QUANTITATIVE EQUIDISTRIBUTION OF GALOIS ORBITS OF
SMALL POINTS IN THE N-DIMENSIONAL TORUS

CARLOS D’ANDREA, MARTA NARVAEZ-CLAUSS, AND MARTIN SOMBRA

ABSTRACT. We present a quantitative version of Bilu’s theorem on the limit distri-
bution of Galois orbits of sequences of points of small height in the N-dimensional
algebraic torus. Our result gives, for a given point, an explicit bound for the discrep-
ancy between its Galois orbit and the uniform distribution on the compact subtorus,
in terms of the height and the generalized degree of the point.

1. INTRODUCTION

One of the first results concerning the distribution of Galois orbits of points of small
height in algebraic varieties is due to Bilu [Bil97]. It establishes that the Galois orbits
of strict sequences of points of small Weil height in an algebraic torus tend to the
uniform distribution around the unit polycircle.

Let us introduce some notation before giving the precise formulation of this result.
Fix an algebraic closure Q of Q together with an embedding Q — C. By C* and Q”
we denote the multiplicative groups of C and Q, respectively. Let N > 1, the Galois
orbit of a point in (@X)N is its orbit under the action of the absolute Galois group,
Gal(@/Q).

For a finite set T C (C*)¥, the discrete probability measure on (C*)¥ associated
to it is given by

1
/’LTZEZ(SOH

a€eT

where #T denotes the cardinality of T and d, the Dirac delta measure on (C*)V
supported on a. The unit polycircle (S*)V is the set of points (z1,...,2,) € CV such
that |z1] = ... = |zny| = 1. Tt is a compact subgroup of (C*). We denote by A(s1)v
the Haar probability measure of (S!)V, considered as a measure on (C*)¥.

A sequence (ug)g>1 of probability measures on (C*)Y converges weakly to a pro-
bability measure p on (C*)V if, for every compactly supported continuous function
F: (C*N = R, we have

lim Fduy :/ Fdu.
k—o00 (CX)N (CX)N
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Let £ € Q" and fe € Z[z] be the minimal polynomial of £ over the integers. The
Weil height of £ is defined as
m(fe)
h(§) = ;

© deg(¢)

where m(f¢) is the (logarithmic) Mahler measure of fe, given by

1 2 )
mife) = 5= [ Tomlfe(e)las

and deg(§) = [Q(€) : Q] is the degree of the point &.
This notion of height extends to (Q™)" as follows:

(1.1) h(€) =h(&) +... +h(Ey), for every € = (&,...,&n) € (@)V.

A sequence (&;)k>1 in (@X)N is strict if, for every proper algebraic subgroup Y C
(@)Y, the cardinality of the set {k: &, € Y} is finite.

Theorem 1.1. [Bil97, Theorem 1.1] Let (§;)r>1 be a strict sequence in (@)Y such
that klim h(&,) = 0. Then we have
—00

kli)l’lolo s, = )\(Sl)N,
where ps, 1s the discrete probability measure associated to the Galois orbit Sy of &.

This result was inspired on a previous work of Szpiro, Ullmo and Zhang [SUZ97|
on the equidistribution of points of small Néron-Tate height in Abelian varieties. It
was originally motivated by Bogomolov’s conjecture, solved in [UlI98| and [Zha98§].
The results of Szpiro, Ullmo and Zhang and of Bilu were largely generalized to other
heights and places [Rum99, BH05| [FR06, BRO6, [Cha06l Yua08l, [Gub08| BB10L [Chelll,
BRPS15]. In particular, these results established the equidistribution of Galois orbits
of sequences of small points for all places of Q and heights associated to algebraic
dynamical systems. Moreover, this equidistribution phenomenon holds for the bigger
set of test functions with logarithmic singularities along divisors with minimal height,
see [CT09).

As a general fact, these equidistribution theorems are formulated in a qualitative
way, in the sense that no information is provided on the rate of convergence towards the
equidistribution. An exception is [FR06], where a bound for this rate of convergence
is given for a large class of heights of points in the projective line and all places of Q.
Independently, Petsche [Pet05] gave a quantitative version of Bilu’s result for the case
of dimension one.

In this paper, we present a quantitative version of Theorem for the general N-
dimensional case. In particular, we provide a bound for the integral of a suitable test
function with respect to the signed measure defined by the difference of the discrete
probability measure associated to the Galois orbit of a point in (@X )N and the measure
A(suy~. This bound is given in terms of the height of the point, a higher dimensional
generalization of the notion of the degree of an algebraic number, and a constant
depending only on the test function.

To state our main result properly, let us introduce further definitions and notations.
For every n = (n1,...,ny) € ZN . consider the monomial map

X" (@)Y — Q@
z=(2z1,...,2n8) — X"(2)=2"... 3.
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We define the generalized degree of a point € € (@X)N by
(1.2) 2(8) = min{||nf|; deg(x™(£))},
n#0

where deg(x™(€)) is the degree of the point x™(¢) € Q" and |- |1 is the 1-norm on
CN. For a particular choice of &, the generalized degree can be computed with a finite
number of operations (Remark .
Let us identify (R/Z)Y x RY and (C*)V via the logarithmic-polar coordinates
change of variables:
(R/Z)N x RN o (C)N
0,u) = ((01,...,0N), (u1,...,un)) +— (e2m0rtu  p2mifntuny

On (R/Z)N x RN ~ (C*)N we consider the translation invariant distance, defined as

N
d((07u)7 (017 ’ll,/)) = (Z ‘91 - 0“2 + |ul - U“2>
=1

A function F: (C*)¥ — R belongs to the set of test functions F if it satisfies:
(i) F is a Lipschitz function with respect to the distance d;
(ii) The restriction Fy = F|gi~ is in V()N R).

The set F contains all compactly supported functions in €V+1((C*)V R).
The following is the main result of this paper.

Theorem 1.2. There is a constant C < 64 such that, for every & € (@X)N with
h(§) <1 and every F € F,
log((€) + 1))5

Fdug — / Fd\
/(X)N Hs gy e 2(8)

where S is the Galois orbit of &, ps the discrete probability measure associated to it
and c¢(F') a positive constant depending only on F.

< o(F) <4 h(€) +C

For every test function F' € F, the function Fy, its Fourier transform FE, all the first
order partial derivatives of Fy and their corresponding Fourier transforms are integrable
with respect to a Haar measure (Theorem [A.1). In logarithmic-polar coordinates
Fy(0) = F(0,0). Then, as shown in the proof of Theorem the constant ¢(F') can
be bounded by

¢(F) < 2Lip(F) + 162

where Lip(F’) is the Lipschitz constant of F' with respect to the distance d of (C*)V
and || - ||;1 stands for the L'-norm of a function on the locally compact Abelian group
ZN with respect to the standard Haar measure.

Our main theorem is a quantitative version of Bilu’s result. Indeed, if we consider a
strict sequence (§;,)k>1 in (@)N such that h(&;) — 0 as k — oo, we necessarily have
that 2(&;) — oo as k — oo (Lemma [2.8)). Hence, for every function F € F, Theorem
implies that

lim Fdus, 2/ Fd/\(Sl)N,
k—o0 (CX)N (Cx)N
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where g, is the discrete probability measure associated to the Galois orbit Sy of &.
Since F contains a dense subset of the set of compactly supported continuous functions
on (C*)N, we deduce Theorem .

The rate of convergence in Theorem has the expected exponent % as in Favre
and Rivera-Letelier’s paper [FR06|, see also Theorem On the other hand, one
could ask if, for the general N-dimensional case, the constant ¢(F') might be bounded
by the Lipschitz constant of the test function, as in their paper.

The idea of the proof of our result is to reduce the problem, via monomial maps,
to the one-dimensional situation as it was done in [Bil97, [DGS14]. In this setting, we
apply Favre and Rivera-Letelier’s result (Theorem . Then, we lift the obtained
quantitative control to the N-dimensional torus by applying the Fourier inversion for-
mula and a study of the Fourier-Stieltjes transform of the discrete probability measure
associated to the orbit of the point.

This paper is structured as follows. Section [2| contains preliminary theory and
general results on Fourier analysis, measures on the Riemann sphere, Galois invariant
sets and the generalized degree. In Section [3, we give the proof of Theorem [1.2], which
is divided in several propositions and lemmas. At the end of the paper there are two
appendices, the first one studies the set of test functions F and the second the Lipschitz
constant of an auxiliary function used in Section

Acknowledgements. We thank Joaquim Ortega and Juan Rivera-Letelier for useful
comments and suggestions. The results of this paper are part of the Ph.D. thesis of
the second author [Narl6].

2. PRELIMINARIES

2.1. Fourier analysis. In this section we review basic concepts of Fourier analysis on
(R/Z)N, we refer the reader to [Rud62] for the proof of the stated results.
Let p > 1. Given a function H : (R/Z)N — C, its LP-norm is defined by

1
P
||HHLP = (/(R/Z)N |H(0)’pd0> € RZ[} U {—l-OO}

We say that H € LP((R/Z)") if this norm is finite. In particular, the function H is
Haar-integrable if it lies in L'((R/Z)N). Similarly, for a function G : Z¥ — C, its
L?-norm is defined by
1
P
IGlle = | > 1G] €RxoU {+o0}

nezZN

and we say that G € LP(Z") if this norm is finite. Also, G is Haar-integrable if it lies
in LY(ZN).

Let H : (R/Z)N — C be Haar-integrable, its Fourier transform is the function
H :ZN — C defined as

fi(n) = / H ()20 g,
/2y

where

n-0=ny,...,nN)-(01,...,08) =n161 +--- + nnOy.
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If, in addition, H is also Haar-integrable, the Fourier inversion formula states that

H(0)= Y H(n)ermo.

nezZN

For H € (L'NL2)((R/Z)N), Plancherel’s theorem states that H € L2(ZM) and
moreover the following holds

[H ]2 = [1H ]2

For every finite and regular positive measure A on (R/Z)", its Fourier-Stieltjes
transform is the function A : ZV — C given by

An) = / 203 (@),
(R/Z)N
We now establish some auxiliary results that will be useful for the proof of Theo-

rem [[L2

Lemma 2.1. Let H : (R/Z)N — C be a Haar-integrable function such that its Fourier
transform H is also Haar-integrable. For any finite regular measure X on (R/Z)N we

have that H is integrable with respect to A and HN\ is Haar-integrable. Moreover, the
following holds

Hix= Y H(n)A(n).
[, ar= 3 A

necZN

Proof. Let X be a finite regular measure on (R/Z)". Its Fourier-Stieltjes transform is
the function X : ZV — C given by

An) = / e 2947 (6).
(R/Z)N

Since both H and H are Haar-integrable, we apply the Fourier inversion formula that,
together with Fubini’s theorem, leads to

this equality containing the fact that H is integrable with respect to A and that HX
is Haar-integrable. U

Lemma 2.2. Let H : (R/Z)N — C be a Haar-integrable function such that H is also
Haar-integrable, and let X be a finite reqular measure on (R/Z)N. Then

/ Hd) — / Hd\gy~ = H(0) (X(o) - 1) + 3" Hn)A(n).
(R/Z)N ®/2)Y =
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Proof. Since A(g1)nv is the Haar probability measure of (R/Z)N, for any n € ZV we

have
— ~ 1 ifn=0
(R/Z)N 0 otherwise.

Hence, by Lemma, [2.1]| we obtain

necZN
Then we have

/ Hd\ — / Hd(g1yn
(R/Z)N ®R/Z)N

— | 3 Hm)An) | - H(0) = H(0) ()\(0) - 1) +3" Hn)A(n).

nezZN n#0

2.2. Galois invariant sets. In this section we work with Galois invariant sets and
study their height, for further details on basic Galois theory we refer to [Lan05].

Let 7' C (Q)N be a finite Galois-invariant set, its height is defined as
W(T) =) h(a),
acT
where h(a) is the height of a € (Q™)V as in (L.I). In particular, since the height of

two Galois conjugate points coincide, if T C (Q™)Y is a Galois orbit of cardinality D,
we have

h(T) = Dh(a),
forany a € T.

Lemma 2.3. Let £ = (&1,...,&N) in (@X)N, S its Galois orbit and set D = #S.
Then

(1) D =[Q(&,....¢én) : Q]
(2) for every n € ZV, we have that deg(x™(§)) divides D.

Proof. To prove the first statement, let M be the normal closure of the extension
Q(&1,...,&n) of Q, that is, the smallest normal extension of Q containing Q(&1,...,&N).
Since the extension M <+ Q is Galois, its Galois group G = Gal(M/Q) has cardinality
equal to [M : Q.

The orbit S of £ under the action of the absolute Galois group coincides with the
orbit of & under the action of G, that is

S ={o€& = (c&1,...,0&n) : 0 € G}.
For any element o € .S, its isotropy group is the subgroup of G defined as
Go :={0€G:oa=a}l.

Since S is an orbit, the isotropy groups of its elements are conjugate by an inner
automorphism of G and, in particular, they all have the same cardinality. From this
fact, we can easily deduce the classical orbit-stabilizer theorem that states

45— 1C

:#T, for anyOéGS.
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Since M < Q is normal, for any intermediate extension M < L < Q we have
that M <= L is normal. Thus, M < Q(&1,...,¢&n) is a Galois extension whose Galois
group has cardinality

#Gal(M/Q(&1,-..,6n)) = [M : Q(&1, - - - EN)]-

We claim that G¢ = Gal(M/Q(&1,-..,€n)). Indeed, an automorphism o € G lies
in G¢ if and only if 0§; = &; for all j, which is equivalent to the fact that o €

Gal(M/Q(&1,.-.,¢én)). Thus,

#G=[M:Q] = [M:Q(&,---,6n)] - [Q&1, ..., &n) : Q]
= #Gal(M/Q(&, ..., &n)) - [Q61, - -+, 6N) = Q) = #Ge - [Q(&1, ..., €n) : Q).
We can then deduce
#G

D =#S = #G

=[Q(&, ..., én) : Q]

which proves statement .

Let us prove the second statement of the lemma. For any n € ZV, the element
X"™(&) = & -+ €Y is an element in the field extension Q(¢1,...,&n). Hence, we have
the tower of extensions

and the result follows from the multiplicativity of the degree of field extensions and
the statement . O

Lemma 2.4. Let £ € Q" , d = deg(§) and S its Galois orbit. Then
1
2> lloglal| < 2h(¢).
a€csS
Proof. We have

1 1
3" Jlogall = 5 >~ max{-log|al, log|al}

aesS aEes
=3 Zlogmax{ o’ \a\} p Z log max{1, |a|?} — log |a|).
a€eS a€es
Let Pe(z) = agz® + ... + ap € Z[z] be the minimal polynomial of £ over Z. Since S is
the Galois orbit of &, we have
Pe(z) = aq H (x —a) and ag = (—1)%ay H a.
aesS a€esS

Since |ag| is a nonzero positive integer, we obtain

dz (log max{1, |a|*} —log|a|) = Zlogmax{l || }—i—log: d:
acs aES
1
< p glog max{1, |a|?} + log |ay]
[0

<2 (; Z logmax{1, |a|} + log ad\) =2h(¢),

a€esS
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where the last equality is given by Jensen’s formula for the Mahler measure [BG07,
Proposition 1.6.5]. O

Lemma 2.5. Let &, € (Q°)Y and consider its Galois orbit {&,,...,&p}, where £ =
(&as--,&N) forevery j=1,...,D. Then

1 N D
5 2.2 Hoglgjull < 2h(&,).

=1 j=1

Proof. For every [ = 1,..., N, the elements §;; and & ; are conjugates. Let us denote
by S; the Galois orbit of ;. By Lemma , we have that #5; = deg(&y,) divides D
This is, there is a positive integer k; such that D = deg(&1,)ki, where k; is exactly the

number of times each element of the orbit is repeated in {&1,...,&p }. We obtain
5 ZDlog €5l = Z 7 deg( Zrlog|§m\
l 1 j5=1
Yoo
= log |a| < 2h( =2h
lz; deg(&l,l) O; | g‘ H Z fll (El)
where the inequality follows from Lemma [2.4] O

Lemma 2.6. Let S C Q" be a Galois-invariant set of cardinality D. For every
0<d <1, we have

1\ L
#S5 <2 (log 5) h(S),
where S5 = {a € S : |log ||| > log }}.
Proof. Write S as a finite disjoint union of Galois orbits
S=5U---US,.

By definition, for any « € S5 we have

1\ L
< (log ) |log |||
0
Hence, we obtain

1 -1 1 -1
#55 < > <10g6> |log |a|| < <log5> > " |log ol

a€ESy a€cS
1\ ' & A — 1\
. <1og 5) 53 Joglal| < (logé) S 2h(s) =2 <1og 5) h(s),
=1 a€sS; =1
where the last inequality holds by Lemma (]

2.3. The generalized degree. We study now the notion of the generalized degree of
a point in the algebraic torus defined in (1.2)). First of all, let us see that in dimension

one, it coincides with the notion of the degree of the algebraic number. Let £ € @X,
then

2(§) = ggg{\n\ deg(£™)}.
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For every non-zero integer n, let Q,(z) be the minimal polynomial of ¢ over Z,
of degree deg(¢!") = deg(¢”). By setting R,(z) = Qn(z/") € Z[z] we obtain that
R, (&) = 0 and this implies that

deg(¢) < deg(Rn(x)) = [n| deg(€").
Hence, Z(£) = deg(§).

Remark 2.7. For N > 1 and every &€ = (&1,...,&y) in (Q7)Y we have that

@(6) < min{deg(§1>v s 7deg(§N)}'
This holds since

{deg(&1), ..., deg(én)} C {deg(x™(€)) : m # O}

Thus, for a particular choice of &, the generalized degree can be computed after a finite
number of steps by considering all n # 0 such that ||n|; < min{deg(&),...,deg({n)}-

For N = 1, a strict sequence (&g)g>1 in Q" such that klim h(&k) = 0 verifies that
- —00
klim deg(&x) = oo. Indeed, suppose there is some ¢ > 0 such that deg(&;) < ¢ for
—00

every k > 0. By Northcott’s theorem [BGOT7, Theorem 1.6.8], there are only finitely

many elements with bounded degree and height. Hence, there is some o € Q" such
that { = « for infinitely many k’s. Since h({x) tends to 0 as k goes to infinity,
by Kronecker’s theorem [BGOT, Theorem 1.5.9] we necessarily have h(a) = 0, which
implies that « is a root of unity. In particular, there is an infinite subsequence of
(&k)k>1 contained in a proper algebraic subgroup of Q™ which is not possible by the
assumption that the sequence is strict.

The following lemma is a generalization to the higher dimensional case of this fact.

Lemma 2.8. Let (§;,)r>1 be a strict sequence in (@ )N such that limy_,ee h(£;,) = 0.
Then

lim 2(§;,) = oc.
k—o00

Proof. Since the sequence (§;,)r>0 is strict, the sequence (x™(&)))k>0 is a strict se-

. X
quence in Q" for every n # 0.
Write &, = (§k15---,&k,n) and let n = (nq,...,ny) # 0. We have

h(x™ (&) = h(&gh -~ &%) < h(gh) + .. +h(gN)
= |ni|h(&k1) + ...+ Inn|h(&e n) < [In]]1 h(&) m 0,

where the inequality follows from [BGOT, §1.5.14].
Thus, as we just saw, we have that for every n # 0

Jim deg(x"(€)) = oo.

Finally, by Remark [2.7], for every k > 0 there is n; # 0 with bounded 1-norm such
that Z(&;) = [lnkllL deg(x™* (&) Hence

lim 2(§;,) = oo,
k—o00

completing the proof. O
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3. PROOF OF THE MAIN RESULT

In this section we give the proof of Theorem As we mentioned in the intro-
duction, we do so by using Fourier analysis techniques and reducing the problem,
via projections, to the one-dimensional case, where the result follows from Favre and
Rivera-Letelier’s [FR06, Corollary 1.4].

Before stating this result, we give the definition of the spherical distance on the
Riemann sphere. Let us identify the projective complex line with the unit sphere S?
of R3. Let 52\ {(0,0,1)} — C be the stereographic projection, where we identify the
equator of S? with the set {z € C : |z| = 1}. Composing it with the standard inclusion
C < PY(C) gives a map S?\ {(0,0,1)} — PYC)\ {(0 : 1)}, that we extend to a
homeomorphism p : S? — P}(C) by setting p(0,0,1) = (0 : 1). The spherical distance
dspn on P}(C) is given by the length of the arc on S? under this identification.

A function f : PY(C)YN — Cis a Lipschitz function with respect to the distance dgpp
if there is a constant K > 0 such that

(3.1) () = f(P)] < K dgn(p, P') for every p,p’ € P(C)".

If f is a Lipschitz function with respect to the spherical distance, its Lipschitz constant
Lipsph(f) is the smallest K > 0 such that holds.

We now state Favre and Rivera-Letelier’s result together with the explicit constants
computed in the second author’s Ph.D. Thesis [Narl6, Theorem IIJ.

Theorem 3.1. There is a positive constant Cy < 15 such that for every €' function

f:PYC) = R and every ¢ € Q”
log(deg() + 1)>é
dug — dAg1 —_—
/IPl ©) fops /]pl(@) fdhs deg(§) )

where S is the Galois orbit of &, pug the discrete probability measure associated to it
and Lipg,y, stands for the Lipschitz constant with respect to the spherical distance on
the Riemann sphere.

In particular, if h(§) <1, then

[, gdus— [ fire
P1(C) P1(C)
for C < 64.

< Lipgpn(f) (dg@ + (4 h(é) + Co

log(deg(€) + 1>>5
deg(¢&) ’

< Lipspn(/) (4 h(e) +C

The proof of this result relies on the interpretation of the height of a point in terms
of the potential theory over the complex projective line. Given & € @X, it can be
shown that the mutual energy of the signed measure ugs — Ag1 is bounded above by
twice the height of the point. Since this signed measure is not regular enough, Favre
and Rivera-Letelier consider a regularization such that it has vanishing total mass and
its trace measure has continuous potential. This allows to apply a Cauchy-Schwartz
type inequality to the integral of the function with respect to the regularized measure.
Together with the study of the integral of the function with respect to the difference
of the measure and its regularization, this leads to their result. The explicitation of
the constant in [Narl6] is done by considering a specific regularization of the measure,
which is done by convolution with an specific mollifier.

Consider the projection

m: (R/Z)N xRN — (R/Z)N
(0, u) — 0.
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Under the natural identifications

(CHN — (R/Z)N x RN
(rovevzn) (522, 2529) (logaal,. . log 2w ) )

and
L — (R/Z)™
(Zla”'aZN) — (argQSrZI)""’argQ(TZI'N))’
the map 7 can be re-written as
e (CHN — (SHN
(21,...,2N) — (é—hj,é—x‘)

Let £ € (Q*)Y, S its Galois orbit and ug the discrete probability measure associated
toit. If F: (R/Z)N x RN — C is integrable with respect to the measure (SN,
then we have

(3.2)

/ qus - / Fd)\(Sq)N

(R/Z)N xRN (R/Z)N xRN

/ Fdug — / Fodurg
(R/Z)N xRN R/Z)N

/ FodVS - / Fd)\(SI)N
R/Z)N (R/Z)N xRN

where Fy : (R/Z)N — R is defined by Fy(0) = F(0,0), and the measure vg is the
pushforward of the measure pug, which is given by

<

+

)

1
(3.3) Vg = Tefts = %5 Z 6%'

a€EeS

Using (3.2), we are able to divide the proof of the main result into two parts. The
following proposition corresponds to the first one.

Proposition 3.2. Let £ € (Q°)N and S its Galois orbit. Let F : (C*)N — R be

a Lipschitz function with respect to the distance d and such that it is integrable with
respect to A(g1)n, then

< 2Lip(F) h(§),

/ Fdug — / Foydrg
(R/Z)N xRN (R/Z)N

where Fy(0) = F(0,0) and Lip(F) is the Lipschitz constant of F.



12 D’ANDREA, NARVAEZ-CLAUSS, AND SOMBRA

Proof. With the above notation, we have
/ Fdug —/ Fydrg / Fdug — / (Fom)dus
(R/Z)N xRN (R/Z)N (R/Z)N xRN (R/Z)N xRN

zZ z
/ <F(zl7"'aZN>_F<17"'7N>>dMS(Z17"'7ZN)
(CX)N |21] |z

§#18 Z F(al,...,aN)—F(al,...,aNN

al,...,aN)GS |a1| |aN|

<%L1p() 3 d<(a1,...,aN),<’Z]1L|,...,aN)),

(al,...,aN)GS ’aN|

where the last inequality is given by the fact that F is a Lipschitz function with respect
to the distance d of (C*)". By the definition of this distance, we have

1
2 N
O[]_ 2
d((al,...,aN), <, )) | log |y < | log |ay]].
ol Jo Z 2
Hence, by Lemma [2.5] we conclude
/ Fdug — / Fydrg
(R/Z)N xRN (R/Z)N

N
< gL 3 Y lloglail < 2Lip(F)h(e).
(@1,..,an)ES I=1

O

Let us study now the second summand in (3.2)). First of all we observe that, since
the measure A(g1)n is supported on (R/Z)N x {0}, we can reduce the problem to the

compact torus (S')V. Indeed, with the notation as in (3.2)), we have

/ Fodl/S — / FdA(Sl)N / FodVS — / Fod/\(sl)N
(R/Z)N (R/Z)N xRN R/Z)N (R/Z)N

where vg is given by (3.3).
If Fy : (R/Z)N — R is Haar-integrable and such that its Fourier transform Fj is
also Haar-integrable, by Lemma we have

/ N Fydrg —/ Fod/\(sq)zv = Fo( ) ( — 1) + Z Fy(n
(R/Z) (R/Z)N n#0

i

where the Fourier-Stieltjes transform of vg is

(34) ﬁg(n) _ / 6727rin-9dys(0) _ i Z 67in-(arg(a1),...,arg(aN))’
(R/Z)N

for every n € Z. In particular, Dg(0) = 1.
We obtain the following lemma.
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Lemma 3.3. Let Fy : (R/Z)N — R be Haar-integrable and such that its Fourier
transform is also Haar-integrable. With the notation as above, we have

/ FodVS —/ Fod/\(sl)N = Z ﬁ(n)ﬁs(n)
(R/Z)N (R/Z)N n#0
We study now the Fourier-Stieltjes transform of the measure vg = m,pug.

Proposition 3.4. There is a constant C < 64 such that, for every n #£ 0 and every
0<d <1, we have

B 2 (0] %
sl < o 2l + V20D e )

Proof. Let m # 0 and let Sy, be the Galois orbit of x™(&). By Lemma[2.3] there is an
integer [, such that #5 = [, #5, and we know that every element o € 5, is repeated
lp times in {x™(a) : @ € S}. Hence, by (§3.4), we obtain

Il (4h<s> e

~

1 n-(arg(aq),...,arg(a _ 1

(e, N )ES acsS

X"(e) 1 Z a
\(e)]  #9n 2 Tl
For 0 < § < 1, consider the function fs5 : P}(C) — C defined as follows.

£5(0:1) =0, f5(1:2)= pauzwé for any = € C,

where the function ps : R — [0, 1] is given by

0 if r <9,
(56741"();&5721”)2 i g <1<,

ps(r) =11 if5<7“<%,
(=2+6r)2(—1+26r) if}<r<32
0 if r > %.

In Lemma , we prove that fs is a ¢'-function such that, if we write f5 = us + ivs
we have

. . 2v/2(62 49
Llpsph(ué)lepsph(Ué) < (53)7
where Lipgpn stands for the Lipschitz constant with respect to the spherical distance
on the Riemann sphere.
For every n # 0, we have

D
35 [F- g Y X”(a))|

a€EsS
b X"(a) 1 n X" ()
%5 2 (e~ 75 2 (@D, n<a>|‘
5 2 e —pa(\X”(a)l))‘

es
<25 2 1= psllx(@)D)
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b

If a € Jp 5, then ps(|x™(a)]) = 1, and 0 < ps(|x™(a)|) < 1 otherwise. Hence, we have

38 g3 -plx@Dl =25 3 1-mlh @) < g5 3 L

acesS agdy s agdy s

Let us define, for every n # 0 and 0 < § < 1, the set

| =

Ins = {a €S:0 < |x"(a)| <

Set

1
Sn.s = {a € Sn : |log|al| > logd},

then we obtain
1 1 Nt
(3.7) — Y 1= > 1<2(lgs] hRx"),
#5 Sn )
OL%Jn’g O‘ESn,(s

where the last inequality is given by Lemma [2.6
As we saw in the proof of Lemma for n # 0 we have

h(x™(€)) < [Infl1 h(§).
Thus, putting this together with (3.5)), (3.6) and (3.7) we deduce that

1 -1
<2(tog5)  Illnce)

(3.8) ZOEED NIRRT

acsS
On the other hand, we have

39 g Y HUM@) = e Y st = [ fdus,.

aEeS ln#sn aESn P1(C)

where pg,, is the discrete probability measure on P(C) associated to the Galois orbit

S of X™(§).
Since Ag1 is the measure on P!(C) supported on the unit circle, where it coincides
with the Haar probability measure and, by definition, f5(1: z) = z if |z| = 1, we have

/ fgd)\sl = / ZdAsl (Z) =0.
P1(C) Cx
By Theorem [3.1] we obtain

/ fsdus,, / fsdps, — / fsdAgr
P1(C) P1(C) P1(C)

/ usdps,, — / usdAgt
PL(C) PL(C)

< (Lipsph (us)+Lipsph (vs)) (deg(;;(g)) + <4 h(x™(§)) + Co

(3.10)

<

_|_

log(deg(x™ (£)) + 1)) 5)

deg(x™(£))
125 +9) x . log(deg(x™(€)) + 1)) 2
ST (deg(X"(E))+<4h(X R R R R3) ) )

where Cy < 15.
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Since h(x™(&)) < ||n|/1 h(&), we have

log(deg(x™(€)) + 1))é
deg(x™(£))

< (4||n||1h<s> G

(4 h(™()) + Co

In |1 log(deg(x™ (&) + 1))5
|1 deg(x™(&))
log(|[n]|1 deg(x™ (£)) + 1))5
I deg(x™(€)) '

< s (41(6) + G
Hence, this together with (3.9) and (3.10]) gives

44/2(6% 4+ 9) < T
3.11 / dus, | <20 T
BL) | for o, To0s 7l degConce))
log([Irel1 deg(x™(€)) + 1))5
+(4n) + ¢
(106 + o i )
4V2(5° +9) ( log([[n deg(x™(€)) + 1>>%
<2V T, (4nE) + ¢ :
g Il (1h(e) [l dea(r(€))
with C < 64.
The function % is monotonically decreasing for x > 1. We deduce that, for
every n # 0
log(||nl1 deg(x™(§)) + 1) _ log(Z(§) + 1)
nfli deg(x™(€))  —  2(§)
Together with (3.11)), this implies that, for every n # 0,
4V2(8° 4 9) ( log(2(£) + 1>>%
dps, | < Y20 T in)y (4h(g) + 022N T )
[ s S Iml (4n(e) + 2T

By using this inequality and (3.5) we deduce that

1 1
vs(n)| < |Us(n) — < > fs(1:x™(@)| + |75 > _ fs(1: x"())
‘ S ’ o #sc; b #SC;S b
- 52 log(2 :
< tnlune) + 20 D, (ang) + RAZE LD
proving the proposition. O

The following proposition bounds the second summand in the inequality (3.2]).

Proposition 3.5. There is a constant C < 64 such that, for every € € (@X)N with
h(€) <1, every 0 < § < 1 and every F' € F, the following holds

/ FodVS - / Fd)\(SI)N
(R/Z)N (R/Z)N xRN

1 [ —2 42052 +9) log(2(£) + 1)\ 2 &
Szw<1oga+ 7 )(4“5)*0 7(€) ); .

where S is the Galois orbit of €, ug the discrete probability measure associated to it,
2(€) the generalized degree of & and Fy(0) = F(6,0).

7
00,
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Proof. In Appendix [A] we prove that, given F' € F, the function Fj is Haar-integrable
as well as its Fourier transform Fy. Thus, by Lemma and Proposition

/ FodUS—/ Fd)\(Sq)N = / Fodys—/ Fod)\(sl)N
R/Z)N (R/Z)N xRN (R/Z)N (R/Z)N

= > Bm)stn)| < Y |Fon)|7s(n)

n#0 n#0
- —2 4v2 (5 +9) log(Z(€) +1) 2
<N R —Z In|;h VA9 T DSV T )
<3 [Fom (logdunul (©+ I (41(g) + =)
1
—2  4y/2(6% 4 9) log(2(&) +1)\? —
< =2y M 7
< <10g5+ 5 <4h(£>+0 0 ;(Fom)) Inlh,
where the last inequality is given by the fact that h(§) <1
By Lemma [A.2] for every [ =1,..., N we have
dFy =
a—ef(n) = 2min Fp(n).
Hence, we obtain
—~ 1 X —
> [Rm)|linl = 5= >3 |Fon)| - f2mn]
n#0 =1 n#0
N N || 55
1 aFO 1 0Fy

Finally, we conclude:

/ FOd?T*,U,S — / Fd)\(sl)N
(R/Z)N (R/Z)N xRN

2 4V2(82 +9) log(2(€ 21 &
= <log5 N E ) <4h(5)+cg(g)> TZ

0F,
90,

O

Proof of Theorem[1.9 Let F € F and set Fy(0) = F(0,0). By Theorem the
function Fy and its Fourier transform Fy are Haar-integrable and thus, as shown in

(3.2), we have

/ Fdug —/ FdXg1yn
(R/Z)N xRN (R/Z)N xRN

/ Fdug — / Fodrg
(R/Z)N xRN (R/Z)N

/ FodVS - / Fd)\(sl)N
R/Z)N (R/Z)N xRN

<

+
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Since the function F'is Lipschitz with respect to the distance d, by Propositions
and there is a constant C' < 64 such that

/ qug - / Fd)\(s1)N
(R/Z)N xRN (R/Z)N xRN
N

1 [ —2 42052 +9) log(2(€) + 1)\ ?
T <log(5 * 53 ) <4h(£) +C@(§)> ;

By Theorem [A 1] the Fourier transforms of the first order partial derivatives of Fj are
Haar-integrable and so this bound is finite.

< 2Lip(F)h(§)

o
00,

. .. . 2 4\/5(52+9)
We search numerically for the minimum of the function ogs T & for 0 <
d < 1, and we obtain the value 94.9591, attained at 0 ~ 0.9071. Hence, since h(§) <1

and 94.9591 /27 < 16, we have

/ Fdus — / Fd\giyn
(R/Z)N xRN (R/Z)N xRN

< 2Lip(F) h(€) + 16 <4h(§) + Cbg(g(é))m) Y %l;’?
=1
S(mp +162 %];U ><h<£>+cbg<-”§é>)+”)2.

O

Remark 3.6. The functions in F are functions with logarithmic singularities along

toric divisors in a toric compactification of (@X)N . The qualitative equidistribution
with respect to this set of test functions is given by the theorem of Chambert-Loir and
Thuillier [CT09, Théoréme 1.2].

APPENDIX A. THE SET OF TEST FUNCTIONS

In this appendix, we show that the test functions in F, when restricted to the unit
polycircle (S1)V are Haar-integrable as well as their Fourier transforms. We also prove
the Haar-integrability of all their first order partial derivatives and their corresponding
Fourier transforms.

Recall the definition of the test functions. The set F is given by all real-valued
functions F' satisfying

(i) F is Lipschitz with respect to the distance d on (C*)¥

(ii) Fo(0) = F(6,0) is in ¥V TH((R/Z)N,R).

The main theorem of this section is:

Theorem A.l. For any F € F, the function Fy(0) = F(0,0) satisfies the following
properties:

(i) Fy is Haar-integrable,

(ii) Fy is Haar-integrable,

F{

(iii) for everyl=1,..., N, 8700 are Haar-integrable,
!
OF

(i) for everyl=1,...,N =0 are Haar-integrable,

"0,
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Before proving this result, let us consider a technical lemma. For every function
H:(R/Z)N — R and a = (ay,...,ay) € {0,1}", we will use the notation

ol putetavy
o= ) = Ggor g )

whenever it makes sense.

Lemma A.2. Let H : (R/Z)N — R of class €N T be such that

olel fr glel+1pr
LY(R/Z)N d —— eLY((rR/Z)N
90° < (R/Z)7) an 9050, © (R/Z)™),
fora € {0,1}N andl=1,...,N. Then,
dlal g al _ lal+ig al
pr— ) ak
50% (n) kl_Il(ank) H(n) and 9690, = (2miny) ]}_[1 (2ming)** H(n).

Proof. This lemma is proved applying recursively the following

8/\.Fb / 8F[) —2min-0
—(n) = 0)e "0 a9
801 ( ) (R/Z)N 891 ( )

F ) )
= /( o 1( / gef(e)e—%mﬁldm) e 2 im0 40, | dfy
R/Z)N— R/Z

= / (27’[‘inl / F0(0)6_27rm161d91> 672m 2.7'#1 njejdeg . d@N
R/Z)N -1 R/Z

= (27rin1) / Fo(O)e_2””‘9d0
(R/Z)N

= (2min1 ) Fy(n).
O

Proof of Theorem[A.1l By definition, for every F' € F, the function Fj is of class N+1.
This is, all its partial derivatives up to order N + 1 are continuous and, since they
are defined on a compact space, they are bounded. Hence, for every o € {0,1}" and
everyl=1,..., N

dlelgy olel+1g,

00% 7 00°0,
In particular, we obtain parts (i) and (iii).
Let us prove (ii), we have to see that

3 \ﬁg(m\ < .

nezZN

e (L'NL2)((R/Z)N).

To do so, we will divide the sum over all n € Z" in several subsets. Let a € {0,1}
and set
if =0,

0
Wia) = {zN \{0} ifa=1

For a € {0,1}¥ set also
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Hence, we have

> ffm]- ¥ 3 )|

nezZN ac{0,1}N neW (a)
For a € {0,1}", we have

‘F\o(n ’ Z H (2mng)~

new (o) neW (a) k:ap#0

We saw that 6‘8“;'50 € (L' NL?)((R/Z)N) and so, by Plancherel’s theorem

ol R, ool
06 L2(ZN) 09 L2((R/Z)N)

Using Cauchy-Schwartz inequality, we obtain

2 — 2
SIS SO I UD D Sl | RS
ac{0,1}N neW (a) ac{0,1}N neW (a) k:ap#0
a|a|F0 ‘
< < 0.
ae%}N ne;(a)kcl;lsﬁo k ae%}f\’ne; ()

Part (iv) of the theorem is proved by applying the same argument to the function
8F° forevery l=1,...,N. O
APPENDIX B. BOUNDS FOR THE LIPSCHITZ CONSTANT OF THE FUNCTION f5

In this appendix, we give a bound for the Lipschitz constant with respect to the
spherical distance of the function f5: P!(C) — C defined by

f5(0:1)=0 and fs(1:2)= p5(|z\)é for any z € C,
where ps : R — [0, 1], with 0 < § < 1, is given by
0 if r < %,
(55—4r()5§5—2r)2 if g <r<S§,
ps(r) =<1 if 6 <r<i,
- 2
(=24 0r)%(—1+20r) if5<r<3,
0 if r > %.

First we prove that f5; € €*(P!(C),C). Afterwards, we will study the Lipschitz
constant of its real and imaginary parts. Let us define the usual charts in P*(C),
={(20:21) €PY(C): 29 #0} and Uj:={(20:2)€PYC): 2 #0}.

It is easy to see that the function fs is compactly supported on Uy N U;. In fact, we
have that

supp(fs) = {(1:2) 5 <l < 5 |

For this reason, to prove that fs is in €!(P!(C),C), it is enough to prove that the
function p5(|z\)é is of class €' in a neighborhood of the set {z : % <z| < 2}
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The piecewise-defined function ps is continuous, as well as its derivative, which is
given by
—%(5—27“)(5—7‘) ifg§r§5,
ps(r) =4 66(—2+40r)(—1+6r) if 3 <r< %,
0 otherwise.

Hence, since |z| and z/|z| are smooth on C*, we conclude that pg(\z|)é is of class €.

Lemma B.1. Let f5 be defined as above, and set fs = us + ivg. Then,
62 +9
5

The spherical distance dspn on P!(C) can be computed as follows

|202) + 217]]
V0P + [PV + 42 )

for p= (20 : 21) and p' = (2{ : 2}) in P}(C).

To simplify the computations, we will work with an equivalent distance, the chordal
distance dg, on P!(C), which is given by the length of the chord joining two points of
S2%. For p=(20: 21) and p' = (2} : 21) in P}(C), we have

Lipsph(u5)7 Lipsph('UJ) < 2\/§

dspn (p, p') := 2 arccos <

2|z02] — 212
[20[% + 212/ 2% + 212

These distances can be compared as follow:

den(p,p') := 7

Lemma B.2. For every p,p’ € P}(C),

9
- dsph (P, ") < den(p, p") < dspn(p, p')-

Proof. We work on the sphere using the stereographic projection. Since the chordal
distance dg, between two points in the sphere is the length of the chord joining them
and the spherical distance dgpy is the angle between the vectors both points define, we
have ,
ds
den(p, 1) = 2sin (wh(Qp’p)

For any pair of points, we have dspn(p, p’) < 7 so we deduce

> , for every p,p’ € P1(C).

dch(p7p,) < dSph(p7p,)'

Now, let 3 > 0 be such that 8dsn(p,p’) < den(p,p’) for all p,p’ € PL(C). This is
equivalent to Sz < 2sin (%) for every 0 < x < w. By the convexity of the function
2 sin (%), we deduce that the optimal value is g = % O

Proof of Lemma[B.1] Let us compute now a bound for the Lipschitz constants, with
respect to the spherical distance, of the us and vs. To do so, we choose coordinates
(z,y) in R2 = C. Let

us(z,y) i=us(l: oz +1iy) = ——=—"x

vs(z,y) =vs(l x4+ 1Y) = ———v.
(@) = va( )=
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Since the computations are symmetric for both the real and imaginary parts of fs, it
is enough to study the Lipschitz constant of one of them. To simplify these computa-
tions, we will study the Lipschitz constant with respect to the chordal distance in the
Riemann sphere and conclude by applying the comparison between the chordal and
spherical distances.

First of all, recall that the chordal distance restricted to the open subset Uy C P*(C)
is given by

' ] 2 o,Yo) — \Xr1,Y
(1 30 o) (Le i) = n!fxo y0>)2¢(1 s mgl n)?
0, Y0 1, Y1

where || - || denotes the Euclidean metric on R? and m(z,y) = /22 + y2. Now, since
the function ug is supported on Uy, we have

lug(1: 20) —ug(1 : 21)|
sup
20,21€C dch((1 : zO)» (1 : Zl))
_ sup |t (20, y0) — ts(z1,y1)| /1 4+ m(zo, y0)2y/1 +m(z1,y1)>
(w0,y0),(w1,y1) ER? H(x07y0) - ($1>y1)” 2

We consider different cases.
1. If (20, y0), (z1,31) ¢ D(0, %), we trivially obtain
|5 (w0, yo) — ts(x1,y1)) _
den((1 : 2o +iyo), (1 : z1 +iy1))
2. Suppose (zo,90), (z1,y1) € D(0,%). For t € [0,1], consider the function g(t) =

us((1 —t)(zo,y0) + t(z1,y1)). By the mean value theorem, there is some ¢ € (0,1
such that g(1) — g(0) = ¢’(¢). Applying the chain rule, we obtain

ts(w1,y1) — Us(wo, yo) = Vas((1 — ¢)(wo, yo) + c(x1,91)) - (x1 — To, Y1 — Yo)-

Hence, we deduce

(Bl) ’UJ(-TO,Z/O) —U6($1,y1)| < sup HV?lg(ar,y)H

10, 90) = (1,90 ™ (2ypen.2)
Let us study the gradient of @s. For every (z,7) € R? we have

W) = () dbtmiz + (s ) 22,

m(z,y) m(z,

Dits Ty / ps(m(z,y))

dy (@y) = m(z,y)? <p§(m(m7y)) m(z,y) )’
Without loss of generality, we restrict ourselves to the situation where (z,y) verifies
% < m(z,y) < %, since otherwise both partial derivatives would vanish. It can be
easily shown that |pj(r)| < 2 for every r > 0. This, together with the fact that
0<ps <1,z <m(z,y), y <m(z,y) and m(z,y) > 3, leads to

‘6125

%(‘Ta y)
We then conclude that, for any (x,y) € R?,

i 43
Vs (e, )l < =5

Ot
—_ <
By (z, y)' <

)

SIS
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On the other hand, given (2o, o), (x1,41) € D(0, %) we have that

VI +m(zo,y0)*V1+mlz,p)® _ 6% +4
2 - 262

Therefore, we obtain

|r&“(5(1“07y0-) 7a5($17y1)|. S 2\/§52<3F4
dch((l T xo + Zyo), (1 cx1 + Zyl))

3. Suppose now that (zo,yo) € D(0, %) and (z1,y1) € D(0 75) \D(0 ,5) As we did in
the previous case, we can deduce that
‘ﬂ6($0790) _a5(x17y1)| < 4\/§
(w0, 90) — (z1,91)|| — &

and

V1 +m(zo,y0)*V1+m(z,p)* _ 6249
2 - 26

Hence, we obtain

|tis(20,Y0) — Us(w1,y1)] 5 +9
: —— <22
den((1 : xo + 1y0), (1 : 21 +iy1)) 63

4. Finally suppose that (zo,0) € D(0,2) and (21,y1) ¢ D(0, 2). In this situation, we
have @5(x1,y1) = 0 and

|0

_ 0L o,
m(zo,v0) ~

|ts (w1, 1) = |ps(m(zo,y0))]

Since
20
V(02 +9)(02 4 4)’

den (1 : 20 + iyo), (1 : 21 +ign)) > dan (12 2), (1 : g)) -

we conclude

|5 (20, Yo) — Us (w1, Y1) 26
. . < 20
den((1: 2o +iyo), (1 21 +1dy1)) — /(62 +9)(02 + 4)

Having studied all these cases, we deduce that

i — 1 §2+9

sup |5 (20, Yo) U6($1,y1)|l <92 *3‘ '
(@0.0),(z1,y1)er? den((1 2 To +iyo0), (1 : 21 +iy1)) d

As we mentioned above, we were looking for a bound of the Lipschitz constant of

ugs with respect to the spherical distance. By Lemma we know that dgn(p,p’) >
den(p, p') for any pair of points p,p’ € P!(C) and we obtain

_ /
Lipsph(u(S) - sup ’ ( ) (p )|
ppeP(©) s o (P, P')
_ sup [t (0, yo) — ts(x1,y1)] < Qﬁ(szj.
(%0,Y0),(71,y1)ER2 den((1: w0 +1yo), (1 21 +dy1)) — 6°

Analogously, we deduce that Lipgpn(vs) < 2v/2 52+9_ 0



QUANTITATIVE EQUIDISTRIBUTION OF GALOIS ORBITS 23

REFERENCES

[BB10] R. Berman and S. Boucksom, Growth of balls of holomorphic sections and energy at equi-
librium, Invent. Math. 181 (2010), 337-394.

[BG0O7]  E. Bombieri and W. Gubler, Heights in diophantine geometry, New Math. Monogr., Cam-
bridge Univ. Press, 2007.

[BHO5] M. Baker and L. Hsia, Canonical heights, transfinite diameters, and polynomial dynamics,
J. Reine Angew. Math. 585 (2005), 61-92.

[Bil97] Y. Bilu, Limit distribution of small points on algebraic tori, Duke Math. J. 89 (1997),
465-476.

[BRO6] M. Baker and R. Rumely, Equidistribution of small points, rational dynamics, and potential
theory, Ann. Inst. Fourier (Grenoble) 56 (2006), 625-688.

[BRPS15] J.I. Burgos Gil, J. Rivera-Letelier, P. Philippon, and M. Sombra, The distribution of Galois
orbits of points of small height in toric varieties, arXiv:1509.01011v1 (2015).

[Cha06] A. Chambert-Loir, Mesures et équidistribution sur les espaces de Berkovich, J. Reine
Angew. Math. 595 (2006), 215-235.

[Chell] H. Chen, Differentiability of the arithmetic volume function, J. Lond. Math. Soc. 84 (2011),
365-384.

[CT09] A. Chambert-Loir and A. Thuillier, Mesures de Mahler et équidistribution logarithmique,
Ann. Inst. Fourier (Grenoble) 59 (2009), 977-1014.

[DGS14] C. D’Andrea, A. Galligo, and M. Sombra, Quantitative equidistribution for the solutions
of systems of sparse polynomial equations., Amer. J. Math. 136 (2014), 1543-1579.

[FRO6] C. Favre and J. Rivera-Letelier, Equidistribution quantitative des points de petite hauteur
sur la droite projective, Math. Ann. 335 (2006), 311-361, Corrigendum in Math. Ann. 339
(2007), 7997801.

[Gub08] W. Gubler, Equidistribution over function fields, Manuscripta Math. 127 (2008), 485-510.

[Lan05]  S. Lang, Algebra, Grad. Texts in Math., Springer, 2005.

[Narl6] M. Narvéaez-Clauss, Quantitative equidistribution of Galois orbits of points of small height
on the algebraic torus, PhD thesis, Universitat de Barcelona, 2016.

[Pet05] C. Petsche, A quantitative version of Bilu’s equidistribution theorem, Int. J. Number Theory
(2005), no. 2, 281-291.

[Rud62] W. Rudin, Fourier analysis on groups, Interscience Tracts in Pure and Applied Mathemat-
ics, Interscience Publishers, 1962.

[Rum99] R. Rumely, On Bilu’s equidistribution theorem, Contemp. Math. 237 (1999), 159-166.

[SUZ97] L. Szpiro, E. Ullmo, and S. Zhang, Equirépartition des petits points, Invent. Math. 127
(1997), 337-347.

[U1198] E. Ullmo, Positivité et discrétion des points algébriques des courbes, Math. Ann 147 (1998),
159-165.

[Yua08] X. Yuan, Big line bundles over arithmetic varietes, Invent. Math. 173 (2008), 603-649.

[Zha98] S. Zhang, Equidistribution of small points on abelian varieties, Ann. of Math. 147 (1998),
159-165.

DEPARTAMENT DE MATEMATIQUES 1 INFORMATICA, UNIVERSITAT DE BARCELONA. GRAN VIA 585,
08007 BARCELONA, SPAIN

E-mail address: cdandrea@ub.edu

URL: http://atlas.mat.ub.es/personals/dandrea/

DEPARTAMENT DE MATEMATIQUES I INFORMATICA, UNIVERSITAT DE BARCELONA. GRAN VIA 585,
08007 BARCELONA, SPAIN
E-mail address: marta.narvaez@ub.edu

DEPARTAMENT DE MATEMATIQUES I INFORMATICA, UNIVERSITAT DE BARCELONA. GRAN VIA 585,
08007 BARCELONA, SPAIN

ICREA. Passeig Lruis CompPANYs 23, 08010 BARCELONA, SPAIN

E-mail address: sombra@ub.edu

URL: http://atlas.mat.ub.es/personals/sombra/


http://atlas.mat.ub.es/personals/dandrea/
http://atlas.mat.ub.es/personals/sombra/

	1. Introduction
	2. Preliminaries
	2.1. Fourier analysis
	2.2. Galois invariant sets
	2.3. The generalized degree

	3. Proof of the main result
	Appendix A. The set of test functions
	Appendix B. Bounds for the Lipschitz constant of the function f
	References

