pn) ∈
Θ(D(tn)), and in particular

ρ(D(tn)) ≥ r(Pn;ϕ
∗
nD) = r(Qn;ϕ

∗
nD).

Finally, we have

0 ≤ lim inf
t→µess(D)

µess(D)− t

ρ(D(t))
≤ lim inf

n→∞

µess(D)− tn

ρ(D(tn))
≤ lim

n→∞

µess(D)− µabs(Qn)

r(Qn;ϕ∗nD)
= 0.

□
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Lemma 6.9. For every E ∈ D̂iv(X)R, we have

(6.4) −∂−E µ
ess(D) ≥ lim sup

t→µess(D)

ΩD(t)(E) ≥ lim inf
t→µess(D)

ΩD(t)(E) ≥ ∂E µ
ess(D).

In particular, if the essential minimum function is differentiable at D then the limit
limt→µess(D)ΩD(t)(E) exists and equals ∂E µ

ess(D).

Proof. Let t < µess(D) and λ > 0. By Theorem 3.16, D + λE − µess(D + λE)[∞] is
pseudo-effective. The linear form ΩD(t) takes non-negative values on pseudo-effective

adelic R-divisors and verifies ΩD(t)([∞]) = 1. Therefore

(6.5) ΩD(t)(D) + λΩD(t)(E) ≥ µess(D + λE).

On the other hand

ΩD(t)(D) = ΩD(t)(D(t)) + t =
v̂ol(D(t))

vol(Rt(D))
+ t ≤ (d+ 1)(µess(D)− t) + t

by Corollary 4.6 and Zhang’s inequality (Theorem 3.17), and therefore

lim
t→µess(D)

ΩD(t)(D) = µess(D).

Taking the infimum limit on t < µess(D) in (6.5) gives

lim inf
t→µess(D)

ΩD(t)(E) ≥ µess(D + λE)− µess(D)

λ
,

and we obtain lim inft→µess(D)ΩD(t)(E) ≥ ∂E µ
ess(D) by letting λ tend to zero. Ap-

plying this to −E gives (6.4), and the last assertion follows from Lemma 4.2. □

Remark 6.10. We do not know whether it can happen that

lim sup
t→µess(D)

ΩD(t)(E) > lim inf
t→µess(D)

ΩD(t)(E)

when the essential minimum function is not differentiable at D.

Proof of Theorem 6.7. If (6.2) holds, then by Lemma 6.8 and Theorem 6.1 the essen-
tial minimum function is differentiable at D. The expression for the derivative in (6.3)
is given by Lemma 6.9. □

Remark 6.11. Let v ∈ MK . Recall from §4.2 that for every t < µess(D), the
restriction of ΩD(t) to C(X

an
v )Gv defines a probability measure ωD(t),v on X

an
v . Lemma

6.9 together with Proposition 5.6 imply that ifD satisfies the equidistribution property
at v, then the equidistribution measure νD,v is the weak limit of the measures ωD(t),v

as t tends to µess(D): we have∫
Xan

v

φdνD,v = lim
t→µess(D)

∫
Xan

v

φdωD(t),v for all φ ∈ C(Xan
v ).

It would be very interesting to know whether the condition in Theorem 6.7 is
actually a criterion for the differentiability of the essential minimum.
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Question 6.12. If the essential minimum function is differentiable at D, then does

lim inf
t→µess(D)

µess(D)− t

ρ(D(t))
= 0

necessarily hold? More optimistically, does it hold as soon as D has the equidistribu-
tion property at every place?

The next result answers this question under an additional technical assumption,
roughly saying that D has a suitable upper bound for which Zhang’s inequality is an
equality. As we shall see in Proposition 9.4, this assumption is always satisfied for
semipositive toric adelic R-divisors. This will allow us to give an affirmative answer
to Question 6.12 in this case, see Corollary 9.12.

Proposition 6.13. Assume that there exists a semipositive adelic R-divisor B such
that B−D is pseudo-effective and µess(B) = µabs(B) = µess(D). Consider the follow-
ing three conditions:

(1) limt→µess(D)(µ
ess(D)− t)× ρ(D(t))−1 = 0,

(2) the essential minimum function is differentiable at D,

(3) ∂−B µ
ess(D) = −∂B µess(D),

(4) D has the equidistribution property at every place.

Then (1) ⇔ (2) ⇔ (3). If moreover B is over D, then (1) ⇔ (4).

Proof. We first note that (1) ⇒ (2) ⇒ (4) by Theorem 6.7 and Proposition 5.6, and
that (2) trivially implies (3). Since B−D is pseudo-effective, so is B−D and therefore
B is big. For every λ ≥ 0 we have

(1 + λ)µess(D) = (1 + λ)µess(B) = µess(B + λB) ≥ µess(D + λB) ≥ (1 + λ)µess(D)

by Lemma 3.15(4), hence µess(D + λB) = (1 + λ)µess(D) and ∂B µ
ess(D) = µess(D).

After replacing D by D − µess(D)[∞], we assume that µess(D) = 0 without loss of
generality. This implies that B is nef, since it is semipositive and µabs(B) = 0.

Assume that (3) holds. By Lemma 6.9 we have

(6.6) 0 = µess(D) = ∂B µ
ess(D) = lim

t→0
ΩD(t)(B).

Let t < 0 and let (ϕn, Pn)n be a sequence in Θ(D(t)) with limn→∞(P
d+1
n ) = v̂ol(D(t)).

Then limn→∞(P
d
n ·B) = (⟨D(t)d⟩·B) by the definition of positive intersection numbers.

Moreover, limn→∞(P dn) = vol(Rt(D)) > 0 and limn→∞ µess(Pn) = µess(D(t)) = −t by
Corollary 4.6. For every n, let P

′
n = Pn − µess(Pn)[∞]. Then P

′
n is pseudo-effective

by Theorem 3.16. Moreover, by (3.3) we have

(P
d
n ·B)

(P dn)
=

(P
d−1
n ·B · P ′

n)

(P dn)
+ µess(Pn)

(P d−1
n ·B)

(P dn)
.

The first summand is non-negative by Lemma 3.8. Therefore

(P
d
n ·B)

(P dn)
≥ µess(Pn)

(P d−1
n ·B)

(P dn)
≥ µess(Pn)

dr(Pn;B)
≥ µess(Pn)

dρ(D(t);B)
,
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where the second inequality is given by Lemma 2.2 and the third one follows from the
definition of ρ(D(t);B). Letting n tend to ∞ we obtain

ΩD(t)(B) =
(⟨D(t)d⟩ ·B)

vol(Rt(D))
= lim

n→∞

(P
d
n ·B)

(P dn)
≥ lim

n→∞

µess(Pn)

dρ(D(t);B)
=

−t
dρ(D(t);B)

.

It follows from Lemma 2.1 that there exists a constant c > 0 such that ρ(D(t);B) ≤
cρ(D(t);D) = cρ(D(t)) for every t < 0. Therefore (1) follows by letting t tend to
0 = µess(D) and using (6.6).

To prove the last claim, assume that B = D and that D has the equidistribution
property at every place. Note that E = B − D is an adelic divisor over E = 0. It
follows from Example 3.2 and Proposition 5.6 that ∂−E µ

ess(D) = −∂E µess(D). Since

µess(D+λD) = (1+λ)µess(D), we also have ∂−D µ
ess(D) = −∂D µess(D). This implies

that (3) holds by the same arguments as in the proof of Lemma 4.2(2). □

7. Proof of the main theorem

In this section we prove Theorem 6.1. In §7.3 we give a slight refinement of this
result in the case where E = 0.

7.1. A consequence of Yuan’s inequality. The following proposition is a crucial
ingredient in our proof. It is a variant of Lemma 4.5, with a precise estimate of the
error term involving an inradius.

Proposition 7.1. Let E ∈ D̂iv(X)R. Assume that there exists a nef and big adelic
R-divisor A such that A + E is pseudo-effective and A − E is nef. Let P be a nef
adelic R-divisor with P big. For every λ ≥ 0, we have

v̂olχ(P + λE) ≥ (P
d+1

) + (d+ 1)λ(P
d · E)− Cdλ× (P

d ·A) max
i∈{1,d}

(
λ

r(P ;A)

)i
,

where Cd is a constant depending only on d.

The proof combines Yuan’s Theorem 3.11 with the following technical lemma, which
is a consequence of the arithmetic Hodge index theorem of Yuan and Zhang [YZ17].
The first point is due to Ikoma [Iko15, Theorem 2.7(2)], and the second one relies on
similar arguments.

Lemma 7.2. Let P and A be nef adelic R-divisors with big geometric R-divisors P
and A. Let i ∈ {1, . . . , d}.
(1) Let B be a DSP adelic R-divisor on X. If

(B · P d+1−i ·Ai−1
) = 0,

then (B
2 · P d−i ·Ai−1

) ≤ 0.

(2) We have

(P d+1−i ·Ai−1)× (P
d−i ·Ai+1

) ≤ 2(P
d+1−i ·Ai)× (P d−i ·Ai).

(3) We have

(P
d−i ·Ai+1

) ≤ (P
d ·A)×

(
2

r(P ;A)

)i
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Proof. (1) This is a special case of [Iko15, Theorem 2.7 (2)]. We recall the argument
for the convenience of the reader. Since P and A are nef and big, we have (P d) =
vol(P ) > 0 and (Ad) = vol(A) > 0. This implies that (P d+1−i · Ai−1) > 0 by [Laz04,
Theorem 1.6.1]. Let

α =
(B · P d−i ·Ai−1)

(P d+1−i ·Ai−1)
.

Then ((B − αP ) · P d−i · Ai−1) = 0. By the arithmetic Hodge index theorem [YZ17,
Theorem 2.2] (which remains valid for adelic R-divisors, see [Iko15, Theorem 2.7 (1)]),
we have

(B
2 · P d−i ·Ai−1

) + α2(P
d+2−i ·Ai−1

) = ((B − αP )2 · P d−i ·Ai−1
) ≤ 0,

and therefore (B
2 · P d−i ·Ai−1

) ≤ 0.
(2) Let

α =
(P

d+1−i ·Ai)
(P d+1−i ·Ai−1)

and A(α) = A− α[∞]. By (3.3) we have

(A(α) · P d+1−i ·Ai−1
) = (P

d+1−i ·Ai)− α(P d+1−i ·Ai−1) = 0.

Applying (1) with B = A(α), we obtain

(A(α)2 · P d−i ·Ai−1
) ≤ 0.

To conclude, we observe that

(A(α)2 · P d−i ·Ai−1
) = (P

d−i ·Ai+1
)− 2α (P d−i ·Ai).

(3) Note that the result holds trivially for i = 0. We deduce the general case by
induction on i, using (2) and the fact that

(P d−i ·Ai) ≤ 1

r(P ;A)
(P d+1−i ·Ai−1)

for every i ∈ {1, . . . , d}. This inequality follows from (2.1) since P − r(P,A)A is
pseudo-effective. □

Proof of Proposition 7.1. Let B = A − E. Then B is nef. By Yuan’s Theorem 3.11,
we have

v̂olχ(P + λE) = v̂olχ(P + λA− λB) ≥ ((P + λA)d+1)− λ(d+ 1)((P + λA)d ·B).

After expanding the right-hand side, we find that it equals

(P
d+1

) + λ(d+ 1)(P
d · E) +

d+1∑
i=2

(
d+ 1

i

)
λi(P

d+1−i ·Ai)

− (d+ 1)

d∑
i=1

(
d

i

)
λi+1(P

d−i ·Ai ·B).

Since P and A are nef, the first sum is non-negative and therefore

v̂olχ(P + λE) ≥ (P
d+1

) + λ(d+ 1)(P
d · E)− (d+ 1)

d∑
i=1

(
d

i

)
λi+1(P

d−i ·Ai ·B).
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Since 2A−B = A+E is pseudo-effective, we have (P
d−i ·Ai ·B) ≤ 2(P

d−i ·Ai+1
) for

every i ∈ {1, . . . , d} by Lemma 3.8, and

(P
d−i ·Ai+1

) ≤ (P
d ·A)×

(
2

r(P ;A)

)i
by Lemma 7.2(3). Therefore, v̂olχ(P + λE) is bounded from below by

(P
d+1

) + λ(d+ 1)(P
d · E)− λ(P

d ·A)(d+ 1)
d∑
i=1

(
d

i

)
2i+1

(
λ

r(P ;A)

)i
.

□

The following consequence of Proposition 7.1 plays a central role in our proof.

Corollary 7.3. Let E ∈ D̂iv(X)R. Assume that there exists a nef adelic R-divisor A
such that A is big, A+E is pseudo-effective, and A−E is nef. Let P be a nef adelic
R-divisor with P big. There exists a constant Cd depending only on d such that

µess(P + λE) ≥ (P
d+1

)

(d+ 1) vol(P + λE)
+ λ

(P
d · E)

(P d)
− Cd ×

(P
d ·A)
(P d)

× λ2

r(P ;A)

for every λ ∈ [0, r(P ;A)/2). In particular, if E = 0 then

(7.1) µess(P + λE) ≥ (P
d+1

)

(d+ 1)(P d)
+ λ

(P
d · E)

(P d)
− Cd ×

(P
d ·A)
(P d)

× λ2

r(P ;A)
.

Proof. Let λ be a real number with 0 ≤ λ < r(P ;A)/2. By Lemma 2.4, we have

(7.2)

(
1− λ

r(P ;A)

)d
(P d) ≤ vol(P + λE) ≤

(
1 +

λ

r(P ;A)

)d
(P d).

In particular, P + λE is big. By Zhang’s inequality (Theorem 3.17) we have

µess(P + λE) ≥ v̂olχ(P + λE)

(d+ 1) vol(P + λE)
.

Therefore Proposition 7.1 implies that there exists a constant Cd > 0 depending only
on d such that
(7.3)

µess(P + λE) ≥ (P
d+1

)

(d+ 1) vol(P + λE)
+ λ

(P
d · E)

vol(P + λE)
− Cd

λ2

r(P,A)
× (P

d ·A)
vol(P + λE)

.

By (7.2) we have

(P
d ·A)

vol(P + λE)
≤ (P

d ·A)
(P d)

×
(
1− λ

r(P ;A)

)−d
≤ 2d

(P
d ·A)
(P d)

.

On the other hand, by Lemma 3.8 we have |(P d · E)| ≤ (P
d · A) since P is nef and

both A + E and A − E are pseudo-effective. Let a = 1 if (P
d · E) ≥ 0, and a = −1
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otherwise. By (7.2), we have

(P
d · E)

vol(P + λE)
≥ (P

d · E)

(P d)
×
(
1 + a

λ

r(P ;A)

)−d
≥ (P

d · E)

(P d)
− C ′

d

λ

r(P ;A)

|(P d · E)|
(P d)

≥ (P
d · E)

(P d)
− C ′

d

λ

r(P ;A)

(P
d ·A)
(P d)

for some constant C ′
d depending only on d. The result follows by combining these

inequalities with (7.3). □

7.2. Proof of Theorem 6.1. Let D ∈ D̂iv(X)R with D big. To prove Theorem 6.1,
we fix a sequence (ϕn, Qn)n of semipositive approximations of D satisfying (6.1).

Lemma 7.4. For every big R-divisor A on X, we have

lim
n→∞

µess(D)− µabs(Qn)

r(Qn;ϕ∗nA)
= 0.

Proof. This a straightforward consequence of (6.1) thanks to Lemma 2.1. □

For every n ∈ N, we let Q̃n = Qn−µabs(Qn)[∞]. Note that µabs(Q̃n) = µabs(Qn)−
µabs(Qn) = 0 and therefore Q̃n is nef.

Lemma 7.5. For every E ∈ D̂iv(X)R and n ∈ N, we have

(Q̃dn · ϕ∗nE)

(Qdn)
=

(Q
d
n · ϕ∗nE)− dµabs(Qn)× (Qd−1

n · ϕ∗nE)

(Qdn)

and moreover

lim
n→∞

(
(Q̃dn · ϕ∗nE)

(Qdn)
− (Q

d
n · ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)

)
= 0.

Proof. The first equality follows from the multilinearity of arithmetic intersection
products and (3.3). For n ∈ N, let

β(n) = (µess(D)− µabs(Qn))×
(Qd−1

n · ϕ∗nE)

(Qdn)

The second statement just means that limn→∞ β(n) = 0. To see this, let A be an ample
divisor such that A±E are both big. For every n ∈ N we have |(Qdn ·ϕ∗nE)| ≤ (Qdn ·ϕ∗nA)
by (2.1). By Lemma 2.2 we have

|β(n)| ≤ (µess(D)− µabs(Qn))×
(Qd−1

n · ϕ∗nA)
(Qdn)

≤ µess(D)− µabs(Qn)

r(Qn, ϕ∗nA)
,

and we conclude with Lemma 7.4. □

Lemma 7.6. For every nef and big A ∈ D̂iv(X)R, we have

sup
n∈N

(Q̃dn · ϕ∗nA)
Qdn

<∞.
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Proof. Replacing D by D + t[∞] for t sufficiently large, we assume that D is big
without loss of generality. Moreover, we assume that D −A is pseudo-effective, after
replacing A by a sufficiently small multiple if necessary. For every n ∈ N and λ > 0
we have

λ(Q̃dn · ϕ∗nA) ≤
1

d+ 1
((Q̃n + λϕ∗nA)

d+1).

By Zhang’s inequality (Theorem 3.17),

((Q̃n + λϕ∗nA)
d+1) ≤ (d+ 1)µess(Q̃n + λϕ∗nA)× ((Qn + λϕ∗nA)

d).

Note that µess(Q̃n+λϕ
∗
nA) = µess(Qn+λϕ

∗
nA)−µabs(Qn). Since ϕ∗nD−Qn and D−A

are pseudo-effective, we have

µess(Q̃n + λϕ∗nA) = µess(Qn + λϕ∗nA)− µabs(Qn) ≤ (1 + λ)µess(D)− µabs(Qn).

Therefore

(7.4) λ(Q̃dn ·ϕ∗nA) ≤ (µess(D)−µabs((Qn))(Qn+λϕ∗nA)d)+λµess(D)((Qn+λϕ
∗
nA)

d).

If λ ≤ r(Qn;ϕ
∗
nA), then Qn−λϕ∗nA is pseudo-effective and therefore ((Qn+λϕ

∗
nA)

d) ≤
2d(Qdn). Applying (7.4) to λ = r(Qn;ϕ

∗
nA) gives

(Q̃dn · ϕ∗nA)
(Qdn)

≤ 2d
(
µess(D)− µabs(Qn)

r(Qn;ϕ∗nA)

)
+ 2dµess(D).

This concludes the proof since the right-hand side is upper-bounded by some constant
independent of n by Lemma 7.4. □

We are now ready to prove the theorem.

Proof of Theorem 6.1. Recall from §5 that for every E ∈ D̂iv(X)R, the one-sided
derivative ∂E µ

ess(D) exists and −∂−E µess(D) ≥ ∂E µ
ess(D). Therefore we only need

to show that

(7.5) ∂E µ
ess(D) ≥ lim sup

n→∞

(Q̃dn · ϕ∗nE)

(Qdn)

for any E ∈ D̂iv(X)R. Indeed, if this holds then we can apply (7.5) to −E and E to
obtain

lim inf
n→∞

(Q̃dn · ϕ∗nE)

(Qdn)
≥ −∂−E µ

ess(D) ≥ ∂E µ
ess(D) ≥ lim sup

n→∞

(Q̃dn · ϕ∗nE)

(Qdn)
,

and Theorem 6.1 follows by Lemmas 4.2 and 7.5.
We first show (7.5) when E is DSP. In that case there exists a nef and big A ∈

D̂iv(X)R such that A± E are nef by Remark 3.10. By Lemma 7.6,

C0 := sup
n∈N

((Q̃n)
d · (ϕ∗nA))
(Qdn)

is a real number. Let n ∈ N. Since Q̃n is nef, we have (Q̃n)
d+1 ≥ 0. Moreover, for

any λ ≥ 0 such that D + λE is big we have

µess(D + λE)− µabs(Qn) ≥ µess(Qn + λϕ∗nE)− µabs(Qn) = µess(Q̃n + λϕ∗nE)

by Lemma 3.15(4). Therefore Corollary 7.3 applied with P = Q̃n gives

(7.6) µess(D + λE)− µabs(Qn) ≥ λ
(Q̃dn · ϕ∗nE)

(Qdn)
− CdC0 ×

λ2

r(Qn;ϕ∗nA)
,
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for every λ ∈ (0, r(Qn;ϕ
∗
nA)/2), where Cd is a constant depending only on d. Let

γ(n) =
µess(D)− µabs(Qn)

r(Qn, ϕ∗nA)

if µess(D) ̸= µabs(Qn) and γ(n) = 1/n otherwise, and set λn =
√
γ(n)r(Qn, ϕ

∗
nA). By

Lemma 7.4 we have limn→∞ γ(n) = 0, hence limn→∞ λn = 0. Applying (7.6) with
λ = λn gives

µess(D + λnE)− µess(D)

λn
+
√
γ(n) ≥ (Q̃dn · ϕ∗nE)

(Qdn)
− CdC0

√
γ(n),

and we obtain (7.5) by letting n tend to infinity.
We now consider the general case. Let ε > 0. By Lemma 3.7, there exists a DSP

Eε ∈ D̂iv(X)R such that E − Eε and Eε − E + ε[∞] are both pseudo-effective. The
first condition implies that ∂E µ

ess(D) ≥ ∂Eε
µess(D), and the second one together

with Lemma 3.8 gives

(Q̃dn · Eε) ≥ (Q̃dn · (E − ε[∞])) = (Q̃dn · E)− ε(Qdn)

for every n ∈ N. Therefore

∂E µ
ess(D) ≥ ∂Eε

µess(D) ≥ lim sup
n→∞

(Q̃dn · ϕ∗nEε)
(Qdn)

≥ lim sup
n→∞

(Q̃dn · ϕ∗nE)

(Qdn)
− ε,

and we conclude by letting ε tend to zero. □

7.3. A variant of Theorem 6.1. In the course of the proof, we neglected a term of
the form

(Q̃d+1
n )

vol(Qn + λϕ∗nE)

when applying Corollary 7.3. It turns out that taking this term into account does not
improve our approach in general, but it does in the case where E = 0 for which we
can use the second part of Corollary 7.3. This leads to the following slight refinement
of Theorem 6.1 in that special case.

Theorem 7.7. Assume that there exists a sequence (ϕn, Qn)n of semipositive approx-
imations of D such that

lim
n→∞

1

r(Qn;ϕ∗nD)

(
µess(D)− (Q

d+1
n )

(d+ 1)(Qdn)

)
= 0 and sup

n∈N

µess(D)− µabs(Qn)

r(Qn;ϕ∗nD)
<∞.

Then D satisfies the equidistribution property at every place v ∈ MK . The v-adic
equidistribution measure is the weak limit νD,v = limn→∞ νn,v, where νn,v denotes the

pushforward to Xan
v of the normalized Monge-Ampère measure c1(Qn,v)

∧d/(Qdn).

We only outline the proof of this theorem, as it is almost the same as the one of
Theorem 6.1. Let (ϕn, Qn) be a sequence satisfying the conditions of Theorem 7.7.

As above, we let Q̃n = Qn − µabs(Qn)[∞] for every n. With this notation, the proof
of Lemma 7.6 remains valid: we have

C0 := sup
n∈N

(Q̃dn · ϕ∗nA)
(Qdn)

<∞.
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By Proposition 5.6, it suffices to show that

(7.7) −∂−E µ
ess(D) = ∂E µ

ess(D) = lim
n→∞

(Q
d
n · ϕ∗nE)

(Qdn)

for any E ∈ D̂iv(X)R over 0. We only treat the case where E is DSP, as the general

one follows as in the proof of Theorem 6.1. Let A ∈ D̂iv(X)R be big and nef with
A± E nef. By Corollary 7.3, there exists a constant Cd such that

(7.8) µess(D + λE)− µabs(Qn) ≥
(Q̃dn)

(d+ 1)(Qdn)
+
Q̃dn · ϕ∗nE)

(Qdn)
− C0Cd ×

λ2

r(Qn, ϕ∗nA)

for every n and λ ∈ (0, r(Qn, ϕ
∗
nA)/2). On the other hand, since E = 0 we have

(Q̃dn · ϕ∗nE) = (Q
d
n · ϕ∗nE) and (Q̃dn) = (Q

d
n)− (d+ 1)(Qdn)× µabs(Qn)

by (3.3). Combining this with (7.8) and dividing by λ gives

µess(D + λE)− µess(D)

λ
≥ 1

λ

( (Q
d
n)

(d+ 1)(Qdn)
− µess(D)

)
+

(Q
d
n · ϕ∗nE)

(Qdn)

− C0Cd ×
λ

r(Qn, ϕ∗nA)
.

As before, a suitable choice of λ = λn permits to conclude that

∂E µ
ess(D) ≥ lim sup

n→∞

(Q
d
n · ϕ∗nE)

(Qdn)
,

and we obtain (7.7) by applying this to −E.

Remark 7.8. Compared to Theorem 6.1, Theorem 7.7 gives more flexibility to con-
struct the sequence (ϕn, Qn)n. For example, one can deduce Yuan’s equidistribution
theorem from Theorem 7.7 without using Theorem 3.18. However, it turns out that
starting with a sequence (ϕn, Qn)n satisfying the conditions of Theorem 7.7, one can
modify it to construct a sequence with (6.1). This can be done with arguments similar
to the ones we used in the proof of Corollary 4.7. Since we do not need this in the
remainder of the text, we leave the details to the interested reader.

8. Logarithmic equidistribution

Let D be an adelic R-divisor on X with big geometric R-divisor D. In this section
we assume that the condition of Theorem 6.1 is satisfied, namely that there exists a
sequence (ϕn : Xn → X,Qn)n of semipositive approximations of D satisfying (6.1).
By Theorem 6.1 and Lemma 7.5, the essential minimum function is differentiable at
D and

∂E µ
ess(D) = lim

n→∞

(Q
d
n · ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)

= lim
n→∞

(Q
d
n · ϕ∗nE)− dµabs(Qn)× (Qd−1

n · ϕ∗nE)

(Qdn)

(8.1)

for every E ∈ D̂iv(X)R. In particular, D satisfies the equidistribution property at
every v ∈ MK with equidistribution measure νD,v = limn→∞ νn,v, where νn,v be the

pushforward toXan
v of the normalized v-adic Monge-Ampère measure ofQn. Following
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[CLT09], we show that this equidistribution phenomenon extends to functions with
logarithmic singularities along certain divisors. We closely follow [CLT09, Proof of
Theorem 1.2], adapting the arguments to our setting.

Definition 8.1. Let E ∈ Div(X) be an effective (Cartier) divisor on X and let
v ∈ MK . We say that a function φ : Xan

v → R ∪ {±∞} has at most logarithmic
singularities along E if it is continuous on Xan

v \ (SuppE)anv and if every x ∈ Xan
v has

a neighborhood U ⊂ Xan
v with the following property: there exists an equation fU of

Ean
v on U and a real number cU such that |φ|v ≤ cU log |fU |−1

v on U .

We start with two preliminary lemmas.

Lemma 8.2. For every E ∈ D̂iv(X)R with E effective, we have

∂E µ
ess(D) ≥

∑
v∈MK

nv

∫
Xan

v

gE,v dνD,v.

Proof. Let n ∈ N. By Lemma 3.14 we have

hQn
(ϕ∗nE) ≥ dµabs(Qn)× (Qd−1

n · ϕ∗nE),

where the left-hand side denotes the height of the R-Weil divisor associated to ϕ∗nE.
By the arithmetic Bézout formula (3.2) we obtain

(Q
d
n · ϕ∗nE)− dµabs(Qn)× (Qd−1

n · ϕ∗nE)

(Qdn)
≥
∑
v∈MK

nv

∫
Xan

v

gE,v dνn,v

≥
∑
v∈MK

nv

∫
Xan

v

min{a, gE,v} dνn,v

for any a ∈ R. Since E is effective, gE,v is bounded from below and therefore

min{a, gE,v} ∈ C(Xan
v ) for every v ∈ R. Letting n tend to infinity, (8.1) then gives

∂E µ
ess(D)

≥
∑
v∈MK

nv lim inf
n→∞

∫
Xan

v

min{a, gE,v} dνn,v =
∑
v∈MK

nv

∫
Xan

v

min{a, gE,v} dνD,v.

Letting a tend to ∞, the result follows by monotone convergence. □

Lemma 8.3. For every E ∈ D̂iv(X)R and v ∈ MK , gE,v is integrable with respect to
νD,v.

Proof. We can write E = E1−E2 with E1, E2 effective. By linearity, we may therefore
assume that E is effective without loss of generality. Since gE,w ≥ 0 for every w ∈ MK ,
we have

∞ > ∂E µ
ess(D) ≥ nv

∫
Xan

v

gE,v dνD,v = nv

∫
Xan

v

|gE,v| dνD,v

by Lemma 8.2. □

The main result in this paragraph is the following.
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Theorem 8.4. Let E = (E, (gE,v)v∈MK
) ∈ D̂iv(X). Assume that E is effective and

that

(8.2) ∂E µ
ess(D) =

∑
v∈MK

nv

∫
Xan

v

gE,v dνD,v.

Then the same equality holds for every adelic divisor E
′
over E. Moreover, for every

D-small generic sequence (xℓ)ℓ and v ∈ MK we have

lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v =

∫
Xan

v

φdνD,v

for any function φ : Xan
v → R∪{±∞} with at most logarithmic singularities along E.

Proof. Let E
′
be another adelic divisor over E. Then there exist a finite set S ⊂ MK

and a collection (φv)v∈S such that φv ∈ C(Xan
v )Gv for every v ∈ S and E

′ − E =∑
v∈S 0

φv . Since the essential minimum function is differentiable at D, we have

∂
E

′ µess(D) = ∂E µ
ess(D) +

∑
v∈S

∂0φv µess(D).

We let φv = 0 for v ∈ MK \ S. Proposition 5.6 together with (8.2) then gives

∂
E

′ µess(D) =
∑
v∈MK

nv

∫
Xan

v

(gE,v + φv) dνD,v =
∑
v∈MK

nv

∫
Xan

v

g
E

′
,v
dνD,v.

To prove the second statement, it suffices to consider the case where φ = gE,v by

[CLT09, Lemma 6.3]. By (8.2), Proposition 5.3 and Theorem 6.1 we have∑
v∈MK

nv

∫
Xan

v

gE,v dνD,v = ∂E µ
ess(D) = lim

ℓ→∞
hE(xℓ) = lim

ℓ→∞

∑
v∈MK

nv

∫
Xan

v

gE,v dδO(xℓ)v .

Therefore

0 = lim
ℓ→∞

∑
v∈MK

nv

(∫
Xan

v

gE,v dδO(xℓ)v −
∫
Xan

v

gE,v dνD,v

)
≥
∑
v∈MK

nv

(
lim inf
ℓ→∞

∫
Xan

v

gE,v dδO(xℓ)v −
∫
Xan

v

gE,v dνD,v

)
.

On the other hand, since min{a, gE,v} ∈ C(Xv)
an for every v and a ∈ R we have

lim inf
ℓ→∞

∫
Xan

v

gE,v dδO(xℓ)v ≥ lim inf
ℓ→∞

∫
Xan

v

min{a, gE,v} dδO(xℓ)v =

∫
Xan

v

min{a, gE,v} dνD,v

by the equidistribution property. Letting a tend to infinity, it follows that

lim inf
ℓ→∞

∫
Xan

v

gE,v dδO(xℓ)v −
∫
Xan

v

gE,v dνD,v ≥ 0.

Since the sum of these terms over all the places v is non-positive, we obtain

lim inf
ℓ→∞

∫
Xan

v

gE,v dδO(xℓ)v =

∫
Xan

v

gE,v dνD,v
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for every v ∈ MK . We conclude by observing that this equality remains true when
(xℓ)ℓ is replaced by an arbitrary infinite subsequence (since the latter remains generic
and D-small). Therefore we have

lim
ℓ→∞

∫
Xan

v

gE,v dδO(xℓ)v =

∫
Xan

v

gE,v dνD,v

as desired. □

Remark 8.5. Assume that for every v ∈ MK , the sequence of probability measures
(νn,v)n is eventually constant, that is νn,v = νD,v for every sufficiently large n. As
we shall see in §10, this condition is satisfied in the case of dynamical systems and

semi-abelian varieties. Then for every E ∈ D̂iv(X), the condition (8.2) is equivalent
to

lim
n→∞

hQn
(ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
= 0.

Indeed, by (8.1) and the arithmetic Bézout formula (3.2) we have

∂E µ
ess(D) = lim

n→∞

(hQn
(ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
+
∑
v∈MK

nv

∫
Xan

v

gE,v dνn,v

)

= lim
n→∞

hQn
(ϕ∗nE)− dµess(D)× (Qd−1

n · ϕ∗nE)

(Qdn)
+
∑
v∈MK

nv

∫
Xan

v

gE,v dνD,v.

Theorem 8.4 implies [CLT09, Theorem 1.2] as follows. Assume that D is semipos-
itive and that

µess(D) =
(D

d+1
)

(d+ 1)(Dd)
.

By Theorem 3.18 we have µess(D) = µabs(D), and therefore the condition of Theorem
6.1 is trivially satisfied for the constant sequence (ϕn, Qn)n equal to (IdX , D). By
Remark 8.5, the conclusion of Theorem 8.4 is satisfied for any effective divisor E ∈
Div(X)R such that

hD(E)

d(Dd−1 · E)
= µess(D) =

(D
d+1

)

(d+ 1)(Dd)
.

9. Toric varieties

In this section we study the differentiability of the essential minimum function for
toric adelic R-divisors on toric varieties, and explore its consequences for the equidis-
tribution of the Galois orbits of small generic sequences of points.

In the first and second subsections we explain the basic constructions and results
from the algebraic and the Arakelov geometry of toric varieties, referring to [BPS14,
BPS15, BMPS16, BPRS19] for the proofs and more information, and to Appendix A
for the necessary definitions from convex analysis. As a small addition to the theory
we give a formula for the positive arithmetic intersection numbers of toric adelic R-
divisors (Proposition 9.6). In the third subsection we apply these elements to prove
our differentiability and equidistribution results in the toric setting (Theorems 9.8 and
9.15).
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9.1. Geometric aspects. For d ≥ 1 let T ≃ Gdm be a split d-dimensional torus
over K. A toric variety is a normal variety X over K that contains T as an open
subset and is equipped with an action of this torus extending its action onto itself
by translations. An R-divisor D on X is toric if it is invariant under this action. A
modification ϕ : X ′ → X is toric if X ′ is also a toric variety with the same torus T
and the restriction of ϕ to this torus coincides with the identity on T.

Toric varieties and R-divisors can be constructed and classified with polyhedral
objects like fans and R-virtual support functions. To this end, first set

M = Hom(T,Gm) and N = Hom(Gm,T)

for the lattices of characters and of co-characters of T, respectively. They are both
isomorphic to Zd and are dual of each other, that is M = N∨ and N = M∨. Set
NR = N ⊗Z R and MR = M ⊗Z R. These spaces are also dual of each other, and for
u ∈ NR and x ∈ MR we denote their pairing by either ⟨x, u⟩ or ⟨u, x⟩. Let K[M ] be
the group algebra of M , and for each m ∈ M set χm ∈ K[M ] for the corresponding
monomial.

A fan Σ on NR is a polyhedral complex of strongly convex cones defined over N .
To each cone σ ∈ Σ we associate the semigroup in M defined by

Mσ = {m ∈M | ⟨u,m⟩ ≥ 0 for all u ∈ σ}

and we set K[Mσ] for its semigroup algebra. Then Xσ = Spec(K[Mσ]) is an affine
toric variety. Moreover, for each pair σ, σ′ ∈ Σ we have that Xσ∩σ′ can be naturally
seen an open subset of both Xσ and Xσ′ . The toric variety XΣ is then defined by
gluing these affine toric varieties:

XΣ =
⋃
σ∈Σ

Xσ.

The affine toric variety X0 corresponding to the zero cone is canonically isomorphic
to the torus T, and is called the principal open subset of XΣ.

An R-virtual support function Ψ on Σ is a real-valued function on the subset of NR
covered by Σ that is linear on each of the cones of this fan. For each σ ∈ Σ choose
mσ ∈ MR such that Ψ(u) = ⟨mσ, u⟩ for all u ∈ σ. For each pair σ, σ′ ∈ Σ the
R-rational function χ−mσ/χ−mσ′ restricted to the overlap Xσ ∩ Xσ′ is an R-linear
combination of regular functions, and so

(9.1) DΨ = {(Xσ, χ
−mσ)}σ∈Σ

defines an R-divisor on XΣ that is toric and independent of the choice of these vectors.
The assignment Σ 7→ XΣ is a bijection between the set of fans on NR and that

of toric varieties with torus T. Similarly, for a fixed fan Σ the assignment Ψ 7→ DΨ

is a bijection between the set of R-virtual support functions on Σ and that of toric
R-divisors on XΣ. In the sequel we revert these notations, and for a toric variety X
with torus T and a toric R-divisor D on it we respectively denote its fan and R-virtual
support function by ΣX and ΨD.

The toric variety X is projective if and only if its fan is complete and regular,
namely it covers the whole of NR and can be defined as the linearity locus of a
piecewise linear concave function on this vector space. We suppose this is the case
from now on. We then associate to D the subset of MR defined as

∆D = {x ∈MR | ⟨u, x⟩ ≥ ΨD(u) for all u ∈ NR}.
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It is a quasi-rational polytope, that is a polytope with rational slopes.
The positivity invariants and properties of a toric R-divisor can be directly read

from its R-virtual support function and polytope. For instance,

vol(D) = d! volM (∆D)

where volM denotes the Haar measure on MR normalized so that M has covolume 1.
In particular, if D is nef then (Dd) = d! volM (∆D). More generally, for a family Di,
i = 1, . . . , d, of toric nef R-divisors on X we have

(9.2) (D1 · · ·Dd) = MVM (∆D1 , . . . ,∆Dd
),

where MVM denotes the mixed volume function with respect to volM .
The R-divisor D is pseudo-effective if and only if ∆D ̸= ∅, and it is big if and only

if dim(∆D) = d. In addition, D is nef if and only if ΨD is concave. For another toric
R-divisor E that is nef we have that D − E is pseudo-effective if and only if there is
x ∈MR such that x+∆E ⊂ ∆D. These properties are either contained in [BMPS16,
Propositions 4.6, 4.7 and 4.9] or follow easily from these results.

This characterization of pseudo-effectivity readily implies the next proposition,
showing that the inradius of a toric R-divisor with respect to another can be computed
in terms of the inradius of the associated polytopes, in the sense of convex geometry
(Definition A.1). This connection was first pointed out by Teissier for toric line bundles
[Tei82, §2.1 and §2.2].

Proposition 9.1. Let D and A be toric R-divisors on X such that D is big and A is
big and nef. Then r(D;A) = r(∆D; ∆A).

The toric modifications of X can be classified by the complete and regular refine-
ments of the fan. Let X ′ be another projective toric variety with torus T such that
ΣX′ refines ΣX . Then for each cone σ′ ∈ ΣX′ there is another cone σ ∈ Σ such that
σ′ ⊂ σ. The associated semigroups verify that Mσ′ ⊃ Mσ, and this inclusion induces
a morphism of affine toric varieties

X ′
σ′ = Spec(K[Mσ′ ]) −→ Xσ = Spec(K[Mσ]).

These morphisms glue together into a toric modification, that is a morphism X ′ → X
whose restriction to the respective principal open subsets is the identity on T. Indeed,
every such modification of X arises in this manner [BPS14, Theorem 3.2.4].

9.2. Arithmetic aspects. Throughout this subsection we denote by T ≃ Gdm a split
torus and X a projective toric variety with torus T. For each place v ∈ MK we denote
by Sv the compact torus of the v-adic analytic torus Tan

v . In the Archimedean case
Sv is isomorphic to the real torus (S1)d, whereas in the non-Archimedean case it is
an analytic subgroup of Tan

v in the sense of Berkovich. An adelic R-divisor D on X is
toric if its geometric R-divisor is toric and all its v-adic Green functions are invariant
under the action of Sv.

Toric adelic R-divisors over D can be constructed and classified with adelic families
of functions on NR whose behavior at infinity is governed by the R-virtual support
function ΨD. To this end, let v ∈ MK and consider the valuation map

valv : Tan
v = Xan

0,v −→ NR.

Using a splitting of the torus, we can identify the dense subset Tan
v (Cv) with (C×

v )
d

and the vector space NR with Rd. In these coordinates, the map writes down for a
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point of Tan
v (Cv) as

valv(x1, . . . , xn) = (− log |x1|v, . . . ,− log |xn|v).
This valuation map extends to a proper continuous, Sv-invariant and similarly noted
map of topological spaces

valv : X
an
v −→ NΣX

,

where NΣX
denotes the Mumford compactification of NR induced by the fan, see

[BPS14, Section 4.1] for details.
Now let ψv : NR → R, v ∈ MK , be a family of functions such that ψv−ΨD extends

to a continuous function on NΣX
for all v and such that ψv = ΨD for all but a finite

number of these places. Then for each v we can consider the function gψv : X
an
0,v → R

defined as

gψv(x) = −ψv(valv(x)).
The fact that ψv − ΨD admits a continuous extension to NΣX

implies that for every
cone σ ∈ ΣX and defining vector mσ as in (9.1) we have that gψv +log |χ−mσ |v extends
to a continuous function on the affine chart Xan

σ,v. Hence gψv is an Sv-invariant v-adic
Green function for D. Furthermore, the fact that ψv = ΨD for all but a finite number
of places implies that the pair (D, (gψv)v∈MK

) is a toric adelic R-divisor [BPS14,
Example 4.5.4].

This construction gives a bijection between the set of such adelic families of func-
tions on NR and that of toric adelic R-divisors over D. Reverting it, for a toric adelic
R-divisor D we denote by

ψD,v : NR −→ R, v ∈ MK ,

the associated family of metric functions. We also associate to D its family of local
roof functions

ϑD,v : ∆D −→ R, v ∈ MK .

For each v ∈ MK , the v-adic roof function is the continuous concave function on the
polytope defined as

(9.3) ϑD,v(x) = inf
u∈NR

⟨u, x⟩ − ψD,v(u) for x ∈ ∆D.

We have ϑD,v = 0|∆D
, the zero function on the polytope, for all but a finite number

of places. We consider then the global roof function ϑD : ∆D → R, defined as the
weighted sum

(9.4) ϑD =
∑
v∈MK

nvϑD,v.

We also consider the compact convex set where this concave function is nonnegative:

(9.5) ΓD = {x ∈ ∆D | ϑD(x) ≥ 0}.
In analogy with the geometric case, the positivity invariants and properties of a

toric adelic R-divisor can be read from its metric and roof functions. For instance,
the essential minimum of X with respect to D is the maximum of global roof func-
tion [BPS15, Theorem 1.1]:

µess(D) = max
x∈∆D

ϑD(x).

Moreover, if D is semipositive then µabs(D) = minx∈∆D
ϑD(x) [BPS15, Remark 3.15].
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The arithmetic volume and the χ-arithmetic volume of D can be respectively com-
puted as [BMPS16, Theorem 5.6]

v̂ol(D) = (d+ 1)!

∫
ΓD

ϑD dvolM and v̂olχ(D) = (d+ 1)!

∫
∆D

ϑD dvolM .

In particular, if D is semipositive then (D
d+1

) = (d + 1)!
∫
∆D

ϑD dvolM . More gen-

erally, the arithmetic intersection number of a family of semipositive toric adelic R-
divisors Di, i = 0, . . . , d, can be computed as

(9.6) (D0 · · ·Dd) =
∑
v∈MK

nvMIM (ϑD0,v
, . . . , ϑDd,v

),

where MIM denotes the mixed integral function with respect to the Haar measure
volM on MR [BPS14, Theorem 5.2.5].

We have that D is pseudo-effective if and only if there is x ∈ ∆D such that
ϑD(x) ≥ 0, and it is big if and only if dim(∆D) = d and there is x ∈ ∆D such

that ϑD(x) > 0. In addition, D is semipositive if and only if ψD,v is concave for all

v ∈ MK . If this is the case, then D is nef if and only of ϑD(x) ≥ 0 for all x ∈ ∆D.

For another adelic E semipositive that is semipositive we have that D−E is pseudo-
effective if and only if ∆E ⊂ ∆D and ϑE,v(x) ≤ ϑD,v(x) for all v ∈ MK and x ∈ ∆E .

The listed properties can be found in [BMPS16, Sections 5 and 6].

Example 9.2. Let D be a big and nef toric R-divisor on X, and choose a family of
vectors uv ∈ NR, v ∈ MK , with uv = 0 for all but a finite number of v and such that∑

v nvuv = 0. Choose also a family of constants cv ∈ R, v ∈ MK , with cv = 0 for all

but a finite number of v. We consider then the semipositive toric adelic R-divisor D
on X defined by the concave metric functions

ψv(u) = ΨD(u− uv)− cv for all v and u ∈ NR.

Its local roof functions are the affine functions given by ϑv(x) = ⟨uv, x⟩+ cv for all v
and x ∈ ∆D, as it follows from their definition in (9.3) and the basic properties of
the Legendre-Fenchel duality of concave functions, see for instance [BPS14, Proposi-
tion 2.3.3 and Example 2.2.1]. Thus its global roof function is the constant function

ϑD = c|∆D
for c =

∑
v∈MK

nvcv ∈ R.

In particular µess(D) = µabs(D) = c, and so Zhang’s lower bound is attained for D.

Remark 9.3. Every semipositive toric adelic R-divisor on X for which Zhang’s lower
bound for the essential minimum is attained is of this type for a suitable choice of
vectors and constants [BPRS19, Proposition 5.3].

For any semipositive toric adelic R-divisor on X it is always possible to find an
upper bound as that required in Proposition 6.13. To this end we consider the notion of
balanced family of sup-gradients for the decomposition of ϑD into local roof functions.
This is a family of vectors

uv ∈ NR, v ∈ MK ,

with uv = 0 for all but a finite number of v and verifying
∑

v nvuv = 0, and such that
there is a point x0 ∈ ∆D maximizing ϑD with uv lying in ∂ϑD,v(x0) the sup-differential

of the v-adic roof function at this point (Definition A.7).
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Proposition 9.4. Let D be a semipositive toric adelic R-divisor on X with D big.

Then there is toric semipositive adelic R-divisor D̃ such that D̃−D is pseudo-effective

and µess(D̃) = µabs(D̃) = µess(D).

Proof. Let (uv)v be a balanced family of sup-gradients for ϑD, which does exist thanks
to Proposition A.8. Take a point x0 ∈ ∆D maximizing ϑD. Then for each v ∈ MK

we have

(9.7) ϑD,v(x) ≤ ⟨uv, x⟩+ cv for all x ∈ ∆D

with cv = ϑD,v(x0)− ⟨uv, x0⟩. We have

(9.8)
∑
v∈MK

nvcv =
∑
v∈MK

nv (ϑD,v(x0)− ⟨uv, x0⟩) = ϑD(x0) = µess(D).

Set D̃ for the semipositive toric adelic R-divisor on X from Example 9.2 corresponding

to the data (uv)v and (cv)v. The inequality in (9.7) implies that D̃ − D is pseudo-

effective, and from (9.8) we get µess(D̃) = µabs(D̃) = µess(D). □

Now suppose that D is big. By the toric arithmetic Fujita approximation theo-
rem [BMPS16, Theorem 7.2] there is a sequence of nef approximations of D

(9.9) (ϕn : Xn → X,Pn)n

such that both ϕn and Pn are toric and limn→∞ v̂ol(Pn) = v̂ol(D). It can be con-
structed by taking any sequence ∆n, n ≥ 1, of quasi-rational polytopes contained in
ΓD and arbitrarily approaching this convex body. Each ∆n induces a toric modifi-
cation ϕn : Xn → X by considering a complete and regular refinement of ΣX that
is compatible with the normal fan of ∆n, and it also induces a nef toric adelic R-
divisor Pn on Xn by considering the restrictions to ∆n of the local roof functions
of D.

The next result gives a lower bound for the inradius of D in terms of the convex-
geometric inradius of its associated convex body.

Proposition 9.5. Let D be a toric adelic R-divisor on X that is big, and A a toric
R-divisor on X that is big and nef. Then ρ(D;A) ≥ r(ΓD; ∆A).

Proof. For the sequence of toric nef approximations in (9.9) we have that

ρ(D;A) ≥ r(Pn;ϕ
∗
nA) = r(∆n; ∆A) for n ≥ 1,

by Proposition 9.1 and the fact that the polytope of a toric R-divisor is invariant
with respect to toric modifications. Since the sequence (∆n)n approaches ΓD from

the inside, we get ρ(D;A) ≥ supn r(∆n; ∆A) = r(ΓD; ∆A) as stated. □

Finally, we give a convex-analytic formula for the positive arithmetic intersection
numbers in the toric setting.

Proposition 9.6. Let D and E be toric adelic R-divisors on X with D big and E
semipositive. Then

vol(R0(D)) = d! vol(ΓD), (⟨Dd⟩ · E) =
∑
v∈MK

nvMIM (ϑD,v|ΓD
, . . . , ϑD,v|ΓD

, ϑE,v).
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Proof. The first formula follows from Corollary 4.6 using the sequence of toric nef
approximations in (9.9) and the formula for toric intersection numbers in (9.2).

For the second we use the same sequence of toric nef approximations. Applying
the definition of positive arithmetic intersection numbers in (4.3) and the formula for
the toric arithmetic intersection numbers in (9.6) we get

(P
d
n · ϕ∗nE) =

∑
v∈MK

nvMIM (ϑD,v|∆n , . . . , ϑD,v|∆n
, ϑE,v).

We conclude by taking the limit n→ ∞ and applying Proposition A.9. □

9.3. Equidistribution on toric varieties. Here we apply the constructions and
results explained in §9.1, §9.2 and Appendix A to state and prove our toric differ-
entiability and equidistribution results. In spite these preparations, we still need to
assume a certain working knowledge in the Arakelov geometry of toric varieties.

Throughout this section we denote by X a projective toric variety with torus T
and D a toric adelic R-divisor on X with D big. For each t ≤ µess(D) we consider the
sup-level set of its global roof function, that is

St(ϑD) = {x ∈ ∆D | ϑD(x) ≥ t}.

It is a nonempty compact subset of the polytope ∆D that is d-dimensional whenever
t < µess(D). Set also ∆D,max = Sµess(D)(ϑD).

The global roof function is said to be wide if after fixing an arbitrary norm on MR,
the width of these sup-level sets remains relatively large as the level approaches its
maximum (Definition A.6). By Proposition A.3, this can be alternatively expressed as
the condition that the inradius of these sup-level sets with respect to any fixed convex
body remains relatively large as the level approaches the maximum. By the same
result, it is also equivalent to the fact that for any maximizing point x0 ∈ ∆D,max

the vector 0 ∈ NR is a vertex of the sup-differential ∂ϑD(x0) ⊂ NR (Definition A.2).
When this is the case, by Proposition A.8 we can associate to ϑD a unique balanced
family of sup-gradients

uv ∈ NR, v ∈ MK ,

with respect to its decomposition into local roof functions in (9.4).
We next describe the probability measures that appear as equidistribution measures

in the toric setting. To this end, when v is non-Archimedean we consider the section
of the v-adic valuation map

(9.10) ζv : NΣ −→ Xan
v

defined as the composition ζv = θΣ ◦ e for the maps e and θΣ respectively defined in
[BPS14, §4.1 and §4.2]. By Proposition-Definition 4.2.12 in loc. cit., the section ζv is
continuous and proper. For u ∈ NR we have that ζv(u) ∈ Xan

0,v, and this point can be

explicitly written down as the multiplicative seminorm on K[M ] defined as

|f |ζv(u) = max
m

|αm|v e−⟨m,u⟩ for f =
∑
m

αmχ
m ∈ K[M ].

In particular, ζv(0) is the Gauss point of Xan
0,v = Tan

v .

Definition 9.7 ([BPRS19, Definition 5.1]). Given v ∈ MK and u ∈ NR, the proba-
bility measure ηv,u on Xan

v is defined as follows.
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(1) When v is Archimedean, we have that val−1
v (u) = Sv · x for any x ∈ val−1

v (u).
Then ηv,u is the direct image under the translation by x of the Haar probability

measure of the real torus Sv ≃ (S1)d.

(2) When v is non-Archimedean, ηv,u is defined as the Dirac measure at the point
ζv(u) ∈ Xan

v .

The following theorem is the central result of this section. It corresponds to The-
orem 1.3 together with the height convergence property (1.5) in the introduction.

Theorem 9.8. If ϑD is wide then the essential minimum function is differentiable

at D, and for every E ∈ D̂iv(X)R with E toric we have

∂Eµ
ess(D) =

∑
v∈MK

nv

∫
Xan

v

gE,v dηv,uv

where uv ∈ NR, v ∈ MK , is the balanced family of sup-gradients for ϑD.

In particular D satisfies the equidistribution property, and for each v ∈ MK we
have νD,v = ηv,uv .

This is an application of Theorem 6.7, or rather of its reformulation in terms of
positive arithmetic intersection numbers in Theorem 6.7. It also depends on a key
lemma about the decay of the sup-level sets of concave functions on convex bodies
(Proposition A.3) and on some further auxiliary constructions and results that we
next explain.

Following [BPS14, Definition 4.3.3], we describe an averaging process allowing to
pass from an arbitrary adelic R-divisor on X to a toric one.

Definition 9.9. Let E be an adelic R-divisor on X with E toric. For v ∈ MK we
consider the function ĝv : X

an
v \ Ean

v → R defined as

ĝv(x) =


∫
Sv
gE,v(t · x) dHaarv(t) if v is Archimedean,

gE,v(ζv(valv(x))) if v is non-Archimedean,

with Haarv the Haar probability measure of the real torus Sv when v is Archimedean,
and ζv the section of the v-adic valuation map in (9.10) when v is non-Archimedean.
We then set Etor = (E, (ĝv)v∈MK

), which is a toric adelic R-divisor on X.

Using the probability measures from Definition 9.7, for every v ∈ MK the corre-
sponding Green function of Etor can be alternatively expressed as

(9.11) ĝv(x) =

∫
Xan

v

gE,v dηv,u for u = valv(x).

The relevant arithmetic intersection numbers (both standard and positive) are
invariant with respect to this averaging process.

Proposition 9.10. For any toric adelic R-divisor P on X we have (P
d · E) = (P

d ·
Etor). In particular, if D is big then (⟨Dd⟩ · E) = (⟨Dd⟩ · Etor).

Proof. With notation as in Definition 9.9, by the arithmetic Bézout formula we have

(P
d · Etor) = hP (E) +

∑
v

nv

∫
Xan

v

ĝv c1(P v)
∧d.
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Let v ∈ MK . When v is Archimedean we have∫
Xan

v

ĝv c1(P v)
∧d =

∫
Xan

v

(∫
Sv
gE,v(t · x) dHaarv(t)

)
c1(P v)

∧d(x)

=

∫
Sv

(∫
Xan

v

gE,v(x) t∗c1(P v)
∧d(x)

)
dHaarv(t) =

∫
Xan

v

gE,v(x) c1(P v)
∧d,

using Fubini’s theorem, the change of variable formula and the invariance of the v-adic
Monge-Ampère measure of P under the action of Sv. On the other hand, when v is
non-Archimedean we have∫

Xan
v

ĝv c1(P v)
∧d =

∫
Xan

v

gE,v(ζv(valv(x))) c1(P v)
∧d(x) =

∫
Xan

v

gE,v(x) c1(P v)
∧d(x),

by the characterization of the Monge-Ampère measure of semipositive toric adelic
divisors in [BPS14, Theorem 4.8.11].

For the second, suppose that D is big and consider a sequence of arithmetic Fujita
approximations (ϕn : Xn → X,Pn), n ∈ N, as in (9.9). The averaging process com-
mutes with toric modifications as it can be read from its definition on the principal
open subset, which remains unchanged under these modifications. Hence applying the
first statement, for each n ∈ N we get

(P
d
n · ϕ∗nEtor) = (P

d
n · (ϕ∗nE)tor) = (P

d
n · ϕ∗nE).

Then this second statement follows from the definition of these positive arithmetic
intersection numbers in (4.3) by taking the limit n→ ∞. □

Recall that [∞] denotes the adelic R-divisor over the zero divisor of X with v-adic
Green function equal to 1 if v is Archimedean and to 0 is v is non-Archimedean. As
in §6.3, for each t < µess(D) we consider the twist

D(t) = D − t[∞].

We have ϑD(t) = ϑD − t, as it can be verified from the definitions of this twist and of

the global roof function. In particular we have ΓD(t) = St(ϑD) for the convex body

in (9.5).

Proof of Theorem 9.8. Set µ = µess(D) for short and let A be a big and nef R-divisor
on X. Since ϑD is wide we have

(9.12) lim
t→µ

µ− t

r(St(ϑD);∆A)
= 0.

For each t < µ we have St(ϑD) = ΓD(t) and so r(St(ϑD);∆A) ≤ ρ(D(t);A) by Proposi-

tion 9.5. Hence the limit in (9.12) gives limt→µ(µ−t)/ρ(D(t);A) = 0. By Theorem 6.7

this implies that the essential minimum function is differentiable at D and that for

each E ∈ D̂iv(X)R we have

∂Eµ
ess(D) = lim

t→µ

⟨D(t)d · E⟩
vol(Rt(D))

.

The formula for this derivative will follow from this limit together with the convex
analysis interpretation of positive intersection numbers in the toric setting and the
averaging process previously described.
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First suppose that E is both semipositive and toric. Let S ⊂ MK be a finite set
of places such that ψD,v = ΨD and uv = 0 for all v /∈ S. By possibly enlarging S we

can also assume that ϑE,v = 0|∆E
for all v /∈ S.

Let t < µ and set for short St = St(ϑD,v). Set εv = 1 if v is Archimedean and

εv = 0 if v is non-Archimedean, and set also θv,t = (ϑD,v − εvt)|St for each v. By
Proposition 9.6 we have

(9.13) vol(Rt(D)) = d! vol(St) and ⟨D(t)d · E⟩ =
∑
v∈S

nvMIM (θv,t, . . . , θv,t, ϑE,v).

For v ∈ S we have ϑD,v(x) ≤ ⟨uv, x⟩+ cv for x ∈ ∆D with cv = ϑD,v(x0)− ⟨uv, x0⟩
for any x0 ∈ ∆D,max. Setting also κv = maxx∈St(⟨uv, x⟩+ cv − ϑD,v(x)) ≥ 0 we have
the estimates

(9.14) ⟨uv, x⟩+ cv − κv − εvt ≤ θv,t(x) ≤ ⟨uv, x⟩+ cv − εvt for x ∈ St.

We have
∑

v nvcv =
∑

v nv (ϑD,v(x0)−⟨uv, x0⟩) = ϑD(x0) = µ. On the other hand,
for each v0 ∈ S and any x ∈ St we have

µ− t ≥ µ− ϑD,v(x) =
∑
v∈S

nv(cv + ⟨uv, x⟩ − ϑD,v(x)) ≥ nv0(cv0 + ⟨uv0 , x⟩ − ϑD,v0(x))

using the fact that (uv)v is balanced together with the previous upper bound for the
v-adic roof functions for v ̸= v0. Since this holds for every x ∈ St we deduce that
0 ≤ nv0κv0 ≤ µ − t, and in particular that 0 ≤

∑
v nvκv ≤ #S(µ − t) where #S

denote the cardinality of this finite set of places.
By the monotonicity of the mixed integral we have

MIM (θv,t, . . . , θv,t, ϑE,v) ≤ MIM ((⟨uv, x⟩+cv−εvt)|St , . . . , (⟨uv, x⟩+cv−εvt)|St , ϑE,v).

By Lemma A.10, the mixed integral in the right-hand side of this inequality can be
computed as

−d! vol(St)ψE,v(uv) + d(cv − εvt)MVM (St, . . . , St,∆E) + ⟨x1, uv⟩

for a point x1 ∈ MR which does not depend on v, as explained in Remark A.11.
Summing over all these places, it follows from the formulae in (9.13) that

⟨D(t)d · E⟩
vol(Rt(D))

≤ −
∑
v

nvψE,v(uv) +
d(µ− t)MVM (St, . . . , St,∆E)

d! vol(St)
,

and proceeding similarly with the lower bound in (9.14) we also obtain

⟨D(t)d · E⟩
vol(Rt(D))

≥ −
∑
v

nvψE,v(uv)−
d(#S− 1)(µ− t)MVM (St, . . . , St,∆E)

d! vol(St)
,

Using the comparison between the inradius and the quotient of intersection numbers in
Lemma 2.1 together with the interpretation of mixed volumes as intersection numbers
of toric R-divisors in (9.2) and the limit in (9.12) we get

(9.15) ∂Eµ
ess(D) = −

∑
v

nvψE,v(uv).

By the additivity of both the derivative and the metric functions, this formula readily
extends to the case when E is just DSP, and by density it extends to any toric adelic
R-divisor on X.
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For an arbitrary adelic R-divisor E with E toric we apply the averaging process in
Definition 9.9. By the invariance of the positive arithmetic intersection numbers with
respect to this process (Proposition 9.10) we deduce from the identities in (9.15) and
(9.11) that

∂Eµ
ess(D) = ∂Etorµ

ess(D) =
∑
v∈MK

nv ĝv(xv) =
∑
v∈MK

nv

∫
Xan

v

gE,v dηv,uv

where each xv ∈ Xan
v is a point in the fiber val−1

v (uv).
Finally, by Proposition 5.6 this readily implies that D satisfies the equidistribution

property with νD,v = ηv,uv for all v. □

We can extend the range of Theorem 9.8 to compute the derivative of the essen-
tial minimum function along any adelic R-divisor on X by reducing to the situation
considered therein.

Remark 9.11. Let E be an adelic R-divisor on X. The K-algebra O(T) = K[M ] is
factorial and so we can choose f ∈ Rat(X)×R defining the restriction of E to the torus.
Set then

F = E − d̂iv(f)

Its geometric divisor F is toric because its support is contained in the boundary X\X0

and its v-adic Green function is related to that of E by gF ,v = gE,v + log |f |v.
Since the essential minimum function is invariant under linear equivalence, its de-

rivative in the direction of E coincides with that in the direction of F . Hence we can
apply Theorem 9.8 to compute it as

∂Eµ
ess(D) =

∑
v∈MK

nv

∫
Xan

v

gE,v dηv,uv +
∑
v∈MK

nv

∫
Xan

v

log |f |v dηv,uv .

In the semipositive case, we can prove the following converse of Theorem 9.8. It is
a direct consequence of Theorem 9.8 together with Propositions 9.4 and 6.13.

Corollary 9.12. With notation as in Theorem 9.8, the following conditions are equiv-
alent:

(1) ϑD is wide,

(2) D satisfies the equidistribution property.

When any of them is satisfied, for each v ∈ MK we have νD,v = ηv,uv .

Remark 9.13. A key notion in [BPRS19] is that of monocritical semipositive toric
adelic R-divisor. Assuming that D is semipositive, this condition is expressed as
the fact that certain associated function on a space of adelic measures has a unique
minimizing adelic point. Then [BPRS19, Theorem 1.1] states that D is monocritical if
and only if it verifies the equidistribution property at every place, with equidistribution
measures determined by this adelic point when it exists.

By Proposition 4.15 in loc.cit., the condition that D is monocritical can be refor-
mulated in more elementary terms as the fact that 0 is not a vertex of ∂ϑD(x0) for
any x0 ∈ ∆D,max, with the minimizing adelic point given by the balanced family of
sup-gradients for ϑD. By Proposition A.3 this condition is equivalent to the fact that
the global roof function is wide, and so Corollary 9.12 recovers this toric equidistri-
bution theorem. On the other hand, Theorem 9.8 extends the sufficient condition in
this criterion to the case when D is not necessarily semipositive and strengthens its
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conclusion to include the differentiability of the essential minimum function. Further-
more, it adds the even more elementary interpretation of this condition in terms of
the decay of the width sup-level sets of the global roof function.

For the rest of this subsection we assume that ϑD is wide and we denote by (uv)v
the associated balanced family of sup-gradients. Then for each f ∈ K[M ] \ {0} we
consider the quantity

mD(f) =
∑
v∈MK

nv

∫
Xan

v

log |f |v dηv,uv ∈ R.

Taking into account the definition of the probability measures ηv,uv and writing f =∑
m∈M αmχ

m, this can be alternatively expressed as

(9.16) mD(f) =
∑
v∈M∞

K

nv

∫
Sv

log |f(x · tv)|v dHaarv(x)

+
∑

v∈MK\M∞
K

nv logmax
m

(e−⟨uv ,m⟩|αm|v)

where as before Haarv denotes the Haar probability measure of the real torus Sv, and
tv ∈ Tan

v (Cv) is any point in the fiber val−1
v (uv). Hence the defined quantity is an

extension of the classical logarithmic Gauss-Mahler measure of a Laurent polynomial,
which corresponds to the case when uv = 0 for all v.

Lemma 9.14. The following properties hold:

(1) for f ∈ K[M ] \ {0} we have mD(f) ≥ 0,

(2) for m ∈M and α ∈ K× we have mD(αχ
m) = 0.

(3) for m ∈M \ {0} and γ ∈ K× we have

mD(χ
m − γ) =

∑
v∈MK

nv logmax(1, e−⟨uv ,m⟩|γ|v).

Proof. The statement (1) might be deduced from Lemma 8.2 and the expression for
the derivatives of the essential minimum in Remark 9.11. It can be alternatively
deduced from standard properties of the Mahler measure, as we next explain.

Let m0 be a vertex of the Newton polytope of f . Then for each v ∈ MK we have∫
Xan

v

log |f |v dηv,uv ≥ log |αm0 |v − ⟨uv,m0⟩.

In case v is Archimedean this follows from the fact that the Mahler measure of a
Laurent polynomial is bounded below by the absolute value of any of its vertex coef-
ficients. On the other hand, in case v is non-Archimedean this inequality is given by
the explicit expression of this local term in (9.16). Hence

mD(f) ≥
∑
v∈MK

nv (log |αm0 |v − ⟨uv,m0⟩) = 0

by the product formula of K and the fact that (uv)v is balanced.
For (2), for each v we have

∫
Xan

v
log |αχm|v dηv,uv = log |α|v − ⟨uv,m⟩, and so the

statement follows again from the product formula and the fact that (uv)v is balanced.
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For (3), for each v we have∫
Xan

v

log |χm − γ|v dηv,uv = logmax(1, |χm(tv)γ|v) = logmax(1, e−⟨uv ,m⟩|γ|v)

by Jensen’s formula for the Mahler measure in the Archimedean case, and the explicit
expression (9.16) in the non-Archimedean case. The statement follows by considering
the weighted sum of these terms. □

Combining Theorem 9.8 with the results in §8 we can strengthen the toric equidistri-
bution property to include test functions with logarithmic singularities along effective
divisors satisfying a numerical condition.

Theorem 9.15. Let D be a toric adelic R-divisor on X with D big and such that ϑD
is wide. Let E be an effective divisor on X whose restriction to X0 is defined by a
Laurent polynomial f ∈ K[M ] \ {0} with mD(f) = 0. Then for every D-small generic

sequence (xℓ)ℓ in X(K) and v ∈ MK we have

lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v =

∫
Xan

v

φdηv,uv

for any function φ : Xan
v → R∪{±∞} with at most logarithmic singularities along E.

In particular, this holds if each irreducible component of E is either contained in
the boundary X \X0, or is the closure of the zero set of an irreducible binomial χm−γ
with m ∈M \ {0} and γ ∈ K× such that log |γ|v = ⟨uv,m⟩ for all v.

Proof. By Remark 9.11 we have

∂Eµ
ess(D) =

∑
v∈MK

nv

∫
Xan

v

gE,v dηv,uv +mD(f).

The first statement is then a direct application of Theorem 8.4.
For the second statement, let [E] denote the associated Weil divisor and consider its

decomposition into irreducible components [E] =
∑

i∈I kiWi. For each i ∈ I we choose

a Laurent polynomial fi defining the restriction Wi ∩X0. Then f =
∏
i∈I f

ki
i defines

the restriction of E to the torus. Using Lemma 9.14 we deduce that mD(fi) = 0 for
each i and that

mD(f) =
∑
i∈I

kimD(fi) = 0,

and so this statement follows from the first. □

It is natural to try to interpret in terms of heights the numerical condition imposed
on the effective divisor by the previous theorem. To this end, first note that for every
point x ∈ X0(K) we have hD(x) ≥ µess(D) [BPS15, Lemma 3.8(1)], and so for every
subvariety V ⊂ X0,K we have

µess(D|V ) ≥ µess(D)

where V denotes its closure. Following [BPRS19, Definition 5.10], we say that V is
D-special if this lower bound is an equality.

Using the characterization of the Bogomolov property for monocritical semipositive
toric adelic R-divisors in [BPRS19, §5] we derive the following logarithmic equidistri-
bution theorem for the semipositive case.
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Corollary 9.16. With notation as in Theorem 9.15, assume furthermore that D
is semipositive. Let E be an effective divisor on X such that each of its geometric
irreducible components is either contained in X \X0 or is the closure of a D-special
hypersurface of X0,K . Then for every D-small generic sequence (xℓ)ℓ in X(K) and
v ∈ MK we have

lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v =

∫
Xan

v

φdηv,uv .

for any function φ : Xan
v → R∪{±∞} with at most logarithmic singularities along E.

Proof. Since D is semipositive and ϑD is wide, D is monocritical in the sense of
[BPRS19], Remark 9.13. Let W ⊂ XK be a geometric irreducible component of E

such that W0 :=W ∩X0,K is D-special. By the Bogomolov property for monocritical

adelic R-divisors [BPRS19, Theorem 5.12], W0 is the translate of a subtorus. Since
W0 is a hypersurface, this implies that there exist m ∈ M and x0 ∈ X0,K(K) such
that

W0 = Z(χm − 1) · x0.
After extending the base field if necessary, we assume without loss of generality that
x0 ∈ X0(K). Note that W0 = Z(χm − γ) for γ = χm(x0). By [BPRS19, Proposi-
tion 5.14(1)], the fact that W0 is D-special implies that

uv ∈ m⊥
R + valv(x0) for all v,

which is equivalent to the fact that ⟨uv,m⟩ = ⟨valv(x0),m⟩ = log |γ|v for all v. We
conclude with Theorem 9.15. □

10. Dynamical systems and semiabelian varieties

Here we study the adelic R-divisors that arise as sums of several canonical adelic R-
divisors with different regimes with respect to an algebraic dynamical system. In this
setting, Zhang’s lower bound for the essential minimum might be strict, in which case
Yuan’s theorem cannot be applied. In spite of this situation, the essential minimum
function is differentiable at such adelic R-divisors, and for every place of K the Galois
orbits of the points in a small generic sequence converge towards the normalized
Monge-Ampère measure (Theorem 10.8). We also show that this equidistribution still
holds for test functions with logarithmic singularities along hypersurfaces containing
a dense subset of preperiodic points (Theorem 10.10).

These results apply in the context of semiabelian varieties, giving the differentiabil-
ity of the essential minimum function (Theorem 10.11) and allowing to recover Kühne’s
semiabelian equidistribution theorem (Remark 10.12). Furthermore, they imply that
this equidistribution also holds for test functions with logarithmic singularities along
torsion hypersurfaces (Theorem 10.15).

10.1. Canonical adelic R-divisors. Zhang’s canonical metrics for dynamical sys-
tems in [Zha95b, §2] extend to the setting of adelic R-divisors, as shown by Chen and
Moriwaki [CM15]. Here we recall this notion and study some of its basic positivity
properties.

Let X be a normal projective variety over K of dimension d ≥ 1 and ϕ : X → X a
surjective endomorphism. Let D ∈ Div(X)R such that ϕ∗D ≡ qD for a real number
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q > 1. To define the associated canonical adelic R-divisor, choose f ∈ Rat(X)×R such
that

ϕ∗D = qD + div(f).

By [CM15, §4], for every v ∈ MK there is a unique v-adic Green function gv on D such
that ϕan,∗v gv = q gv − log |f |v, and moreover D := (D, (gv)v∈MK

) is an adelic R-divisor
on X which verifies that

(10.1) ϕ∗D = qD + d̂iv(f).

This adelic R-divisor is independent of the choice of f up to a summand of the form

d̂iv(λ) with λ ∈ K×
R . Indeed, if f ′ ∈ Rat(X)R also verifies that ϕ∗D = q D + div(f ′)

then necessarily f ′ = γf with γ ∈ K×
R . Hence for each v ∈ MK the v-adic Green

function induced by f ′ coincides with gv + log |λ|v for λ = γ1/(q−1) and the adelic

R-divisor induced by f ′ is D + d̂iv(λ).

Definition 10.1. The canonical adelic R-divisor of D, denoted by Dcan, is any adelic
R-divisor on X such that

(10.2) ϕ∗Dcan ≡ qDcan on D̂iv(X)R.

It is unique up to summand of the form d̂iv(λ) with λ ∈ K×
R .

The associated height function is not affected by this indeterminacy, thanks to the
product formula. By (10.2), it verifies that

(10.3) hDcan(ϕ(x)) = q hDcan(x) for x ∈ X(K).

A point x ∈ X(K) is preperiodic if its orbit with respect to ϕ is finite or equivalently, if
there are positive integers j < k such that ϕ◦j(x) = ϕ◦k(x). The functoriality in (10.3)
implies that hDcan(x) = 0 whenever x is preperiodic.

It is well-known that if D is ample then Dcan is nef and both the absolute and the
essential minima vanish. In a similar vein, we give a simple condition ensuring the
pseudo-effectivity of the canonical adelic R-divisor and the vanishing of its essential
minimum.

Proposition 10.2. If R(D) ̸= {0}, then Dcan is pseudo-effective and µess(Dcan) = 0.

Proof. We prove that the essential minimum vanishes. First note that it is finite
because R(D) ̸= {0}. We have µess(Dcan) = µess(ϕ∗Dcan) because the essential mini-
mum is invariant with respect to dominant and generically finite morphisms [BPS15,
Proposition 3.5(1)]. Furthermore

µess(ϕ∗Dcan) = µess(qDcan) = q µess(Dcan),

by the functoriality of the canonical adelic R-divisor and the invariance of the essential
minimum under linear equivalence. Hence µess(Dcan) = q µess(Dcan), which gives
µess(Dcan) = 0 as stated.

The pseudo-effectivity ofDcan then follows from Theorem 3.16. For the convenience
of the reader, we give an elementary proof of this fact. Let s = (f, eD) be a nonzero
global section of eD for some e ≥ 1, which exists because R(D) ̸= {0}. Up to
multiplying s by a nonzero scalar, we can suppose that ∥s∥v,sup ≤ 1 for every non-

Archimedean place v. Then given ε > 0 take k ≥ 1 such that log ∥s∥v,sup ≤ ε e qk for
every Archimedean place v.
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The pullback ϕ◦k,∗s = (ϕ◦k,∗f, e ϕ◦k,∗D) is a nonzero global section of e ϕ◦k,∗D and
since ϕ is surjective, it has the same v-adic sup-norms as s. Since ϕ∗Dcan ≡ q Dcan,
there is a nonzero global section sk of eqkD with the same v-adic sup-norms. Hence

log ∥sk∥eqkDcan,v,sup = log ∥s∥Dcan,v,sup ≤

{
ε e qk if v is Archimedean,

0 otherwise,

and so sk ∈ R−ε(Dcan). Therefore R−ε(Dcan) ̸= {0} for every ε > 0 and Dcan is
pseudo-effective. □

We also have the next condition for its effectivity.

Proposition 10.3. If D is effective and ϕ∗D = qD, then Dcan is effective.

Proof. Since D is effective, its canonical Green functions are bounded below. Further-
more, by the construction in (10.1) the equality ϕ∗D = qD lifts to an equality of adelic
R-divisors ϕ∗Dcan = qDcan. Hence for each v ∈ MK we have ϕ∗gDcan,v = q gDcan,v

and so
inf

x∈Xan
v

gDcan(x) = q inf
x∈Xan

v

gDcan(x)

because ϕ is surjective. Hence this infimum is zero and so Dcan is effective. □

10.2. Equidistribution for sums of canonical adelic R-divisors. Let ϕ : X → X
be a surjective endormorphism of a normal variety over K as in §10.1. This endomor-
phism is finite [Fak03, Lemma 5.6] and we denote by deg(ϕ) its degree.

For i = 1, . . . , s let Di ∈ Div(X)R with ϕ∗Di ≡ qiDi for a real number qi > 1 such
that R(Di) ̸= {0} and Dcan

i is semipositive. Set

(10.4) D =
s∑
i=1

Dcan
i ,

and suppose furthermore that D is ample. Up to reordering, we can also suppose that
1 < q1 ≤ q2 ≤ · · · ≤ qs.

Since Dcan
i is semipositive, we have that Di is nef for each i and so

ϕ∗D −D =

s∑
i=1

(qi − 1)Di = (q1 − 1)D +

s∑
i=1

(qi − q1)Di

is ample, because it is the sum of an ample R-divisor with a nef one. By Fakhruddin’s
theorem [Fak03, Theorem 5.1], this implies that the set of periodic points of ϕ is dense.

Next we study the basic properties of this adelic R-divisor, starting with its its
essential minimum, intersection numbers and Monge-Ampère measures.

Proposition 10.4. We have µess(D) = 0.

Proof. For every preperiodic point x we have hD(x) =
∑s

i=1 hDcan
i

(x) = 0. Since the

set of such points is dense, we get µess(D) ≤ 0. On the other hand, by Proposition 10.2
we have µess(Dcan

i ) = 0 for each i, and so Lemma 3.15(1) gives the reverse inequality

µess(D) ≥
∑s

i=1 µ
ess(Dcan

i ) = 0. □

Denote by Nsd ⊂ Ns the set of s-tuples of nonnegative integers whose components
sum up to d. For each a ∈ Nsd set qa =

∏s
i=1 q

ai
i and consider the subset

(10.5) I = {a ∈ Nsd | qa = deg(ϕ)}.
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Proposition 10.5. We have

(Dd) =
∑
a∈I

(
d

a

)( s∏
i=1

Dai
i

)
> 0 and c1(Dv)

∧d =
∑
a∈I

(
d

a

) s∧
i=1

c1(D
can
i,v )

∧ai .

Hence if (
∏s
i=1D

ai
i ) > 0 for some a ∈ Nsd then a ∈ I. In particular I ̸= ∅.

Proof. We have deg(ϕ)k(Dd) = ((ϕ◦k,∗D)d) = ((
∑s

i=1 q
k
iDi)

d) by the projection for-
mula [Ful98, Proposition 2.3(c)]. Therefore

(Dd) =
∑
a∈Ns

d

(
d

a

)
qka

deg(ϕ)k

( s∏
i=1

Dai
i

)
.

Since the right-hand side is constant with respect to k, this has to be the case for the
left-hand side. Hence the terms corresponding to exponents outside I vanish, which
gives the first formula. Its positivity comes from the fact that D is ample.

On the other hand, the multilinearity of the Monge-Ampère operator gives

c1(Dv)
∧d =

∑
a∈Ns

d

(
d

a

) s∧
i=1

c1(D
can
i,v )

∧ai .

Since Di is semipositive, for each a ∈ Nsd we have that
∧s
i=1 c1(D

can
i,v )

∧ai is a measure

of total mass (
∏s
i=1D

ai
i ). Hence this measure is zero unless a ∈ I, which gives the

second formula.
The last statement comes readily from the first formula and its positivity. □

The next proposition summarizes the properties of the pullback with respect to ϕ
of this adelic R-divisor.

Proposition 10.6. We have

(1) r(ϕ∗D;D) ≥ q1,

(2) µabs(ϕ∗D) = µabs(D),

(3) (ϕ∗Dd) = deg(ϕ)× (Dd),

(4) c1(ϕ
∗Dv)

∧d = deg(ϕ) c1(Dv)
∧d.

Proof. For (1) we have R(ϕ∗D − q1D) ̸= {0} because ϕ∗D − q1D1 =
∑s

i=1(qi − q1)Di

and R(Di) ̸= {0} for all i. This gives r(ϕ∗D;D) ≥ q1, as stated.
The other statements hold in greater generality: (2) is the invariance of the absolute

minimum with respect to pullbacks by surjective morphisms, whereas (3) and (4)
follow from the functoriality of the intersection numbers and of the Monge-Ampère
operator, see for instance [BPS14, Proposition 1.4.8]. □

Remark 10.7. Let v ∈ MK . As usual we can consider the pushforward of a measure
onXan

v with respect to the analytification ϕanv , and since ϕ is finite we can also consider
its pullback, as explained in [Cha06, §2.8]. In our present situation, the v-adic Monge-
Ampère measure of D is invariant with respect to the dynamical system, in the sense
that

ϕanv,∗c1(Dv)
∧d = c1(Dv)

∧d and ϕan,∗v c1(Dv)
∧d = deg(ϕ) c1(Dv)

∧d.

This follows readily from Proposition 10.6(4) and the behavior of Monge-Ampère
measures with respect to these operations, see for instance [Cha06, §2.8] for the non-
Archimedean case.



APPROXIMATION OF ADELIC DIVISORS AND EQUIDISTRIBUTION 59

We now state the central theorem of this section, which gives the differentiability
of the essential minimum at the adelic R-divisor in (10.4). Recall that I denote the
index subset in (10.5).

Theorem 10.8. The essential minimum function is differentiable at D, and for each

E ∈ D̂iv(X)R we have

∂E µ
ess(D) =

1

(Dd)

∑
a∈I

(
d

a

)(
E ·

s∏
i=1

(Dcan
i )ai

)
.

In particular, D satisfies the v-adic equidistribution property at every v ∈ MK with
νD,v = c1(Dv)

∧d/(Dd).

The next lemma gives the specific sequence of semipositive approximations that we
will use and its properties.

Lemma 10.9. For n ∈ N set Qn =
∑s

i=1(qi/qs)
nDcan

i ∈ D̂iv(X)R. Then Qn is

ample, Qn is semipositive and R(D −Qn) ̸= {0}. In particular, Qn is a semipositive
approximation of D. Furthermore

(1) r(Qn;D) ≥ q−ns qn1 ,

(2) µabs(Qn) = q−ns µabs(D),

(3) (Qdn) = q−dns deg(ϕ)n × (Dd),

(4) c1(Qn,v)
∧d = q−dns deg(ϕ)n c1(D

can
v )∧d for every v ∈ MK .

In particular, the normalized v-adic Monge-Ampère measures of Qn and Dcan coincide.

Proof. We have that Qn − (q1/qs)
nD is a nonnegative linear combination of the Di’s.

Since D is ample and the Di’s are nef, this implies that Qn is ample. Clearly Qn
is semipositive because it is a nonnegative linear combination of semipositive adelic
R-divisors. Moreover D − Qn is a nonnegative linear combination of the Di’s, thus
R(D −Qn) ̸= {0} since R(Di) ̸= {0} for all i.

The other statements follow by iteratively applying Proposition 10.6, noting that
Qn = q−ns ϕ◦n,∗D. □

Proof of Theorem 10.8. For each n let Qn be the semipositive approximation of D
given by Lemma 10.9. By this result and Proposition 10.4 we get

0 ≤ µess(D)− µabs(Qn)

r(Qn;D)
≤ −q−ns µabs(D)

q−ns qn1
=

−µabs(D)

qn1
.

We have µabs(D) > −∞ because D is ample, and so the above ratio converges to 0 as
n→ ∞. Then Theorem 6.1 gives that the essential minimum function is differentiable

at D, and that for E ∈ D̂iv(X)R the corresponding derivative is

(10.6) ∂E µ
ess(D) = lim

n→∞

(Q
d
n · E)

(Qdn)
.

By Lemma 10.9(3) we have (Qdn) = q−dns deg(ϕ)n × (Dd) and so

(Q
d
n · E)

(Qdn)
=

1

(Dd)

∑
a∈Ns

d

(
d

a

)( qa

deg(ϕ)

)n
×
(
E ·

s∏
i=1

(Dcan
i )ai

)
.
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We obtain the formula for the derivative letting n→ ∞, thanks to the existence of the
limit in (10.6). The formula for the equidistribution measures follows then from their
expression in terms of derivatives of the essential minimum function (Proposition 5.6)
together with the formula in (3.5) and Proposition 10.5. □

We also have the following logarithmic equidistribution result for D. Recall that
a subvariety Y ⊂ X is preperiodic if there are two positive integers j < k such that
ϕ◦j(Y ) = ϕ◦k(Y ).

Theorem 10.10. Let (xℓ)ℓ be a D-small generic sequence in X(K) and Y ⊂ X
a hypersurface such that Y (K) contains a dense subset of preperiodic points. Then
for every v ∈ MK and any function φ : Xan

v → R ∪ {±∞} with at most logarithmic
singularities along Y we have

lim
ℓ→∞

∫
Xan

v

φdδO(xℓ)v =

∫
Xan

v

φ
c1(Dv)

∧d

(Dd)
.

In particular, this holds when Y is preperiodic.

Proof. Consider again the sequence (Qn)n of semipositive approximations of D given
by Lemma 10.9. By this result,

(10.7) lim
n→∞

µabs(Qn)

r(Qn;D)
= 0 and

c1(Qn,v)
∧d

(Qdn)
=
c1(Dv)

∧d

(Dd)
.

Up to switching to linearly equivalent divisors, we can suppose that Y is not con-
tained in the support of any of the Di’s, and so we can consider the restriction of Qn’s
to Y . Since the set of preperiodic points of Y (K) is dense we have µess(Qn|Y ) = 0,
and by Zhang’s inequality (Theorem 3.17) we get

hQn
(Y ) ≤ dµess(Qn|Y )× (Qd−1

n · Y ) = 0.

On the other hand, let A be an ample divisor on X such that A − Y is pseudo-
effective. Since Qn is nef we have (Qd−1

n · Y ) ≤ (Qd−1
n ·A), by the inequality in (2.1).

Combining this with Lemmas 3.14 and 2.2 we deduce that

hQn
(Y ) ≥ dµabs(Qn)× (Qd−1

n ·A) ≥ d
µabs(Qn)

r(Qn;A)
× (Qdn).

These inequalities with the limit in (10.7) imply that limn→∞ hQn
(Y )/(Qdn) = 0. The

result then follows from Theorem 8.4 and Remark 8.5.
When Y is preperiodic, there is j > 0 such that Y ′ := ϕ◦j(Y ) is periodic with

period k0 > 0. Hence the iteration ϕ◦k0 induces a dynamical system on Y ′. Up to
linear equivalence we can restrict of D to Y ′, and ϕ◦k0,∗D|Y ′ −D|Y ′ is ample. Hence
the set of periodic point of Y ′(K) is dense [Fak03, Theorem 5.1] and so is that of
preperiodic points of Y (K). □

10.3. Equidistribution on semiabelian varieties. In this subsection we specialize
Theorems 10.8 and 10.10 in the semiabelian setting. We first recall the basic construc-
tions and properties that are needed to this end, referring to [Cha00, Küh22] for the
proofs and more details.

Let G be a semiabelian variety over K that is the extension of an abelian variety A
of dimension g by a split torus Grm, so that there is an exact sequence of commutative
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algebraic groups over K

0 −→ Grm −→ G −→ A −→ 0.

We consider the compactification G of G induced by toric compactification (P1)r
of Grm. To construct it, one endows the product variety G× (P1)r with the action of
this split torus defined at the level of points by

t · (x, y) = (t ·G x, t−1 ·(P1)r y)

and defines G as the categorical quotient G× (P1)r/Grm. It is a smooth variety over K
containing G as a dense open subset, and the projection G→ A extends to a morphism
π : G→ A allowing to consider this compactification as a (P1)r-bundle over A.

For a given integer ℓ > 1 the multiplication-by-ℓ on G extends to a morphism
[ℓ]G : G → G of degree ℓr+2g. If we denote by [ℓ]A the multiplication-by-ℓ on A, then
there is a commutative diagram

(10.8) G
[ℓ]G //

π
��

G

π
��

A
[ℓ]A // A

The boundary G\G is an effective Weil divisor, and we denote byM its associated
(Cartier) divisor on G. It is relatively ample with respect to π and verifies that

(10.9) [ℓ]∗
G
M = ℓM on Div(G).

Let N be an ample symmetric divisor on A, which therefore verifies that [ℓ]∗AN ≡ ℓ2N
on Div(A). Then its pullback π∗N is semiample, and by (10.8) it verifies

[ℓ]∗
G
π∗N ≡ ℓ2π∗N on Div(G).

Furthermore, the sum D =M + π∗N is an ample divisor on G.

LetM can ∈ D̂iv(G) and N can ∈ D̂iv(A) be the canonical adelic divisors ofM and N
for the dynamical systems [ℓ]G and [ℓ]A, respectively. By [Cha00, Proposition 3.4] the

adelic divisor M can does not depend of the choice of ℓ, and the same holds for N can.
By the commutativity in (10.8) we have that

(10.10) [ℓ]∗
G
M can = ℓM can and [ℓ]∗

G
π∗N can ≡ ℓ2π∗N can on D̂iv(G).

We have that M can is semipositive, as shown by Chambert-Loir in [Cha00, Propo-
sition 3.6] relying on some specific regular models of abelian varieties constructed by
Künnemann. Furthermore, Proposition 10.3 together with the equality in (10.9) im-
plies that this adelic divisor is effective. On the other hand N can is nef because N is
ample and so this is also the case for π∗N can.

Finally set D = M can + π∗N can ∈ D̂iv(G). By (10.10), its height function verifies
that

hD([ℓ]Gx) = ℓ hMcan(x) + ℓ2 hNcan(π(x)) for x ∈ G(K).

It is nonnegative on G(K) and vanishes on the torsion points, and so µess(D) = 0. On
the other hand, this height function might take negative values at the points in the
boundary G \ G [Cha00, Corollaire 4.6]. In these cases we have µabs(D) < 0 and so
D is outside of the scope of Yuan’s theorem.

The next result is a direct application of Theorem 10.8.
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Theorem 10.11. The essential minimum function is differentiable at D with

∂E µ
ess(D) =

((M can)r · (π∗N can)g · E)

(M r · π∗Ng)
for E ∈ D̂iv(G)R.

Proof. We check that the conditions in Theorem 10.8 are met in our current situation.
First R(M) ̸= {0} because M is effective, and R(π∗N) ̸= {0} because π∗N is semi-
ample. As explained, both M can and π∗N can are semipositive and D is ample. Then
this theorem gives the stated differentiability for the essential minimum function.

To apply the formula therein for the derivative ∂E µ
ess(D) we need to determine

the elements a ∈ N2
r+g which verify that ℓa1+2a2 = deg([ℓ]G) = ℓr+2g. The only one is

a = (r, g), and so this formula boils down to(
r+g
r

)
((M can)r · (π∗N can)g · E)(
r+g
r

)
(M r · π∗Ng)

=
((M can)r · (π∗N can)g · E)

(M r · π∗Ng)
.

□

Remark 10.12. This result gives Theorem 1.6 in the introduction, as it implies that
D satisfies the v-adic equidistribution property at every v ∈ MK with

(10.11) νD,v =
c1(M

can
v )∧r ∧ c1(π∗N can

v )∧g

(M r · π∗Ng)
=
c1(Dv)

∧r+g

(Dr+g)
.

Using Theorem 10.11, the first formula for this equidistribution measure follows from
its expression in terms of derivatives of the essential minimum function (Proposi-
tion 5.6), whereas the second formula follows from the first together with Propo-
sition 10.5. Theorem 10.11 together with Proposition 5.3 also implies the height
convergence property in (1.6).

Remark 10.13. When v is Archimedean, the equidistribution measure in (10.11)
coincides with the Haar probability measure on the maximal compact subgroup Sv ≃
(S1)r+2g of Gan

v , see for instance [Küh22, Lemma 5.2].
When v is non-Archimedean, the description of this measure seems more com-

plicated. For abelian varieties, they were described by Gubler in terms of convex
geometry [Gub10] but the extension to the semiabelian case is still pending.

For completeness, we extend this equidistribution result to the closure of a sub-
variety of G with vanishing essential minimum. By the semiabelian Bogomolov con-
jecture, proved by David and Philippon [DP00], these subvarieties are translates of
semiabelian subvarieties by torsion points, and so they do not provide examples of
equidistribution phenomena beyond those already obtained. But as explained in the
introduction, this extension is the centerpiece of Kühne’s approach to this conjecture
[Küh22, Proposition 4.1] and it is worth showing that it can also be derived from our
results.

Let Y ⊂ G be the closure of a subvariety of G, and set e = dim(Y ) and e′ =
dim(π(Y )). Then Y is not contained in the support of M , and after possibly replac-
ing the divisor N ∈ Div(A) by a linearly equivalent one, we assume without loss of
generality that Y is neither contained in the support of π∗N . Hence we can con-
sider the restriction D|Y , defined as the pullback of D with respect to the inclusion
morphism ι : Y ↪→ G.
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Proposition 10.14. With notation as above, assume that µess(D|Y ) = 0. Then D|Y
satisfies the v-adic equidistribution property for every v ∈ MK with

νD|Y ,v =
c1(M

can
v )∧e−e

′ ∧ c1(π∗N can
v )∧e

′ ∧ δY an
v

(M e−e′ · π∗N e′ · Y )
.

Proof. For each n ∈ N consider the semipositive approximation Qn = ℓ−nM can +
π∗N can of D given by Lemma 10.9 in the semiabelian setting. In our current situation

we have that Qn is ample, Qn is semipositive and D − Qn is effective. Let Ỹ be the
normalization of the subvariety Y , and denote by D|

Ỹ
and Qn|Ỹ the adelic R-divisors

on Ỹ obtained by pullback with respect to the normalization morphism. Since this
morphism is birational and Y is not contained in the support of M and π∗N , we
deduce that Qn|Ỹ is a semipositive approximation of D|

Ỹ
.

Its absolute minimum can be estimated as

0 = µess(D|Y ) = µess(D|
Ỹ
) ≥ µabs(Qn|Ỹ ) ≥ µabs(Qn) = ℓ−2nµabs(D),

where the last equality comes from Lemma 10.9(2). On the other hand we have that
Qn|Ỹ − ℓ−nD|

Ỹ
= (1− ℓ−n)π∗N |

Ỹ
is effective and so

r(Qn|Ỹ ;D|
Ỹ
) ≥ ℓ−n.

Hence limn→∞ µabs(Qn|Ỹ )/r(Qn|Ỹ ;D|
Ỹ
) = 0, and so Theorem 6.1 together with Re-

mark 6.2 implies that D|Y satisfies the equidistribution property for every v ∈ MK

with

νD|Y ,v = lim
v→∞

c1((Qn|Y )v)∧e

((Qn|Y )e)
= lim

v→∞

c1(Qn,v)
∧e ∧ δY an

v

(Qen · Y )
.

To compute this limit, first note that

(Qen · Y ) =
e∑
j=0

ℓ−n(e−j)
(
e

j

)
(M e−j · π∗N j · Y ).

For each j consider the intersection product [M e−j · Y ] in the Chow group of j-
dimensional cycles of Y . By the projection formula [Ful98, Proposition 2.3(c)] we
have

(M e−j · π∗N j · Y ) = (π∗[M
e−j · Y ] ·N j),

where the left intersection number is computed over Y and the right over π(Y ). Hence

this quantity vanishes when j > e′ = dim(π(Y )), whereas for j = e′ it equals (M e−e′ ·
F )×(N e′) for a general fiber F of the projection Y → π(Y ), and therefore it is positive
because M is relatively ample and N is ample. Hence

(10.12) (Qen · Y ) = ℓ−n(e−e
′)

(
e

e′

)
(M e−e′ · π∗N e′ · Y ) +O(ℓ−n(e−e

′+1)),

and the dominant term in this asymptotics is positive.
On the other hand, the measure c1(Qn,v)

∧e ∧ δY an
v

is zero whenever j > e′ because
its total mass vanishes, and therefore

c1(Qn,v)
∧e ∧ δY an

v
=

e′∑
j=0

ℓ−n(e−j)
(
e

j

)
c1(M

can
v )∧e−j ∧ c1(π∗N can

v )∧j ∧ δY an
v
.

The statement then follows by taking the limit for n → ∞ of the ratio between this
asymptotics and that in (10.12). □
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Finally we strengthen the equidistribution property in (10.11) to include test func-
tions with logarithmic singularities along the closure of a torsion hypersurface or an
irreducible component of the boundary. Recall that a hypersurface of G is torsion if
it is the translate of a semiabelian hypersurface of G by a torsion point.

Theorem 10.15. Let (xℓ)ℓ be a D-small generic sequence in G(K) and Y ⊂ G a
hypersurface that is either the closure of a torsion hypersurface of G or an irreducible
component of G \G. Then for every v ∈ MK and any function φ : G

an
v → R ∪ {±∞}

with at most logarithmic singularities along Y we have

lim
ℓ→∞

∫
G

an
v

φdδO(xℓ)v =

∫
G

an
v

φ
c1(Dv)

∧r+g

(Dr+g)
.

Proof. This follows from Theorem 10.10 noting that Y is a preperiodic hypersurface
for the endomorphism [ℓ]G for any ℓ > 1. □

11. Generalization to quasi-projective varieties

In this section we extend Theorem 1.2 to the setting of adelic divisors on quasi-
projective varieties in the sense of Yuan and Zhang [YZ23] (Theorem 11.8). We
first recall the construction and important facts concerning adelic divisors on quasi-
projective varieties from [YZ23]. We closely follow the presentation in [BK24].

11.1. Adelic divisors on quasi-projective varieties.

11.1.1. Geometric case. Let k be a field, X a normal projective variety over k of
dimension d ≥ 1, B ∈ Div(X) an effective divisor on X, and U = X \ supp(B). We
denote by R(X,U) the category of normal modifications of X which are isomorphisms
over U . Given such a modification π : Xπ → X, we write (Xπ, π) or simply π for the
corresponding object in R(X,U). The space of model R-divisors on U is the direct
limit

Div(U)mod
R = lim−→

π∈R(X,U)

Div(Xπ)R.

Given two model R-divisors D,D′ on U , we write D ≥ D′ or D′ ≤ D if there exists
(Xπ, π) ∈ R(X,U) such that D,D′ ∈ Div(Xπ)R and D −D′ is effective. The B-adic
norm ∥.∥ on Div(U)mod

R is defined by setting

∥D∥ = inf{ε ∈ R>0 | − εB ≤ D ≤ εB}

for D ∈ Div(U)mod
R .

The space Div(U)limR is the completion of Div(U)mod
R for the B-adic topology. In

[YZ23, BK24], elements of Div(U)limR are called adelic divisors on U . We prefer not
to use this terminology here in order to avoid confusion with the arithmetic setting.
The group Div(U)limR only depends on the open set U by [YZ23, Lemma 2.4.1], [BK24,
Remark 3.3].

Let D ∈ Div(U)limR . By definition, D can be represented by a sequence of model
R-divisors (Di)i on U that is Cauchy for the B-adic norm. It follows from [YZ23,
Theorems 5.2.1 and 5.2.9] that the limit limi→∞ vol(Di) exists in R and does not
depend on the choice of (Di)i. We call this limit the volume of D and we denote it
by vol(D). We say that D is big if vol(D) > 0.



APPROXIMATION OF ADELIC DIVISORS AND EQUIDISTRIBUTION 65

We say that D is nef if the sequence (Di)i can be chosen such that Di is nef for
every i ∈ N. We say that D is integrable if it is of the form D = A1 − A2 with
A1, A2 ∈ Div(U)limR nef.

The subspace of integrable adelic divisors is denoted Div(U)intR . The intersection
product defined in [YZ23, §4.1.1] extends by multilinearity to a product

(Div(U)intR )d −→ R, (D1, . . . , Dd) 7−→ (D1 · . . . ·Dd)

with the following property [BK24, Theorem 3.7]. Let (D1, . . . , Dd) ∈ (Div(U)intR )d

and let (Xi, πi)i be a sequence in R(X,U) such that for each j ∈ {1, . . . , j}, Dj is
represented by a Cauchy sequence (Dj,i)i with Dj,i ∈ Div(Xi)R for every i ∈ N. Then
we have

(D1 · . . . ·Dd) = lim
i→∞

(D1,i · . . . ·Dd,i).

Moreover, vol(D) = (Dd) for every nef D ∈ Div(U)limR .

Let P,A ∈ Div(U)limR be big. The inradius of P with respect to A is the quantity

r(P ;A) = sup{λ ∈ R | P − λA is big}.

It is easy to check that

(11.1) r(P ;A) = lim
i→∞

r(Pi;Ai)

for any sequence (Xi, πi)i in R(X,U) such that P and A are represented by Cauchy
sequences (Pi)i and (Ai)i with Pi, Ai ∈ Div(Xi)R for every i ∈ N.

11.1.2. Arithmetic case. Let K be a number field with ring of integers OK . By a
projective arithmetic variety (respectively a quasi-projective arithmetic variety) we
mean an integral scheme X which is flat and projective (respectively quasi-projective)
over SpecOK . Let X be a normal projective arithmetic variety. Then its generic fiber
X = X ×OK

SpecK is also normal. We let d+1 be the Krull dimension of X , so that
X has dimension d.

Definition 11.1. An arithmetic R-divisor on X is a pair D = (D, (gv)v∈M∞
K
), where

D ∈ Div(X )R = Div(X )⊗Z R is an R-Cartier divisor on X and for each v ∈ M∞
K , gv

is a continuous v-adic Green function on D|X . The space of arithmetic R-divisors on
X is denoted D̂iv(X )R.

We let [∞] ∈ D̂iv(X )R be the arithmetic divisor on X given by D = 0 and gv = 1
for every v ∈ M∞

K .

To any D = (D, (gv)v∈M∞
K
) ∈ D̂iv(X )R we can associate an adelic R-divisor Dad

=

(D, (gv)v∈MK
) ∈ D̂iv(X)R by setting D = D|X and gv = gD,v for v ∈ MK \M∞

K (see

§3.1). We denote by hD = hDad : X(K) → R the associated height function.

We say that D is effective (respectively strictly effective) if D is effective and if
gv ≥ 0 (respectively gv > 0) on Xan

v \ supp(D)anv for every v ∈ M∞
K . Let B =

(B, (gB,v)v) be a strictly effective arithmetic R-divisor on X and U = X \ supp(B).
We also let B = B|X ∈ Div(X)R and U = X \ supp(B). We denote by R(X ,U)
the category of normal modifications of X over SpecOK which are isomorphisms over
U . By definition, the objects of R(X ,U) are pairs (π,Xπ) (also denoted π for short)
where Xπ is a normal projective arithmetic variety and π : Xπ → X is a morphism



66 BALLAŸ AND SOMBRA

that induces an isomorphism over U . The space of model arithmetic R-divisors on U
is defined as the direct limit

D̂iv(U)mod
R = lim−→

π∈R(X ,U)

D̂iv(Xπ)R.

For every D1,D2 ∈ D̂iv(U)mod
R , we write D1 ≥ D2 or D1 ≤ D2 if D1 − D2 is effective

on a model where D1 and D2 are defined. The B-adic norm is defined by letting

∥D∥ = inf{ε ∈ R>0 | − εB ≤ D ≤ εB}

for D ∈ D̂iv(U)mod
R .

Definition 11.2. The space D̂iv(U)adelR of adelic R-divisors on U is the completion

of D̂iv(U)mod
R with respect to the B-adic topology.

As in the geometric case, D̂iv(U)adelR depends only on U [BK24, Proposition 3.36].

Let D ∈ D̂iv(U)adelR . Then D can be represented by a sequence (Di)i in D̂iv(U)mod
R

which is Cauchy for the B-adic norm. For every i ∈ N, let (πi,Xi) ∈ R(X ,U) such that

Di ∈ D̂iv(Xi)R and let Xi = Xi ×OK
SpecK, Di = Dad

i ∈ D̂iv(Xi)R, and Di = Di|Xi
.

Note that (Di)i is a sequence in Div(U)mod
R which is Cauchy for the B-adic topology

in the sense of §11.1.1, hence defines an object D ∈ Div(U)limR . In the sequel, given

an adelic R-divisor A ∈ D̂iv(U)adelR we always use the same letter A to denote the

corresponding object in Div(U)limR .

We say that D is pseudo-effective (respectively semipositive, respectively nef ) if

the sequence (Di)i can be chosen such that Di = Dad
i is pseudo-effective (respectively

semipositive, respectively nef) for every i. We say that D is integrable if it is the

difference of two nef adelic R-divisors on U . We denote by D̂iv(U)intR ⊂ D̂iv(U)adelR the
subspace of integrable adelic R-divisors on U .

Remark 11.3. Our definition of nef adelic R-divisors on U coincides with the one
in [BK24], but it differs slightly from the one in [YZ23] (where nef adelic divisors in
the above sense are called strongly nef). However, the two definitions coincide after
possibly shrinking U [BK24, Remarks 3.5, 3.16 and 3.39].

The fact that (Di)i is a Cauchy sequence readily implies that limi→∞ hDi
(x) exists

for every x ∈ U(K). Moreover this limit does not depend on the choice of (Di)i.
Therefore we can define a height function hD : U(K) → R associated to D by setting

hD(x) = lim
i→∞

hDi
(x) for every x ∈ U(K).

As in the geometric case, the arithmetic intersection product defined in [YZ23,
§4.1.1] extends to a multilinear map

(D̂iv(U)intR )d+1 −→ R, (D0, . . . , Dd) 7−→ (D0 · . . . ·Dd)

and

(D0 · . . . ·Dd) = lim
i→∞

(Dad
0,i · . . . ·D

ad
d,i)

if for each j ∈ {0, . . . , d}, Dj is represented by a Cauchy sequence (Dj,i)i in D̂iv(U)mod
R

[BK24, Theorem 3.37]. Here the intersection products on the right-hand side are the
arithmetic intersection products defined in §3.2 taken on common models. For any
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dominant morphism ϕ : U ′ → U of normal quasi-projective arithmetic varieties, there

is a pull-back map ϕ∗ : D̂iv(U)adelR → D̂iv(U ′)adelR and we have

(D0 · . . . ·Dd) = (ϕ∗D0 · . . . · ϕ∗Dd)

by [BK24, Proposition 3.46].

For any D ∈ D̂iv(U)intR and v ∈ MK , we denote by c1(Dv)
∧d the signed measure

on Uan
v defined in [YZ23, §3.6.6] (extended to adelic R-divisors by multilinearity). Let

(Di)i be a Cauchy sequence representing D. For each i ∈ N let (πi,Xi) ∈ R(X ,U)
such that Di ∈ D̂iv(Xi)R, Xi = Xi ×OK

SpecK, and Di = Dad
i ∈ D̂iv(Xi)R. By

construction [YZ23, §3.6.6], we have

(11.2)

∫
Uan
v

φ c1(Dv)
∧d = lim

i→∞

∫
Xan

i,v

φ c1(Di,v)
∧d

for every real-valued continuous function φ : Uan
v → R with compact support. Here

we view φ as a function on Xan
i,v via the open immersion Uan

v → Xan
i,v . The measure

c1(Dv)
∧d has total mass (Dd) [YZ23, Lemma 5.4.4].

11.2. Essential and absolute minima of an adelic R-divisor. LetD ∈ D̂iv(U)adelR
with big D ∈ Div(U)limR . The essential minimum of D is defined as

µess(D) = sup
V⊂U

inf
x∈V (K)

hD(x),

where the supremum is over all the Zariski-open subschemes of U .

Lemma 11.4. Let (Di)i be a Cauchy sequence in D̂iv(U)mod
R representing D. Then

µess(D) = lim
i→∞

µess(Dad
i ).

Proof. Note that for any N ∈ N and t ∈ R, we have

µess(ND + t[∞]) = Nµess(D) + t and µess(NDad
i + t[∞]) = Nµess(Dad

i ) + t

for every i ∈ N. Therefore we can replace D by ND+ t[∞] without loss of generality.

Taking N and t sufficiently large, we can therefore assume that Dad
i − Bad

is big for
every i ∈ N. Since (Di)i is a Cauchy sequence, there exists a sequence of positive real
numbers (εi)i converging to zero such that

(11.3) Di − εiB ≤ Dj ≤ Di + εiB
for every integers i, j with j ≥ i ≥ 0. Let i ∈ N. Since for every j ≥ i the support of
±(Dj −Di) + εiB does not intersect U , it follows from (11.3) that

hDi
(x)− εihB(x) ≤ hD(x) ≤ hDi

(x) + εihB(x)

for every x ∈ U(K). Since Dad
i − Bad

is big, there exists a dense open subset Ui ⊆ U
such that hB(x) ≤ hDi

(x) for every x ∈ Ui(K), and therefore

(1− εi)hDi
(x) ≤ hD(x) ≤ (1 + εi)hDi

(x)

for every x ∈ Ui(K). Since Ui is dense, this implies that |µess(D) − µess(Dad
i )| ≤ εi

and the lemma follows. □

Lemma 11.5. For every E ∈ D̂iv(U)adelR such that D−E is pseudo-effective, we have

µess(D) ≥ µess(E).
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Proof. This follows from the analogous result for adelic R-divisors on projective vari-
eties (Lemma 3.15 (4)) thanks to Lemma 11.4. □

If D is semipositive we define its absolute minimum as

µabs(D) = sup{λ ∈ R | D − λ[∞] is nef}.

11.3. The key inequality.

Proposition 11.6. Let P ,E ∈ D̂iv(U)adelR with P nef and P big. Assume that there

exists a nef A ∈ D̂iv(U)adelR such that A is big and A ± E are nef. There exists a
constant Cd depending only on d such that for every λ ∈ [0, r(P ;A)/2) we have

µess(P + λE) ≥ (P
d+1

)

(d+ 1) vol(P + λE)
+ λ

(P
d · E)

(P d)
− Cd ×

(P
d ·A)
(P d)

× λ2

r(P ;A)
.

In particular, if E = 0 in Div(U)limR then

µess(P + λE) ≥ (P
d+1

)

(d+ 1)(P d)
+ λ

(P
d · E)

(P d)
− Cd ×

(P
d ·A)
(P d)

× λ2

r(P ;A)
.

Proof. Let (P i)i, (E i)i and (Ai)i be Cauchy sequences in D̂iv(U)mod
R representing P ,E

and A respectively and such that for every i ∈ N, P i, E i and Ai are defined on the same

projective arithmetic variety Xi. For every i ∈ N, we denote by P i = Pad
i , Ei = Ead

i

and Ai = Aad
i the associated adelic R-divisors on Xi = Xi ×OK

SpecK.
Let λ ∈ [0, r(P ;A)/2). Then for sufficiently large i ∈ N we have λ ∈ [0, r(Pi;Ai)/2)

by (11.1). By Corollary 7.3, there is a constant Cd depending only on d such that

µess(P i + λEi) ≥
(P

d+1
i )

(d+ 1) vol(Pi + λEi)
+ λ

(P
d
i · Ei)
(P di )

− Cd ×
(P

d
i ·Ai)
(P di )

× λ2

r(Pi;Ai)
.

We conclude by letting i tend to infinity. □

11.4. Equidistribution on quasi-projective varieties. We keep the notation of

§11.1.2. Let D ∈ D̂iv(U)adelR be an adelic R-divisor on U with D ∈ Div(U)limR big.

Definition 11.7. A semipositive approximation of D is a pair (ϕ : U ′ → U , Q) where

• ϕ : U ′ → U is a birational morphism of normal quasi-projective arithmetic
varieties,

• Q ∈ D̂iv(U ′)adelR is a semipositive adelic R-divisor on U ′ with Q big,

• ϕ∗D −Q is pseudo-effective.

A sequence (xℓ)ℓ in U(K) is called generic if it is generic as a sequence in X(K).
In the sequel, all the generic sequences we consider lie in U(K). A generic sequence
(xℓ)ℓ is called D-small if limℓ→∞ hD(xℓ) = µess(D).

For every x ∈ U(K), the orbit O(x) ⊂ X(K) of x lies in U(K). It follows that for
any v ∈ MK , O(x)v = ιv(O(x)) ⊂ Uan

v , and in particular δO(x)v defines a probability
measure on Uan

v .
The following is a quasi-projective analogue of Theorem 7.7. Similar arguments

would allow to extend Theorem 6.1 to the quasi-projective setting, but we focus on
this statement as it facilitates the comparison with [YZ23, Theorem 5.4.3].
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Theorem 11.8. Assume that there exists a sequence (ϕn : Un → U , Qn)n of semipos-
itive approximations of D such that

lim
n→∞

1

r(Qn;ϕ∗nD)

(
µess(D)− (Q

d+1
n )

(d+ 1)(Qdn)

)
= 0 and sup

n∈N

µess(D)− µabs(Qn)

r(Qn;ϕ∗nD)
<∞.

Let v ∈ MK , and for each n ≥ 1 let νn,v be the probability measure on Uan
v given by

the pushforward of the normalized v-adic Monge-Ampère measure c1(Qn,v)
∧d/(Qdn) on

Uan
n,v. Then

(1) the sequence (νn,v)n converges weakly to a probability measure νv on Uan
v ,

(2) for every D-small generic sequence (xℓ)ℓ in U(K), the sequence of probability
measures (δO(xℓ)v)ℓ on U

an
v converges weakly to νv.

The proof adapts the approach we used for Theorem 7.7, the central result being
Proposition 11.6.

Proof. Let (xℓ)ℓ be a genericD-small sequence in U(K) and v ∈ MK . Let φ : Uan
v → R

be a continuous function with compact support. We need to show that

(11.4) lim
ℓ→∞

∫
Uan
v

φdδO(xℓ)v = lim
n→∞

∫
Uan
v

φdνn,v.

Let ε > 0. We view φ as an element of C(Xan
v ). By [GM22, Proposition 2.11 and

Theorem 2.13], there exists a function φε ∈ C(Xan
v ) such that |φε−φ| < ε on Xan

v and,
after possibly extending the base field K, φε is Gv-invariant and the corresponding
adelic divisor 0

φε defined in §3.5 is DSP. After shrinking U if necessary, we view E as

an element of D̂iv(U)intR .

For every n ∈ N, we let Q̃n = Qn − µabs(Qn)[∞]. Then Q̃n is nef and

C0 = sup
n∈N

(Q̃dn · ϕ∗nA)
(Qdn)

<∞.

We omit the proof, as it is identical to the one of Lemma 7.6 (note that Zhang’s
inequality remains valid in the quasi-projective setting: this is [YZ23, Theorem 5.3.3],
and alternatively it follows from Proposition 11.6 applied with λ = 0).

To conclude, we adapt the arguments in [YZ23, Proof of Theorem 5.4.3]. Let n ∈ N
and λ ∈ (0, r(Qn;ϕ

∗
nA)/2). By Proposition 11.6 applied with P = Q̃n, there exists a

constant Cd depending only on d such that

µess(Q̃n + λϕ∗nE) ≥ (Q̃d+1
n )

(d+ 1)(Qdn)
+ λ

(Q̃dn · ϕ∗nE)

(Qdn)
− CdC0 ×

λ2

r(Qn;ϕ∗nA)
.

Since (Q̃d+1
n ) = (Q

d+1
n )− (d+ 1)µabs(Qn)(Q

d
n) and

µess(Q̃n + λϕ∗nE) = µess(Qn + λϕ∗nE)− µabs(Qn),

we obtain

µess(Qn + λϕ∗nE) ≥ (Q
d+1
n )

(d+ 1)(Qdn)
+ λ

(Q̃dn · ϕ∗nE)

(Qdn)
− CdC0 ×

λ2

r(Qn;ϕ∗nA)
.

On the other hand we have

µess(D) + λ lim inf
ℓ→∞

hE(xℓ) = lim inf
ℓ→∞

hD+λE(xℓ) ≥ µess(D + λE) ≥ µess(Qn + λϕ∗nE),
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where the last inequality is given by Lemma 11.5. Therefore

lim inf
ℓ→∞

hE(xℓ) ≥
1

λ

( (Q
d+1
n )

(d+ 1)(Qdn)
− µess(D)

)
+

(Q̃dn · ϕ∗nE)

(Qdn)
− CdC0 ×

λ

r(Qn;ϕ∗nA)
.

It follows from our assumptions and Lemma 2.1 that

lim
n→∞

1

r(Qn;ϕ∗nA)

(
µess(D)− (Q

d+1
n )

(d+ 1)(Qdn)

)
= 0.

Therefore, applying the above inequality to a suitable choice of λ = λn and taking the
supremum limit on n ∈ N gives

(11.5) lim inf
ℓ→∞

hE(xℓ) ≥ lim sup
n→∞

(Q̃dn · ϕ∗nE)

(Qdn)
.

To conclude, we adapt the arguments in [YZ23, Proof of Theorem 5.4.3]. Let n ∈ N
and let (Qn,i)i be a Cauchy sequence defining Qn ∈ D̂iv(Un)adel. For every i ∈ N, let
Xn,i be a projective arithmetic variety on which Qn,i is defined, Xn,i,v the generic fiber

of Xn,i, and Qn,i = (Qn,i)
ad. By abuse of notation, in the integrals below we write φε

and φ to denote their pullbacks to Xan
n,i,v and Uan

n,v. Then

(Q̃dn · ϕ∗nE)

(Qdn)
=

nv
(Qdn)

lim
i→∞

∫
Xan

n,i,v

φε c1(Qn,i,v)
∧d ≥ nv

(Qdn)
lim
i→∞

∫
Xan

n,i,v

φ c1(Qn,i,v)
∧d − nvε

=
nv

(Qdn)

∫
Uan
n,v

φ c1(Qn,v)
∧d − nvε

= nv

∫
Uan
v

φdνn,v − nvε,

where the penultimate equality follows from (11.2). Moreover, we have

nvε+ nv

∫
Uan
v

φdδO(xℓ)v ≥ nv

∫
Xan

v

φε dδO(xℓ)v = hE(xℓ)

for every ℓ ∈ N. Combining this with (11.5) and letting ε tend to zero gives

lim inf
ℓ→∞

∫
Uan
v

φdδO(xℓ)v ≥ lim sup
n→∞

∫
Uan
n,v

φdνn,v,

and we obtain (11.4) by applying this to −φ. □

As in the projective case, the only reason why we assume U to be normal is that we
work with adelic R-divisors. When working with adelic divisors (or equivalently with
adelic line bundles) in the sense of [YZ23], one can drop this assumption by passing
to a normalization (see Remark 6.2).

Corollary 11.9 ([YZ23, Theorem 5.4.3]). Let D ∈ D̂iv(U)adelR be semipositive with

big D ∈ Div(U)limR . Assume that µabs(D) > −∞ and

µess(D) =
(D

d+1
)

(d+ 1)(Dd)
.

Then for every v ∈ MK and for every D-small generic sequence (xℓ)ℓ in U(K), the
sequence of probability measures (δO(xℓ)v)ℓ on U

an
v converges weakly to c1(Dv)

∧d/(Dd).
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Proof. Apply Theorem 11.8 to the constant sequence (ϕn, Qn) equal to (IdU , D). □

In [YZ23, Theorem 5.4.3], Yuan and Zhang assume that D is nef while here we
ask that D is semipositive and µabs(D) > −∞. This is not more general, since the
statement is invariant under translation by [∞]. Recently, Biswas [Bis23] proved
the differentiability of the arithmetic volume function and deduced a quasi-projective
analogue of Chen’s equidistribution theorem [Che11, Corollary 5.5]. It would be in-
teresting to check whether such a statement follows from Theorem 11.8, by adapting
the arguments we used in the proof of Corollary 6.5.

Appendix A. Auxiliary results on convex analysis

In this section we recall the basic constructions and properties from convex analysis
that are used in our study of toric varieties in §9. We also establish some auxiliary
results, most notably Proposition A.3 concerning rate of the decay of the sup-level
sets of a concave function as the level approaches the maximum value.

Fix an integer d ≥ 1. Let C ⊂ Rd be a convex body, that is a compact convex
subset with nonempty interior.

Definition A.1. For a functional u ∈ (Rd)∨ we denote by w(C, u) the length of the
interval u(C) ⊂ R. The width of C is then defined as

w(C) = inf
u∈Sd−1

w(C, u),

where Sd−1 denotes the unit sphere of (Rd)∨ ≃ Rd.
For another convex body B ⊂ Rd, the inradius of C with respect to B is defined

as

(A.1) r(C;B) = sup{λ ∈ R>0 | ∃x ∈ Rd such that λB + x ⊂ C}.
When B is the unit ball of Rd, it coincides with the classical inradius from Euclidean
geometry.

The inradius and the width can be compared up to scalar factors: there are explicit
constants c1, c2 > 0 depending only on d and B such that

(A.2) c1w(C) ≤ r(C;B) ≤ c2w(C).

The first inequality comes from [BF87, page 86, inequality (9)], whereas the second is
clear from the definitions.

Given convex bodies B,B′ ⊂ Rd, the corresponding inradii compares as

r(B′, B) r(C;B′) ≤ r(C;B) ≤ 1

r(B;B′)
r(C;B′).

Let f : C → R be a concave function and set µ = supx∈C f(x). For each t ≤ µ we
consider the sup-level set

(A.3) St(f) = {x ∈ C | f(x) ≥ t}.
It is a nonempty compact convex subset of C, that is a convex body whenever t < µ.
Set also Cmax = Sµ(f).

Definition A.2. For x0 ∈ C, the sup-differential of f at x0 is the closed convex
subset of (Rd)∨ defined as

∂f(x0) = {u ∈ (Rd)∨ | ⟨u, x− x0⟩ ≥ f(x)− f(x0) for all x ∈ C}.
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Its elements are called the sup-gradients of f at x0.

A point x0 ∈ C lies in Cmax if and only if 0 ∈ ∂f(x0). When this is the case,
the vector 0 is a vertex of the sup-differential ∂f(x0) if and only if there is no u ∈
(Rd)∨ \ {0} such that both u and −u belong to this convex subset. Equivalently, 0 is
not a vertex of ∂f(x0) if and only if there is u ∈ (Rd)∨ \ {0} such that

(A.4) f(x) ≤ µ− |⟨u, x− x0⟩| for all x ∈ C.

This condition does not depend on the choice of the point x0 ∈ Cmax: indeed, if (A.4)
holds then ⟨u, x1 − x0⟩ = 0 for any x1 ∈ Cmax and so this inequality also holds when
x0 is replaced by x1.

The next proposition is a rigidity result that allows to determine when the concave
function f admits a “Canadian tent” upper bound like that in (A.4) in terms of the
rate of decay of the inradius or the width of its sup-level sets as the level approaches
its maximum.

Proposition A.3. The following conditions are equivalent:

(1) for any convex body B ⊂ Rd we have lim
t→µ

µ− t

r(St(f);B)
= 0,

(2) lim
t→µ

µ− t

w(St(f))
= 0,

(3) for all u ∈ (Rd)∨ \ {0} we have lim
t→µ

µ− t

w(St(f), u)
= 0,

(4) for any x0 ∈ Cmax we have that 0 is a vertex of ∂f(x0).

Its proof relies on the next two lemmas.

Lemma A.4. With the previous notation, we have that

(1) for all u ∈ (Rd)∨ \ {0}, the function t ∈ (−∞, µ) 7→ µ− t

w(St(f), u)
is decreasing,

(2) the function t ∈ (−∞, µ) 7→ µ− t

w(St(f))
is decreasing.

Proof. First consider the case d = 1. Then take t′ < t < µ, choose x0 ∈ Cmax and
consider the affine map

ι : R −→ R, x 7−→ t− t′

µ− t′
x0 +

µ− t

µ− t′
x.

It follows from the concavity of f that ι(St′(f)) ⊂ St(f). Denoting by ℓ the Lebesgue
measure on R, this gives

(A.5)
µ− t

µ− t′
ℓ(St′(f)) ≤ ℓ(St(f)).

Now let d ≥ 1. Take u ∈ (Rd)∨ \ {0} and consider the direct image of f with
respect to u, which is the concave function u∗f : u(C) → R defined by

u∗f(y) = sup{f(x) | x ∈ C, ⟨u, x⟩ = y} for y ∈ u(C).

Clearly supy∈u(C) u∗f(y) = µ and St(u∗f) = u(St(f)) for all t ≤ µ.

Take again t′ < t < µ. The inequality in (A.5) gives

(A.6)
µ− t′

w(St′(f), u)
=

µ− t′

ℓ(St′(u∗f))
≥ µ− t

ℓ(St(u∗f))
=

µ− t

w(St(f), u)
,
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proving (1). Then (2) follows by choosing u ∈ Sd−1 such that w(St(f), u) = w(St(f))
and applying (A.6) to show that

µ− t′

w(St′(f))
≥ µ− t′

w(St′(f), u)
≥ µ− t

w(St(f), u)
=

µ− t′

w(St(f))
.

□

Lemma A.5. Let t < µ and x0 ∈ Cmax. Then for all u ∈ (Rd)∨ \ {0} we have

µ− µ− t

w(St(f), u)
|⟨u, x− x0⟩| ≥ f(x) for all x ∈ C \ St(f).

Proof. Let x ∈ C \ St(f) and set t′ = f(x) < t. Since both x and x0 lie in St′(f) we
have |⟨u, x− x0⟩| ≤ w(St′(f), u). Combining this with Lemma A.4(1) we get

µ− f(x) ≥ µ− t′

w(St′(f), u)
|⟨u, x− x0⟩| ≥

µ− t

w(St(f), u)
|⟨u, x− x0⟩|,

which gives the statement. □

Proof of Proposition A.3. The equivalence between (1) and (2) follows from the in-
equalities in (A.2), and clearly (2) implies (3).

Now assume (3). If (4) does not hold, then there is x0 ∈ Cmax such that 0 is not a
vertex of ∂f(x0). Let u ∈ (Rd)∨ \ {0} such that µ− |⟨u, x− x0⟩| ≥ f(x) for all x ∈ C
as in (A.4). For each t < µ, we can choose y ∈ St(u∗f) = u(St(f)) such that

|y − ⟨u, x0⟩| ≥
1

2
w(St(f), u).

Taking x ∈ St(f) such that ⟨u, x⟩ = y we have |⟨u, x− x0⟩| ≥ w(St(f), u)/2 and so

µ− t

w(St(f), u)
≥ µ− f(x)

w(St(f), u)
≥ |⟨u, x− x0⟩|

w(St(f), u)
≥ 1

2
,

which contradicts (3) and thus implies (4).
Finally we show that (4) implies (2). To this end, suppose that (2) does not hold.

By Lemma A.4, this implies that there is c > 0 such that

µ− t

w(St(f))
≥ c for all t < µ.

In particular dim(Cmax) < d because otherwise w(St(f)) ≥ w(Cmax) > 0 for all t < µ.
Take sequences (tk)k≥1 in (−∞, µ) and (uk)k≥1 in Sd−1 with limk→∞ tk = µ such

that w(Stk(f)) = w(Stk(f), uk) for all k. By the compacity of Sd−1, we can assume
that limk→∞ uk = u for a point u ∈ Sd−1. Take also x0 ∈ Cmax. By Lemma A.5 we
have

µ− c |⟨uk, x− x0⟩| ≥ f(x) for all x ∈ C \ Stk(f).
Now let x ∈ C \ Cmax. Then x /∈ Stk(f) for k ≫ 1 and so

µ− c |⟨u, x− x0⟩| = lim
k→∞

µ− c |⟨uk, x− x0⟩| ≥ f(x).

Since dim(Cmax) < d, this inequality extends to x ∈ Cmax by continuity. Therefore 0
is not a vertex of ∂f(x0) and so (4) does not hold. □

Definition A.6. The concave function f is said to be wide (at its maximum) if it
verifies any of the equivalent conditions in Proposition A.3.
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Let I be a finite set, and for each i ∈ I let ni > 0 be a real number and fi : C → R
a concave function such that

(A.7) f =
∑
i∈I

nifi.

Definition A.7. A balanced family of sup-gradients for the decomposition in (A.7) is
a family of vectors ui ∈ (Rn)∨, i ∈ I, such that there is x0 ∈ Cmax with ui ∈ ∂fi(x0)
for all i and

∑
i∈I niui = 0.

Proposition A.8. The decomposition f =
∑

i∈I nifi admits a balanced family of
sup-gradients. If f is wide, then this family is unique.

Proof. For the first statement, we can derive from the decomposition of f in (A.7) the
decomposition of its sup-differential at any point x0 ∈ C as

(A.8) ∂f(x0) =
∑
i∈I

ni ∂fi(x0),

see for instance [BPS14, Proposition 2.3.9]. If x0 ∈ Cmax then 0 ∈ ∂f(x0), and we
obtain a balanced family of sup-gradients by considering any decomposition of this
zero vector according to (A.8).

If f is wide then 0 is a vertex of 0 ∈ ∂f(x0). The second statement is then given
by [BPRS19, Proposition 3.15]. □

We denote by MV(C1, . . . , Cd) the mixed volume of a family of d convex bod-
ies of Rd, and by MI(f0, . . . , fd) the mixed integral of a family of concave functions
on convex bodies of Rd, both with respect to the Lebesgue measure of Rd [BPS14,
Definitions 2.7.14 and 2.7.16].

Proposition A.9. For i = 0, . . . , d let fi : Ci → R be a continuous concave function
on a convex body, and (Ci,n)n a sequence of convex bodies approaching Ci uniformly.
Then

lim
n→∞

MI(f0|C0,n , . . . , fd|Cd,n
) = MI(f0, . . . , fd).

Proof. For the sequences of convex bodies (Ci,n)n, i = 0, . . . , d, approaching Ci uni-
formly, the same holds for the corresponding Minkowski sums. Furthermore, for the
sequences of concave functions (fi|Ci,n)n, i = 0, . . . , d, their sup-convolutions approach
the corresponding sup-convolutions of the concave functions fi, i = 0, . . . , d, restricted
to the domain of the approximant.

The statement then follows from the continuity of the integral of a continuous
concave function on a convex body with respect to the restriction of its domain to a
sequence of convex bodies approaching it. □

Finally, the next lemma gives an explicit expression for the mixed integral when
all but one of the involved concave functions are equal to an affine one.

Lemma A.10. Let C ⊂ Rd be a convex body and ℓ : Rd → R an affine function with
linear part u ∈ (Rd)∨ and constant c ∈ R. Then for any concave function on a convex
body g : B → R we have

MI(ℓ|C , . . . , ℓ|C , g) = MI(u|C , . . . , u|C , u|B) + c dMV(C, . . . , C,B)− d! vol(C) g∨(u),

where g∨ denotes the Legendre-Fenchel dual of g.
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Proof. The proof is based on the results in [Gua18, §1.3] and we will freely use the
notation therein. This requires that both C and B are polytopes. Nevertheless, the
general case follows from this one by the continuity of the formula with respect to
uniform approximation.

First, by Corollary 1.10 in loc. cit. we have

MI(ℓ|C , . . . , ℓ|C , g) = MI(u|C , . . . , u|C , g) + c dMV(C, . . . , C,B).

By Proposition 1.5 in loc. cit., we can compute the mixed real Monge-Ampère measure
of u|C as

MM(u|C , . . . , u|C) = d! vol(C) δu,

where δu is the Dirac measure on u. Then applying the recursive formula in Theo-
rem 1.6 in loc. cit. to g and to u|B we get

MI(u|C , . . . , u|C , g)−MI(u|C , . . . , u|C , u|B) = d! vol(C) ((u|B)∨(u)− g∨(u)).

In fact, the first part of this recursive formula depends only on the domain of these
concave functions, and so they cancel each other. Finally, from the definition of the
Legendre-Fenchel duality we get (u|B)∨(u) = infx∈B(⟨u, x⟩ − ⟨u, x⟩) = 0. □

Remark A.11. Given two convex bodies C1, C2 ⊂ Rd, for each u ∈ (Rd)∨ the sup-
convolution of the restrictions u|C1 and u|C2 coincides with the restriction u|C1+C2 ,
that is

u|C1 ⊞ u|C2 = u|C1+C2 .

Hence the mixed integral MI(u|C , . . . , u|C , u|B) can be written as an alternating sum
of integrals of the linear function u on different Minkowski sums of C and B. In
particular, the map u 7→ MI(u|C , . . . , u|C , u|B) is linear.
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