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Elimination theory
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Let Q C X x T a subvariety and 7: X x T — T projection onto
the second factor

Problem
Understand (!) 7(Q)

A bit of terminology:

@ X solution space
o T coefficient space

e 2 incidence variety
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The determinant

The condition that the linear system

C00X0 +-++ conxn = 0

Cn,;)XO +-- 1+ Cn,;;Xn = 0
admits a solution & = (&o,...,&n) # (0,...,0) is equivalent to
det(cij)ij =0
In this case Q C P" x (P")"*! and

7(Q) = V(det) C (P")™!
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The Sylvester resultant

Let

2
F = aoxg +aixg X1—|—32m 12+...+amx{"

G = bOX() +b1X0 X1—|-b2 k= 2X12+...+bkxf
Their Sylvester resultant
Resm,k(F, G) € Z[ao, ...,am, bo, ..., bk]

is the unique (up to £) irreducible polynomial that vanishes iff
JEePst. F(&)=G(£) =0

Indeed
am am—1 -+ a
am dam-—1 -+ a0
dm dm—1 "+ 40
Resy, k(F,G) =det | b by - b
bi  bxk—1 - bo
bi br_1 - bo
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The multivariate resultant

Fori=0,...,nlet
a a
F = E Cia XOO D o
ag+-+-+an=d;
homogeneous polynomial in the variables xg, x1, . .., x, of degree d;

Set ¢; := (Cia)jaj=qg;- The multivariate resultant
Resd()’.“’dn(f:o, Ceey Fn) c Z[Co, ... 7Cn]
is the unique irreducible polynomial that vanishes iff 3¢ € P” s.t.

Fi(€) = = Faf€) =0

Martin Sombra Sparse resultants



® Resg, d,,....d.(Fo,- .., Fn) is multihomogeneous of degree
[14
J#i

in each set of variables c;

@ Poisson’s formula:

Resgy.di.....ds(Fo, F1,-- ., Fn)

- o Fo(§
= Resq,.. g, (F, ... F)b . I1 25,0)
Fi(€)=—=Fa(£)=0 S0

with F := F;(0,x1,...,Xn)
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Formulae

A known case: if d; = 1 for all i, then
Resdo,---,dn(F0> Ce F,,) = det(c;J);,j
A less trivial case:

Fo = cp,0x0 + co,1x1 + o ox0
F

2 2 2
Fo = 0,0xg + ©,1X0X1 + C2X0X2 + C23X] + CoaX1 X2 + C2 5%

C1,0X0 + C1,1X1 + C12X0

then Resy 1 2(Fo, F1, F2) is

2 2 2 2 2
CO,OCLlCz,SCO,OC1,161,262,4+CO’061,262,3*260,050,1C1,061,162,5+Co,oco,161,061,262,4
+Co,oco,1C1,161,262,2760,060,1612’262,1+Co,oco,2C1,o61,162,4260,060,2C1,061,262,3
o 2 2 2 2 +c2. 2

€0,0€0,2€1,12€2,2+€0,0€0,2€1,1€1,2€2,1+C5 1 €1 9€2,5—Cp,1 €1,0€1,2€2,2C5 1 €1 2,0
—€0,1€0,2€1,02C2,4+Cp,1€0,2€1,0€1,1C2,2+€0,1€0,2€1,0€1,2€2,1—2€0,1€0,2€1,1€1,2€2,0

2 2 2 2 2
+€5,0€1,0€2,376,2€1,0€1,1€2,1+C) 5 Cf 1€2,0
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The Macaulay formula (1916)

with M a Sylvester matrix and E a block diagonal submatrix
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Implicitation of rational maps

Let ¢: C --» C? a nonconstant rational map given by

r(t)" s(t)

for p,q,r,s € C[t] with ged(p,r) =1 and ged(g,s) =1
The defining polynomial of ¢(C) is

(1) = (p(t) q(t)>

Res(t) (r(t)x — p(t),s(t)y — q(t)) € Clx,y]

Example. The defining polynomial of the image \

2\
of p(t) = (1i7tt37 %) is

Res(®) ((1+ B3)x —3t, (14 3y — 3t2) =x34+y3—3xy
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If Lis alinein S, then L C Flex(S) In particular, if S is ruled then
Flex(S) =S

The Monge-Cayley-Salmon theorem
S is ruled iff Flex(S) =S

Consequence. If S is not ruled then

# lines in S < deg(Flex(S))
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Theorem (Salmon 1862)

If S is not ruled then Flex(S) is a 1-dimensional subvariety with

deg(Flex(S)) < deg(S) - (11deg(S) — 24)

If S is cubic then deg(Flex(S)) < 27
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Distinct distances

Conjecture (Erdos 1946)

n points in the plane define at least Q(\ﬂgﬁ) distinct distances

AVAD
ity

Guth & Katz (Ann. Math. 2015) proved that they define at least

(jogn)
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Equations for the flex locus

A point £ in a hypersurface S C P" is a flex if there is a line L with
order of contact > n+1 at &

Let F € C[xo, ..., xn] homogeneous s.t. S = V/(F). Write

F(x+ty) =Y Fi(x,y)t' + O(t"™)
i=0

Then & € Flex(S) iff 3n # € s.t.

FO(&*”)::Fn(gvn):O
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Theorem (Busé, D'Andrea, S, Weimann 2018)
There is H € C[xq, ..., xn] s.t. for any linear form ¢,

Resgy)..,n,l(Fo(xvy),--.,Fn(x, y),l(y)) = £(x)™-H (mod F)

5o

and

Flex(S) = SN V(H)

If S has no ruled component then Flex(S) is a subscheme of
codimension 1 and degree

deg(S) - ((Z ”7') deg(S) — (n+ 1)!)

i=1
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Not the end of the story?

When n = 2 we can take

0°F O*F 0%*F
x5 Oxp0x1  OxgO0x2
9*F 9’F *F
H = Hess(f) = det 0X0(9X1 87)(12 0X18X2
*F 9*F 0*F
0X0(9X2 0X18X2 ‘()X22

What about n > 37

Martin Sombra Sparse resultants



Sparse polynomial systems

Fori=1,...,nlet A; C Z" a finite set and
fi=) ciax®
acA;
a Laurent polynomial in x = (x, ..., x,) with exponents in A;
Set Q; = conv(.A;) convex polytope in R” and
MV(Qla ey Qn)

the mixed volume

The Bernstein-Kushnirenko-Khovanskii theorem

The number of isolated solutions in (C*)" of
f]. —_ ... = fn =

is § MV(Ql, 000y Qn)




Example.
f1:1—X1x22+2x2 and f2:x2—x12

The associated polytopes and Minkowski sum are

Qu

The mixed volume is the sum of the volumes of the mixed cells:
MV(Ql, Qz) = V0|(C2) + VO|(C3) =5
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Sparse elimination theory

Fori=0,...,nlet A; C Z" be a finite set and
f—ZC:a

a Laurent polynomial in x = (x, ..., x,) with exponents in A;.

Set A = (Ao,...,A,) and

Qa=V(fo,....f,) C (C)" x f[uv(cf‘f)

@ The A-eliminant is the irreducible polynomial
Elim4 € Z|co, . . ., c,] defining m(Q), if it has codimension 1,
or Elim4 = 1 otherwise

@ The A-resultant is the primitive polynomial
Resa € Z]co, . .., cp] defining 7,24

v
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Example. n=1, Ay = A; = {0,2},

fo = coo+ co2x® and fi = c1o + c12x?

. G c
Elim 4 = det 0.2 "2) _ €0,2€1,0 — €1,2€0,0
€,0 €10

€0,2 0 C1,2 0
0 2 0 ap

Co7o 0 C17o 0
0 Co’o 0 C170

Res 4 = det

2 . 2
= (co2¢1,0 — €1260,0)° = Elim4

Indeed, fy and f; generic such that Elim 4(fo, i) = 0 have
2 common zeros.
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Essential families

For I c {0,...,n} set A; = (A;)ies and

LAIIZZ-(A,'—A,‘)CZH

i€l
A, is essential if

o #I =rank(L4,) +1
o #I' <rank(La,) forall I" C /.

Fact.(Sturmfels) codim (2,4) = 1 iff 3! essential subfamily of .A
Example. Ay = A; = A = {(0,0), (1,0)} C Z?. Then

(Ao, A1), (Ao, A2), (A1, A2)
are essential, and codim(m(Q4)) = 2
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Properties of the A-resultant

@ Res4 multihomogeneous of degree

|\/|\/(QO7 ey Q,'_17 Qi+17 teey Qn)

in each set of variables c;

@ Poisson's formula:

Resa(fo,...f)= [ Resg (fvs--mifor) W ] f(€)
vEZ" primitive EeV(f,....f)

with
o A, =(A1y,..., Any), Aiy ={a € A; | (a,v) minimum}
o hy(v) =min{(a,v)|ac A}
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Initial forms

Let w = (wo, .. .,wn) € [[1g RAY with w; = (wia)aca, for
i=0,...,n

If Resyq = ZB p,@cﬁ, the initial part of Res 4 in the direction of w
is the sum all monomials in Res 4 with the minimum weight with
respect to w:

init,(Res4) = Z pf;ocﬁ0
(Bo,w)=min{(B,w):ps7#0}
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For i =0,...,n consider the lifted polytope
Qiw; = conv({(a,wia) | a € A;}) c R™

For v € Z"1 let Ay C A; the part of minimal v-weight and

f;’,v = g ci,axa

aGA,-,\,

the “restriction” of fj to A;,. Set w = (wo, ..., wn)

Theorem (D’Andrea, Jeronimo, S 2018)

init,(Res4) = H ResAgy,.... Any (fo,v R f,,vv)

product over all v € Z"*1 primitive inner normals to the facets of
the lower envelope of Qo wy + - + Qnw,-
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AOZ{(070)7(173)’(2’2)}’ -’41:{(0’0)7(172)7(270))}7 A2:{(171)7(3’0)}
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Example (cont.)

For w = ((1,-1,0), (0,1, -1), (1, —1))

- 5 7 7
inity,(Res4) = g 13 U1 00 U2.30

v Res4, (fv)
(17 17 2) ug,30
(_4’ _37 1) u%,30
(3’ —4, 5) UZ,OO
(8a 27 7) u8,13
(2,-3,4) 1
(—1,3,4) 1
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Example (cont.)

AO:{(070)7(173)7(272)}7 Al:{(070)7(172)7(270))}7 AQ:{(171)7(370)}

Indeed

Res 4 = —u1,12 U100 Up,22 U§,13 Uizo Ug,n Uiao Ug,oo +3 Uilz Ug,zz Uf,zo Uér),u U§,3o
+5 “i12 Uf,oo “8713 Up,22 U211 “3730 Ug,oo —Tui2 Uir’,oo “3,13 U120 U211 U3 30 Uo,00
+2u1,12 “f,oo Up,13 Up,22 U1 20 U2 11 “§,30 to,00

—2 1,12 U Ug,zz Ui 20 Ug,n U3 30 Uo,00

+uf 1o U211 “3,30 UG 00 — 13 0,13 U0 22 U3 oo U 12 U1,20 U3 1 “3,30 U3 00

-2 “3,13 Up,22 Uioo Uf,zo Ug,n U§,3o Ug,00 + U1,12 U?,oo U8,22 Ug,n U3 30

+6 Uilz Uioo “8,22 1,20 Ug,n U§,3o “g,oo -7 Uf,u 1,00 U§,13 Uizo Ug,u “3,30 “g,oo
+g 13 U] 00 U3 30

+u112 U(3),22 “?,20 UZ,u “g,oo —5up,13 “3,22 Uioo “%,12 u%,ll Ug,ao to,00

+U8,13 Ug,zz U?,oo U1,20 “%,11 u3 30+ 14 U8,13 Uioo “%,12 Uizo “%,11 U3 3 U(%,oo
—Uo,13 Ug,zz “ioo Uiu Uf,2o U§,11 “3,30 “g,oo + “8,13 “I,2o ”3,11 2,30 “g,oo

+3 Uiu Uo,22 Uizo Ug,u U§,3o Ué,oo
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Macaulay style formulas

Multivariate homogeneous resultants.
e Macaulay (1916)

with M Sylvester matrix and E block diagonal submatrix
Sparse eliminants.

e Canny-Emiris (1993), Sturmfels (1994): (M) a nonzero
multiple of Elim_4 with

deg, (det(M)) = deg,, (Elim4)

e D’Andrea (2002): Macaulay formula for Elim 4
Sparse eliminants.

e D’Andrea, Jeronimo, S (2018): Macaulay formula for Res 4
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Sylvester matrices

Let £ C Z" a finite subset and RC a row content function on &:
forbe &
RC(b) = (i,a)

with0<i<nandace A;st. b—a+ A, C€&

For b,b’ € £ set

b—afj

. . / -
Mbb/ — coefficient of x*" in x ;

Then
det(Elim 4) | det(M)

Proof. Let f = (fy,...,f,) generic with Res 4(f) =0, and
&€ V(fy,...,fn). Then

(€P)bee € ker(M)

and so det(M) =0 O



Let
Ao ={0,1,...,m} and A;={0,1,...,k}

Set £ =1{0,1,...,m+ k — 1} with row content function defined,

for be &, by
0,b fo<bhb<k-1
(1,b—k) fk<b<m+k-1
Then am ag’;l ar.n“—l a0 2
M= b ooy - ‘Zg e
by bg—1 -+ bo
- bk br_1 bo

and det(M) = Res, x, the Sylvester resultant
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A Macaulay style formula for Res 4

We simplify and generalize D'Andrea’s formula to compute Res 4
without imposing the conditions

o A= (Ao,...,A,) essential
o Lp=272"

Produced by a recursive procedure with input
o A= (Ag,...,An)
e / C{0,...,n} s.t. A is essential
@ 6 € Q" generic

and output a Sylvester matrix Ml and a block diagonal submatrix E
of M s.t.
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The construction

Set
E=(Qo+--+Q,+6)NZ"

E=4{(3,0):(4,0);(3,1): (4,1);(3,2): (1,1); (2,1); (2,2); (2,3); (3,3); (4,3): (3,4);
(4,4):(3,5); (4,5); (5,4); (2,4); (4,2); (5,1); (5,2); (5,3): (6,2): (6,3)}
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Recursive definition of RC, M and E

Suppose w.l.o.g. that (A, ..., Ax) is the essential subfamily

[k =0] Ao = {ao} so that £ = (ag+ Q1 + - + Q, + 8) N Z"
Choose generic liftings
&7,' . .A,' — R
defining regular polyhedral subdivisions of the Q;'s and of
Ql +---+ Qn

Source: De Loera, Rambau and Santos, Triangulations, 2011
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Foreachcell C=C +---+ Cyandbe (C+J)NZ" set
RC(b) — (i,a) if G ={a} and dim(C;) >0 for j <
~ | (0,ap) otherwise

@ RC defines a Sylvester matrix M
o I given by {b € £ | RC(b) = (i, a) with i # 0}

In this case

MV(Q1,...,Qn det(M)
Resq = ¢ (@ ) = det(E)
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Choose ap € Ap and w = (wp, w1,...,wy) given by
@ wp(ag) =0 and wp(a) =1 fora € Ay, a#ap
o wi(a)=1forac Ajandi=1,...,n

Let vo,...,vy € Z"T! primitive inner normals to the facets of the
lower envelope of Qo wy + -+ @nw,- Then

e if vg =(0,1), Aoy, = {ao} is an essential subfamily of
(A07v07 “ . 7-/Lln7v0)
o if vj # (0, 1), there is an essential subfamily contained in

(‘ALVJ’ cet vAk.,vj)

For b € £ in the cell of v;, define RC(b) from the RC function
associated to (Agy;, - - -,Any;) and this essential subfamily
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RC defines the Sylvester matrix M

For j=0,..., N, let M, be the matrix associated to
(Ao,vj, .. ,A,,,VJ.) and its marked essential subfamily, and E,  its
corresponding submatrix.

Set [E as the submatrix of M with rows and columns are indexed by
the points in & which index the Ey;’s

Theorem (D’Andrea, Jeronimo, S 2015)

_ det(M)
A~ det(E)

Martin Sombra Sparse resultants



-/40:{(070)7(173)’(2»2)}’ Alz{(o,o),(1,2),(2,0))}, AZZ{(171)7(370)}

fo=ao+aixy3+axx?y?,  fi=bot+bixy?+bx%,  H=coxy+cix

1 2 3 4 5 6 7
£:={(3,0);(4,0);(3,1);(4,1):(3,2):(1,1);(2,1);(2,2):(2,3):(3,3):(4,3);(3,4);(4,4):(3,5);(4,5);
1(2,8)3(4,2);(5,1):(5,2):(5,3):(6,2);(6,3)}
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00 0 0 0 00 0fbp 0O b 0 0b 0f0 0 0 0 0 0 0 0

00 0 0 00O0O0O0O0e¢gOO0O0O0O0J00O00ec 00
00 0 0 0 O0O0O0O0O0O0O0ecO0OO0O0[0 00 0 0 caf0
000 0 0O0O0O0O0OO0OO0OO0O0TO0TO0O0Ub 000 b0
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det(E)
3 3 3 7 6 2 5
det(M)= blcg -(b7alc1 +a%a b5C861—2CI c azb apb1b3+¢{ azaoblb —ci¢g alboaoblb a»
f2bga% arap b4c0 ci"quﬁa1 a; b2€0 oy +2b4al asagby 23 55 c1 b2 ai 32 ag b2 b3ct 5o c1
+14b3 b2cO c1 aj b2 5b5aob2c0 [y azal+6b3 b%c0 fon 32b277boagb3c0 crag b3
+5bga2b3cocfara?—13b2a3 b 2 cP brayar+3a3 b3S c?a2 by —Thagbycocdat by

+3aé b3c3 et b2532—i-c1 5 2 b8 b1+a(5) b7c0c1 )
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Proof (sketch)

@ init,,(det(M)) = lf[o det(My,).

N
o det(E) = [] det(E,,).
j=0

o det(M) = P - Res 4 with P € Z[cy, ..., cp)

Hence

N
o det(M,,) N
det(M) _ init,,(det(M)) _ j=o — ] det(Ey,) = det(E)
Resa init, (Res4) N i—0 Y
11 Res.a,, !

Jj=0
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Thanks!
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