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ABSTRACT. We study the asymptotic distribution of Galois orbits of algebraic
points with small height in a projective variety over a number field. Our main
result is a generalization of Yuan’s equidistribution theorem that does not require
Zhang’s lower bound for the essential minimum to be attained. It extends to all pro-
jective varieties a theorem of Burgos Gil, Philippon, Rivera-Letelier and the second
author for toric varieties, and implies the semiabelian equidistribution theorem of
Kiithne. We also generalize previous work of Chambert-Loir and Thuillier to prove
new logarithmic equidistribution results. In the last section, we extend our main
theorem to the quasi-projective setting recently introduced by Yuan and Zhang.
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1. INTRODUCTION

In their seminal work [SUZ97|, Szpiro, Ullmo and Zhang used Arakelov theory
to prove an equidistribution theorem for the Galois orbits of algebraic points on a
projective variety over a number field. This theorem applies in the case of an abelian
variety for generic sequences of points with Néron-Tate heights converging to zero, and
is at the heart of the Bogomolov conjecture for abelian varieties [U1198, Zha98]. It has
been widely studied and generalized by many authors. On a projective variety over
a number field, these generalizations culminated with the celebrated equidistribution
theorem of Yuan [Yua08]. In this paper we extend the scope of Yuan’s theorem to
allow more flexibility in the choices of the height function and of the generic sequences
of algebraic points.

Let X be a projective variety of dimension d > 1 over a number field K, and
let K be an algebraic closure of K. Arakelov geometry provides a powerful and very

general framework to define and study the height of algebraic points. Classical heights
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in Diophantine geometry such as Néron-Tate heights on abelian varieties are special
cases of height functions associated to adelic metrized line bundles in the sense of
Zhang [Zha95b]. We work with the essentially equivalent notion of adelic divisors,
which can be understood as usual Cartier divisors together with a structure of adelic
line bundle on the associated invertible sheaf.

Let D be an adelic divisor on X with geometric divisor D and height function

h: X(K) — R. We denote by p®*(D) the essential minimum of this function. For
every generic sequence (), in X (K) we have lim inf, . hp(xe) > p®3(D), and there
exist generic sequences for which equality holds. Following [BPRS19], we say that a
generic sequence (x;), in X (K) is D-small if the heights of the points converge to the
smallest possible value, that is limy_,oo h(z¢) = p®(D).

A celebrated inequality of Zhang [Zha95a] asserts that if D is ample and D is

semipositive then
—d+1
L)

(1.1) p=(D) > m7

where (Edﬂ) denotes the top arithmetic intersection number of D.
For every place v € Mg, we denote by X3" the v-adic analytification of X. It is a
Berkovich space over C,, the completion of an algebraic closure of the local field K.

For every algebraic point z € X (K), we let dp(,), be the uniform probability measure

on the orbit O(x), C X2 of z under the action of Gal(K /K).
With this notation, Yuan’s equidistribution theorem [Yua08| reads as follow.

Theorem 1.1 (Yuan). Let D € 6;/(X) be a semipositive adelic divisor on X with
ample geometric divisor D. Assume that
—d+1
= D)
1.2 (D)= —r—~t.
(1.2) P (D) CE

Then for every v € My and every D-small generic sequence () irLX(F), the
sequence of probability measures (3o(z,),)e on X" converges weakly to c1 (D) /(D9).

In other words, this theorem asserts that if Zhang’s lower bound (1.1) is attained
then D has the equidistribution property, in the sense that the Galois orbits of points
in generic D-small sequences equidistribute in X2* for every place v. Moreover, it
shows that in this case the equidistribution measure is the normalized v-adic Monge-
Ampere measure of D. We note that when X is a curve, this theorem is due to
Autissier [Aut01] and Chambert-Loir [Cha06].

Yuan’s theorem is a cornerstone result in the study of the equidistribution prop-
erty, that encompasses in a unified way the theorem of Szpiro, Ullmo and Zhang
for abelian varieties [SUZ97], its non-Archimedean analogue due to Chambert-Loir
[Cha06], as well as the theorems of Bilu for canonical heights on toric varieties [Bil97]
and Chambert-Loir for canonical heights on isotrivial semi-abelian varieties [Cha00].

The positivity assumptions in Theorem 1.1 can be weakened, and in fact Yuan’s
proof remains valid when D is big but not necessarily ample. Moreover, Berman and
Boucksom [BB10] and later Chen [Chell] generalized Yuan’s theorem at Archimedean
places to the non-semipositive case.

In general the equality (1.2) is not satisfied, and in fact it holds if and only if the
essential minimum coincides with the absolute minimum x**(D) = inf _ X(R) hp(x)
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[Bal24, Theorem 6.6]. This is a very restrictive condition on the behavior of the
height function, that is nevertheless satisfied in the important case of canonical heights
on polarized dynamical systems [Zha95b]. This includes canonical heights on toric
varieties and Néron-Tate heights on abelian varieties.

To our knowledge, apart from the positivity assumptions Yuan’s theorem is the
most general result ensuring the equidistribution property on a projective variety
over a number field. In particular, in general nothing is known at the moment for
an arbitrary adelic divisor when Zhang’s inequality is strict. However, there are two
remarkable situations that fall outside the scope of Yuan’s theorem but where equidis-
tribution phenomena are known to occur.

In the toric case, Burgos Gil, Philippon, Rivera-Letelier and the second author
[BPRS19] achieved a systematic description of the equidistribution property. Their
result gives a criterion for the equidistribution property in terms of convex analysis,
and shows that there are plenty of toric adelic divisors for which Zhang’s inequality
is strict but that nevertheless satisfy the equidistribution property. This provides a
wealth of new equidistribution phenomena, previously out of reach. On the other
hand, not every toric adelic divisor has the equidistribution property.

In [Kiih22], Kiihne proved the long-standing semiabelian equidistribution conjec-
ture, showing that the equidistribution property holds for canonical heights on semi-
abelian varieties. As shown by Chambert-Loir [Cha00], Yuan’s theorem does not
apply in this case as (1.2) can fail when the semiabelian variety is not isotrivial.
Kiihne’s theorem allowed him to give a purely Arakelov-geometric proof of the semi-
abelian Bogomolov conjecture, previously established by David and Philippon with
other methods [DP00].

1.1. Main theorem. The results of [BPRS19] and [Kiih22] raise the following ques-
tion: on an arbitrary projective variety, what can be said regarding the equidistribu-
tion property for an adelic divisor when Zhang’s inequality is strict? More precisely,
can we identify a condition weaker than (1.2) that guarantees the equidistribution
property for a given adelic divisor? Our main contribution is a generalization of
Yuan’s theorem that answers positively this question.

As in [SUZ97, Yua08, Cha06, Chell], positivity properties of adelic divisors play
a central role in our approach. We work with the more general notion of adelic R-
divisors developed by Moriwaki, as it provides a particularly efficient framework to
study positivity [BMPS16, Mor16]. Adelic R-divisors are better behaved on normal
varieties, so we assume that X is normal from now on. This assumption is harmless
since our main result is invariant under modification.

Let D be an adelic R-divisor on X. A semipositive approxzimation of D is a pair
(¢, Q) consisting of a normal modification ¢: X’ — X and a semipositive adelic R-
divisor @ on X’ such that the geometric R-divisor Q underlying @ is big and ¢*D — Q
is pseudo-effective. The definition of semipositive approximations is very similar to
the one of admissible decompositions in the sense of Chen [Chell, Definition 2], but
here we do not require Q to be nef.

Given two big R-Cartier divisors P, A on X, the inradius of P with respect to A
is the real number

r(P;A) =sup{\A € R | P — \A is big}.

This geometric invariant was introduced by Teissier [Tei82] and measures the bigness
of P, see §2.2 for more details. Our main result is the following.
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Theorem 1.2. Let D be an adelic R-divisor on X with D big. Assume that there
exists a sequence (¢pn: Xp — X, Q,,)n of semipositive approzimations of D such that

ess E _ ,,abs()
w3 L 6(D) — i (@,)
Let v € Mk, and for each n > 1 let vy, be the probability measure on X3" given by

the pushforward of the normalized v-adic Monge-Ampére measure ¢ (@nm)/\d/(QfL) on
X5ty Then

(1) the sequence (Vpy)n converges weakly to a probability measure v, on X3",

=0.

(2) for every D-small generic sequence (z¢)y in X(K), the sequence of probability
measures (80(z,), )¢ on X;" converges weakly to vy.

Theorem 1.1 follows immediately from Theorem 1.2 applied with the constant
sequence (¢, Q,,) = (Idx, D), n € N. It also implies Chen’s equidistribution theorem
(Corollary 6.5).

We actually prove a stronger result (Theorem 6.1), showing that under the assump-
tion of Theorem 1.2 we have that for every D-small generic sequence (), and every

E € Div(X)g,

0 * T ess(T) _ %
(1.4) Jim hg(eg) = lim Q% . ¢ ) —d,u( Q(j;) x (QE1 . ¢ E)

In particular, both limits exist in R and the second one does not depend on the choice
of the sequence (¢, @Q,,)n. Theorem 1.2 follows by specifying (1.4) to adelic divisors
E constructed from continuous functions on the analytic spaces X2* v € M.

In Theorem 6.7 we give an alternative formulation of Theorem 1.2, which is more
intrinsic in the sense that it does not rely on the choice of a specific sequence of semi-
positive approximations. In fact, we show that the existence of a sequence (¢n, Q,,)n
as in Theorem 1.2 is equivalent to an equality

. MGSS@) ¢t _
@) p(D(1))

where p(D(t)) is an invariant measuring the inradii of the geometric divisors of arith-
metic Fujita approximations for an adelic R-divisor D(t) obtained by twisting the
Archimedean Green functions of D. In this case, for each v € M the equidistribution
measure can be computed using positive arithmetic intersection numbers introduced
by Chen [Chell] (Remark 6.11).

Using (1.4), we also obtain a generalization of Chambert-Loir and Thuillier’s theo-
rem on logarithmic equidistribution [CLT09]. More precisely, we prove that in the sit-
uation of Theorem 1.2 the equidistribution property extends to test functions with log-
arithmic singularities along hypersurfaces satisfying some numerical condition (Theo-
rem 8.4 and Remark 8.5).

)

1.2. Toric varieties. Theorem 1.2 allows to recover the main result of [BPRS19].
Our approach is different from that in loc. cit., and gives a new perspective on the
equidistribution problem in the toric setting.

We recall some of the basic constructions from the Arakelov geometry of toric
varieties. Let X be a projective toric variety over K with torus T ~ G%, and D

a toric adelic R-divisor on X with big underlying R-divisor D. Denote by Ap the
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d-dimensional polytope associated to this divisor. Then the family of Green functions
of D define a family of concave functions 19— :Ap — R, v € Mg, called the local
roof functions, and whose weighted sum give the global roof function

1951 AD — R.

These concave functions convey a lot of information about the height function of D.
For instance, its essential minimum can be computed as the maximum of the global
roof function [BPS15].

In the toric setting, the condition that D satisfies the equality in Zhang’s lower
bound (1.1) is very restrictive, as it is equivalent to the condition that the global roof
function is constant [BPRS19, Proposition 5.3], see also Example 9.2. Thus the only
toric adelic divisor to which Yuan’s theorem applies are those for which this concave
function is constant.

The global roof function 5 is said to be wide if the width of its sup-level sets
remains relatively large as the level approaches its maximum, see Appendix A for
details. When this is the case, there is a unique balanced family of vectors wu,, v €
My such that each u, is a sup-gradient of the v-adic roof function 95 . Moreover,
for each v € Mgk we consider a probability measure 7, ,, on X" associated to Uy
(Definition 9.7). When v is Archimedean, it is the Haar probability measure on a
translate of the compact torus S, ~ (S1)¢ of T?", whereas in the non-Archimedean
case it is the Dirac measure at a translate of the Gauss point of this v-adic analytic
torus.

The following is our main result in the toric setting.

Theorem 1.3. Let D be a toric adelic R-divisor on X with D big. Assume that
U is wide and let u,, v € M, be its balanced family of sup-gradients. Then each
v € My and every D-small generic sequence (x4)y in X (K), the sequence of probability
measures (60(z,), )¢ on X" converges weakly to 1y .y, -

We actually show a stronger result (Theorem 9.8): when 5 is wide the limit
n (1.4) implies that for every D-small generic sequence (x;), in X(K) and every
E € ]5;/(X )r the limit limy_,o hz(2¢) exists in R and can be explicitly computed.
When F is toric we have

(1.5) hm h 2 nv/ gEvdnvum

VEM i

where g5 v denotes the v-adic Green function of E.

Furthermore, we show that the converse of this theorem holds when D is semi-
positive: in this situation, the condition that ¥z is wide is necessary for the equidis-
tribution of the Galois orbits of the D-small generic sequences of points (Corollary
9.12). These results allow us to recover the criterion for the equidistribution property
in the toric setting from [BPRS19]. As a byproduct they also show that the sufficient
condition in this criterion remains valid without the semipositivity hypothesis and
extend its scope to cover the height convergence property in (1.5), see Remark 9.13
for more details.

The proof of Theorem 1.3 is an application of Theorem 6.7, which as explained is a
reinterpretation of Theorem 1.2 in terms of positive arithmetic intersection numbers.
In addition, it uses the computation of the positive arithmetic intersection numbers
of toric adelic divisors in terms of the mixed integrals of their local roof functions.
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Finally, as an application of Theorem 8.4 we strengthen our toric equidistribution
theorem to allow test functions with logarithmic singularities along the boundary divi-
sor and special translates of subtori. For simplicity, here we state it for the semipositive
setting, and refer to Theorem 9.15 for the general case.

Theorem 1.4. Let D be a semipositive toric adelic R-divisor on X with D big and
such that V5 is wide. Let E be an effective divisor on X such that each of its geometric
irreducible components is either contained in the boundary X \ Xo, or is the closure V/
of the translate of a subtorus of Xo with u®*(D|y) = p®s(D). Then for each v € Mg

and every D-small generic sequence (x4)y in X (K) we have

lim (Pd(sO(rg)u = / (Pdnv,uv-
Xan Xan

L—o0
for any function ¢: X2 — RU{£oo} with at most logarithmic singularities along E.

1.3. Semiabelian varieties. As another application, we study the equidistribution
of the Galois orbits of algebraic points of small height in semiabelian varieties. In
particular, we recover Kiihne’s theorem in this direction.

Let G be a semiabelian variety over K that is the extension of an abelian variety A
of dimension g by the split torus G7,. Consider the compactification G induced by
toric compactification (P!)” of G, which is a smooth variety containing G as a dense
open subset. The projection G — A extends to a morphism 7: G — A allowing
to consider this compactification as a (P!)"-bundle over A. Moreover, for any given
integer £ > 1 the multiplication-by-¢ on G extends to an endomorphism [/]: G — G.

Let M be the boundary divisor G \ G equipped with its canonical structure of
adelic divisor with respect to [¢] in the sense of arithmetic dynamics. In addition,
denote by N the canonical adelic divisor associated to an ample symmetric divisor
on A. Then we consider the adelic divisor on G defined as

E — Mcan + W*Ncan.

The associated height function is nonnegative on G(K) and vanishes on the torsion
points, and so u®(D) = 0. On the other hand, it might take negative values on
(G'\ G)(K) whenever G is not isotrivial, that is isogenous to the product G7, x A. In
this case we have p°(D) > pP5(D) and so D is outside the scope of Yuan’s theorem.
In spite of this, we show that it is possible to recover the semiabelian equidistribution

theorem from Theorem 1.2.

Corollary 1.5 (Kiihne [Kiih22]). Let (z¢)¢ be a D-small generic sequence in G(K).
Then for every v € Mg the sequence of probability measures (5O(xe)v)f on X2 con-

verges weakly to c1(D,)N"t9/(D™*9).

This corollary is obtained by considering the sequence of adelic R-divisors defined
as

Q,=0"M+7*N, neN.
Using the dynamical properties of M“" and 7*N“" one can check that (Idg,Q,,) is
a semipositive approximation of D whose absolute minimum decreases much faster
than its inradius as n — oo, and that the normalized v-adic Monge-Ampére measure

of Q,, coincides with that of D. The result then follows as a direct application of
Theorem 1.2.
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More generally, the limit in (1.4) similarly implies that for every generic D-small
sequence (x¢), in G(K) and every E € Div(G) we have
((Mcan)r . (F*Ncan)g E)
(MT - 7*N9) ’

(1.6) Jim hp(,) =

see Theorem 10.11 and Remark 10.12.

Our approach is similar in spirit to Kiithne’s, in the sense that it ultimately relies on
an asymptotic use of the arithmetic Siu inequality. However, our technical implemen-
tation is different since we do not need to modify G through a sequence of isogenies
as in [Kith22], but rather produce a suitable sequence of semipositive approximations
sitting on G.

Finally, as an application of Theorem 8.4 we strengthen the semiabelian equidistri-
bution theorem to allow test functions with logarithmic singularities along the closure
of a torsion hypersurface (Theorem 10.15).

Theorem 1.6. Let (x4); be a D-small generic sequence in G(K). Then for every
v € My and any function ¢: G, — R U {fo0} with at most logarithmic singularities
along the closure of a torsion hypersurface of G we have

) B o (ﬁv)/\r—&-g
L N

We formalize our approach in the dynamical setting for sums of canonical adelic
R-divisors, obtaining general versions of the above results which might be of interest
beyond the semiabelian case (Theorems 10.8 and 10.10).

1.4. Further results and questions. In [YZ23, Theorem 5.4.3], Yuan and Zhang
generalized Yuan’s Theorem 1.1 to quasi-projective varieties using their new theory of
adelic line bundles. In §11 we present a generalization of Theorem 1.2 in this context,
that recovers [YZ23, Theorem 5.4.3].

As already explained, in the toric case the condition of Theorem 1.2 translates into
a convex analysis statement involving the global roof function. It turns out that on
an arbitrary projective variety we have a similar result involving arithmetic Okounkov
bodies in the sense of Boucksom and Chen [BC11]. Since this is beyond the scope of
this article, it will appear in a subsequent manuscript.

The condition of Theorem 1.2 is optimal in the semipositive toric case, in the sense
that for a semipositive toric adelic R-divisor the equidistribution property at every
place is equivalent to the existence a sequence of semipositive approximations with
(1.3). It is natural to ask whether this remains true in general, that is if Theorem
1.2 actually gives a criterion for the equidistribution property. We refer to Question
6.12 for a precise formulation involving the invariants p(D(t)). In Proposition 6.13 we
give an affirmative answer under an additional technical condition, which is always
satisfied for semipositive toric adelic R-divisors.

1.5. Outline of the proof. Our approach is based on the variational principle of
[SUZ97]. Let v € Mg be a place and ¢ a real-valued function on X3". With the
notation and assumptions of Theorem 1.2, we need to prove that

(1.7) lim ©déo(z,), = lim @ dvy .

{—o0 Jxan n—0o0 [yan
v v
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By a standard density argument, it suffices to consider the case where ¢ is Gal(C, /Ky )-
invariant (see §3.5). This allows to associate to ¢ an adelic divisor E = 0 with trivial
geometric divisor £ = 0, such that (1.7) translates into
7d J—
o (@ 9 E)
(1.8) élgIolo hg(xe) = nh_)rrolo @)

The proof is significantly simpler when X is a curve, and we restrict to this case
here. Then ¢, = Idx for every n, and the inradius of two nef and big R-Cartier
divisors A, B is simply r(A; B) = (A)/(B) (where (A), (B) denote the degrees of the
R-Weil divisors associated to A and B). Therefore, in that case the assumption of
Theorem 1.2 boils down to

ess E _ ,,abs()
o) (D) - p(@,)
n—00 (Qn)
For simplicity, we furthermore assume thatE can be written as the difference of two
semipositive adelic divisors, and that p**(D) > 0. Then p*s(Q,,) > 0 for n large
enough, which means that @),, is nef. A classical consequence of Yuan’s arithmetic

version of Siu’s inequality [YuaO8] then implies that there exists a constant C' € R
such that

(1.10) vol(Q,, + AE) > (Q2) +2)Q,, - E — CA

for every A € (0,1) and every sufficiently large n (see [Chell, Lemma 4.2] and Lemma

4.5). Here vol denotes the arithmetic volume (§3.3). On the other hand, standard

variants of Zhang’s theorem on minima give

vol(Q,, + AE)

——1 " an
2(Qn) 2(Qn)

=0.

(1.11) p(Q,, + \E) > > 12%(Q,,).

Moreover, we have

where the last inequality comes from the fact that D — @Q,, is pseudo-effective, see
Lemma 3.15. Combining this with (1.10) and (1.11) gives

abs//”y \ _ ,,ess _
(@) = u™(D)) + (On) C(Qn)'

Applying this to a suitable sequence of real numbers (), and using (1.9) we obtain
liminfy e hg(ze) > limsup, (@, - E)/(Qn), and the result follows in that case

> =

liminf h+ >
iminf hy(z¢) 2

by applying this ineqt@l\ity to —F. Similar arguments remain valid for an arbitrary
adelic R-divisor E € Div(X)g, leading to the height convergence property in (1.4).
This requires a bit more work as we have to take care of a term vol(Q,,+\E) appearing
in Zhang’s inequality.

In higher dimension the argument breaks down as a lower bound of the form (1.10)
is not precise enough to take advantage of the assumption (1.3). The core of our proof
is a finer consequence of Yuan’s bigness theorem, with an error term involving the
inradius of @, (§7.1). It relies on precise estimates of arithmetic intersection numbers
based on the arithmetic Hodge index theorem of Yuan and Zhang [YZ17].

As emphasized in [Chell], the variational principle can be translated into differen-
tiability statements for invariants associated to adelic divisors. For example, Yuan’s
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theorem is a consequence of the differentiability of arithmetic x-volumes [Yua08], and
Chen’s equidistribution theorem follows from the differentiability of arithmetic vol-
umes [Chell]. Under the assumption of Theorem 1.2 we actually show the differen-
tiability of the essential minimum at D, which is equivalent to the height convergence
property in (1.4) and thus implies Theorem 1.2.

1.6. Organization of the paper. Sections 2 and 3 contain the material we need
concerning R-divisors and adelic R-divisors. In section 4 we collect basic results on
the differentiability of concave functions and we recall Chen’s theorem on the differ-
entiability of arithmetic volumes. Section 5 relates the equidistribution problem to
the differentiability of the essential minimum function. We state our main theorem
in section 6 and we prove it in section 7. In section 8 we deduce a generalization
of Chambert-Loir and Thuillier’s logarithmic equidistribution theorem. In sections 9
and 10 we apply our results in the setting of toric varieties and of (non-necessarily po-
larized) dynamical systems, including semi-abelian varieties. Finally, in section 11 we
extend our main theorem to quasi-projective varieties. Appendix A contains auxiliary
results on convex analysis that are used in section 9.

1.7. Notation and conventions.

1.7.1. A wvariety is a separated and integral scheme of finite type over a field. We let
K be a number field and we fix an algebraic closure K of K. Throughout the text,
we let X be a normal projective variety over K of dimension d = dim X > 1. The
elements of X (K) are called the algebraic points of X. We let X = X x i Spec K’ for
any field extension K C K'. A modification of X is a birational projective morphism

¢: X' — X. We say that it is normal if so is X'.

1.7.2. We let Ok be the ring of integers of K, M its set of places, and M C Mg
the subset of Archimedean places. For every v € Mg, we let K, be the completion of
K with respect to v and Q, be the completion of Q with respect to the restriction of
v to Q. We fix an algebraic closure K, of K, and an embedding K — K,. We equip
K, with the unique absolute value | - |, extending the usual absolute value on Q,:
Ipl, = p~ 1 if v is a finite place over a prime number p, and | - |, is the usual absolute
value on C if v is Archimedean. We denote by C, the completion of K, with respect
to this absolute value. We let

N — [Kv : Qv]
v [K:Q]
For any place vg € Mg we have Zvlvo n, = 1, where the sum is over the places

v € My above vg. Moreover, we have the product formula for K: for any a € K*,

Z ny log |al, = 0.

vEM K¢

1.7.3. A measure is a regular Borel measure on a locally compact Hausdorff space.
A signed measure is a difference of two measures.
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2. R-DIVISORS AND INRADIUS

We recall some facts that we shall frequently use about R-divisors and their pos-
itivity in the geometric setting. We refer the reader to [Laz04] and [Morl16, §1.2] for
more background. In §2.2 we review the definition and basic properties of the inradius
of two R-divisors.

2.1. R-divisors. We denote by Div(X) the set of Cartier divisors on X and by Rat(X)
the set of rational functions on X. We let Rat(X )z = Rat(X)* ®z R. We denote by
Div(X)g = Div(X)®zQ the set of Q-Cartier divisors, and by Div(X)r = Div(X)®zR
the set of R-Cartier divisors. Since X is normal, there exists an injective morphism
from Div(X) to the free Abelian group of Weil divisors of X. Therefore Div(X) has
no torsion and we have inclusions

Div(X) C Div(X)g C Div(X)g.

In this text, we are mainly concerned with Cartier divisors and R-Cartier divisors
and so we call them just divisors and R-divisors, for short. Given a rational func-
tion f € Rat(X)*, we let div(f) € Div(X) be the corresponding divisor. The map
div: Rat(X)* — Div(X) extends by linearity to a map Rat(X)g — Div(X)g, which
we also denote by div. Given two R-divisors D, D’ € Div(X)g, we write D = D’ if
they are linearly equivalent, that is D' = D + div(f) for some f € Rat(X)g.

For D € Div(X)g, we let supp(D) C X be the support of D, that is the support
of the associated R-Weil divisor. It is a closed subset of X. We say that D is effective
if so is its associated R-Weil divisor.

Given a family Dq,..., Dy in Div(X)r and an r-dimensional cycle Z on X (0 <
r < d), we denote by (D - - - D, - Z) the intersection number. When Z = X, we simply
write (Dj - -+ Dg). This number only depends on the linear equivalence classes of the
R-divisors and it is invariant under normal modifications. If D;, ¢« = 1,...,d — 1,
are nef and Dy — D/, is pseudo-effective, then the corresponding intersection numbers
compare as

(2.1) (Dy-+-Dy_1-D}y) < (Dy - Dy_y - Dy).

If D € Div(X)g is nef, the intersection number (D?) coincides with the volume vol(D)
of D.

The set of global sections of an R-divisor D is defined as
I(X,D)={(f,D) | f € Rat(X)*, D+div(f) >0} U{0}.

For s = (f, D) € I'(X, D)\ {0}, we let div(s) = D+div(f) € Div(X)g. If s; = (f1, D1)
and s = (f2, D2) are global sections of R-divisors Dy, Dy € Div(X)gr, we denote by

51 @ s2 = (fif2, D1+ Da) € T(X, Dy + Dy)
their product.
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2.2. Inradius of two R-divisors. Following Teissier [Tei82], given two R-divisors
P, A € Div(X)r with A big, we define the inradius of P with respect to A as

r(P;A) =sup{\ € R | P — AA is big} = sup{\ € R | P — AA is pseudo-effective}.

In general, r(P;A) € RU {—oc}. However, if P is big then r(P;A) > 0 by the
continuity of the volume function. Moreover, we have r(6P;A) = dr(P,A) and
r(P;6A) = 6 1r(P,A) for any § € Rsg, and r(¢*P,¢*A) = r(P, A) for any nor-
mal modification ¢: X’ — X. This follows from the fact that the volume is invariant
under birational morphisms.

Lemma 2.1. Let P, Ay, Ay be big R-divisors on X. Then

1
. . < . < . .
r(Ag; Ar) X r(P; Ay) <r(P;Ap) < 77“(,41;,42) x 1(P; Ag)

Proof. Since P — r(P; Ay)Ag and Ay — r(Ag; A1) Ay are pseudo-effective,
P— (T(P; AQ) X T(AQ;Al))Al
is pseudo-effective. Therefore r(Ag; A1) X r(P; A2) < r(P; Ay). The second inequality

follows by interchanging the roles of A; and As. U
Lemma 2.2. Let P and A be nef and big R-divisors on X. Then
(P?) (P?)
— < r(P;A) < ——~—.
Ix P14y = "EA) S paT

Proof. Let A € R. By Siu’s inequality [Laz04, Theorem 2.2.15], P—\A is big whenever
Ad x (P A) < (PY).

The first inequality follows. For the second one, note that P — r(P; A)A is pseudo-
effective. Since P is nef, we have

(P —r(P; A)(PYLA) = (P4 (P —r(P;A)A)) > 0.
a

Lemma 2.3. Let P and A be nef and big R-divisors on X such that A— P is pseudo-
effective. Then

(P9)
P;A) > .
r( ? ) — d(Ad)
Proof. Since A— P is pseudo-effective and A, P are nef, we have that (P?~1. A) < (A%)
by (2.1). Therefore the results follows from Lemma 2.2. O

Lemma 2.4. Let P,E € Div(X)r with P big. Let A be a big R-divisor such that
A+ FE are pseudo-effective. For every A > 0, we have

<1 - @)dvol(m < vol(P + \E) < <1 + T(PA;A)YVOMP).

Proof. Since A — FE is pseudo-effective,
1 1

— P - FE=

r(P; A) r(P; A)

is also pseudo-effective. Therefore

(P—r(P;A)A)+ A—E

d
vol(P + A\E) < vol(P + r(P/\?A)P) = <1 + r(P)\,A)> vol(P).
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Similarly,

@P%—E:M(P—T(P;A)A)JrA—i—E

is pseudo-effective since so is A + E. Therefore

A\ A
(1 — 7“(P,A)> vol(P) = vol(P — WP) <vol(P + \E).

3. ADELIC R-DIVISORS

In this section we recall the definition and important facts concerning adelic R-
divisors, that generalize adelic line bundles in the sense of Zhang [Zha95b]. Our main
references are [BPS14], [BMPS16] and [Morl6].

3.1. First definitions. For every v € Mg, we let X, = X¢,. We denote by X"
the analytification of X, in the sense of Berkovich (see [BPS14, §1.2] and [Morl6,
§1.3] for short introductions sufficient for our purposes). We have an injective map
X(Cyp) — X222 which induces an inclusion

1y X(K) — X2

via the chosen embedding K «— K, C C,. For every algebraic point x € X(K),
we denote by O(z) the orbit of z in X (K) under the action of Gal(K/K), and by
O(z)y = 1,(O(x)) its image in X2". The absolute Galois group G, = Gal(K,/K,)
acts on X2". We let C(X3") be the set of continuous real-valued functions on X3",
and C(X2")Gv ¢ C(X2") the subspace of continuous functions that are G,-invariant.

Let D € Div(X)r and let v € M. A continuous v-adic Green function on D is a
G,-invariant function

gv: X"\ supp(D)y" — R

with the following property: for every open covering X = Ule U; of X such that D
is defined by f; € Rat(X)g on Uj, gy + log| fin|v extends to a continuous function on
Upy for every i € {1,...,£}, where f;, is the pull-back of f; to U?). In this article
we only consider continuous v-adic Green functions, and we call them v-adic Green
functions for short.

Let U C Spec(Ok) be a non-empty open subset. A model of X over U is a
normal integral projective scheme X — U such that X = X Xy Spec K = X. Let
D € Div(X)r. A model of (X, D) over U is a pair (X, D) where X is a model of X
over U and D is an R-divisor on X such that D|x = D. Such a model induces v-adic
Green functions on D for every place v € U, that we denote by gp ., (see [Morl6, §2.1]
for details).

Definition 3.1. An adelic R-divisor on X is a pair D = (D, (gy)vem, ) Where D €
Div(X)r and g, is a v-adic Green function on D for every v € Mg, such that there
exists a nonempty open subset U C Spec Ok and a model (X, D) of (X, D) over U
with g, = gp, for every v € U.

We say that D is an R-divisor over D and conversely, we also say that D is the
geometric R-divisor of D.
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Unless otherwise stated, we use the following convention: given an adelic R-divisor
D € Div(X)g, we always use the same letter D to denote its geometric R-divisor and
we denote by (gﬁv)veimx its family of Green functions.

The set of adelic R-divisors forms a group, that we denote by ]SRI(X )r. Let
D e ]SE(X)R. If D € Div(X) (respectively Div(X)g), we say that D is an adelic
divisor (respectively an adelic Q-divisor). Adelic divisors and adelic Q-divisors form
subgroups of Div(X )g, which we denote by Div(X) and Div(X )o respectively.

Example 3.2. Let (p,)vem, be a family with ¢, € CO(X2™)% for every v € My

and ¢, = 0 for all except finitely many v € Mg. Then (0, (¢y)vemy) € ]SE(X)
Every adelic divisor over 0 € Div(X) is of this form.

We let [oo] = (0, (¢v)vemy) € ]SR/(X) be the adelic divisor over 0 given by the
constant functions ¢, = 1 if v is Archimedean, and ¢, = 0 otherwise.

Let D = (D, (gv)vemy) € Div(X)g, and let ¢: X’ — X be a morphism from a
normal projective variety X’ such that the image of ¢ is not contained in supp(D).

Then we define the pullback ¢*D € ﬁ;/(X "Jr as the R-divisor ¢* D equipped, at each
place v € Mg, with the pullback of g, to (X’)2" by the v-adic analytification of ¢.

Let f € Rat(X)*. For each v € My, we let f, be the pullback of f to X2". We
define an adelic divisor on X by

Aiv(f) = (div(f), (—10g | folo)vemy)-

This construction defines a group morphism Rat(X)* — ]SR/(X ). It extends by
linearity to a group morphism Rat(X)g — ISR/(X )R, also denoted div. Two adelic
R-divisors D, D € 6;()( )R are said lmearly equivalent, denoted D = D if there
exists f € Rat(X)g such that D' =D +div(f).

Let D € ]51?/( X)r. We say that D is semipositive if 9D, 18 of CYNPSH-type in the
sense of [Mor16, §1.4 and Definition 2.1.6] for every v € M. We say that D is DSP
(short for difference of semipositive) if there exist two semipositive adelic R-divisors
D1, Dy such that D = Dy — Dy. We denote by D/\SP(X)R C ﬁl(X)R the subgroup of
DSP adelic R-divisors. Note that if D € ﬁl;(X )r is semipositive, then its geometric
R-divisor D is nef and in particular vol(D) = (D%).

Remark 3.3. It is standard that to an adelic divisor D € ]51\\/(X ) one can associate
an adelic line bundle L = (Ox (D), (||.|lv)vem, ) in the sense of Zhang [Zha95b], and
that every adelic line bundle can be constructed in this way. We refer the reader to
[BMPS16, proof of Proposition 3.8] for details on this construction. The adelic line
bundle L is semipositive in the sense of [Zha95b] if and only if D is semipositive, and
it is integrable in the sense of [Zha95b] if and only if D is DSP.

3.2. Heights of points and subvarieties. Let D € Div(X)g and = € X(K). Let
f € Rat(X)g be such that x ¢ supp(D + div(f)). The height of x with respect to D

is the real number
Z # ( Z gD+d1V )v )

vEMK yeO (z)w

This quantity does not depend on the choice of f by the product formula.
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Let Y C X be an r-dimensional subvariety, r € {1,...,d}, and (D;)1<i<, €
DSP(X)g. For every v € Mg, we have a signed measure

(3.1) cl (El,v) VASRREIVAY Cl(ﬁrﬂ,) A (Syvan

on X" supported on Y,*" and with total mass (D;--- D, -Y). In the case where all
the D;’s are semipositive adelic divisors, this is the measure defined in [Cha06] (asso-
ciated to the metrized line bundles corresponding to D1, ..., D,). This construction
is symmetric and multilinear in D1, ..., D,, thus it extends to the general case of DSP
adelic R-divisors by multilinearity. For every E € ]S;I(X )R, the v-adic Green function
9%, is integrable for the signed measure (3.1). This is proved in [CLT09, Theorem
4.1] for adelic divisors, and remains true for adelic R-divisors by multilinearity. In the
case where Y = X and Dy = Dy = ... = D, are equal, we simply write c; (ﬁlw)/\d.
This measure is called the v-adic Monge-Ampére measure associated to Dj.

Let D,y1 € ]SE(X)R, and let ﬁ;ﬂ = D41 be such that D/, intersects Y prop-
erly. The height hﬁl,myﬁr-kl (Y) of Y with respect to (D;)1<i<r+1 is defined by induc-
tion using the following arithmetic Bézout formula: we let h(()) = 0, and

(32) hp,. .5, (V) =hp, 5,(Y D)

+ ) n/ 95,01 (D10) A Aer(Dry) Abygn.

This is well-defined, independent of the choice of E; 11, and multilinear in Dy,....,D,q

[BPS14, §1.5], [BMPS16, page 225]. In the case where D,y € D/\SP(X)R7 this con-
struction is symmetric in Dy, ..., Dry1. The definition of hp, 5 (V) extends to

the case where Y is an r-dimensional cycle by multilinearity. When Dy = ... = D, 1,
we simply write hp (Y) =hp, 5 (V).
If r = d, the arithmetic intersection number of D1,..., Dgyq is

(D1 Dat1) = hp, . p,,,(X).
This quantity only depends on the linear equivalence classes of D1, ..., Dg,1, and

(¢"D1---¢*Day1) = (D1~ Day1)

for every normal modification ¢: X’ — X. Moreover, it follows from the definition
that

(33) ([OO] 'EQ .- 'EdJrl) = Z nv/ Cl(ﬁg,v) ARER /\Cl(ﬁd+1,v) = (D2 s Dd+1).

veEMP v

When Dy, is DSP, our definition of arithmetic intersection number coincides with
the one in [Mor16, §4.5].

3.3. Arithmetic volumes and positivity. Let D € 61?/(X)R. For every s =
(f,D) e I'(X,D)\ {0} and y € X3* with y ¢ supp(div(s))3"®, we let

lsW)llo = exp(=95, gy ()0 (¥)-
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By [Morl6, Propositions 1.4.2 and 2.1.3], this definition can be extended to define a
continuous map y € X3" — ||s(y)|l, € R. We let

”3||v,sup: sup ||s(y)llv,
yeXgn

and we say that s is small if ||s||ysup < 1 for every v € My. By convention, we say
that 0 € T'(X, D) is small. We denote by I'(X, D) the set of small global sections of

D. We remark that for every m € N and non-zero s € I'(X, mD) we have

1
(3.4) hy(x) > - Z nylog ||s|lysup  for all x € X(K) \ supp(div(s)).
vEM K

Let Ak be the ring of adeles of K, and let
B(D) = {(sy)vemy € ['(X,D) @K Ak | [|sv]lvsup <1 Vv € M}

Note that I'(X, D) ®x Ak is a locally compact group, and I'(X, D) is a lattice in
I'(X,D) ®k Ak via the diagonal embedding K < Agx. We denote by p the unique
Haar measure on I'(X, D) ® g Ak satisfying

and we let Y(X, D) = log u(B(D)).
Definition 3.4. The arithmetic volume of D is the quantity
—~ 1 log(#I'(X, mD))
(D) = 1
vol(D) = g ISP = (g 1!

The arithmetic x-volume of D is

71 lim su —X\(X’ mD)
(K : Q] mod md 1/ (d+ DI

In the sequel we recall some important properties of arithmetic (x-)volumes. We
mainly refer to [Morl6] for details and proofs. We note that as opposed to [Morl16],
we do not assume X to be geometrically irreducible. However, by Stein factorization
there exists a finite field extension K’ of K with the property that the structural
morphism X — Spec(K) factors through a morphism X — Spec(K’) and that X is
geometrically connected over K’. Since X is normal, it is geometrically irreducible as
a variety over K’ and all the results we use from [Mor16] readily extend to our setting.

We have ;al(gb*ﬁ) = ;(;l(ﬁ) and x;alx(qb*ﬁ) = ;81)( (D) for every normal modifica-
tion ¢: X’ — X, and moreover \7(;1(5) > \7(;1X (D) by Minkowski’s inequality [Mor16,
§4.3]. By [Morl6, Theorem 5.2.1], we have the following continuity property: for every

—

—_ —_ —_— — _— — N

@x (D) =

We now recall classical positivity notions for adelic R-divisors.
Definition 3.5. Let D € ]Si\v(X)R. We say that D is
e cffective if D is effective and if g5, > 0 on X7" \supp(D);" for every v € My,
e big if vol(D) > 0,
e pseudo-effective if D + B is big for every big B € ]Si\v(X)R,
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e nef if D is semipositive and hx(z) > 0 for every z € X (K).

Remark 3.6. If there exists s € I'(X, D) \ {0}, then for every big B € ]Si?/(X)R and
m € Nxg we have an inclusion T'(X, mB) < I'(X, m(D + B)) given by multiplication
by s®™. It follows that @(ﬁ + B) > ;81(?) > 0, and D is pseudo-effective. In
particular, an effective adelic R-divisor is pseudo-effective. Moreover, a nef adelic
R-divisor is pseudo-effective [Mor16, Proposition 4.4.2 (2)].

We recall a version of the well-known fact that adelic R-divisors can be approxi-
mated by DSP adelic R-divisors.

Lemma 3.7. Let E € BR/(X)R and let e > 0. There exists E € [TS\P(X)R over E
such that E' — E is effective and E + efoo] — E' is pseudo-effective.
Proof. By [Mor16, Theorem 4.1.3], there exists a finite set S C Mg containing MG

with the following property. For every &’ > 0, there exists a model £ of E over Spec Ok
such that if we set gz = ge,v and @, = g7 — 95, for every non-Archimedean place

v € Mg, then ¢, = 0 for every v ¢ S and 0 < ¢, < & for every v € S\ MF. By
the Stone-Weierstrass theorem, for every Archimedean place v € M there exists a
smooth v-adic Green function 95, On E such that ¢, = 9% » ~ 9B satisfies 0 <
¢y < €. By construction, E = (E, (95 ,)vemy) is DSP and E —FE = (0, (¢)vemy)
is effective. Moreover, it follows from [BMPSlG, Lemma 1.11] that for & sufficiently
small we have

(X, B + eloc] = B') = (X, eloc] = (0, (w0)0)) # 0,
hence F + g[oo] — Fis pseudo-effective by Remark 3.6. g

Lemma 3.8. Let (D;)i<i<a € [TS\P(X)% be nef. For every pseudo-effective E €
Div(X)r we have -
(D,---Dy-E) > 0.

Proof. In the case where E € D/\SP(X)R, this is [Mor16, Proposition 4.5.4 (3)]. The
general case follows by (3.3) and Lemma 3.7. O

Arithmetic (x-)volumes coincide with arithmetic intersection numbers under suit-
able positivity conditions.

Theorem 3.9 ([Mor16, Theorem 5.3.2]). Let D € E(X)R. If D is semipositive,
—d+1 — —d+1)

then \ax(ﬁ) = (D). If moreover D is nef, then vol(D) = @X(E) = (D

Remark 3.10. If D € D/S\P(X)R, then it can be written as D = N; — Ny with
Ni,N, € ﬁi;(X)R nef and big. Indeed, there exist semipositive D1, Dy € ISR/(X)R
such that D = D; — Dy. Take any semipositive A € Div(X)r with A ample. For
each i € {1,2}, A+ D; is ample since D; is nef. It follows from (3.4) that the height
functions hp , 7: X (K) — R are both bounded from below by a real number. Taking
a sufficiently large ¢ € R and letting N; = D; + A+ c[oo] for i = 1,2, we have that N;

is nef and (W?H) > 0. Then D = N; — N9 and N; and N7 are big by Theorem 3.9.

The following is Yuan’s arithmetic analogue of Siu’s inequality [Yua08, Theorem
2.2]. The statement in [Yua08] extends to nef adelic R-divisors by continuity, as shown
in [CM15].
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Theorem 3.11 ([CM15, Theorem 7.5]). Let Py and P be two nef adelic R-divisors
on X. Then P an .
Wl (Py — Pa) = (Pi™) = (d+1)(P} - Pa).
We end this paragraph with a consequence of the existence of arithmetic Fujita
approximations, established independently by Yuan [Yua09] and by Chen [Chel0).

Theorem 3.12 ([Mor16, Theorem 5.1.6]). Let D € ﬁRf(X)R be big. For everye > 0,
there exists a mormal modification ¢: X' — X and a nef P € Div(X')r such that
¢*D — P is pseudo-effective and
(P = vol(P) > vol(D) — e.
Let D € ISE(X )r. We associate to D the graded algebra

R(D) = @ I'(X,mD).
meN
When D is a divisor, this is the classical algebra of sections of the line bundle Ox (D)
[Laz04, Definition 2.1.17].
For every n € N and for every t € R, we let R! (D) C T'(X,mD) be the K-linear
subspace generated by I'(X, m(D — t[oc])). Note that L(X,m(D — t[oo]) is the set of
global sections s € I'(X, mD) such that

log |5 < —mt if v is Archimedean
gl1Sllvsup =9 otherwise.

Then we set

RY(D) = @ Ri(D),

meN
which is a graded subalgebra of R(D). The volume of Rf(D) is the quantity
— ) dimg Rt (D)
vol(RY(D)) = limsup ——— 22"~
(R (D) = timsup 2T

If D — t[oc] is big, the limsup is actually a limit by [BC11, Lemma 1.6] and [LMO09,
Theorem 2.13]. The following theorem was proved by Chen in the setting of adelic
divisors [Chel0, Theorem 3.8] (see also [Chell, (5.2) page 380]). We mention that
it can also be seen as a consequence of Boucksom and Chen’s theorem on arithmetic
Okounkov bodies [BC11, Theorems 1.11 and 2.8|, whose proof extends to the setting
of adelic R-divisors [Mor16, §7.3].

Theorem 3.13 (Chen). Let D € ISR/(X)R. If D is big, then

wol(D) = (d+ 1) /0 ~ vol(R'(D))dt.

3.4. Absolute and essential minima. Let D € ﬁr(X)R. The absolute minimum
of D is
(D) = inf  hp(z).
zeX(K)
Clearly we have that p**(¢*D) = p**(D) for any surjective morphism ¢: X’ — X.
By definition, D is nef if and only if it is semipositive and p***(D) > 0. When D is
semipositive, we have

1P (D) = sup{t € R | D — t[oo] is nef }.
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The following lower bound for the height of effective cycles is a consequence of
Zhang’s theorem on minima [Zha95a, Theorem 5.2], [Zha95b, Theorem 1.10].

Lemma 3.14. Let D € ISR/(X)R be semipositive, r € {0,...,d} and let Z be an
effective r-dimensional cycle on X. Then h(Z) > (r + 1) u®(D) x (D" - Z). In
particular, if D is nef then hy(Z) > 0.

Proof. By linearity, we may assume that Z is a subvariety. When D is ample, the

result follows from [Bal24, Corollary 2.9]. Let A € ISR/(X )r be semipositive with A
ample. Then for any € > 0, D + €A is ample and therefore

hioq(Z) = dp™(D +eA) x (D +cA)" - Z)
> d (4™ (D) + ep™ (A)) x (D +£A) - Z)
We conclude by letting € tend to zero using multilinearity. ([

The essential minimum of D is the quantity

ps(D) = sup inf  hp(x),
YCX 2e(X\Y)(EK)

where the supremum is over all the closed subsets Y & X. It follows from the definition
that pu®s(¢*D) = u®*(D) for any normal modification ¢: X’ — X. Moreover we

always have ©®%(D) < oo, and u®3(D) € R as soon as R(D) # {0} [BC11, Proposition

2.6].

Lemma 3.15. Let Dy, D, € ]SE(X)R.

(1) We have p® (D1 4 D3) > p®(Dy) + p®*(Da).

(2) If Dy is big, then limy_,o u®5(Dy + ADg) = u®s(Dy).

(3) For every t € R such that R'(D1) # {0}, we have u®s(Dq) > t.

(4) If Dy is big and D1 — Do is pseudo-effective, then u®s(D1) > u®s(Ds).

Proof. For the first two points, see [Bal21, Lemma 3.15]. The third one is a direct

consequence of (3.4). To prove (4), let B € Div(X)r be big and let ¢ > 0. Then

D; + B — Dy is big, and therefore R’(Dy +eB — D) # 0. By (1) and (3), we obtain
(D 1 B) > 4= (Dy + B — Do) + 15 (Da) > 5(D).

We conclude by letting ¢ tend to zero, using (2). O

The following theorem gives a converse to Lemma 3.15(3). It was proved in [Bal21,
Theorem 1.1] as a consequence of a theorem of Ikoma [Ikol5], under the additional
assumption that D is semipositive. In recent works, Qu and Yin [QY22] and Szach-
niewicz [Sza23] independently relaxed the latter condition.

Theorem 3.16 ([Bal21], Theorem 1.1; [QY22], Theorem 1.4; [Sza23], Theorem 3.3.7).
Let D be an adelic R-divisor. Then

pS(D) < sup{t € R| D — t[oq] is pseudo-effective},
with equality if D is big. In that case, we have
p®3(D) = sup{t € R| D — t[oc] is big} = sup{t € R| R'(D) # 0}.
Proof. 1t follows from [Sza23, Lemma 3.3.5 and Theorem 3.3.7]. O
We have the following variants of Zhang’s inequality [Zha95a, Theorem 5.2].
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Theorem 3.17 (Zhang). Let D be an adelic R-divisor with D big. Then
vol (D)

(D) (d+ 1) vol(D)’

AV

Moreover, if D is big then
L5(D) > vol(D) > vol(D) .
(d+1)vol(RO(D)) ~ (d+ 1)vol(D)

Proof. In the case where D is ample and D is semipositive, the first statement is given
by Zhang’s inequality [Zha95a, Theorem 5.2]. It remains true in the above generality
[Bal21, Theorem 7.2]. The second one follows from Theorem 3.13 and Lemma 3.15 (3),
which imply

o o Mess(ﬁ) o o
(d+ 1) vol(R*(D)) x p®(D) > (d + 1) / vol(R'(D))dt = vol(D).
0
O

Under mild positivity assumptions, if equality holds in Zhang’s inequality then the
essential and absolute minima coincide.

Theorem 3.18 ([Bal24, Theorem 6.6]). Let D € ]SR/(X)R be semipositive with D big.
Then .
i+
MGSS(E) — (D )
(d+1)(D%)
if and only if u®*(D) = (D).
3.5. Extension of linear functionals on C(X3"). Let v € M.

Lemma 3.19. Let A: C(X2)% — R be a positive linear functional.

(1) There exists a unique Gy-invariant positive linear functional A on C(X2) extend-
ing A.

et (Vy)y D€ a sequence o p-tnvariant prooaoil measures on suc a
(2) Let () b f Gy-invariant probability X such that

lim wdvy = A(p)  for all p € C(X)C,

{—00 Xgn
Then (v¢)¢ converges weakly to the G,-invariant measure on X2" defined by A

Proof. (1) Let V. C C(X3") be the subspace of functions ¢ € C(X2") for which
there exists a finite extension K| of K, such that ¢ is Gal(K,/K!)-invariant. By
[Yua08, page 638, “Equivalence”] (see also [GM22, Proposition 2.11 and Theorem
2.13]), V is dense in C'(X2") for the supremum norm. Let K /K, be a finite extension,

¢ € C(X3) a Gal(K,/K!)-invariant function, and

- 1 *
P= T Z a¥p.
# Gal(K;/Ky) oceGal(K! /K,)
Then & € C(X2)%  and we let A(p) = A(@). This defines a positive linear functional

A:V — R, that extends uniquely to a G,-invariant positive linear functional on
C(X3™) by continuity. Let A’: C(X3") — R be another G,-invariant positive linear
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functional on C(X3") extending A. Then for every ¢ and ¢ as above we have A'(¢) =
A(@) = A(p) by G,-invariance of A’. Therefore A’ = A by density of V.
(2) For every o € V, we can define ¢ € C(X2")%" as above and we have

| o= Gan — @)=k
X’La}m Xgn £—o00

by G,-invariance of the measures vy, £ € N. Since V is dense, the statement follows
from Weyl’s criterion for weak convergence [GM22, Proposition 5.11]. O

Let ¢ € C(X2)% . Note that ¢ is a v-adic Green function on the trivial divisor
0 € Div(X). We define an adelic divisor 0¥ over 0 by equipping it with ¢ at v, and
with the zero function at other places. The assignment ¢ +— 07 allows us to view
CO(X2)Gv as a linear subspace of ﬁ(X)R. Let D € ITS\P(X)R. It follows from the
definition and the Bézout formula (3.2) that

(3.5) (D 0%) =n, /X (Do)

4. THE DIFFERENTIABILITY OF THE ARITHMETIC VOLUME FUNCTION

In this section we recall Chen’s differentiability theorem [Chell] and we revisit its
proof in order to express the derivative in terms of arithmetic Fujita approximations.
This will allow us to give a simple definition for the positive arithmetic intersection
numbers that will be relevant for our results.

4.1. Differentiability of concave functions. We first recall the definition of dif-
ferentiability of functions on real vector spaces and its relation with concavity. Our
ambient will be a real vector space V endowed with the topology defined by declaring
that a subset U C V is open whenever its restriction to any finite-dimensional affine
subspace H C V is open with respect to the Euclidean topology of H.

Definition 4.1. Let ®: U — R be a function on an open subset U C V. For a point
x € U and a subspace W C V, we say that ® is differentiable at x along W if for
every z € W the one-sided derivative

. Pz +Az) - D(x)
0,P(x) =1
= T
exists in R, and the map z € W — 9,®(x) € R is linear. When W = V| we simply
say that @ is differentiable at x.

A real-valued function ® on a subset U C V is concave when U is convex and
dAz+ (1= Ny) > A(z)+ (1 —N®(y) forallz,ycUand 0< < 1.
Lemma 4.2. Let ®: U — R be a concave function on an open convex subset of V,

and let x € U. Then

(1) for all z € V, the one-sided derivative 0,P(x) exists in R and satisfies that
0,0(x) < —0_,P(x),

(2) for a subspace W C V, the function ® is differentiable at x along W if and only
if 0,®(x) = —0_,®(x) for all z € W.
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Proof. For (1), let a > 0 be a real number sufficiently small so that z + Az € U
for all —a < A < a. Let ¢: (—a,a) — V be the inclusion map defined by ¢(\) =
x + Az, so that /*® is a concave function on the interval (—a,a). Then the func-
tions r—,r4: (0,a) — R respectively defined by

_ P (=N) — 1*®(0)

() - and 1y (1) = L2 = 72(0)

A

verify that r_ is non-decreasing, r4 is non-increasing, and r_(\) > ry(A) for all A.
Hence both converge when A — 0" and their limits verify that

—0_,P(z) = Alirgl+ r—(A) > ,\1361+ r+(A) = 0,9(x).

For (2), it is clear that the differentiability of ® at x along W implies that 0,®(z) =
—0_,®(x) for all z € W. Conversely, let 21,29 € W and suppose that this condition
holds for these two vectors. For A > 0, we deduce from the concavity of ® that

O(x+ ANz1 4+ 22)) —P(z) _ P(r+2A2z1) — P(x)  P(z+2A2) — D(x)
> + .
A - 2 2
Letting A — 07 we get 0, 1,,P(x) > 9,,®(x) + 9., P(z). Applying this inequality to
—z1, —22 together with (1) we obtain that

=0, ®(z) =0, ®(x) > =0, 2, P(2) > 02y 42, P() > 02, P(2) + 0., ().

By assumption both extremes in this inequalities coincide, and so 0, 4., ®(x) =
05, ®(z) + 0., P(z). Furthermore, the one-sided derivative is positive homogeneous
of degree 1 and so it is linear, as stated. U

4.2. Differentiability of arithmetic volumes. Let D € ]SR/(X )R-

Definition 4.3. A semipositive approzimation of D is a pair (¢, Q) where

(1) ¢: X’ — X is a normal modification,

(2) Q is a semipositive adelic R-divisor on X’ with big geometric R-divisor Q,

(3) ¢*D — Q is pseudo-effective.

If moreover @ is nef, we say that (¢, Q) is a nef approzimation. We denote by ©(D)

the set of nef approximations. When ¢ is the identity on X, we simply denote by Q
the semipositive approximation of D corresponding to the pair (Idx, Q).

If D is big, the existence of arithmetic Fujita approximations (Theorem 3.12) im-
plies that there exists a sequence (¢, Py), in ©(D) such that
(4.1) lim (P*™!) = vol(D).

n—o0

The following is a slight variant of Chen’s differentiability theorem [Chell].
Theorem 4.4. Assume that D is big, and let (¢, Pp)n be a sequence of nef approz-

imations of D satisfying (4.1). Then the arithmetic volume function is differentiable
at D, and for every E € Div(X)gr we have

d=vol(D) = (d + 1) lim (P* - ¢:E).

lim
n—oo
In particular, the limit on the right-hand side exists in R and does not depend on the
choice of the sequence (¢pn, Pp)n.
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We need the following consequence of Yuan’s arithmetic version of Siu’s inequality
(Theorem 3.11), which already appears in [Chell] and [Ikol15].

Lemma 4.5. Let P and E be two adelic R-divisors with P nef. Assume that there
exists a nef and big adelic R-divisor A such that A — P is pseudo-effective and A+ FE

are nef. There exists a constant Cyq depending only on d such that
YA€[0,1], vol(P+AE) > (P + (d+ DAP - E) — Cax2vol(A).

Proof. When all non-Archimedean Green functions are induced by a model over
Spec Ok, this is given by [Ikol5, Proposition 5.1]. The general case follows by conti-
nuity. O

Proof of Theorem 4.4. Consider the function & = @ﬁ on the big cone of ﬁ(X)R.
It is positive homogeneous of degree one and super-additive by the Brunn-Minkowski
inequality [Mor16, Theorem 5.3.1]. Therefore it is concave. Noting that ;(;I(E) >0
and using Lemma 4.2, it follows that the one-sided derivative %@(E) exists for
every E € ER/(X)R, and moreover —0_% \781(5) > %\781(5)

Let E € EF/(X)R. We claim that
(4.2) dzvol(D) > (d + 1) limsup(PL - 47 F).

n—oo

To prove this, we first assume that E is DSP. Then there exists a nef and big A €
]SE(X )r such that A + E are nef (Remark 3.10). Replacing A by a sufficiently large
multiple, we assume that A — D is pseudo-effective. This implies that ¢ A — P, is
pseudo-effective for every n € N. By Lemma 4.5 there exists a constant C' such that

vol(D + \E) > vol(Py + A E) > (P 4 (d + DA(PL - ¢ F) — ON?

for every A € (0,1] and n € N. Taking the limsup on n and using the condition (4.1)
gives

vol(D + A\E) — vol(D P!y F
vol(D + AE) — vol( )Z(d—l—l)limsup(Pi'ﬁbZE)_C)"

A n—00
and we obtain (4.2) by letting A tend to zero.

For the general case, let € > 0. By Lemma 3.7 there exists a DSP E. € Div(X)r
such that £ — E. and E. + ¢[occ] — E are both pseudo-effective. The first condition
implies that d5vol(D) > 85 vol(D), and the second one together with Lemma 3.8
gives

—d = —d — —d = —d =
(P - ¢pE2) 2 (P - 0, (E = €[o0])) = (P, - o E) — e vol(Po) = (P, - ¢, E) — e vol(D)
for every n (note that (P%) = vol(P,) since P, is nef). By the DSP case we obtain
0z vol(D) > (d + 1)(limsup(P - 2 E) — e vol(D))
n—oo
and (4.2) follows by letting € tend to zero.
Applying (4.2) to —FE we obtain

(d+1)lim. inf(P! - 62 E) > —0_zvol(D) > dzvol(D) > (d+ 1) limsup(P". - ¢*E),

n—oo

and we conclude with Lemma 4.2. O
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Corollary 4.6. Assume that D is big. For every sequence (¢n, Pp)n of nef approzi-
mations of D satisfying (4.1), we have

lim (Ffl D) = \751(5), lim (P%) = vol(R%(D)), and li_>m pS(Py) = u*(D).

n—oo n—oo

Proof. This follows from Theorem 4.4 after noting that 85\7(;1( D) = (d+ 1)V01( ) by
homogeneity, and that dj. vol(D) = (d + 1) vol(R(D)) thanks to Chen’s Theorem

3.13. Note that (?i - [0c]) = (P?) for every n € N by (3.3). For the last claim,
assume by contradiction that there exists ¢ > 0 such that p*s(P,,) < u®$(D) — ¢ for
an arbitrarily large n. Let

(D) _
C=(d+ 1)/ 7 Vol(RY(D))dt > 0.
Hess(D),c

By Chen’s Theorem 3.13 we have

ess (Pn) o ess (ﬁn) L
Wol(P) = (d+ 1) / Vol(R'(P,)) dt < (d+1) / vol(R'(D)) dt
0 0
<vol(D) - C,
which contradicts the condition (4.1). O

Corollary 4.7. Assume that D is big. Lett < p®(D) and D(t) = D—t[oc]. For every
e > 0, there exists a semipositive approzimation (¢, Q) of D such that ,uabs(D) >t,

Q1) > vol(RY(D)) — e, and (Q"™") > vol(D(t)) + (d + 1)t vol(R(D)) — e.
Proof. By Theorem 3.16, ﬁ(ﬁ is big. By Corollary 4.6 applied to D(t), there exists a
nef approximation (¢, P) of D(t) such that

(Fdﬂ) > @(E(i)) —¢ and (P?%) > vol(R%(D(t))) — e = vol(R'(D)) — .

Let @7: P+ t[oo]. By conﬁruc‘cion, (LZS?Q) is a semipositive approxigation of D.
Since P is nef we have p**(Q) = pu®*(P) +t > t, and (Q%) > vol(R!(D)) — ¢ since
@@ = P. Moreover, by (3.3) we have

@™ = (P + t(d+ 1)(Q7) > vol(D(t)) + t(d + 1)(Q%) —
> vol(D(t)) + t(d + 1) vol(R'(D)) — e(1 + (d + 1))t.
[

Assume that D is big. For every E € ISR/(X )r, we define the positive arithmetic
intersection number ((Ed> -E) as

(4.3) (D% -E) = lim (P - ¢5F),

n—oo
where (¢, Pp), is any sequence of nef approximations of D satisfying (4.1). This is
well-defined and does not depend on the choice of the sequence by Theorem 4.4.

Remark 4.8. Since the quantity (d + 1)(<ﬁd) - E) coincides with the derivative
Oz vol(D), our definition coincides with the positive intersection numbers introduced
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by Chen [Chell] and further studied by Tkoma [Ikol5]. In particular, when E is nef
we have
J— 7d e
(D) -E)= sup (P -¢"E).
(¢,P)€®(D)

Although [Chell] and [Tko15] only deal with adelic R-divisors whose non-Archimedean
Green functions are induced by an integral model, this equality remains valid in our
setting by continuity ([Chell, Proposition 3.6], [Ikol5, Proposition 3.10]). We men-
tion that more generally, positive intersection numbers of the form ((ﬁd+1_z> - E")
where defined in [Chell], and Ikoma [Ikol5, Proposition 4.4] showed that they can be
computed as limits using some specific sequences of nef approximations. It would be
interesting to check whether this latter result remains true for any choice of sequence
of nef approximations satisfying (4.1).

Remark 4.9. One can similarly adapt the proof of [BFJ09, Theorem A] to estab-
lish the differentiability of the geometric volume function. This shows that for any
D, E € Div(X)g with D big, the geometric positive intersection number ((D?1) . F)
introduced in [BFJ09] can be expressed as
(DT - E) = lim (P - ¢} E)
n—oo

where (¢, P,), is any sequence such that P, is a nef R-divisor on a birational modi-
fication ¢,,: X,, — X with ¢*D — P, pseudo-effective and lim,, . (P%) = vol(D).

Assume that D is big. The positive arithmetic intersections numbers introduced
above allow us to define the linear form
7d J—
—— _ DY E
Op: Div(X)r — R, E+— M
vol(RO(D))
Let (¢n, Pn)n be a sequence of nef approximations of D satisfying (4.1). By definition
of the positive arithmetic intersection numbers and by Corollary 4.6, we have

(PL.¢1E

(4.4) O5(E) = lim ) for every E € m(X)R.

n—00 (Pd)

n

Remark 4.10. By (3.3) and Lemma 3.8, we have Q7 ([oc]) = 1 and Q5 (E) > 0 for

every pseudo-effective E € ﬁ/(X)R. Moreover, Qﬁ(cﬂ:/(f)) = 0 for any f € Rat(X)r.
It follows that Q5 defines a GVF functional in the sense of [Sza23].

Let v € Mg. Recall that we view C(X2")% as a linear subspace of ISRI(XU)R via
the assignment ¢ +— 0°. By Lemma 3.19, the restriction of Q5 to C (X2M)Gv extends
uniquely to a G-invariant positive linear functional on C(X3"). We denote by wg ,
the unique G,-invariant measure on X3" satisfying

—d, =
(D7) -07) G
n dws = —————== for every p € C'(X3")"".
’ /X 7Dy ol(RO(D)) y ¢ € 0T

This is a probability measure: indeed, by equality (4.4) we have

= li 1 D \Ad _
/Xs" W = 1, (Pd) /X c1(Ppp)™ = 1.

an
n,v
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5. THE VARIATIONAL APPROACH TO THE EQUIDISTRIBUTION PROBLEM

In this section we relate the differentiability of the essential minimum function to
the equidistribution problem. Recall that the essential minimum function on ﬁ/(X )R
takes finite values on the open cone C' C ]51;()( )r of adelic R-divisors with big geomet-
ric R-divisor. Moreover, it is positive homogeneous of degree one and super-additive
by Lemma 3.15. Therefore it is concave on C.

Let D be an adelic R-divisor with big geometric R-divisor D. We say that the
essential minimum function is differentiable at D if so is its restriction to /g By
Lemma 4.2, the one-sided derivative 0% p®(D) exists in R for every E € Div(X)g

and we have —9_% u®(D) > 95 pu*(D).

5.1. Generic small sequences and differentiability.

Definition 5.1. We say that a sequence (z/)y in X(K) is generic if for every closed
subset Y & X, there exists £o € N such that z; ¢ Y (K) for every £ > £y. A generic
sequence is called D-small if

lim Ay (we) = u=(D).
Jim hp(ze) = p™(D)

In the sequel, all the generic sequences considered lie in X (K), unless otherwise
explicitly stated. By [BPRS19, Proposition 3.2], for every such generic sequence (z¢),
we have that lim inf, o, h(x¢) > p**(D), and moreover there exist generic sequences
that are D-small.

When one considers heights with respect to another adelic R-divisor E, the same

conclusion holds if *%(D) is replaced by 05 (D).

Proposition 5.2. Let E € ]SF/(X)R. For every D-small generic sequence ()¢, we
have B B
—0_7 p**(D) > limsup hz(ze) > ligm inf hz(z¢) > 05 u (D).
— 00

{—00

Moreover, there exists a D-small generic sequence (x;); such that

Jim hs(2e) = O (D).

Proof. Let (xz¢)¢ be a E—smangenegc sequence. Then for every A > 0 we have that
liminfy o h5 \5(7e) > p5(D + AE), hence

hpap(ee) = hip(ae) _ (D + XE) — (D)

A - A ’
Therefore lim inf,_,o hg () > 05 p®(D), and we obtain the first statement by ap-
plying this to —E. We now prove the second one. By homogeneity, after multiplying

E by a positive constant we assume that that D + E is big without loss of generality.
For every n € Nx g, there exists a generic sequence ()¢ such that

lim inf h+ = liminf
minf hp(ee) = limin

. .
(5.1) Jim b, 1 (wne) = (D + - ).

Denote by H = {H;};en the countable set of hypersurfaces in X. Let n > 2 be an
integer. By (5.1) and genericity of (z,,¢)¢, there exists £(n) € N such that the point

€n = Ty g(n) € X (K) satisfies
® & ¢ UL Hi,
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o 5y 1p(&n) < p=(D+LE)+ L and

o hip(En) > 5=(D) = 1/n.
By the first point the sequence (&), is generic. Since D + F is big, this implies that
there exists a real number C' € R such that hi, 5(§,) > C for n € N sufficiently large
by the lower bound in (3.4). It follows that

1

n

h(6n) = o * (e 2m(6) = o p(En)
N = L= 1 C
Sn—l'u (D+EE)+n(n—1)7n—1’

and therefore the sequence (&), is also D-small by the continuity of the essential
minimum (Lemma 3.15(2)). On the other hand the conditions for &, give

1 1 1
=5+ 2hE(6n) < hplEn) + hg(én) — 1™ (D) = hp,15(6n) — (D)
< 'ueSS(E_‘_ %E) _ 'ueSS(ﬁ) + %

Therefore

1 _ _
: _ < T ess - _ess _ ess
lim sup hz(&n) < nh_rgo n(p® (D + nE) pe*(D)) = 05 p(D),

n—o0

and we conclude that lim,, o h7 (&) = 05 (D) by using the first statement of the
proposition. U

Proposition 5.3. Let E € ISE(X)R. The following conditions are equivalent:

(1) 0_g u(E) = ~0g u(E),
(2) for every D-small generic sequence (), the limit limy_,oo ha(y) exists.

If they are satisfied, then lim_o hg(xp) = 05 p®(D) for every D-small generic se-
quence (xg)g.

Proof. The implication (1) = (2) is given by the first part of Proposition 5.2. Con-
versely, assume that (2) holds. Then we have limy_,o, hg(z) = 05 p®5(D) for every
D-small generic sequence (z¢)y. Indeed, if the limit were different then we could con-
struct a D-small generic sequence ()¢ such that (hg(z}))s does not converge by the
second part of Proposition 5.2. Moreover, applying the latter to —E gives a D-small
generic sequence (xy)y satisfying

3_E MGSS(ﬁ) = eli)lilo h_E(l‘g) = —gli{glo hf(xf) — —aE/,LeSS(ﬁ)
U

Corollary 5.4. The essential minimum function is differentiable at D if and only if
for every E € Div(X)gr and every D-small generic sequence (x¢); we have that

Jim h(e) = O (D).
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5.2. Equidistribution property and differentiability. Let v € 9. For every

r € X(K) we define a probability measure dp(,), on X3* by

1
Sowy, = A >, Oy
#0550,
Definition 5.5. We say that D satisfies the equidistribution property at v if there
exists a probability measure v, on X3" with the following property: for every D-
small generic sequence (zy), the sequence of measures (5O(x )0 )¢ converges weakly to
Vg, When this holds, we call v5 , the (v-adic) equidistribution measure of D.

Note that for every x € X(K), O(x), is Gy-invariant and thus dp(,), is a G-

invariant measure. Therefore, if D satisfies the equidistribution property at v then
the equidistribution measure v, is Gy-invariant as a limit of Gp-invariant measures.

For every ¢ € C(X2)% and x € X (K) we have

he(o) = gt X e = [ ediog.

v
yeO(z)v
Therefore we have the following by combining Lemma 3.19 and Proposition 5.3.

Proposition 5.6. The following conditions are equivalent:
(1) D satisfies the equidistribution property at v,
(2) the essential minimum function is differentiable at D along C(X2™)Cv.

If they are satisfied, then the equidistribution measure vg , is the unique Gy -invariant
measure on X" such that

nv/ pdvy , = Oge 1®(D)  for all p € C(X2™)%.
Xan ’

6. DIFFERENTIABILITY OF THE ESSENTIAL MINIMUM AND FIRST APPLICATIONS

In §6.1 we state the central result of this paper, that shows the differentiability
of the essential minimum under the assumption of Theorem 1.2. The proof will be
given in the next section. We explain how it implies Yuan’s and Chen’s equidistribu-
tion theorems [Yua08, Chell] in §6.2, and we reformulate our result using arithmetic
positive intersection numbers in §6.3.

Throughout this section, D is an adelic R-divisor on X over a big R-divisor D.

6.1. Main theorem. The following result strengthens Theorem 1.2.

Theorem 6.1. Assume that there exists a sequence (¢n, Q,,)n of semipositive approz-
imations of D such that

_w=(D) - 1™(Q,)
6.1) (@0 D)

Then the essential minimum function is differentiable at D, and for each E € ﬁR/(X)R
we have

=0.

7d J— J—
ess/y\ . 1: (Qn : gb;kLE) - dMeSS(D) X (inl ’ ¢:<I,E)
Op (D)= I, @)
In particular, the limit on the right-hand side exists in R and does not depend on the

choice of the sequence (¢n, Qp)n-
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Under the assumption of the theorem, it follows from Proposition 5.3 that

0" * T ess( Ty _ "
i ) = iy G BBV D) X (@)

for any D-small generic sequence (), and any F € ﬁl\v(X )r- In particular, D satisfies
the equidistribution property at each place v € Mg and the v-adic equidistribution
measure is the weak limit v5 = lim, o V4, Where v, denotes the pushforward
Ad /

to X2 of the normalized Monge-Ampere measure c; (an) (Q%), as claimed in

Theorem 1.2.

Remark 6.2. Recall that we assume X to be normal, since we did not define adelic R-
divisors on an arbitrary projective variety. However, in the case where D € BRI(X ) is
an adelic divisor Theorem 6.1 remains valid on any projective variety over K. Indeed,
since all the data involved are invariant under birational modifications, one can reduce
to the normal case by working on the normalization.

Remark 6.3. The inradii 7(Q, ¢}, D) appearing in Theorem 6.1 measure the bigness
of the geometric R-divisors @,,, n € N. For our purposes, these invariants are finer than
the geometric volumes vol(Q,,) = (Q%) in the sense that any sequence of semipositive
approximations (¢, @,,) of D such that

ess ﬁ _ ,,abs(
i A7 0) @)
n—00 (QY)
satisfies (6.1). In fact, for any ample A € Div(X)r such that A— D is pseudo-effective

we have that ¢ A — @, is pseudo-effective for every n, and therefore r(Q,, p*nD) >
QL) x (d(A%))~! by Lemma 2.3.

=0

By Corollary 4.7, one can always construct a sequence (¢, @,,), of semipositive
approximations of D such that p*P%(Q,,) converges to u®*(D). However, for such
sequences the inradii 7(Qy, @5, D) can be very “small”, and the condition (6.1) is not
necessarily satisfied.

6.2. Application to classical equidistribution results. As explained in the in-
troduction, Yuan’s Theorem 1.1 is a straightforward consequence of Theorem 6.1,
which also gives the differentiability of the essential minimum in this setting. This
slight improvement can already be obtained by adapting Yuan’s proof, as observed
by Chambert-Loir and Thuillier [CLT09, Lemma 6.1]. For completeness we state the
result here, which is valid for an adelic R-divisor with big geometric R-divisor.

Corollary 6.4. Assume that D is semipositive and extremal for Zhang’s inequality,
that is u®(D) = (Edﬂ)/((d + 1)(D%). Then the essential minimum function is

A

differentiable at D, and for every E € Div(X)r we have

74 . ess(T) d—1 |
aEIueSS(E) — (D E) d:u(l)([g) X (D E)

In particular, D satisfies the v-adic equidistribution property at each v € My, with
equidistribution measure v,(D) = ¢1(D,)"¢/(D?).

Proof. Apply Theorem 6.1 to the sequence of semipositive approximations given by

Q,, = D, n > 1. By Theorem 3.18 we have p**(D) = p®(D) and so the condition
in (6.1) is verified. O
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Similarly, Theorem 6.1 implies Chen’s equidistribution theorem [Chell, Corol-
lary 5.5].

Corollary 6.5. Assume that D € ISF/(X)R is big and that
o vol(D)
€ess D — .
WD) = 51 vol(D)
Then the essential minimum function is differentiable at D, and

4 Cm ess( 1) % d—1\ |
%MGSS(E): (<D> E) d/“i/OIEgi (<D > E)

for every E € ]SR/(X)R. In particular, D satisfies the v-adic equidistribution property
at each v € My, with equidistribution measure v,(D) = wg -

In the above statement, wz , is the measure defined in §4.2 and ((D47!) - E) is the
geometric positive intersection number defined in [BFJ09] (see Remark 4.9).

Proof. By Chen’s Theorem 3.13 and Lemma 3.15(3), we have

ess/ 1y gal(ﬁ) _ 1 #ESS(D) t/ 7
D) = T ) vol(D) ~ vol(D)/O vol(R(D)) dt.

Therefore vol(R!(D)) = vol(D) for every t € (0, u®5(D)). Letting D(t) = D — t[ox],
we also have o o

vol(D(t)) = vol(D) — (d + 1)t vol(D)
by Theorem 3.13. Using Corollary 4.7, it follows that there exists a sequence (¢, @,,)n
of semipositive approximations of D such that

Tim (@) = vol(D), (@) =vol(D), and  lim u**(@Q,) = u™(D).

By Remark 6.3, (¢n, @,,) satisfies condition (6.1). Moreover, since u®*(D) > 0, Q,, is

nef for sufficiently large n and therefore (¢, @,,)n is a sequence of nef approximations.
By definition of arithmetic positive intersection numbers and by Remark 4.9, we have

lim
n—oo

. o—d = —d, — . 1 _
lim (@, - ¢, F) = (D) - E) and  lim (Q7" - ¢, E) = (D7) - B).
Hence the result follows from Theorem 6.1. O

6.3. Interpretation in terms of arithmetic positive intersection numbers.
Here we propose a reformulation of Theorem 6.1 that gives a more intrinsic sufficient
condition for the differentiability of the essential minimum function, and shows that
the derivative can be computed using limits of positive arithmetic intersection numbers
defined in §4.

We define the inradius of a big adelic R-divisor as the supremum of the geometric
inradii of its nef approximations. B.

Definition 6.6. Let B € ]5;/()7()]1@ be a big adelic R-divisor. Let A € Div(X)g be a
big R-divisor. The inradius of B with respect to A is defined as

p(B; A) = sup{r(P;¢"A)| (¢, P) € ©(B)}.

We also set p(B) = p(B;B) for the inradius of B with respect to its geometric R-
divisor B, which is also big.
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The supremum in Definition 6.6 can be taken over the pairs (¢, P) € ©(B) with P
big, and p(B; A) > 0.

For every real number ¢t < (D), we let D(t) = D — t[oo] € m(X)R. Note that
D(t) is big by Theorem 3.16. Recall that we defined a linear form

(Dt - B)
vol(Rt(D))
in §4.2. In the next result and similar ones, the limits when ¢ tends to the essential

minimum are taken from below, so that in particular the inradii p(D(t)) are well-

defined.

Qp ) Div(X)g — R, Er—

Theorem 6.7. Assume that

ess( 1)) _
(6.2) liminf A P) =
t—pess(D)  p(D(t))

Then the essential minimum function is differentiable at D, and

6.3 O=p(D)= lim Q4. (F
(63 ph(D) = lim 0, (F)

for every E € m(X)R.
We first observe that the conditions in Theorems 6.1 and 6.7 are equivalent.

Lemma 6.8. The condition (6.2) holds if and only if there exists a sequence (s Q)
of semipositive approximations of D satisfying (6.1).

Proof. Assume that (6.2) holds. Then there exist a sequence (t,),, of real numbers in
(—00, u®3(D)) and a sequence (¢n, Pp)n where (¢, Py) € O(D(t,)) for every n € N,
such that
lim LSS(D) —In
n—o0 1(Pp, ¢}, D)
We let n € N and we put Q,, = P, + t,[00]. Then (¢, @,,) is a semipositive approxi-
mation for D with Q,, = P, and u®*(Q,) = u®*(P,,) + t,, > t,. Therefore (¢n, Q) )n
satisfies (6.1).
Conversely, let (¢, Q,,)n be a sequence of semipositive approximations of D satis-
fying (6.1). For every n we let t, = u**(Q,,). Then P,, := Q,, — t,[00] is nef, since it
is semipositive and p?*(P,) = p**(Q,,) — t, = 0. Moreover,

¢ D(tn) — Pn = ¢3,D — tn[o0] — (@, — tn[oo]) = ¢;,D — @,

is pseudo-effective since (¢, @,,) is a semipositive approximation. Therefore (¢n, Pp) €
©(D(t,)), and in particular

p(D(tn)) 2 1(Pp; D) = 1(Qu; 67, D).

=0.

n

Finally, we have

ess(T)
0 < liminf H (Di

t—spess(D) E( )) T noo W ~ n—oo 7(Qn; 05 D)
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Lemma 6.9. For every E € ]SF/(X)R, we have

(64) —a MeSS( )> hmsup O+ ()( )> lim inf QD(t)( )Z%MeSS(E)'
t_}uess(D) t-)MCSS(D)

In particular, if the essential minimum function is differentiable at D then the limit
limt_mess(ﬁ) Qﬁ(t) (E) exists and equals &,uess( ).

Proof. Let t < pu®3(D) and X\ > 0. By Theorem 3.16, D + A\E — u®*(D + \E)[c0] is
pseudo-effective. The linear form 5 D(t) takes non-negative values on pseudo-effective

adelic R-divisors and verifies Qﬁ(t)([oo]) = 1. Therefore

(6.5) QE( )( D)+ /\Q—( )( ) > u®(D + \E).
On the other hand
Op) (D) = Qp) (D) +t = m +t < (d+1)(u™(D) —t) +t

by Corollary 4.6 and Zhang’s inequality (Theorem 3.17), and therefore

t_>he££l Qp )(b) = pu*™(D).
e (D)

Taking the infimum limit on ¢t < p®(D) in (6.5) gives

liminf Qp, )( ) > HE(D + AE) = (D),
t—pess(D) A

and we obtain iminf, , .. p) Qp (E) > 85 p*(D) by letting A tend to zero. Ap-
plying this to —F gives (6.4), and the last assertion follows from Lemma 4.2. O

Remark 6.10. We do not know whether it can happen that

limsup Q) (E) > liminf Q5 (E)
t_)y/css(ﬁ) t‘”"eqq(D)

when the essential minimum function is not differentiable at D.

Proof of Theorem 6.7. 1f (6.2) holds, then by Lemma 6.8 and Theorem 6.1 the essen-
tial minimum function is differentiable at D. The expression for the derivative in (6.3)
is given by Lemma 6.9. (]

Remark 6.11. Let v € M. Recall from §4.2 that for every t < u®S(D), the
restriction of Q5 to C (X2)Gv defines a probability measure w D(t),0 00 X" Lemma

6.9 together with Proposition 5.6 imply that if D satisfies the equidistribution property
at v, then the equidistribution measure Vp, IS the weak limit of the measures Wh(),0

as t tends to u®s(D): we have

/ pdvp, = lim_ pdwpy, forall p € C(XJ).
an t—uss(D) J Xan

It would be very interesting to know whether the condition in Theorem 6.7 is
actually a criterion for the differentiability of the essential minimum.
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Question 6.12. If the essential minimum function is differentiable at D, then does

lim inf % =
t—uess(D)  p(D(t))

necessarily hold? More optimistically, does it hold as soon as D has the equidistribu-
tion property at every place?

The next result answers this question under an additional technical assumption,
roughly saying that D has a suitable upper bound for which Zhang’s inequality is an
equality. As we shall see in Proposition 9.4, this assumption is always satisfied for
semipositive toric adelic R-divisors. This will allow us to give an affirmative answer
to Question 6.12 in this case, see Corollary 9.12.

Proposition 6.13. Assume that there exists a semipositive adelic R-divisor B such
that B — D is pseudo-effective and p®*(B) = p?P5(B) = u®(D). Consider the follow-
ing three conditions:

(1) T e ) (15(D) — ) x (1)) =0,

(2) the essential minimum function is differentiable at D,

(3) 0_11(D) = 0 1=(D),

(4) D has the equidistribution property at every place.

Then (1) < (2) < (3). If moreover B is over D, then (1) < (4).

Proof. We first note that (1) = (2) = (4) by Theorem 6.7 and Proposition 5.6, and
that (2) trivially implies (3). Since B — D is pseudo-effective, so is B— D and therefore
B is big. For every A > 0 we have

(14 2 (D) = (1+ \)u=(B) = (B + XB) = p=*(D + XB) = (1 + \)u>(D)

by Lemma 3.15(4), hence pu®(D + AB) = (1 + A\)u®5(D) and 95 p®*(D) = p*(D).

After replacing D by D — u®$(D)[oc], we assume that p%(D) = 0 without loss of

generality. This implies that B is nef, since it is semipositive and p***(B) = 0.
Assume that (3) holds. By Lemma 6.9 we have

(6.6) 0 = p™(D) = 05 ™ (D) = lim Q) (B)-

Let t < 0 and let (¢, Pn)n be a sequence in ©(D(t)) with lim, s (Pd+1) = \a(ﬁ(t)).
Then limn_mo(?d B) = ((D(t)%)-B) by the definition of positive intersection numbers.
Moreover, lim,, o (P%) = VOI(Rt< )) > 0 and lim, oo p®5(Py) = pu®*(D(t)) = —t by
Corollary 4.6. For every n, let P, = P, — 1®(P,)[cc]. Then P, is pseudo-effective
by Theorem 3.16. Moreover, by (3.3) we have

(Po-B) (Py ' B-Pl) (PPl B)
G B =

The first summand is non-negative by Lemma 3.8. Therefore

o BEB) (P (P
. 2T ) e 2 BB dp(D(): B)
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where the second inequality is given by Lemma 2.2 and the third one follows from the
definition of p(D(t); B). Letting n tend to oo we obtain

p— J— 7d J— J—
. (BwYB) . PLB . =P i
Qﬁ(t)(B):%: ph) =Ll . B
vol(RY(D))  moee (BY) " noosedp(D(t); B)  dp(D(t); B)'
It follows from Lemma 2.1 that there exists a constant ¢ > 0 such that p(D(t); B)
cp(D(t); D) = cp(D(t)) for every t < 0. Therefore (1) follows by letting ¢ tend t

0 = u®3(D) and using (6.6).

To prove the last claim, assume that B = D and that D has the equidistribution
property at every place. Note that E = B — D is an adelic divisor over E = 0. It
follows from Example 3.2 and Proposition 5.6 that 8 % u®(D) = —95 u®(D). Since
p(D+AD) = (1+A\)pu*S(D), we also have §_5 p®5(D) = —05 p®*(D). This implies
that (3) holds by the same arguments as in the proof of Lemma 4.2(2). O

7. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 6.1. In §7.3 we give a slight refinement of this
result in the case where E = 0.

7.1. A consequence of Yuan’s inequality. The following proposition is a crucial
ingredient in our proof. It is a variant of Lemma 4.5, with a precise estimate of the
error term involving an inradius.

Proposition 7.1. LetE e@(X)R. Assume that there exists a nef and big adelic
R-divisor A such that A + E is pseudo-effective and A — E is nef. Let P be a nef
adelic R-divisor with P big. For every A > 0, we have

~ == =dtl —d A '
> : DA
Vol (P + AE) > (P*™) 4 (d+ DAP" - E) — Car x (P A%?ﬁ?’é( (P;A)) )

where Cy is a constant depending only on d.

The proof combines Yuan’s Theorem 3.11 with the following technical lemma, which
is a consequence of the arithmetic Hodge index theorem of Yuan and Zhang [YZ17].
The first point is due to Ikoma [Iko15, Theorem 2.7(2)], and the second one relies on
similar arguments.

Lemma 7.2. Let P and A be nef adelic R-divisors with big geometric R-divisors P
and A. Letie{l,...,d}.

(1) Let B be a DSP adelic R-divisor on X. If

—=d+1—i —i—1

(B-P AT =0,

then (Ez =
(2) We have

) <0.

d—1i

(PAHI=i. 411y o (PO AT < 9PV AN x (P A,

(3) We have

—d—i —i+1 —d — 2 ‘
FHAN <D (1)
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Proof. (1) This is a special case of [Ikol5, Theorem 2.7 (2)]. We recall the argument
for the convenience of the reader. Since P and A are nef and big, we have (P9) =
vol(P) > 0 and (A%) = vol(A) > 0. This implies that (P4T!1=*. A"=1) > 0 by [Laz04,
Theorem 1.6.1]. Let

(B . Pd—i . Ai—l)

(Pd+i=i. gi-1) "

Then ((B — aP) - P4~". A=1) = 0. By the arithmetic Hodge index theorem [YZ17,
Theorem 2.2] (which remains valid for adelic R-divisors, see [Ikol5, Theorem 2.7 (1)]),
we have

o =

and therefore (B° P A hH<o.
(2) Let
—d+1—i —i
P <A
L )

(Pa+1=i. Ai-T)
and A(a) = A — afoo]. By (3.3) we have

(A(a) L piHii 'Zifl) _ (?dJrlfi '

Applying (1) with B = A(«), we obtain

A') — (Pt 4Tl =,

(A(e)?- P A <.

To conclude, we observe that
(A()?- P71 A Y = (@7 AT 20 (P AY).

(3) Note that the result holds trivially for i = 0. We deduce the general case by
induction on i, using (2) and the fact that

o 1 o
Pd—z CAYH < Pd+1—z . Az—l

for every i € {1,...,d}. This inequality follows from (2.1) since P — r(P, A)A is

pseudo-effective. O

Proof of Proposition 7.1. Let B = A — E. Then B is nef. By Yuan’s Theorem 3.11,
we have

vol, (P + AB) = vol (P + XA = AB) > (P + XA)"*") = A(d + 1)((P + XA)" - B).
After expanding the right-hand side, we find that it equals

d+1
(PdJrl) m 1)(Fd )+ Z (d —|— 1) )\Z-(quLlfi -Zi)
=2
d
—(d+1)) (f) NPT ).
=1

Since P and A are nef, the first sum is non-negative and therefore

d
Wl (P+XE) > (P 4 Ad+ )P B) — (d+1) Y <d> NPT B

7
=1
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Since 24 — B = A + E is pseudo-effective, we have (ﬁd_i A .B) < Q(ﬁd_i ,Zi“) for

every i € {1,...,d} by Lemma 3.8, and
P T < (P (2
B r(P; A)

by Lemma 7.2(3). Therefore, ;(;IX (P + \E) is bounded from below by

. i
(PdJrl) A4 1)(ﬁd E) — )\(Fd cA)(d+1) ; <(¢i>2i+1 <T(P); A)> '

The following consequence of Proposition 7.1 plays a central role in our proof.

Corollary 7.3. LeEE gﬁgl(X)R. Assume that there exists a nef adelic R-divisor A
such that A is big, A+ E is pseudo-effective, and A — E is nef. Let P be a nef adelic
R-divisor with P big. There exists a constant Cy depending only on d such that

(PdJrl) ) (Fd )
(d+1)vol(P + \E) (P%)
for every X\ € [0,r(P; A)/2). In particular, if E =0 then

@ (P" - E) *-a N
(d+ 1)(P9) (P?) (P9 (P A)
Proof. Let A be a real number with 0 < A < r(P;A)/2. By Lemma 2.4, we have

7d‘7 2
—Cdx(P A) " A

WP +E) 2 ) (P A)

d

(7.1) (P +\E) > A — Oy x

d d
(7.2) <1 - T(PA;A)> (P < vol(P + \E) < <1 + T(PA;A)> (P9).

In particular, P + AE is big. By Zhang’s inequality (Theorem 3.17) we have

s voly (P + AE)
WP EAR) 2 1>)<V01(P T AE)
Therefore Proposition 7.1 implies that there exists a constant C; > 0 depending only
on d such that
(7.3)
(P (P"-E) A2 (P"-A)
A+ D)vol(P+AE) T Nl(PFAE)  “H (B A) < Vol(P+AE)

Mess (F + )\E) Z

By (7.2) we have

>.a  _ @

<
vol(P + \E) —

A)X< A >_d§2d(P'A).

(P7) - r(P:4) (P7)

On the other hand, by Lemma 3.8 we have ](ﬁd ‘B < (?d - A) since P is nef and
both A+ E and A — E are pseudo-effective. Let a = 1 if (?d -E)>0,and a = —1



36 BALLAY AND SOMBRA

otherwise. By (7.2), we have

(P"-E) _ (P B “_ @B _, x [P B
wl(P L AE) = (P9 X(”%(P;A)) = =pay ~Carp Ay (P
@' ., x P73
=T Y EA P

for some constant C”, depending only on d. The result follows by combining these
inequalities with (7.3). O

7.2. Proof of Theorem 6.1. Let D € Iji?/(X)R with D big. To prove Theorem 6.1,
we fix a sequence (¢, Q,,)n of semipositive approximations of D satisfying (6.1).

Lemma 7.4. For every big R-divisor A on X, we have

p=(D) - 1 (@)

lim =0.
Proof. This a straightforward consequence of (6.1) thanks to Lemma 2.1. O

For every n € N, we let @Q =Q, — 1*(Q,,)[cc]. Note that ,uabs(@n) = 1*(Q,,) —
p*(Q,,) = 0 and therefore Q,, is nef.

Lemma 7.5. For every E € ]SRI(X)R and n € N, we have

(Q2-:E)  (Qh- i) —dp™(@Q,) x (QL1- ¢4 F)

@b (@)

and moreover

lim
n—oo

(@) (@)

Proof. The first equality follows from the multilinearity of arithmetic intersection
products and (3.3). For n € N, let

((@z 6yE) (@, 6nE) — dp™(D) x Q4" ¢;;E>> .

d—1_ x
B(n) = (D) — (@) x G nE)

(Q4)
The second statement just means that lim,,_,o, 3(n) = 0. To see this, let A be an ample

divisor such that A+ F are both big. For every n € N we have [(Q%-¢% F)| < (Q%-¢% A)
by (2.1). By Lemma 2.2 we have

d—1 4% ess( )\ _ ,,abs/)
’B(n” < (IueSS(D) . /‘Labs(én)) % (Qn d)nA) < M (D) W (Qn)

(Q4) r(Qn,05A)

and we conclude with Lemma 7.4. O

Lemma 7.6. For every nef and big A € ﬁi;(X)R, we have

Ad * A

< 00
neN Qg
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Proof. Replacing D by D + t[oo] for t sufficiently large, we assume that D is big
without loss of generality. Moreover, we assume that D — A is pseudo-effective, after
replacing A by a sufficiently small multiple if necessary. For every n € N and A > 0

we have
1

M@ #nA) < 5 ((Qn+ 207 A)).

By Zhang’s inequality (Theorem 3.17),
((@n + Adp )1 < (d+ 1)p™ (Qn + AdiA) x (Qn + AdA)Y).
Note that p5(Qn 4+ AdFA) = p(Q,, + A A) — 112*(Q,,). Since ¢ D —Q,, and D— A
are pseudo-effective, we have
S (Qn + AR A) = 1™ (Q,, + ApA) — 1™(Q,) < (1+ A\)p™ (D) — ™ (Q,,).

Therefore
(7.4) MQ- 95 A) < (1™ (D) = 1™ ((Qu))(@n + 265 A)Y) + A (D) ((Qn + A A)%).
If A < 7(Qn; ¢k A), then Q,, — Ao} A is pseudo-effective and therefore ((Q, + g7 A)?) <
27(Q5)- Applying (7.4) to A = r(Qn; ¢;,4) gives

(ég i ¢ZZ) d (Mess<D) abs(@ )> d, ess D

@) P\ @uany )T

This concludes the proof since the right-hand side is upper-bounded by some constant
independent of n by Lemma 7.4. O

We are now ready to prove the theorem.

Proof of Theorem 6.1. Recall from §5 that for every E € BRI(X )r, the one-sided
derivative 9z (D) exists and —0_z pu®(D) > 0% p*(D). Therefore we only need
to show that

(7.5 0p (D) = imup (% 0E)

for any F € ISR/(X)R. Indeed, if this holds then we can apply (7.5) to —F and E to
obtain

L (Qa - 9hE) : (Q4 - 5 F)
liminf 2" > _9 ©88 > O > limsup —2%——"—~,
et gn 20T (D)2 D) 2 limew g
and Theorem 6.1 follows by Lemmas 4.2 and 7.5. o
We first show (7.5) when E is DSP. In that case there exists a nef and big A €

]SRI(X)R such that A + F are nef by Remark 3.10. By Lemma 7.6,

(@) (623
Co=sup =00

is a real number. Let n € N. Since Q,, is nef, we have (Q,,)
any A > 0 such that D + AE is big we have

Iuess(ﬁ_i_ )\E) . MabS(Qn) > MGSS(Q + )‘(bn ) abS(Qn) _ Mess(@n + )‘(ﬁ;‘;E)
by Lemma 3.15(4). Therefore Corollary 7.3 applied with P = @n gives
(Qﬁ a230) z?
—CyCy X ———,
@) T rQuiand)

d+1 > 0. Moreover, for

(7.6) u (D + \E) — u™(Q,,) >
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for every A € (0,7(Qn; ¢5,A)/2), where Cy is a constant depending only on d. Let

B 'uess(ﬁ) - Mabs(én)

if u®s(D) # p*P5(Q,,) and v(n) = 1/n otherwise, and set A, = /7(n)r(Qn, 92 A). B
Lemma 7.4 we have lim,_, v(n) = 0, hence lim, o, A, = 0. Applying (7.6) with

A=\, gives

DB D)y ity G /)

and we obtain (7.5) by letting n tend to infinity.

We now consider the general case. Let € > 0. By Lemma 3.7, there exists a DSP
E. € ]SR/(X)R such that F — E. and E. — E + ¢[oo] are both pseudo-effective. The
first condition implies that dgu*(D) > 85 p°*(D), and the second one together
with Lemma 3.8 gives

(Qn - E2) 2 (Qn - (E —elec]) = (@5 - B) — =(Q4)

for every m € N. Therefore

Ad | % T Ad | %
&MeSS( ) > & IueSS( ) > hgfogp (Qn(C;;:SEs) > hgisogp (Q?QE;LE) _

and we conclude by letting ¢ tend to zero. (]

7.3. A variant of Theorem 6.1. In the course of the proof, we neglected a term of
the form B
(@2
vol(Qn + A9 E)

when applying Corollary 7.3. It turns out that taking this term into account does not
improve our approach in general, but it does in the case where £ = 0 for which we
can use the second part of Corollary 7.3. This leads to the following slight refinement
of Theorem 6.1 in that special case.

Theorem 7.7. Assume that there exists a sequence (¢, Q,,)n of semipositive approz-
imations of D such that

(D @™\ (D) — 1i*™(Q,,)
JLH;OW( D)= @rny) =0 m ST GneD)

Then D satisfies the equidistribution property at every place v € My. The v-adic
equidistribution measure is the weak limit vy = limy, o0 Vnw, where vy, denotes the

pushforward to X3 of the normalized Monge-Ampére measure c1(Q,, )" /(Q%).

We only outline the proof of this theorem, as it is almost the same as the one of
Theorem 6.1. Let (qbn, Q,,) be a sequence satisfying the conditions of Theorem 7.7.

As above, we let Q, = Q,, — u**(Q,,)[0c] for every n. With this notation, the proof
of Lemma 7.6 remains valid: we have

o (Qd Ay
Co = sup =00

< 00
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By Proposition 5.6, it suffices to show that

(7.7) —0_ 5 p*(D) = 95 p=(D) = lim

for any E € ]5;/(X )r over 0. We only treat the case where E is DSP, as the general
one follows as in the proof of Theorem 6.1. Let A € Div(X)g be big and nef with
A £ E nef. By Corollary 7.3, there exists a constant Cy such that

Q%) . Qi 9LE) \

- + R CpCg X ——————
(d+1)(Qf) (@5) (Qn, ¢} A)
for every n and A € (0,7(Qn, ¢5A)/2). On the other hand, since E = 0 we have

i~ * T ~d * T A ~d abs
(Qn - nE) = (@, ¢nE) and (Q) =(Q,) — (d+1)(Qn) x 1™(Qn)
by (3.3). Combining this with (7.8) and dividing by A gives

(7.8) p=(D+AE) — p**™(@Q) =

AT = —d —d =
ess D + AE _ ess D 1 Qn P Qn . qb;klE
e ( )u()27< ()d_M(D))Jr( d)
A AN(d+1)(Q5) (@5)
A
— CoC,
Qe B A)
As before, a suitable choice of A = \,, permits to conclude that
7d J—
> T (Qn - $LE)
0% u®(D) > limsup —%—2—~
pi (D) 2 n—>oop (@)

and we obtain (7.7) by applying this to —E.

Remark 7.8. Compared to Theorem 6.1, Theorem 7.7 gives more flexibility to con-
struct the sequence (¢, @,,)n. For example, one can deduce Yuan’s equidistribution
theorem from Theorem 7.7 without using Theorem 3.18. However, it turns out that
starting with a sequence (¢, Q,,)n satisfying the conditions of Theorem 7.7, one can
modify it to construct a sequence with (6.1). This can be done with arguments similar
to the ones we used in the proof of Corollary 4.7. Since we do not need this in the

remainder of the text, we leave the details to the interested reader.

8. LOGARITHMIC EQUIDISTRIBUTION

Let D be an adelic R-divisor on X with big geometric R-divisor D. In this section
we assume that the condition of Theorem 6.1 is satisfied, namely that there exists a
sequence (¢,: X, — X,Q,,)n of semipositive approximations of D satisfying (6.1).
By Theorem 6.1 and Lemma 7.5, the essential minimum function is differentiable at
D and

aﬁuess (E) — lim (én i (b:E) — dluess(dﬁ) X (inl ) ¢;kLE)
(8.1) n—o0 » B (QTL)
o @0 00E) — di(Q,) x Q- 93 E)
T n9oo (Q%)

for every E € [/)RI(X Jg. In particular, D satisfies the equidistribution property at
every v € Mg with equidistribution measure v5 , = limy, o0 Vp,v, Where v, be the

pushforward to X" of the normalized v-adic Monge-Ampere measure of Q,,. Following
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[CLT09], we show that this equidistribution phenomenon extends to functions with
logarithmic singularities along certain divisors. We closely follow [CLT09, Proof of
Theorem 1.2], adapting the arguments to our setting.

Definition 8.1. Let £ € Div(X) be an effective (Cartier) divisor on X and let
v € M. We say that a function ¢: X3 — R U {+oo} has at most logarithmic
singularities along E if it is continuous on X3™ \ (Supp £)3" and if every x € X3 has
a neighborhood U C X3" with the following property: there exists an equation fr of
E® on U and a real number ¢y such that ||, < ey log|fuy|,* on U.

We start with two preliminary lemmas.
Lemma 8.2. For every E € ISRI(X)R with E effective, we have

e ( Z Ny /

VEM i
Proof. Let n € N. By Lemma 3.14 we have
hg, (GnE) > dp™™(@,) x (@' - o1 B),

where the left-hand side denotes the height of the R-Weil divisor associated to ¢;, F.
By the arithmetic Bézout formula (3.2) we obtain

(@ 67 B) — dp™(Q,) x (Qi'- 93 B)
Q%) =2 ”/

dZ/n v
VEM i

> Z nv/ min{a, gEU}dunv

VEM

for any a € R. Since F is effective, gz, is bounded from below and therefore
min{a, g5 ,} € C(X3") for every v € R. Letting n tend to infinity, (8.1) then gives

ess /1y
O (D)
> E N, lim inf min{a dvp . = E n min{a dvs .
- Y iS00 Xan { ’gﬁﬂf} n,v v an { 79@,1;} D
VEM K¢ v veEMK v

Letting a tend to oo, the result follows by monotone convergence. O

Lemma 8.3. For every E € ]SE(X)R and v € Mg, g5, 1s integrable with respect to

Vﬁ,v .

Proof. We can write E = E,— E5 with E, E, effective. By linearity, we may therefore
assume that F is effective without loss of generality. Since gz, > 0 for every w € Mk,
we have

OO>%MESS<E)ZTLU 9E dyﬁv_ny/ ‘gﬁv’dyﬁv

Xan U )
v

by Lemma 8.2. U

The main result in this paragraph is the following.
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Theorem 8.4. Let E = (E, (95, )vemy) € ]SR/(X) Assume that E is effective and
that

(8.2) Oz (D) = Z Ny 95,0 Wp,,-
vEM K X5"

Then the same equality holds for every adelic divisor E over E. Moreover, for every
D-small generic sequence (x¢); and v € Mg we have

l—00

lim 0 doo(zy), = / pdvy,
X{"}LI] X{"}Ll’l

for any function p: X2™ — RU{£oo} with at most logarithmic singularities along E.

Proof. Let E' be another adelic divisor over . Then there exist a finite set S C My
and a collection (p,)yes such that ¢, € C(X2)% for every v € S and E_-F =
> ves 0%". Since the essential minimum function is differentiable at D, we have

BE’ eSS( ) &Mess + Z &W} ess
vesS
We let ¢, = 0 for v € Mg \ S. Proposition 5.6 together with (8.2) then gives
ess Z nv/ gEv+ng Z nv/ gE d%
veEM K vEM K¢

To prove the second statement, it suffices to consider the case where ¢ = gz, by
[CLT09, Lemma 6.3]. By (8.2), Proposition 5.3 and Theorem 6.1 we have

Z nv/ 9B (‘%,uess( ) = hm hg(ze) = hm Z nv/ gEvd5o (ze)o"

VEM ¢ X o0 vEM K
Therefore
0=Jin 3 no( [ oz ot~ [ omuivn,)
vEMK v v
> Z nv<liminf/ 9E.0 W0 (z), — QEvdVﬁv)'
{—o0 an ’ Xan ’ ’
vEMK v v

On the other hand, since min{a, gz ,} € C(X,)*" for every v and a € R we have

,U

lim inf/ 9B doo(z,), = hm inf min{a, 95, } d00(z,), = min{a, 95 ,} dvp

{—00 L—o0 Xan Xan
v v

by the equidistribution property. Letting a tend to infinity, it follows that

hzrglololf /X;jn 9Ew d(so(xz)v o /Xgﬂ 9Ew dVﬁ,v > 0.

Since the sum of these terms over all the places v is non-positive, we obtain

lim inf/ 9B d(SO(zZ)U = /X 9B duﬁv

l—00
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for every v € Mgi. We conclude by observing that this equality remains true when
(z¢)¢ is replaced by an arbitrary infinite subsequence (since the latter remains generic
and D-small). Therefore we have

lim 9% déO(z,_;)v = g7 dl/ﬁ v

(=00 Xsn ’ Xsn E,U ’
as desired. O

Remark 8.5. Assume that for every v € My, the sequence of probability measures
(Vnw)n is eventually constant, that is vy, = V5, for every sufficiently large n. As
we shall see in §10, this condition is satisfied in the case of dynamical systems and
semi-abelian varieties. Then for every E € Div(X), the condition (8.2) is equivalent
to

g, (9,B) — dp™=(D) x (Qn - 9LE)
lim —=
n—00 (Q%)
Indeed, by (8.1) and the arithmetic Bézout formula (3.2) we have

(hQn(@’;E)— 15(D) x (QFL - ¢1E) £ Y, / v ny)

(@) =t
g (6hE) = dpus(D) x (Qf- ZE

Theorem 8.4 implies [CLT09, Theorem 1.2] as follows. Assume that D is semipos-

itive and that
d+1)

(D'
(d+1)(D%)’
By Theorem 3.18 we have p®(D) = p2*5(D), and therefore the condition of Theorem
6.1 is trivially satisfied for the constant sequence (¢n,@,,)n equal to (Idx,D). By
Remark 8.5, the conclusion of Theorem 8.4 is satisfied for any effective divisor E €
Div(X)r such that

ess (E)

hﬁ(E) d+1)

a5 "

ess ) (E
(D) = (d+1)(D%)’

9. TORIC VARIETIES

In this section we study the differentiability of the essential minimum function for
toric adelic R-divisors on toric varieties, and explore its consequences for the equidis-
tribution of the Galois orbits of small generic sequences of points.

In the first and second subsections we explain the basic constructions and results
from the algebraic and the Arakelov geometry of toric varieties, referring to [BPS14,
BPS15, BMPS16, BPRS19] for the proofs and more information, and to Appendix A
for the necessary definitions from convex analysis. As a small addition to the theory
we give a formula for the positive arithmetic intersection numbers of toric adelic R-
divisors (Proposition 9.6). In the third subsection we apply these elements to prove
our differentiability and equidistribution results in the toric setting (Theorems 9.8 and
9.15).
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9.1. Geometric aspects. For d > 1 let T ~ GZ be a split d-dimensional torus
over K. A toric variety is a normal variety X over K that contains T as an open
subset and is equipped with an action of this torus extending its action onto itself
by translations. An R-divisor D on X is toric if it is invariant under this action. A
modification ¢: X’ — X is toric if X’ is also a toric variety with the same torus T
and the restriction of ¢ to this torus coincides with the identity on T.

Toric varieties and R-divisors can be constructed and classified with polyhedral
objects like fans and R-virtual support functions. To this end, first set

M = Hom(T,G,,) and N = Hom(Gy,T)

for the lattices of characters and of co-characters of T, respectively. They are both
isomorphic to Z? and are dual of each other, that is M = NY and N = MV. Set
Ng = N ®z R and Mg = M ®z R. These spaces are also dual of each other, and for
u € Ng and x € Mg we denote their pairing by either (x,u) or (u,z). Let K[M] be
the group algebra of M, and for each m € M set x"™ € K[M] for the corresponding
monomial.

A fan ¥ on Ng is a polyhedral complex of strongly convex cones defined over .
To each cone o € ¥ we associate the semigroup in M defined by

My={me M| (um)>0foralluco}

and we set K[M,]| for its semigroup algebra. Then X, = Spec(K[M,]) is an affine
toric variety. Moreover, for each pair 0,0’ € ¥ we have that X,n,s can be naturally
seen an open subset of both X, and X,/. The toric variety Xy is then defined by
gluing these affine toric varieties:

Xy = U X,.
oeYn

The affine toric variety Xg corresponding to the zero cone is canonically isomorphic
to the torus T, and is called the principal open subset of Xs,.

An R-virtual support function ¥ on X is a real-valued function on the subset of Ny
covered by Y that is linear on each of the cones of this fan. For each o € ¥ choose
me € Mg such that U(u) = (mg,u) for all u € 0. For each pair o,0’ € ¥ the
R-rational function x =" /x ™" restricted to the overlap X, N X, is an R-linear
combination of regular functions, and so

(9-1) Dy ={(Xo,x™ ") }oex

defines an R-divisor on Xy that is toric and independent of the choice of these vectors.

The assignment ¥ — Xy is a bijection between the set of fans on N and that
of toric varieties with torus T. Similarly, for a fixed fan ¥ the assignment ¥ — Dy
is a bijection between the set of R-virtual support functions on > and that of toric
R-divisors on Xyx. In the sequel we revert these notations, and for a toric variety X
with torus T and a toric R-divisor D on it we respectively denote its fan and R-virtual
support function by X x and ¥p.

The toric variety X is projective if and only if its fan is complete and regular,
namely it covers the whole of Ng and can be defined as the linearity locus of a
piecewise linear concave function on this vector space. We suppose this is the case
from now on. We then associate to D the subset of My defined as

Ap ={x € Mg | (u,z) > ¥p(u) for all u € Nr}.
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It is a quasi-rational polytope, that is a polytope with rational slopes.
The positivity invariants and properties of a toric R-divisor can be directly read
from its R-virtual support function and polytope. For instance,

VOI(D) =d! VOIM(AD)

where volys denotes the Haar measure on My normalized so that M has covolume 1.
In particular, if D is nef then (D?) = d!voly;(Ap). More generally, for a family D;,
1=1,...,d, of toric nef R-divisors on X we have

(9.2) (Dy-+-Dg) = MV (Ap,, ..., Ap,),

where MV ), denotes the mixed volume function with respect to voly,.

The R-divisor D is pseudo-effective if and only if Ap # (0, and it is big if and only
if dim(Ap) = d. In addition, D is nef if and only if ¥p is concave. For another toric
R-divisor E that is nef we have that D — E is pseudo-effective if and only if there is
x € Mg such that  + Ag C Ap. These properties are either contained in [BMPS16,
Propositions 4.6, 4.7 and 4.9] or follow easily from these results.

This characterization of pseudo-effectivity readily implies the next proposition,
showing that the inradius of a toric R-divisor with respect to another can be computed
in terms of the inradius of the associated polytopes, in the sense of convex geometry
(Definition A.1). This connection was first pointed out by Teissier for toric line bundles
[Tei82, §2.1 and §2.2].

Proposition 9.1. Let D and A be toric R-divisors on X such that D is big and A is
big and nef. Then r(D; A) =r(Ap;Aa).

The toric modifications of X can be classified by the complete and regular refine-
ments of the fan. Let X’ be another projective toric variety with torus T such that
Y refines X x. Then for each cone ¢/ € X x/ there is another cone o € ¥ such that
o' C 0. The associated semigroups verify that M, D M, and this inclusion induces
a morphism of affine toric varieties

X!, = Spec(K[M,/]) — X, = Spec(K[M,]).

These morphisms glue together into a toric modification, that is a morphism X’ — X
whose restriction to the respective principal open subsets is the identity on T. Indeed,
every such modification of X arises in this manner [BPS14, Theorem 3.2.4].

9.2. Arithmetic aspects. Throughout this subsection we denote by T ~ G% a split
torus and X a projective toric variety with torus T. For each place v € i we denote
by S, the compact torus of the v-adic analytic torus T2". In the Archimedean case
S, is isomorphic to the real torus (S')?, whereas in the non-Archimedean case it is
an analytic subgroup of T2" in the sense of Berkovich. An adelic R-divisor D on X is
toric if its geometric R-divisor is toric and all its v-adic Green functions are invariant
under the action of S,.

Toric adelic R-divisors over D can be constructed and classified with adelic families
of functions on Nr whose behavior at infinity is governed by the R-virtual support
function Wp. To this end, let v € Mg and consider the valuation map

val,: Ty" = X35 — Ng.

Using a splitting of the torus, we can identify the dense subset T2*(C,) with (C))4
and the vector space Ng with R?. In these coordinates, the map writes down for a
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point of T2*(C,) as
valy (21, ..., zy) = (—log |21y, ..., —1og |Tn|y).

This valuation map extends to a proper continuous, S,-invariant and similarly noted
map of topological spaces

val,: Xi" — Ny,
where Ny, denotes the Mumford compactification of Ng induced by the fan, see
[BPS14, Section 4.1] for details.

Now let ¥,: Ng — R, v € Mg, be a family of functions such that ¢, — ¥ p extends
to a continuous function on Ny, for all v and such that ¢, = ¥p for all but a finite
number of these places. Then for each v we can consider the function gy, : X§, — R
defined as

G () = —u(valy ().
The fact that 1, — Up admits a continuous extension to Ny, implies that for every
cone o € Yy and defining vector m, as in (9.1) we have that gy, +log|x~ |, extends
to a continuous function on the affine chart X7%. Hence gy, is an S,-invariant v-adic
Green function for D. Furthermore, the fact that 1, = ¥p for all but a finite number
of places implies that the pair (D, (gy,)vem,) is a toric adelic R-divisor [BPS14,
Example 4.5.4].

This construction gives a bijection between the set of such adelic families of func-
tions on Nr and that of toric adelic R-divisors over D. Reverting it, for a toric adelic
R-divisor D we denote by

Y5,: Ne — R, veM,

the associated family of metric functions. We also associate to D its family of local
roof functions
795’”: Ap — R, veMg.

For each v € My, the v-adic roof function is the continuous concave function on the
polytope defined as
(9.3) U5, (x) = inf (u,z) — 4y (u) for z € Ap.

> u€ Ny )
We have 95, = 0|a,, the zero function on the polytope, for all but a finite number
of places. We consider then the global roof function ¥V5: Ap — R, defined as the
weighted sum

(9.4) I5= Y nip,
vEM K

We also consider the compact convex set where this concave function is nonnegative:
(9.5) Iy = {z € Ap | 95(x) > 0}.

In analogy with the geometric case, the positivity invariants and properties of a
toric adelic R-divisor can be read from its metric and roof functions. For instance,
the essential minimum of X with respect to D is the maximum of global roof func-
tion [BPS15, Theorem 1.1]:

’uess(D) = xnelg); 195(.%)

Moreover, if D is semipositive then p2*5(D) = mingea , ¥5(z) [BPS15, Remark 3.15].
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The arithmetic volume and the y-arithmetic volume of D can be respectively com-
puted as [BMPS16, Theorem 5.6]

vol(D) = (d + 1)!/

Y dvolys  and GEIX(E) =(d+ 1)!/ U5 dvolyy .
I'p

Ap

In particular, if D is semipositive then (5d+1) =(d+1][ Ap, Updvolys. More gen-

erally, the arithmetic intersection number of a family of semipositive toric adelic R-

divisors D;, i = 0,...,d, can be computed as
(9.6) (Do-+-Dg) = > nyMly(Vp, .-, 95,,),
vEM K¢

where MI,; denotes the mixed integral function with respect to the Haar measure
volyr on My [BPS14, Theorem 5.2.5].

We have that D is pseudo-effective if and only if there is # € Ap such that
Y5(x) > 0, and it is big if and only if dim(Ap) = d and there is € Ap such
that Up(z) > 0. In addition, D is semipositive if and only if Y5, is concave for all
v € M. If this is the case, then D is nef if and only of V5(x) > 0 for all x € Ap.
For another adelic F semipositive that is semipositive we have that D — E is pseudo-
effective if and only if Ap C Ap and ¥ (z) < 95 (x) for all v € M and x € Ap.
The listed properties can be found in [BMPSlG, Sections 5 and 6].

Example 9.2. Let D be a big and nef toric R-divisor on X, and choose a family of
vectors u, € Nr, v € Mg, with u, = 0 for all but a finite number of v and such that
> » My = 0. Choose also a family of constants ¢, € R, v € Mg, with ¢, = 0 for all
but a finite number of v. We consider then the semipositive toric adelic R-divisor D
on X defined by the concave metric functions

Yy(u) =¥p(u—uy) —c, forall vand u € Np.

Its local roof functions are the affine functions given by 9,(z) = (u,, x) + ¢, for all v
and © € Ap, as it follows from their definition in (9.3) and the basic properties of
the Legendre-Fenchel duality of concave functions, see for instance [BPS14, Proposi-
tion 2.3.3 and Example 2.2.1]. Thus its global roof function is the constant function

V5 =cla, forc= Z NyCy € R.
VEM K

In particular p®(D) = pu?P%(D) = ¢, and so Zhang’s lower bound is attained for D.

Remark 9.3. Every semipositive toric adelic R-divisor on X for which Zhang’s lower
bound for the essential minimum is attained is of this type for a suitable choice of
vectors and constants [BPRS19, Proposition 5.3].

For any semipositive toric adelic R-divisor on X it is always possible to find an
upper bound as that required in Proposition 6.13. To this end we consider the notion of
balanced family of sup-gradients for the decomposition of ¥/ into local roof functions.
This is a family of vectors

Uy € Ng, v € Mg,
with wu, = 0 for all but a finite number of v and verifying ), n,u, = 0, and such that
there is a point g € Ap maximizing Y7 with u, lying in 81957 ,(®0) the sup-differential
of the v-adic roof function at this point (Definition A.7).
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Proposition 9.4. Let D be a semipositive toric adelic R-dwisor on X with D big.
Then there is toric semipositive adelic R-divisor D such that D — D is pseudo-effective
and 11=>(D) = p(D) = (D).

Proof. Let (u,), be a balanced family of sup-gradients for ¥/, which does exist thanks
to Proposition A.8. Take a point 9 € Ap maximizing ¥/55. Then for each v € Mg
we have

(9.7) Up.,(x) < (uv,z) + ¢y forallzeAp

with ¢, = ¥5 ,(z0) — (uv, 20). We have

(9'8) Z NyCy = Z Ty (19371;(1'0) - <uval'0>) = 195(1‘0) = uess(ﬁ).

vEM K vEMK

Set D for the semipositive toric adelic R-divisor on X from Example 9.2 corresponding
to the data (uy), and (cy)p. The inequality in (9.7) implies that D — D is pseudo-
effective, and from (9.8) we get (D) = p?P5(D) = p**(D). O

Now suppose that D is big. By the toric arithmetic Fujita approximation theo-
rem [BMPS16, Theorem 7.2] there is a sequence of nef approximations of D

(9.9) (bn: Xn — X, Pp)n

such that both ¢, and P, are toric and lim, s \781(?”) = \a(ﬁ). It can be con-
structed by taking any sequence A,, n > 1, of quasi-rational polytopes contained in
I'; and arbitrarily approaching this convex body. Each A, induces a toric modifi-
cation ¢, : X,, — X by considering a complete and regular refinement of X x that
is compatible with the normal fan of A,, and it also induces a nef toric adelic R-
divisor P,, on X,, by considering the restrictions to A, of the local roof functions
of D.

The next result gives a lower bound for the inradius of D in terms of the convex-
geometric inradius of its associated convex body.

Proposition 9.5. Let D be a toric adelic R-divisor on X that is big, and A a toric
R-divisor on X that is big and nef. Then p(D; A) > r(I'5; Aa).

Proof. For the sequence of toric nef approximations in (9.9) we have that
p(D; A) = 1(Py; gpA) = r(An; Aa) - forn 21,

by Proposition 9.1 and the fact that the polytope of a toric R-divisor is invariant
with respect to toric modifications. Since the sequence (A,), approaches I'; from
the inside, we get p(D; A) > sup, 7(Ap; As) = r(I'm; A4) as stated. O

Finally, we give a convex-analytic formula for the positive arithmetic intersection
numbers in the toric setting.

Proposition 9.6. Let D and E be toric adelic R-divisors on X with D big and E
semipositive. Then

vol(R°(D)) = d!vol(T's), ((DY)-E)= > nyMy(d5,Iry.- 95,0y 95.,)-
vEM K¢
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Proof. The first formula follows from Corollary 4.6 using the sequence of toric nef
approximations in (9.9) and the formula for toric intersection numbers in (9.2).

For the second we use the same sequence of toric nef approximations. Applying
the definition of positive arithmetic intersection numbers in (4.3) and the formula for
the toric arithmetic intersection numbers in (9.6) we get

7d =
(Pr-¢nE)= > nuMIy(9p [, - B ula, s V)
vEM K¢

We conclude by taking the limit n — oo and applying Proposition A.9. O

9.3. Equidistribution on toric varieties. Here we apply the constructions and
results explained in §9.1, §9.2 and Appendix A to state and prove our toric differ-
entiability and equidistribution results. In spite these preparations, we still need to
assume a certain working knowledge in the Arakelov geometry of toric varieties.

Throughout this section we denote by X a projective toric variety with torus T
and D a toric adelic R-divisor on X with D big. For each t < u®%(D) we consider the
sup-level set of its global roof function, that is

Si(95) = {z € Ap | I5(x) > t}.

It is a nonempty compact subset of the polytope Ap that is d-dimensional whenever
t < p®(D). Set also Ap max = S, jess(D) (Vp)-

The global roof function is said to be wide if after fixing an arbitrary norm on Mg,
the width of these sup-level sets remains relatively large as the level approaches its
maximum (Definition A.6). By Proposition A.3, this can be alternatively expressed as
the condition that the inradius of these sup-level sets with respect to any fixed convex
body remains relatively large as the level approaches the maximum. By the same
result, it is also equivalent to the fact that for any maximizing point o € Ap max
the vector 0 € Ng is a vertex of the sup-differential 05 (x9) C Nr (Definition A.2).
When this is the case, by Proposition A.8 we can associate to U5 a unique balanced
family of sup-gradients

uy, € Nr, v € Mg,

with respect to its decomposition into local roof functions in (9.4).

We next describe the probability measures that appear as equidistribution measures
in the toric setting. To this end, when v is non-Archimedean we consider the section
of the v-adic valuation map

(9.10) Cp: Ny, — X0

defined as the composition (, = 0y, o e for the maps e and 0y, respectively defined in
[BPS14, §4.1 and §4.2]. By Proposition-Definition 4.2.12 in loc. cit., the section (, is
continuous and proper. For u € Ng we have that ¢,(u) € X§%, and this point can be
explicitly written down as the multiplicative seminorm on K[M] defined as

| Fleywy = max |amly e ™ for f =" anx™ € K[M].

In particular, ¢,(0) is the Gauss point of X§% = Tj".

Definition 9.7 ([BPRS19, Definition 5.1]). Given v € Mg and u € Ng, the proba-
bility measure 7, on X5 is defined as follows.
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(1) When v is Archimedean, we have that val;'(u) = S, - = for any = € val;'(u).
Then 7,4, is the direct image under the translation by x of the Haar probability
measure of the real torus S, ~ (S1)%.

(2) When v is non-Archimedean, 7,,, is defined as the Dirac measure at the point
Co(u) € X3

The following theorem is the central result of this section. It corresponds to The-
orem 1.3 together with the height convergence property (1.5) in the introduction.

Theorem 9.8. If V5 is wide then the essential minimum function is differentiable
at D, and for every E € Div(X)g with E toric we have

%Mess(ﬁ) = Z nv/ gE’v dnv,uv

where u, € Ng, v € Mg, is the balanced family of sup-gradients for V5
In particular D satisfies the equidistribution property, and for each v € Mg we
have vg , = Nou, -

This is an application of Theorem 6.7, or rather of its reformulation in terms of
positive arithmetic intersection numbers in Theorem 6.7. It also depends on a key
lemma about the decay of the sup-level sets of concave functions on convex bodies
(Proposition A.3) and on some further auxiliary constructions and results that we
next explain.

Following [BPS14, Definition 4.3.3], we describe an averaging process allowing to
pass from an arbitrary adelic R-divisor on X to a toric one.

Definition 9.9. Let E be an adelic R-divisor on X with E toric. For v € My we
consider the function g,: X3" \ E5" — R defined as

/g\'U (x) = Sy
95.,(Co(valy(z))) if v is non-Archimedean,

9%, (t - v) dHaar,(t) if v is Archimedean,

with Haar, the Haar probability measure of the real torus S, when v is Archimedean,
and ¢, the section of the v-adic valuation map in (9.10) when v is non-Archimedean.
We then set £ = (E, (Gy)vemy ), Which is a toric adelic R-divisor on X .

Using the probability measures from Definition 9.7, for every v € Mg the corre-
sponding Green function of E' can be alternatively expressed as

(9.11) gu(z) = / 950 WMo for u = valy ().

The relevant arithmetic intersection numbers (both standard and positive) are
invariant with respect to this averaging process.

Proposition 9.10. For any toric adelic R-divisor P on X we have (?d ‘E) = (ﬁd :

Et°%). In particular, if D is big then (<ﬁd> ‘E) = (<Ed> - EBtor).

Proof. With notation as in Definition 9.9, by the arithmetic Bézout formula we have

(P - EYT) = —i—ZnU/ Gv c1(Py)
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Let v € 9. When v is Archimedean we have

/Xgn Guc1(Py)M = /Xgn </U 9Bt m)dHaaTU(t)>cl(Pv)/\d(x)

[ ([ sm@ta®.rie)atan o = [ gz e
v Xsn Xsn
using Fubini’s theorem, the change of variable formula and the invariance of the v-adic
Monge-Ampere measure of P under the action of S,. On the other hand, when v is
non-Archimedean we have

/x Boen(P)™ = /X 95,0(Go(valy(2))) e1 (Po) (@) = / 95.0(@) 1 (Po) (),

Xan
by the characterization of the Monge-Ampere measure of semipositive toric adelic
divisors in [BPS14, Theorem 4.8.11].

For the second, suppose that D is big and consider a sequence of arithmetic Fujita
approximations (¢n: X, — X, P,), n € N, as in (9.9). The averaging process com-
mutes with toric modifications as it can be read from its definition on the principal
open subset, which remains unchanged under these modifications. Hence applying the
first statement, for each n € N we get

(Pl ¢ B'") = (PL - (¢LE)'™) = (P - ).

Then this second statement follows from the definition of these positive arithmetic
intersection numbers in (4.3) by taking the limit n — oo. O

Recall that [oo] denotes the adelic R-divisor over the zero divisor of X with v-adic
Green function equal to 1 if v is Archimedean and to O is v is non-Archimedean. As

in §6.3, for each t < u®3(D) we consider the twist

D(t) = D — t[oo].

We have 195(15) =195 —t, as it can be verified from the definitions of this twist and of
the global roof function. In particular we have Fﬁ(t) = Si(¥) for the convex body
in (9.5).

Proof of Theorem 9.8. Set p = (D) for short and let A be a big and nef R-divisor
on X. Since Y5 is wide we have

. n—t

9.12 lim ——————
(9.12) o (S (95); Aa)

For each t < p1 we have S; (V) = I'p ) and so r(Si(95); Aa) < p(D(t); A) by Proposi-

tion 9.5. Hence the limit in (9.12) gives lim;,, (1 —1t)/p(D(t); A) = 0. By Theorem 6.7

this implies that the essential minimum function is differentiable at D and that for
each F € Div(X)g we have

=0.

=y _ g (D) E)

87 ©ss _D — 1111’1 —_——.

B D) = o R(D)
The formula for this derivative will follow from this limit together with the convex
analysis interpretation of positive intersection numbers in the toric setting and the

averaging process previously described.
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First suppose that F is both semipositive and toric. Let & C 9k be a finite set
of places such that ¢, = ¥p and u, = 0 for all v ¢ &. By possibly enlarging & we
can also assume that 29%1} =0|a, for all v ¢ 6.

Let t < p and set for short S; = Si(¥5,). Set g, = 1 if v is Archimedean and
ey = 0 if v is non-Archimedean, and set also Ove = (V5, — €ut)]s, for each v. By
Proposition 9.6 we have

(9.13) vol(R'Y(D)) = d!vol(S;) and (D(t =Y 1y My (Bus, ..., 001,05,
veES
For v € & we have U5, (z) < (uy, ) + ¢y for x € Ap with ¢, = J5,(20) — (2o, Z0)
for any 9 € Ap max. Setting also s, = max,eg, ((uy, ) + ¢, — V5, (x)) > 0 we have
the estimates
(9.14) (U, T) + €y — Ky — et < Oy p(x) < (uy,x) + ¢y — et for z € S,

We have >, nucy = 32, nw (U5, (%0) — (uw, 70)) = U5(z0) = p. On the other hand,
for each vy € G and any x € S; we have
[ 19577)(@ = Z ny(co + (U, T) — 19571](!%)) > Mg (Cug + (Ung, T) — 195,7)0 ()
veS

using the fact that (u,), is balanced together with the previous upper bound for the
v-adic roof functions for v # vg. Since this holds for every x € S; we deduce that
0 < nyykyy < p—t, and in particular that 0 < >° nyky < #6(pu — t) where #6
denote the cardinality of this finite set of places.

By the monotonicity of the mixed integral we have

MIn(Ou,t, - - - s Ov,t:V5,) < M (((uo, ) + o —€0t) [y, - ((Uo, ) + e —eut)]s,, V5,)-

By Lemma A.10, the mixed integral in the right-hand side of this inequality can be
computed as

—dlvol(Sy) ¥z, (wv) + d(cv — eut) MV ar (St ..., S, Ag) + (@1, up)

for a point z1 € Mg which does not depend on v, as explained in Remark A.11.
Summing over all these places, it follows from the formulae in (9.13) that

<E Z')’L d(,U,—t)MVM(St,,St,AE)
VOl(Rt e d! vol(S;) ’

and proceeding smularly with the lower bound in (9.14) we also obtain

(D(t)*- E) d(#6 = 1)(n =) MVar(Sy, -+, S, Ag)
vol(R{(D)) — Z nutp () - dlvol(S,) !

Using the comparison between the inradius and the quotient of intersection numbers in
Lemma 2.1 together with the interpretation of mixed volumes as intersection numbers
of toric R-divisors in (9.2) and the limit in (9.12) we get

(9.15) Oz (D Z Nz, (W)

By the additivity of both the derivative and the metric functions, this formula readily
extends to the case when F is just DSP, and by density it extends to any toric adelic
R-divisor on X.
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For an arbitrary adelic R-divisor E with E toric we apply the averaging process in
Definition 9.9. By the invariance of the positive arithmetic intersection numbers with
respect to this process (Proposition 9.10) we deduce from the identities in (9.15) and
(9.11) that

%Mess(ﬁ) — aEtor,u*ess(E) = Z Ny §v(xv) = Z Ny /X 9E v dnv,uv

VEM K veEMK

where each x, € X" is a point in the fiber val, ! (u,). B
Finally, by Proposition 5.6 this readily implies that D satisfies the equidistribution
property with vg = 1y 4, for all v. U

We can extend the range of Theorem 9.8 to compute the derivative of the essen-
tial minimum function along any adelic R-divisor on X by reducing to the situation
considered therein.

Remark 9.11. Let E be an adelic R-divisor on X. The K-algebra O(T) = K[M] is
factorial and so we can choose f € Rat(X )y defining the restriction of E to the torus.
Set then .
F = E —div(f)

Its geometric divisor F' is toric because its support is contained in the boundary X\ Xo
and its v-adic Green function is related to that of E by 9F o = 95 T 102 | flo-

Since the essential minimum function is invariant under linear Vequivalence, its de-
rivative in the direction of E coincides with that in the direction of F. Hence we can
apply Theorem 9.8 to compute it as

%Mess(ﬁ) _ Z ny/ gF,v dnv,uv + Z TLU/X 10g’f‘v dnv,uv.

vEM K i vEM K¢

In the semipositive case, we can prove the following converse of Theorem 9.8. It is
a direct consequence of Theorem 9.8 together with Propositions 9.4 and 6.13.

Corollary 9.12. With notation as in Theorem 9.8, the following conditions are equiv-
alent:

(1) V5 is wide,
(2) D satisfies the equidistribution property.
When any of them is satisfied, for each v € Mg we have vy, = My u,-

Remark 9.13. A key notion in [BPRS19] is that of monocritical semipositive toric
adelic R-divisor. Assuming that D is semipositive, this condition is expressed as
the fact that certain associated function on a space of adelic measures has a unique
minimizing adelic point. Then [BPRS19, Theorem 1.1] states that D is monocritical if
and only if it verifies the equidistribution property at every place, with equidistribution
measures determined by this adelic point when it exists.

By Proposition 4.15 in loc.cit., the condition that D is monocritical can be refor-
mulated in more elementary terms as the fact that 0 is not a vertex of 05 (zg) for
any o € Ap max, with the minimizing adelic point given by the balanced family of
sup-gradients for ¥/5. By Proposition A.3 this condition is equivalent to the fact that
the global roof function is wide, and so Corollary 9.12 recovers this toric equidistri-
bution theorem. On the other hand, Theorem 9.8 extends the sufficient condition in
this criterion to the case when D is not necessarily semipositive and strengthens its
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conclusion to include the differentiability of the essential minimum function. Further-
more, it adds the even more elementary interpretation of this condition in terms of
the decay of the width sup-level sets of the global roof function.

For the rest of this subsection we assume that Y is wide and we denote by (uy ),
the associated balanced family of sup-gradients. Then for each f € K[M]\ {0} we
consider the quantity

mp(f) = Z nv/Xan log | flv dnyu, € R.

vEM K

Taking into account the definition of the probability measures 7, ,, and writing f =
Y menr @mX™, this can be alternatively expressed as

(9.16) mp(f) = Z nv/ log |f(z - ty)], d Haar,(z)
veMP S
+ Z ny log mﬁx(e*<“”’m> |t v)
UEQﬁK\m?
where as before Haar, denotes the Haar probability measure of the real torus S,, and
t, € T2(C,) is any point in the fiber val;!(u,). Hence the defined quantity is an

extension of the classical logarithmic Gauss-Mahler measure of a Laurent polynomial,
which corresponds to the case when u, = 0 for all v.

Lemma 9.14. The following properties hold:

(1) for f € K[M]\ {0} we have mp(f) >0,

(2) form e M and o € K* we have mp(ax™) = 0.
(8) form € M\ {0} and v € K* we have

mp(x" =) = Z ny log max(1, e~ ™ y|,).
VEM ¢

Proof. The statement (1) might be deduced from Lemma 8.2 and the expression for
the derivatives of the essential minimum in Remark 9.11. It can be alternatively
deduced from standard properties of the Mahler measure, as we next explain.

Let mg be a vertex of the Newton polytope of f. Then for each v € 9x we have

/ log [ fv dnyu, > log |O‘mo|v — (uy, mo).
Xan

In case v is Archimedean this follows from the fact that the Mahler measure of a
Laurent polynomial is bounded below by the absolute value of any of its vertex coef-
ficients. On the other hand, in case v is non-Archimedean this inequality is given by
the explicit expression of this local term in (9.16). Hence

mﬁ(f) > Z Ny (1Og |O‘m0’v - <uva mO)) =0
vEM

by the product formula of K and the fact that (u,), is balanced.
For (2), for each v we have [y, log|ax™ |y diy,u, = log|al, — (u,,m), and so the
statement follows again from the product formula and the fact that (u,), is balanced.
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For (3), for each v we have
/ log [x"" = 7|v dno,u, = logmax(1, [x"(ty)7]v) = log max(1, e tmmy),)
Xs“

by Jensen’s formula for the Mahler measure in the Archimedean case, and the explicit
expression (9.16) in the non-Archimedean case. The statement follows by considering
the weighted sum of these terms. ([

Combining Theorem 9.8 with the results in §8 we can strengthen the toric equidistri-
bution property to include test functions with logarithmic singularities along effective
divisors satisfying a numerical condition.

Theorem 9.15. Let D be a toric adelic R-divisor on X with D big and such that Uy
is wide. Let E be an effective divisor on X whose restriction to Xo is defined by a
Laurent polynomial f € K[M]\ {0} with mp(f) = 0. Then for every D-small generic

sequence (x¢)g in X(K) and v € Mg we have

f—00

lim %) déo(w)u = / © ANy u,
Xan Xan

for any function p: X2™ — RU{£oo} with at most logarithmic singularities along E.

In particular, this holds if each irreducible component of E is either contained in
the boundary X \ X, or is the closure of the zero set of an irreducible binomial x™ —~y
with m € M \ {0} and v € K* such that log ||, = (u,, m) for all v.

Proof. By Remark 9.11 we have

The first statement is then a direct application of Theorem 8.4.
For the second statement, let [E] denote the associated Weil divisor and consider its
decomposition into irreducible components [E] = >, _; k;W;. For each i € I we choose

a Laurent polynomial f; defining the restriction W; N Xo. Then f = [[.c; ffi defines
the restriction of E to the torus. Using Lemma 9.14 we deduce that mz(f;) = 0 for
each ¢ and that
mp(f) = Zkz mp(fi) =0,
el
and so this statement follows from the first. O

It is natural to try to interpret in terms of heights the numerical condition imposed
on the effective divisor by the previous theorem. To this end, first note that for every

point & € Xo(K) we have hpy(x) > p®(D) [BPS15, Lemma 3.8(1)], and so for every
subvariety V' C XO,F we have

5 (Dly) > 5 (D)
where V denotes its closure. Following [BPRS19, Definition 5.10], we say that V is
D-special if this lower bound is an equality.
Using the characterization of the Bogomolov property for monocritical semipositive

toric adelic R-divisors in [BPRS19, §5] we derive the following logarithmic equidistri-
bution theorem for the semipositive case.
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Corollary 9.16. With notation as in Theorem 9.15, assume furthermore that D
1s semipositive. Let E be an effective divisor on X such that each of its geometric
irreducible components is either contained in X \ Xo or is the closure of a D-special
hypersurface of X, 7. Then for every D-small generic sequence (x¢)e in X (K) and
v € My we have 7

lim ©déo(ay), = /Xanapdnuuv.

{—00 Xgn

for any function p: X2™ — RU{£oo} with at most logarithmic singularities along E.

Proof. Since D is semipositive and U is wide, D is monocritical in the sense of
[BPRS19], Remark 9.13. Let W C X3 be a geometric irreducible component of E
such that Wy := W N X, is D-special. By the Bogomolov property for monocritical
adelic R-divisors [BPRSiQ, Theorem 5.12], Wy is the translate of a subtorus. Since
Wy is a hypersurface, this implies that there exist m € M and xy € XO,F(K ) such
that

Wo=2Z(x"—-1) - xo.

After extending the base field if necessary, we assume without loss of generality that
zg € Xo(K). Note that Wy = Z(x™ — ) for v = x™(zo). By [BPRS19, Proposi-
tion 5.14(1)], the fact that Wy is D-special implies that

u, € mig + valy(zo) for all v,

which is equivalent to the fact that (u,,m) = (val,(z¢), m) = log|v|, for all v. We
conclude with Theorem 9.15. O

10. DYNAMICAL SYSTEMS AND SEMIABELIAN VARIETIES

Here we study the adelic R-divisors that arise as sums of several canonical adelic R-
divisors with different regimes with respect to an algebraic dynamical system. In this
setting, Zhang’s lower bound for the essential minimum might be strict, in which case
Yuan’s theorem cannot be applied. In spite of this situation, the essential minimum
function is differentiable at such adelic R-divisors, and for every place of K the Galois
orbits of the points in a small generic sequence converge towards the normalized
Monge-Ampere measure (Theorem 10.8). We also show that this equidistribution still
holds for test functions with logarithmic singularities along hypersurfaces containing
a dense subset of preperiodic points (Theorem 10.10).

These results apply in the context of semiabelian varieties, giving the differentiabil-
ity of the essential minimum function (Theorem 10.11) and allowing to recover Kiihne’s
semiabelian equidistribution theorem (Remark 10.12). Furthermore, they imply that
this equidistribution also holds for test functions with logarithmic singularities along
torsion hypersurfaces (Theorem 10.15).

10.1. Canonical adelic R-divisors. Zhang’s canonical metrics for dynamical sys-
tems in [Zha95b, §2] extend to the setting of adelic R-divisors, as shown by Chen and
Moriwaki [CM15]. Here we recall this notion and study some of its basic positivity
properties.

Let X be a normal projective variety over K of dimension d > 1 and ¢: X — X a
surjective endomorphism. Let D € Div(X)g such that ¢*D = ¢D for a real number
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g > 1. To define the associated canonical adelic R-divisor, choose f € Rat(X)p such

that
¢*D = gD + div(f).
By [CM15, §4], for every v € M there is a unique v-adic Green function g, on D such

that ¢ """ g, = q gy — log | f|v, and moreover D = (D, (gy)vemy ) is an adelic R-divisor
on X which verifies that

(10.1) ¢*D = ¢D + div(f).

This adelic R-divisor is independent of the choice of f up to a summand of the form
(TI\V()\) with A € K. Indeed, if f' € Rat(X)gr also verifies that ¢*D = ¢ D 4 div(f’)
then necessarily f' = ~vf with v € K. Hence for each v € Mg the v-adic Green
function induced by f’ coincides with g, 4 log |\, for A = 41/(¢=1D and the adelic
R-divisor induced by f’is D + (Tl:f()\)

Definition 10.1. The canonical adelic R-divisor of D, denoted by D" is any adelic
R-divisor on X such that

(10.2) ¢* D = ¢D  on Div(X)g.
It is unique up to summand of the form (TR/(/\) with A € K.

The associated height function is not affected by this indeterminacy, thanks to the
product formula. By (10.2), it verifies that

(10.3) hpean (6(x)) = ¢ hpean () for € X(K).

A point z € X (K) is preperiodic if its orbit with respect to ¢ is finite or equivalently, if
there are positive integers j < k such that ¢°/(z) = ¢°* (). The functoriality in (10.3)
implies that hpyean(2) = 0 whenever x is preperiodic.

It is well-known that if D is ample then D" is nef and both the absolute and the
essential minima vanish. In a similar vein, we give a simple condition ensuring the
pseudo-effectivity of the canonical adelic R-divisor and the vanishing of its essential
minimum.

Proposition 10.2. If R(D) # {0}, then D" is pseudo-effective and (D) = 0.

Proof. We prove that the essential minimum vanishes. First note that it is finite
because R(D) # {0}. We have p®5(D") = 11°5(¢* D) because the essential mini-
mum is invariant with respect to dominant and generically finite morphisms [BPS15,
Proposition 3.5(1)]. Furthermore

NESS(¢*bcan) — Mess(qbcan) — quess (ﬁcan)7
by the functoriality of the canonical adelic R-divisor and the invariance of the essential
minimum under linear equivalence. Hence p®S(D") = qu®s(D"), which gives
ps3 (D) = 0 as stated.

The pseudo-effectivity of D" then follows from Theorem 3.16. For the convenience
of the reader, we give an elementary proof of this fact. Let s = (f,eD) be a nonzero
global section of eD for some e > 1, which exists because R(D) # {0}. Up to
multiplying s by a nonzero scalar, we can suppose that ||s||,sup < 1 for every non-

Archimedean place v. Then given € > 0 take k > 1 such that log ||s||ysup < €eq* for
every Archimedean place v.
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The pullback ¢F*s = (¢°%* f, e $°** D) is a nonzero global section of e ¢°k’*lland
since ¢ is surjective, it has the same v-adic sup-norms as s. Since ¢* D" = g D",
there is a nonzero global section s, of e¢®D with the same v-adic sup-norms. Hence

) 1 L J)ee ¢* if v is Archimedean,

08 [|5kllcqrpeon vsup = 108 ll8lDeon 50 < 0 otherwise,

and so s € R™¢(D"). Therefore R~¢(D") # {0} for every ¢ > 0 and D" is
pseudo-effective. O

We also have the next condition for its effectivity.
Proposition 10.3. If D is effective and ¢*D = gD, then D" is effective.

Proof. Since D is effective, its canonical Green functions are bounded below. Further-
more, by the construction in (10.1) the equality ¢*D = ¢D lifts to an equality of adelic
R-divisors ¢* D" = ¢D®". Hence for each v € Mg we have ¢*gpean , = ¢ Gpean ,
and so

i f can - i f "Tcan
B8, 950 (7) =B, ()

because ¢ is surjective. Hence this infimum is zero and so D" is effective. O

10.2. Equidistribution for sums of canonical adelic R-divisors. Let ¢: X — X
be a surjective endormorphism of a normal variety over K as in §10.1. This endomor-
phism is finite [Fak03, Lemma 5.6] and we denote by deg(¢) its degree.

Fori=1,...,slet D; € Div(X)r with ¢*D; = ¢;D; for a real number ¢; > 1 such
that R(D;) # {0} and D$™ is semipositive. Set

(10.4) D= ib;&n,
=1

and suppose furthermore that D is ample. Up to reordering, we can also suppose that
I<gp<gp<-<gs
Since D{*" is semipositive, we have that D; is nef for each ¢ and so

¢*'D-D=> (¢ —1)Di= (g —1)D+ Y (¢ — @)D
i1 =1

is ample, because it is the sum of an ample R-divisor with a nef one. By Fakhruddin’s
theorem [Fak03, Theorem 5.1], this implies that the set of periodic points of ¢ is dense.

Next we study the basic properties of this adelic R-divisor, starting with its its
essential minimum, intersection numbers and Monge-Ampére measures.

Proposition 10.4. We have u*(D) = 0.

Proof. For every preperiodic point @ we have hy(x) = Y 7| hyean(2) = 0. Since the

set of such points is dense, we get 4***(D) < 0. On the other hand, by Proposition 10.2
we have p®*(D§*") = 0 for each ¢, and so Lemma 3.15(1) gives the reverse inequality
p(D) 2 iy w7 (D) =0, =

Denote by N C N® the set of s-tuples of nonnegative integers whose components
sum up to d. For each a € Nj set ¢® = []7_; ¢/* and consider the subset

(10.5) I={aeNj|q" = deg(6)}.
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Proposition 10.5. We have

@M—chqﬁwﬁmamCﬂmm_z(>5 (Demye,

a€el i=1 a€l =
Hence if (I[;_; D{*) > 0 for some a € N¥ then a € I. In particular I # 0.

Proof. We have deg(¢)*(D9) = ((¢°**D)?) = (325, ¢¥D;)?) by the projection for-
mula [Ful98, Proposition 2.3(c)]. Therefore

d ka s o
2= 3 () dgar (1122

Since the right-hand side is constant with respect to k, this has to be the case for the
left-hand side. Hence the terms corresponding to exponents outside I vanish, which
gives the first formula. Its positivity comes from the fact that D is ample.

On the other hand, the multilinearity of the Monge-Ampere operator gives

am) =Y (1) A (D

a€Ny, i=1

Since D; is semipositive, for each a € Nj we have that Aj_; c1(D§3") % is a measure
of total mass ([[;_; D;"). Hence this measure is zero unless a € I, which gives the
second formula.

The last statement comes readily from the first formula and its positivity. (]

The next proposition summarizes the properties of the pullback with respect to ¢
of this adelic R-divisor.

Proposition 10.6. We have

(1) (¢*D; D) > qu,

(2) 1?*5(¢*D) = p**(D),

(3) (¢*D?) = deg(¢) x (DY),

(4) c1(¢*Dy)" = deg(¢) e1(Dy)™.

Proof. For (1) we have R(¢*D — q1 D) # {0} because ¢*D — q1D1 = > _(qi — q1)D;
and R(D;) # {0} for all ¢. This gives r(¢*D; D) > ¢, as stated.

The other statements hold in greater generality: (2) is the invariance of the absolute
minimum with respect to pullbacks by surjective morphisms, whereas (3) and (4)
follow from the functoriality of the intersection numbers and of the Monge-Ampere
operator, see for instance [BPS14, Proposition 1.4.8]. O

Remark 10.7. Let v € 9. As usual we can consider the pushforward of a measure
on X7 with respect to the analytification ¢3", and since ¢ is finite we can also consider
its pullback, as explained in [Cha06, §2.8]. In our present situation, the v-adic Monge-
Ampere measure of D is invariant with respect to the dynamical system, in the sense
that

e (D) =1 (D) and G2 e (D) = deg(6) (D).
This follows readily from Proposition 10.6(4) and the behavior of Monge-Ampere

measures with respect to these operations, see for instance [Cha06, §2.8] for the non-
Archimedean case.
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We now state the central theorem of this section, which gives the differentiability
of the essential minimum at the adelic R-divisor in (10.4). Recall that I denote the
index subset in (10.5).

Theorem 10.8. The essential minimum function is differentiable at D, and for each
E € Div(X)g we have

01(D) = 1 > ()= f[lwg*m)“i).

In particular, D satisfies the v-adic equidistribution property at every v € My with
e
D

= e1(D))"/(D).

U

The next lemma gives the specific sequence of semipositive approximations that we
will use and its properties.
Lemma 10.9. For n € N set Q, = > i_,(qi/qs)" D™ € ]SR/(X)R. Then @, is
ample, Q,, is semipositive and R(D — Qy) # {0}. In particular, Q,, is a semipositive
approzimation of D. Furthermore

(1) r(Qn; D) = ¢, 47,

(2) 1*(Qy) = g5 " pu**(D),

(3) (Q7) = g5 " deg(9)" x (DY),

(4) 1(@p )" = g5 ™" deg()" c1 (D) for every v € M.

In particular, the normalized v-adic Monge-Ampére measures of Q,, and D coincide.

Proof. We have that @Q,, — (q1/¢s)™D is a nonnegative linear combination of the D;’s.
Since D is ample and the D;’s are nef, this implies that @, is ample. Clearly Q,,
is semipositive because it is a nonnegative linear combination of semipositive adelic
R-divisors. Moreover D — @),, is a nonnegative linear combination of the D;’s, thus
R(D — Q) # {0} since R(D;) # {0} for all i.

The other statements follow by iteratively applying Proposition 10.6, noting that
Q. =" ¢ D. O

Proof of Theorem 10.8. For each n let Q,, be the semipositive approximation of D
given by Lemma 10.9. By this result and Proposition 10.4 we get

p(D) = (@) _ —a:"1™(D) _ —p(D)

r@uD) T gt d
We have p2”%(D) > —oo because D is ample, and so the above ratio converges to 0 as
n — 00. Then Theorem 6.1 gives that the essential minimum function is differentiable

at D, and that for E € ]51;()( )r the corresponding derivative is

0<

ess () . @Z B
(10.6) O (D) = lim (%
By Lemma 10.9(3) we have (Q%) = ¢7%" deg(#)" x (D) and so

@ o 2 () Get) "~ (B TI@r):

=1
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We obtain the formula for the derivative letting n — oo, thanks to the existence of the
limit in (10.6). The formula for the equidistribution measures follows then from their
expression in terms of derivatives of the essential minimum function (Proposition 5.6)
together with the formula in (3.5) and Proposition 10.5. O

We also have the following logarithmic equidistribution result for D. Recall that
a subvariety Y C X is preperiodic if there are two positive integers j < k such that

¢l (V) = ¢7H(Y).
Theorem 10.10. Let (x4); be a D-small generic sequence in X(K) and Y C X

a hypersurface such that Y (K) contains a dense subset of preperiodic points. Then
for every v € My and any function p: X3" — R U {+oo} with at most logarithmic

singularities along Y we have

. Cl(Dv)/\d
B [ 00 = /Xgn“’ (DY)

In particular, this holds when Y is preperiodic.

Proof. Consider again the sequence (Q,,), of semipositive approximations of D given
by Lemma 10.9. By this result,
abs () c1(O Nd D. )\
(10.7) tim @) g 1(Q”j) _ a(Dy)
n=20 1(Qn; D) (@5) (D9)

Up to switching to linearly equivalent divisors, we can suppose that Y is not con-
tained in the support of any of the D;’s, and so we can consider the restriction of ¢),,’s
to Y. Since the set of preperiodic points of Y (K) is dense we have u®*5(Q,ly) = 0,
and by Zhang’s inequality (Theorem 3.17) we get

hg (V) <dp>(@,ly) x (Qp ' -Y) =0.
On the other hand, let A be an ample divisor on X such that A — Y is pseudo-
effective. Since @, is nef we have (Q4~!.Y) < (Q4~!. A), by the inequality in (2.1).
Combining this with Lemmas 3.14 and 2.2 we deduce that

be B abs(@n)
g, (V) 2 A (@) x (@7t 4) = s o

These inequalities with the limit in (10.7) imply that lim, hg. (Y)/(Q%) = 0. The
result then follows from Theorem 8.4 and Remark 8.5.

When Y is preperiodic, there is j > 0 such that Y’ := ¢°/(Y) is periodic with
period kg > 0. Hence the iteration ¢°% induces a dynamical system on Y’. Up to
linear equivalence we can restrict of D to Y’, and ¢°** D|y, — D|y- is ample. Hence

the set of periodic point of Y'(K) is dense [Fak03, Theorem 5.1] and so is that of
preperiodic points of Y (K). O

< (Q%).

10.3. Equidistribution on semiabelian varieties. In this subsection we specialize
Theorems 10.8 and 10.10 in the semiabelian setting. We first recall the basic construc-
tions and properties that are needed to this end, referring to [Cha00, Kiih22] for the
proofs and more details.

Let G be a semiabelian variety over K that is the extension of an abelian variety A
of dimension g by a split torus GI,, so that there is an exact sequence of commutative
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algebraic groups over K
0—G,—G—A—0.

We consider the compactification G of G induced by toric compactification (P')
of G”,. To construct it, one endows the product variety G x (P!)" with the action of
this split torus defined at the level of points by

t- (Z’,y) = (t G .I',til ‘(P y)

and defines G as the categorical quotient G x (P!)" /G’ . Tt is a smooth variety over K
containing GG as a dense open subset, and the projection G — A extends to a morphism
7: G — A allowing to consider this compactification as a (P*)"-bundle over A.

For a given integer ¢ > 1 the multiplication-by-¢ on G extends to a morphism
[llg: G — G of degree £"29. If we denote by [{]4 the multiplication-by-¢ on A, then
there is a commutative diagram

(10.8) G—G

The boundary GLG is an effective Weil divisor, and we denote by M its associated
(Cartier) divisor on G. It is relatively ample with respect to m and verifies that

(10.9) (M = (M on Div(G).

Let N be an ample symmetric divisor on A, which therefore verifies that [(]% N = (2N
on Div(A). Then its pullback 7*N is semiample, and by (10.8) it verifies

[Ugm*N = >7*N  on Div(G).
Furthermore, the sum D = M + 7*N is an ample divisor on G.

Let M € Div(G) and N € Div(A) be the canonical adelic divisors of M and N
for the dynamical systems [(]5 and [(] 4, respectively. By [Cha00, Proposition 3.4] the
adelic divisor M does not depend of the choice of ¢, and the same holds for N¢®.
By the commutativity in (10.8) we have that
(10.10) (LM = (M and [N = 7" N on Div(G).

We have that M is semipositive, as shown by Chambert-Loir in [Cha00, Propo-
sition 3.6] relying on some specific regular models of abelian varieties constructed by
Kiinnemann. Furthermore, Proposition 10.3 together with the equality in (10.9) im-
plies that this adelic divisor is effective. On the other hand N1 ig nef because N is
ample and so this is also the case for 7* N¢",

Finally set D = M + 7* N ¢ Div(G). By (10.10), its height function verifies
that

h5([lgz) = £ hifean (T) + €2 hgean (7(7))  for 7 € G(K).

It is nonnegative on G(K) and vanishes on the torsion points, and so (D) = 0. On
the other hand, this height function might take negative values at the points in the
boundary G \ G [Cha00, Corollaire 4.6]. In these cases we have p*”*(D) < 0 and so
D is outside of the scope of Yuan’s theorem.

The next result is a direct application of Theorem 10.8.
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Theorem 10.11. The essential minimum function is differentiable at D with

((Mcan)r . (W*Ncan)g . E)

I 7 N9) for E € Div(G)g.

O (D) =

Proof. We check that the conditions in Theorem 10.8 are met in our current situation.
First R(M) # {0} because M is effective, and R(7*N) # {0} because 7*N is semi-
ample. As explained, both M and 7* N are semipositive and D is ample. Then
this theorem gives the stated differentiability for the essential minimum function.

To apply the formula therein for the derivative %uess(ﬁ) we need to determine
the elements a € N2, , which verify that £917202 = deg([{]) = £"+29. The only one is
a = (r,g), and so this formula boils down to

(T-Tijg)((ﬂcan)r . (W*Ncan)g E) ((Mcan)r . (W*Ncan)g . E)

(T-:Q)(Mr - T*N9) - (MT - 7*N9)

O

Remark 10.12. This result gives Theorem 1.6 in the introduction, as it implies that
D satisfies the v-adic equidistribution property at every v € Mg with
1 (Hgan)/\r A ¢y (W*W%an)/\g - c1 (EU)/\T—Fg

(Mr . 7T>o<]\[g) - (D?"-‘rg)

(10.11) Vp, =

Using Theorem 10.11, the first formula for this equidistribution measure follows from
its expression in terms of derivatives of the essential minimum function (Proposi-
tion 5.6), whereas the second formula follows from the first together with Propo-
sition 10.5. Theorem 10.11 together with Proposition 5.3 also implies the height
convergence property in (1.6).

Remark 10.13. When v is Archimedean, the equidistribution measure in (10.11)
coincides with the Haar probability measure on the maximal compact subgroup S, ~
(S1)r*29 of G231, see for instance [Kiih22, Lemma 5.2].

When v is non-Archimedean, the description of this measure seems more com-
plicated. For abelian varieties, they were described by Gubler in terms of convex
geometry [Gubl10] but the extension to the semiabelian case is still pending.

For completeness, we extend this equidistribution result to the closure of a sub-
variety of G with vanishing essential minimum. By the semiabelian Bogomolov con-
jecture, proved by David and Philippon [DP00], these subvarieties are translates of
semiabelian subvarieties by torsion points, and so they do not provide examples of
equidistribution phenomena beyond those already obtained. But as explained in the
introduction, this extension is the centerpiece of Kiihne’s approach to this conjecture
[Kiih22, Proposition 4.1] and it is worth showing that it can also be derived from our
results.

Let Y C G be the closure of a subvariety of G, and set e = dim(Y) and ¢ =
dim(7(Y")). Then Y is not contained in the support of M, and after possibly replac-
ing the divisor N € Div(A) by a linearly equivalent one, we assume without loss of
generality that Y is neither contained in the support of 7*N. Hence we can con-
sider the restriction Dly, defined as the pullback of D with respect to the inclusion
morphism ¢: Y — G.
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Proposition 10.14. With notation as above, assume that u®(Dl|y) = 0. Then D|y
satisfies the v-adic equidistribution property for every v € Mg with
e (MmN A ey (NG A Gy
UDlyw = (M "N -Y) ‘

Proof. For each n € N consider the semipositive approximation Q,, = ¢~"M¢" +

7* N of D given by Lemma 10.9 in the semiabelian setting. In our current situation
we have that @, is ample, @,, is semipositive and D — @Q,, is effective. Let Y be the
normalization of the subvariety Y, and denote by D\Y and Qn]f, the adelic R-divisors
on Y obtained by pullback with respect to the normalization morphism. Since this
morphism is birational and Y is not contained in the support of M and 7*N, we
deduce that §n|§~, is a semipositive approximation of E\f/.

Its absolute minimum can be estimated as

0= 4= (Dly) = 4= (Dly) > i @uly) > 1*(@,) = "1™ (D),

where the last equality comes from Lemma 10.9(2). On the other hand we have that
Qulyg —€"D|g = (1 = £7")m"*N| is effective and so

7(@nly; Dlg) = 7.
Hence lim;,, uabs(én\f/)/r(th;; Dly) = 0, and so Theorem 6.1 together with Re-
mark 6.2 implies that D]y satisfies the equidistribution property for every v € My
with o _

vo = fim Qa0 e1(@no)™ A Gy
Phvv Zosee ((Quly)e)  — voe (Q5-Y)
To compute this limit, first note that

Zz n(e= J>< )(Me I *N7 Y.

For each j consider the intersection product [M®~7 - Y] in the Chow group of j-
dimensional cycles of Y. By the projection formula [Ful98, Proposition 2.3(c)] we
have

(Me—j CENT Y) = (m[Me_j Y] Nj),
where the left intersection number is computed over Y and the right over 7(Y"). Hence
this quantity vanishes when j > ¢/ = dim(n(Y')), whereas for j = €’ it equals (M€ -
F)x (N¢) for a general fiber F of the projection Y — 7(Y"), and therefore it is positive
because M is relatively ample and IV is ample. Hence

(10.12) (@ Y) = e <e>(M6 ¢ N YY) + O ),

and the dominant term in this asymptotics is positive.
On the other hand, the measure cl(Qm})Ae A dyan is zero whenever j > e’ because
its total mass vanishes, and therefore

e/
e (@n,v)/\e A 5Yvan = Z ¢—n(e=J) <j> 1 (M;:}an)/\e—j A ¢y (W*Wgan)/\j A 5Yva“'

The statement then follows by taking the limit for n — oo of the ratio between this
asymptotics and that in (10.12). O



64 BALLAY AND SOMBRA

Finally we strengthen the equidistribution property in (10.11) to include test func-
tions with logarithmic singularities along the closure of a torsion hypersurface or an
irreducible component of the boundary. Recall that a hypersurface of G is torsion if
it is the translate of a semiabelian hypersurface of G by a torsion point.

Theorem 10.15. Let (z4); be a D-small generic sequence in G(K) and Y C G a
hypersurface that is either the closure of a torsion hypersurface of G or an irreducible
component of G\ G. Then for every v € My and any function p: Gy — RU {£oo}
with at most logarithmic singularities along Y we have

) _ Cl(ﬁv)/\r+g
Jjm éznméom)v = /G Tsoi( Dra)

Proof. This follows from Theorem 10.10 noting that Y is a preperiodic hypersurface
for the endomorphism [/| for any ¢ > 1. O

11. GENERALIZATION TO QUASI-PROJECTIVE VARIETIES

In this section we extend Theorem 1.2 to the setting of adelic divisors on quasi-
projective varieties in the sense of Yuan and Zhang [YZ23| (Theorem 11.8). We
first recall the construction and important facts concerning adelic divisors on quasi-
projective varieties from [YZ23]. We closely follow the presentation in [BK24].

11.1. Adelic divisors on quasi-projective varieties.

11.1.1. Geometric case. Let k be a field, X a normal projective variety over k of
dimension d > 1, B € Div(X) an effective divisor on X, and U = X \ supp(B). We
denote by R(X,U) the category of normal modifications of X which are isomorphisms
over U. Given such a modification 7: X; — X, we write (X, ) or simply 7 for the
corresponding object in R(X,U). The space of model R-divisors on U is the direct
limit
Div(U)§°! = lim  Div(Xx)z,
rER(X,U)

Given two model R-divisors D, D’ on U, we write D > D’ or D' < D if there exists
(Xr,m) € R(X,U) such that D, D’ € Div(X,)r and D — D’ is effective. The B-adic

mod

norm ||.|| on Div(U)g°® is defined by setting
|ID|| =inf{e € Rsg | —eB < D <eB}

for D € Div(U)&ed,

The space Div(U)i™ is the completion of Div(U)m°d for the B-adic topology. In
[YZ23, BK24], elements of Div(U)i™ are called adelic divisors on U. We prefer not
to use this terminology here in order to avoid confusion with the arithmetic setting.
The group Div(U)E™ only depends on the open set U by [YZ23, Lemma 2.4.1], [BK24,
Remark 3.3].

Let D € Div(U)im. By definition, D can be represented by a sequence of model
R-divisors (D;); on U that is Cauchy for the B-adic norm. It follows from [YZ23,
Theorems 5.2.1 and 5.2.9] that the limit lim; ,~ vol(D;) exists in R and does not
depend on the choice of (D;);. We call this limit the volume of D and we denote it
by vol(D). We say that D is big if vol(D) > 0.
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We say that D is nef if the sequence (D;); can be chosen such that D; is nef for
every i € N. We say that D is integrable if it is of the form D = A; — Ay with
Al, AQ S DlV(U)%ém nef.

The subspace of integrable adelic divisors is denoted Div(U)i*. The intersection
product defined in [YZ23, §4.1.1] extends by multilinearity to a product

(Div(U)B)d 5 R, (Dy,...,Dg) — (D1 -...- Dy)

with the following property [BK24, Theorem 3.7]. Let (Dy,...,D,) € (Div(U)it)d
and let (X;,7;); be a sequence in R(X,U) such that for each j € {1,...,j}, D; is
represented by a Cauchy sequence (D, ;); with D;; € Div(X;)r for every i € N. Then
we have

(Dy-...-Dg) = lim (Dy; - ... Dgy).

1—00

Moreover, vol(D) = (D?) for every nef D € Div(U)im.
Let P, A € Div(U)E™ be big. The inradius of P with respect to A is the quantity

r(P; A) =sup{\ € R | P — \A is big}.
It is easy to check that
(11.1) r(P;A) = lim r(P;; A;)
1—00
for any sequence (X;,m;); in R(X,U) such that P and A are represented by Cauchy
sequences (FP;); and (A;); with P;, A; € Div(X;)g for every i € N.

11.1.2. Arithmetic case. Let K be a number field with ring of integers Ox. By a
projective arithmetic variety (respectively a quasi-projective arithmetic variety) we
mean an integral scheme X which is flat and projective (respectively quasi-projective)
over Spec Ok . Let X be a normal projective arithmetic variety. Then its generic fiber
X = X Xo, Spec K is also normal. We let d + 1 be the Krull dimension of X', so that
X has dimension d.

Definition 11.1. An arithmetic R-divisor on X is a pair D = (D, (gv)vemss ), Where
D € Div(X)r = Div(X) ®z R is an R-Cartier divisor on X and for each v € M, g,
is a continuous v-adic Green function on D x. The space of arithmetic R-divisors on

X is denoted BR/(X)R.

We let [o0] € ]SE(X)R be the arithmetic divisor on X’ given by D =0 and g, = 1
for every v € IMMF.

To any D = (D, (gu)vemss) € BR/(X)R we can associate an adelic R-divisor D™ =
(D, (gv)vemy ) € ISE(X)R by setting D = D|x and g, = gp,, for v € My \ MF (see

§3.1). We denote by hp = hzaa: X(K) — R the associated height function.

We say that D is effective (respectively strictly effective) if D is effective and if
gy > 0 (respectively g, > 0) on X2\ supp(D)2" for every v € MP. Let B =
(B, (98,0)v) be a strictly effective arithmetic R-divisor on X and U = &'\ supp(B).
We also let B = Bjx € Div(X)r and U = X \ supp(B). We denote by R(X,U)
the category of normal modifications of X over Spec Ok which are isomorphisms over
U. By definition, the objects of R(X,U) are pairs (m, X;) (also denoted 7 for short)
where A; is a normal projective arithmetic variety and n: X; — X is a morphism
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that induces an isomorphism over Y. The space of model arithmetic R-divisors on U
is defined as the direct limit

Div(U)g°? = lim  Div(Xy)z.
TER(X U)

For every D1,Ds € ]SR/(L{ )ﬁ“’d, we write Dy > Do or Dy < Dy if D1 — Dy is effective
on a model where D; and D, are defined. The B-adic norm is defined by letting

ID|| =inf{e € Ry | —eB <D < eB}
for D € ﬁi?/(Z/{)?R?Od.

Definition 11.2. The space ]Si?f(U)%del of adelic R-divisors on U is the completion
of Div(U)ﬁmd with respect to the B-adic topology.

As in the geometric case, ]5;/(2/{ )adel depends only on U [BK24, Proposition 3.36].
Let D € ﬁi?/(l/{)ﬁdel. Then D can be represented by a sequence (D;); in ]Si?/(U)HIQOd
which is Cauchy for the B-adic norm. For every i € N, let (m;, X;) € R(X,U) such that
D; € Div(X)g and let X; = X; xo, Spec K, D; = D:* € Div(X;)g, and D; = Dy, .
Note that (D;); is a sequence in Div(U)2°4 which is Cauchy for the B-adic topology
in the sense of §11.1.1, hence defines an object D € DiV(U)]lém. In the sequel, given

an adelic R-divisor A € m(U)%del we always use the same letter A to denote the
corresponding object in Div(U)im.

We say that D is pseudo-effective (respectively semipositive, respectively nef) if
the sequence (D;); can be chosen such that D; = 5?(1 is pseudo-effective (respectively
semipositive, respectively nef) for every i. We say that D is integrable if it is the
difference of two nef adelic R-divisors on ¢. We denote by ]51?/(?1 )yt 61?1(?1 yadel the

subspace of integrable adelic R-divisors on U.

Remark 11.3. Our definition of nef adelic R-divisors on U/ coincides with the one
in [BK24], but it differs slightly from the one in [YZ23] (where nef adelic divisors in
the above sense are called strongly nef). However, the two definitions coincide after
possibly shrinking &/ [BK24, Remarks 3.5, 3.16 and 3.39].

The fact that (D;); is a Cauchy sequence readily implies that lim; hp, (z) exists

for every z € U(K). Moreover this limit does not depend on the choice of (D;);.
Therefore we can define a height function hp;: U(K) — R associated to D by setting

hy(x) = Zlg(l)lo hp,(z) for every x € U(K).

As in the geometric case, the arithmetic intersection product defined in [YZ23,
§4.1.1] extends to a multilinear map

(DivU) 21— R, (Dy, ..., Dg) — (Dy - ... Dy)

and . .
(Do ... Dg) = lim (Dy; - ... D)
1— 00
if for each j € {0,...,d}, D, is represented by a Cauchy sequence (D;;); in ]51?/(1/{ )mod
[BK24, Theorem 3.37]. Here the intersection products on the right-hand side are the
arithmetic intersection products defined in §3.2 taken on common models. For any
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dominant morphism ¢: U’ — U of normal quasi-projective arithmetic varieties, there
is a pull-back map ¢*: Div(U)ad?! — Div(U’)2d°! and we have

(Do -...-Da)=(¢"Dg - ... ¢"Dya)
by [BK24, Proposition 3.46].

For any D € Div(U)¥ and v € M, we denote by c¢1(D,)"¢ the signed measure
on U™ defined in [YZ23, §3.6.6] (extended to adelic R-divisors by multilinearity). Let
(D;)i be a Cauchy sequence representing D. For each i € N let (m;, X;) € R(X,U)
such that D; € Div(X)p, Xi = &; xo, Spec K, and D; = D-" € Div(X;)r. By
construction [YZ23, §3.6.6], we have
(11.2) [ pea@pi=tn [ oo

gn 1—r 00 X’La?}
for every real-valued continuous function ¢: U™ — R with compact support. Here
we view ¢ as a function on X7?) via the open immersion Uj" — X7. The measure

c1(Dy,) has total mass (D?) [YZ23, Lemma 5.4.4].
11.2. Essential and absolute minima of an adelic R-divisor. Let D € BRI(U yadel

with big D € Div(U)i™. The essential minimum of D is defined as

p(D) = sup inf  hp(z),
VcU zeV(K)

where the supremum is over all the Zariski-open subschemes of U.

Lemma 11.4. Let (D;); be a Cauchy sequence in Dlv(Z/l)mOd representing D. Then

IueSS( )_ hm ,uess('Dad).

Proof. Note that for any N € N and t € R, we have
U (ND + tloc]) = Nu™(D) +t and  pS(ND:* + t[oc]) = Nu™ (D) +t

for every i € N. Therefore we can replace D by N D + t[oco] without loss of generality.

Taking N and ¢ sufficiently large, we can therefore assume that 5?d —Bis big for
every i € N. Since (D;); is a Cauchy sequence, there exists a sequence of positive real
numbers (g;); converging to zero such that

(11.3) D; —Eigﬁﬁj <D;+¢B
for every integers 4,7 with j >4 > 0. Let ¢ € N. Since for every j > i the support of
+(D; — D;) + &8 does not intersect U, it follows from (11.3) that

h, () — eihg(x) < hp(z) < hp (7) + eihg(w)
for every x € U(K). Since 5?(1 ~ B s big, there exists a dense open subset U; C U
such that hz(z) < hyp () for every z € U;(K), and therefore
(1 = &)hp, (x) < hp(x) < (1+&)hp, (2)

for every x € U;(K). Since U; is dense, this implies that |u®S(D) — uess( )\ < g
and the lemma follows. O

Lemma 11.5. For every E € ER/(Z/{)?Rdel such that D — E is pseudo-effective, we have
Mess(b) > Mess(E)’
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Proof. This follows from the analogous result for adelic R-divisors on projective vari-
eties (Lemma 3.15 (4)) thanks to Lemma 11.4. O

If D is semipositive we define its absolute minimum as
1P (D) = sup{\ € R | D — \[o0] is nef}.
11.3. The key inequality.

Proposition 11.6. Let P,E € BR/(U)%del with P nef and P big. Assume that there

exists a nef A € I/)RI(L{)%dEI such that A is big and A + E are nef. There exists a
constant Cy depending only on d such that for every A € [0,7(P; A)/2) we have

D . \T " (P"- B) A N
WP HAE) 2 e e aE) TN e G Ty X sy
In particular, if E =0 in Div(U)i™ then
w5 o (P (PUE) P X
AR 2 s T e Ay

Proof. Let (P;);, (€;); and (A;); be Cauchy sequences in Div(U )mod representing P, ¥
and A respectively and such that for every i € N, P;, ; and A; are defined on the same
projective arithmetic variety X;. For every i € N, we denote by P; = f? d,Ei = g?d
and A; = Z?d the associated adelic R-divisors on X; = &} x ¢, Spec K.

Let A € [0,7(P; A)/2). Then for sufficiently large i € N we have A € [0,7(F;; 4;)/2)
by (11.1). By Corollary 7.3, there is a constant Cy depending only on d such that

Sd+1 —=d = —=d
— — (P, ) (P; - E;) (P; - A;) A2
©ss P, + A\E;) > : A—t —Cy x ! X .
HE (Pt = (d+ 1) vol(P; + A\E;) + (Rd) d (Pid) r(P;; A;)
We conclude by letting i tend to infinity. ([

11.4. Equidistribution on quasi-projective varieties. We keep the notation of
§11.1.2. Let D € Div(U)3! be an adelic R-divisor on & with D € Div(U)im big.

Definition 11.7. A semipositive approzimation of D is a pair (¢: U’ — U, Q) where

e ¢: U' — U is a birational morphism of normal quasi-projective arithmetic
varieties,

e Qc ISRI(L{’ )adel i a semipositive adelic R-divisor on ¢’ with @ big,
o ¢o*D — Q is pseudo-effective.

A sequence (x4), in U(K) is called generic if it is generic as a sequence in X (K).
In the sequel, all the generic sequences we consider lie in U(K). A generic sequence
(z¢)¢ is called D-small if limy_,o hy(ze) = p®(D).

For every z € U(K), the orbit O(x) C X(K) of x lies in U(K). It follows that for
any v € Mg, O(x)y = 1,(O(z)) C U™, and in particular dp(,), defines a probability
measure on Uj".

The following is a quasi-projective analogue of Theorem 7.7. Similar arguments
would allow to extend Theorem 6.1 to the quasi-projective setting, but we focus on
this statement as it facilitates the comparison with [YZ23, Theorem 5.4.3].
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Theorem 11.8. Assume that there exists a sequence (¢n: Uy, — U, Q,,)n of semipos-
itive approzimations of D such that

. ! sy (@) §=(D) — p™(Qy)
AL Oni6n D) (=) (d+ 1)(@;1)) S0 e T QuaiD)
Let v € Mg, and for each n > 1 let vy, be the probability measure on U™ given by
the pushforward of the normalized v-adic Monge-Ampére measure c1(Q,, ) */(Q%) on
Uph- Then 7

(1) the sequence (Vn4)n converges weakly to a probability measure v, on U3,

(2) for every D-small generic sequence (x¢); in U(K), the sequence of probability
measures (80(z,), )¢ on U™ converges weakly to vy .

The proof adapts the approach we used for Theorem 7.7, the central result being
Proposition 11.6.

Proof. Let (z4)¢ be a generic D-small sequence in U(K) and v € M. Let p: U™ — R
be a continuous function with compact support. We need to show that

(11.4) Elgélo i ©doo(z,), = nh_)rrolo - wdvp .

Let ¢ > 0. We view ¢ as an element of C'(X2"). By [GM22, Proposition 2.11 and
Theorem 2.13], there exists a function ¢, € C(X2") such that |p. —p| < € on X2" and,

after possibly extending the base field K, ¢, is G,-invariant and the correspondlng
adelic divisor 07° defined in §3.5 is DSP. After shrinking I/ if necessary, we view E as

an clement of Div(2)2t,

For every n € N, we let Q, = Q,, — 1*"(Q,,)[0c]. Then Q,, is nef and

Q- erA
Co=sup == )

We omit the proof, as it is identical to the one of Lemma 7.6 (note that Zhang’s
inequality remains valid in the quasi-projective setting: this is [YZ23, Theorem 5.3.3],
and alternatively it follows from Proposition 11.6 applied with A = 0).

To conclude, we adapt the arguments in [YZ23, Proof of Theorem 5.4.3]. Let n € N

and X\ € (0,7(Qn; ¢ A)/2). By Proposition 11.6 applied with P = @n, there exists a
constant Cy depending only on d such that

(@d+1)
@+ @) TN @)

Since (Q41) = (@n') — (d + 1)u™*(Q,,)(Q%) and
1S (Qn + AOLE) = 15(Q, + AOLE) — 1™ (@),

< 00

Q- ¢ E) A2
*CdCo X T(Qn,gb;A)

1 (Qn + ALE) >

we obtain
(Q4 - ¢4E) N

@ -
@) YOG, Ay

@+ nen

P (Qn + AGLE) >

On the other hand we have
ps(D) + )\hmlnfh (xe) = hmlnf hp g (o) > p(D + XE) > p*(Q,, + ¢ E),
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where the last inequality is given by Lemma 11.5. Therefore

. (@1 64 F) A

1 ) —
limint () > 3 (72 gm — 1) + B - cucy x o

M@ g "
It follows from our assumptions and Lemma 2.1 that
—d+1
- (@ )
lim S(D) — n
n—00 T(Q’m oy, ) (M ( ) (d + 1)(@%)

Therefore, applying the above inequality to a suitable choice of A = A, and taking the
supremum limit on n € N gives

=0.

=i
(11.5) hérgloglfh (xp) > lirirgsolép %ZZ;E).

To conclude, we adapt the arguments in [YZ23, Proof of Theorem 5.4.3]. Let n € N
and let (Q,,;); be a Cauchy sequence defining @Q,, € Div(U,)*!. For every i € N, let
AX; be a projective arithmetic variety on which @m is defined, X, ; , the generic fiber

of X, ;, and én,i = (Qn)*L. By abuse of notation, in the integrals below we write ¢,
and ¢ to denote their pullbacks to XJ% and Up%,. Then

(@g : ¢7*17) Ty

(Q4) - ~ Q) Zlggo X, @e c1(Q.; 4 v) (g;) }g& e pc (@n,i,v)/\d — M€
= (g%) /%?U ¥ C1 (@n,v)/\d — NyE
= ny, /a @ dvp ., — nye,
where the penultimate equality follows from (11.2). l\/foreover, we have
NyE + Ny /an 0 do0(zy), = Tw / e d6o(zy), = hg(ze)
for every £ € N. Combining this with (11.5) an(z letting ¢ tend to zero gives
ligrg(i)lgf/m 0 d00(zy), = ligl_igp/m @ dvp .,
and we obtain (11.4) by applying this to —¢. O

As in the projective case, the only reason why we assume U to be normal is that we
work with adelic R-divisors. When working with adelic divisors (or equivalently with
adelic line bundles) in the sense of [YZ23], one can drop this assumption by passing
to a normalization (see Remark 6.2).

Corollary 11.9 ([YZ23, Theorem 5.4.3]). Let D € ]SF/(M)?Rdel be semipositive with
big D € Div(U)i™. Assume that p®*(D) > —occo and

—d+1

D)
(d+1)(D9)

Then for every v € My and for every D-small generic sequence (x¢), in U(K), the
sequence of probability measures (80(z,),)e on UZ™ converges weakly to c1(Dy )N/ (D).

u=(D) =
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Proof. Apply Theorem 11.8 to the constant sequence (¢, @,,) equal to (Idy, D). O

In [YZ23, Theorem 5.4.3], Yuan and Zhang assume that D is nef while here we
ask that D is semipositive and p®**(D) > —oo. This is not more general, since the
statement is invariant under translation by [oo]. Recently, Biswas [Bis23] proved
the differentiability of the arithmetic volume function and deduced a quasi-projective
analogue of Chen’s equidistribution theorem [Chell, Corollary 5.5]. It would be in-
teresting to check whether such a statement follows from Theorem 11.8, by adapting
the arguments we used in the proof of Corollary 6.5.

APPENDIX A. AUXILIARY RESULTS ON CONVEX ANALYSIS

In this section we recall the basic constructions and properties from convex analysis
that are used in our study of toric varieties in §9. We also establish some auxiliary
results, most notably Proposition A.3 concerning rate of the decay of the sup-level
sets of a concave function as the level approaches the maximum value.

Fix an integer d > 1. Let C' C R? be a conver body, that is a compact convex
subset with nonempty interior.

Definition A.1. For a functional u € (R?)Y we denote by w(C,u) the length of the
interval u(C) C R. The width of C' is then defined as

w(C) = uei?df—l w(C,u),

where S?~1 denotes the unit sphere of (R?)Y ~ R9,
For another convex body B C R¢, the inradius of C' with respect to B is defined
as

(A.1) 7(C; B) = sup{\ € Rsg | 3z € R? such that A\B +z C C}.

When B is the unit ball of R?, it coincides with the classical inradius from Euclidean
geometry.

The inradius and the width can be compared up to scalar factors: there are explicit
constants c¢1, co > 0 depending only on d and B such that
(A.2) aw(C) <r(C;B) <caw(C).

The first inequality comes from [BF87, page 86, inequality (9)], whereas the second is
clear from the definitions.
Given convex bodies B, B’ C R¢, the corresponding inradii compares as

r(B',B)r(C; B') <r(C;B) < r(C; B).

r(B; B')
Let f: C'— R be a concave function and set = sup,co f(x). For each t < p we
consider the sup-level set

(A.3) Sif) = fe e O] f() > 1}.

It is a nonempty compact convex subset of C, that is a convex body whenever t < p.

Set also Crax = Su(f)-

Definition A.2. For zo € C, the sup-differential of f at zg is the closed convex
subset of (R?)Y defined as

Of (zo) = {u € (RYY | (u,x — xq) > f(x) — f(xo) for all z € C}.
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Its elements are called the sup-gradients of f at xq.

A point xg € C lies in Ciax if and only if 0 € 9f(z9). When this is the case,
the vector 0 is a vertex of the sup-differential Jf(x¢) if and only if there is no u €
(R%)V\ {0} such that both u and —u belong to this convex subset. Equivalently, 0 is
not a vertex of df(xg) if and only if there is u € (R%)Y \ {0} such that

(A.4) flz) <p—[{u,x —xp)] forallxzeC.

This condition does not depend on the choice of the point zy € Cpax: indeed, if (A.4)
holds then (u,z1 — zp) = 0 for any z1 € Cpax and so this inequality also holds when
xo is replaced by x;.

The next proposition is a rigidity result that allows to determine when the concave
function f admits a “Canadian tent” upper bound like that in (A.4) in terms of the
rate of decay of the inradius or the width of its sup-level sets as the level approaches
its maximum.

Proposition A.3. The following conditions are equivalent:

—t
1) for any convex body B C R* we have lim _HEZr 0,
(1) Jor any / i=ur(Si(f); B)

t
(%) Jim ooy =
or atlt u dyv we nave lm;t:
(3) for al u & ()" 0) we have Jim — E=5 s —0,

(4) for any xo € Cmax we have that 0 is a vertex of 0f(xo).
Its proof relies on the next two lemmas.
Lemma A.4. With the previous notation, we have that

(1) for all u € (R?)V \ {0}, the function t € (—oo, i) > is decreasing,

w—t
w(St(f)vu)
nw—t
w(St(f))

Proof. First consider the case d = 1. Then take t' < t < pu, choose g € Cyax and
consider the affine map

(2) the function t € (—oo, p) — is decreasing.

t—t —1
t:R— R, z+—— a:o—i—'u x.
p—t p—t
It follows from the concavity of f that ¢(Sy(f)) C S¢(f). Denoting by ¢ the Lebesgue
measure on R, this gives

—t
(A.5) oy (Se() S USK)
Now let d > 1. Take u € (R%)"Y \ {0} and consider the direct image of f with
respect to w, which is the concave function u, f: u(C) — R defined by
usf(y) =sup{f(x) |z € C,(u,z) =y} foryeu(C).
Clearly supyc,c) u«f(y) = p and Se(usf) = u(Se(f)) for all t < p.
Take again t' < ¢t < u. The inequality in (A.5) gives
w—t w—t uw—t pw—t
w(Sy(f),u) Sy (uef)) ~ L(Se(unf))  w(Se(f),u)
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proving (1). Then (2) follows by choosing u € S9~! such that w(S;(f),u) = w(Si(f))
and applying (A.6) to show that

w—t S w—t - p—t  opu—t
w(Sy(f)) — w(Se(f),u) — w(Si(f),u)  w(Si(f))

Lemma A.5. Let t < y and 29 € Ciax. Then for all u € (RY)V \ {0} we have

w—t

- u,x — xo)| > f(x orallz € C\ S .
Proof. Let x € C'\ S¢(f) and set ¢ = f(x) < t. Since both z and z¢ lie in Sy (f) we
have |[(u,x — zo)| < w(S¢(f),u). Combining this with Lemma A.4(1) we get

p—t p—t
p— f(x) > WKUJC—%H > w(Si(f), @) [(u, z — z0)|,

which gives the statement. U

Proof of Proposition A.3. The equivalence between (1) and (2) follows from the in-
equalities in (A.2), and clearly (2) implies (3).

Now assume (3). If (4) does not hold, then there is zp € Cpax such that 0 is not a
vertex of Of(xg). Let u € (R?)Y \ {0} such that p — |(u,z — z0)| > f(x) for all z € C
as in (A.4). For each ¢t < p, we can choose y € Si(u.f) = u(S¢(f)) such that

y = w20 = 5 w(Su(),w).
Taking = € Si(f) such that (u,x) =y we have |[(u,x — zg)| > w(S(f),u)/2 and so

p—t o p=fl)  [{wr—zg 1
w(St(f)7u) B w(St(f)’u) B w(St(f)7u) -2
which contradicts (3) and thus implies (4).
Finally we show that (4) implies (2). To this end, suppose that (2) does not hold.
By Lemma A.4, this implies that there is ¢ > 0 such that

—t
LZC for all t < pu.

w(S(f))
In particular dim(Cpax) < d because otherwise w(S¢(f)) > w(Cmax) > 0 for all ¢ < p.
Take sequences (t;)r>1 in (—oo, ) and (ug)g>1 in S9=1 with limp_ye t) = p such
that w(Sy, (f)) = w(S, (f),ux) for all k. By the compacity of S?~1, we can assume
that limy_,c u; = u for a point u € S9!, Take also zg € Crnax. By Lemma A.5 we
have

p—cl{ug,x —xo)| > f(z) forallz e C\ S (f)
Now let z € C'\ Cryax. Then z ¢ Sy, (f) for k> 1 and so

p—cllue—xo)| = lim p—cl{ug,x —z0)| = f().

Since dim(Chax) < d, this inequality extends to z € Ciax by continuity. Therefore 0
is not a vertex of df(zp) and so (4) does not hold. O

Definition A.6. The concave function f is said to be wide (at its mazimum) if it
verifies any of the equivalent conditions in Proposition A.3.
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Let I be a finite set, and for each i € I let n; > 0 be a real number and f;: C — R
a concave function such that

(A7) f=Y nifi

i€l
Definition A.7. A balanced family of sup-gradients for the decomposition in (A.7) is
a family of vectors u; € (R™)V, i € I, such that there is zg € Cpax With u; € 9fi(xo)
for all i and >, ; nju; = 0.

Proposition A.8. The decomposition f =  ..;nifi admits a balanced family of
sup-gradients. If f is wide, then this family is unique.

Proof. For the first statement, we can derive from the decomposition of f in (A.7) the
decomposition of its sup-differential at any point zg € C' as

(A8) Of(x0) = 3" mi Ofi(wo),

el
see for instance [BPS14, Proposition 2.3.9]. If g € Cpax then 0 € 9f(x0), and we
obtain a balanced family of sup-gradients by considering any decomposition of this
zero vector according to (A.8).

If f is wide then 0 is a vertex of 0 € 9f(xg). The second statement is then given
by [BPRS19, Proposition 3.15]. O

We denote by MV(Cy,...,Cy) the mixed volume of a family of d convex bod-
ies of R? and by MI(fo,..., f4) the mixed integral of a family of concave functions

on convex bodies of R?, both with respect to the Lebesgue measure of R? [BPS14,
Definitions 2.7.14 and 2.7.16].

Proposition A.9. Fori=0,...,d let f;: C; — R be a continuous concave function

on a convex body, and (C; )y a sequence of convex bodies approaching C; uniformly.
Then

Tim MI(folc,, - fales,) = MIo, - fa)

Proof. For the sequences of convex bodies (Cjn)n, @ = 0,...,d, approaching C; uni-
formly, the same holds for the corresponding Minkowski sums. Furthermore, for the
sequences of concave functions (fi|c;,, )n, @ = 0, ..., d, their sup-convolutions approach
the corresponding sup-convolutions of the concave functions f;, ¢ =0, ..., d, restricted
to the domain of the approximant.

The statement then follows from the continuity of the integral of a continuous
concave function on a convex body with respect to the restriction of its domain to a
sequence of convex bodies approaching it. O

Finally, the next lemma gives an explicit expression for the mixed integral when
all but one of the involved concave functions are equal to an affine one.

Lemma A.10. Let C C R? be a convex body and ¢: R* — R an affine function with
linear part u € (R?)Y and constant ¢ € R. Then for any concave function on a convex
body g: B — R we have

MI(c, ..., o, g) = MI(ulc, . .., ulc,ulg) + cdMV(C,...,C, B) — d'vol(C) g¥(u),
where gV denotes the Legendre-Fenchel dual of g.
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Proof. The proof is based on the results in [Gual8, §1.3] and we will freely use the
notation therein. This requires that both C' and B are polytopes. Nevertheless, the
general case follows from this one by the continuity of the formula with respect to
uniform approximation.

First, by Corollary 1.10 in loc. cit. we have

MI(£|07---’€|039) :MI(U|07’U|039)+CdMV(CvaoaB)

By Proposition 1.5 in loc. cit., we can compute the mixed real Monge-Ampeére measure
of ulc as

MM (u|c, ..., ulc) = dlvol(C) b,
where d, is the Dirac measure on u. Then applying the recursive formula in Theo-
rem 1.6 in loc. cit. to g and to u|p we get

MI(u|c, - - ., ulc,g) — MI(u|c, - - -, ulo, ulg) = d!'vol(C) ((u|g)Y (u) — g" (u)).

In fact, the first part of this recursive formula depends only on the domain of these
concave functions, and so they cancel each other. Finally, from the definition of the
Legendre-Fenchel duality we get (u|p)Y (u) = inf,ep((u, ) — (u,z)) = 0. O

Remark A.11. Given two convex bodies Cy,Cy C R?, for each u € (R the sup-
convolution of the restrictions u|c, and u|c, coincides with the restriction u|c,+c,,
that is

ulo, Bule, = uley v,

Hence the mixed integral MI(u|c, ..., u|c,u|p) can be written as an alternating sum
of integrals of the linear function u on different Minkowski sums of C and B. In
particular, the map u — MI(u|c, ..., u|c,u|p) is linear.
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