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Gelfond’s method for algebraic independence has been first applied to prove the
algebraic independence of at least two values of the exponential function. It exploits
the construction of an auxiliary function given as an exponential polynomial, that
is a function on a multiplicative torus or, equivalently, a Laurent polynomial. Higher
dimensional generalisation of Gelfond’s method also makes a heavy use of the so-called
Bézout’s theorem in various guise : geometric, arithmetic and metric. It turns out that in
this context a much more precise estimate, due to Kusnirenko and Bernstein, is known to
bound the number of common zeros in a torus of a family of Laurent polynomials. Here,
we shall recall Kusnirenko-Bernstein’s theorem and present some new improvements on
this beautiful result.

Throughout the lecture we will denote by k a commutative field algebraically
closed.

§ 1. Degrees of intersections

Let f,g € k[lz%,y*] and Zy = Zy(f,g) denote the set of common isolated
zeros of f and g in (k*)?. Set A (f) = —ordy/,(f) —ordy(f) and Ay(f) =
—ordy /y(f) —ord,(f) and similarly for g .

Bézout (bihomogeneous) theorem tells us that :
card(Zo) < Az (f)Ay(9) + Aa(9)Ay(f)

with equality for general Laurent polynomials of given bidegrees.
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Write f = Zmez a;;x'y? and g = Zmez Bijz'y’ , one associates to these
Laurent polynomials convex polytopes in R? as follows :

P := Conv{(i, 5); aij # 0} ‘
Q= Conv{(7,7); Bi; # 0}

We denote by P + Q the Minkowski sum of two convexes.
Bernstein-Kusnirenko’s theorem asserts :
card(Zy) < MVg2(P, Q) := Volg2 (P + Q) — Volgz2(P) — Volg2(Q) ,
with equality for general Laurent polynomials with given polytopes.
Remark — For P =(Q one has MVg2(P,Q) := 2Volg:(P) .
Example — Let k,¢ € N* , consider the polynomials

fi=(y—-1D*+(y—1)Fz" - 3y2*
g:= =3y~ 1%+ (y— 1)Fa’ +3y2*

One verifies easily that the common zeros of these two polynomials are the points of

# 2) where u runs through the (-throotof —3% , therefore card(Z) =
¢ . However, Bézout’s theorem only gives the upper bound card(Z,) < 8k¢ and

Bernstein-Kusnirenko’s card(Zy) < 2Volg2(P) = 4kl + ¢ .

coordinates (u

ZI(l

1 ______________ i
..... T

Py 1 21

Remark — In the above example, one can replace the middle term (y — 1)*z¢ by

(y — 1)*2°~1 | and then the upper bound given by Bernstein-Kusnirenko becomes :
card(Zp) < 4kl +¢—1.

Write now f =3, 7 a;(y)z’ and g =3, ., Bi(y)z" with «,f € k[y™], suppose
f and g are of content 1 in k[yT] . Introduce for all v € P;(k) the following convex
polytopes in R? :
P, = Conv{(i, — ord,(c;)); a; # 0}

Qv — COHV{(’i, - Ordv (ﬁz))a 61 7& 0}
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A REFINEMENT OF THE KUSNIRENKO-BERNSTEIN THEOREM.
and the intervals in R
P = Conv{i; a; # 0}
Q = Conv{i; 5; # 0}

Let 9p, : P — R be the function defined by 9p, (u) = max{t;(u,t) € P,} and
similarly 9¢g, : @ — R . This «roof » function also appears in tropical geometry.

We also denote ¥p mig, : P+Q — R the function defined by u +— max{dp, (s)+
Vg, (t);s € Pit € Q,s+t = u}. This operation is known as the sup-convolution in
convex analysis.

Theorem in dimension 2 [1] — With the above notations one has

card(Zp) < Z MI(9p,, V0, ) ::/ (ﬁpUEEﬁQU)(u)du—/Pﬁpﬂ(u)du—/Q19Qv(u)du )

veP (k) P+Q

with equality for general polynomials with given polytopes P, and @, for all v €
Py(k) .

Example (continuation) — The only non trivial polytopes (i.e. P, # P x {0} and
Q, # Q x {0} ) show at places v =0,1 and oo .

Zk

25-4kl1+21

@ 1 21

25——4kl

-2k

Consequently, one obtain ¢ = card(Zy) < —0 — 4kl + 4kl + 20 =1 .

Remark — Replacing again the middle term (y — 1)*2° by (y — 1)¥z%~1, the upper
bound given by our theorem above is : card(Zp) < 2k + ¢ — 1, which is actually an
equality.
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On an pther hand, writing our polynomials [ = > . ,a; (x)y? and g =
>_jez Bi(x)y’ , the application of theorem theorem in dimension 2 [1] doesnot improve
on Bernstein-Kusnirenko’s estimate. Indeed, one checks that the only place showing a
non trivial polytope is the place v = oo , where the polytope appears to be :

25 = 4kl+1

1] 1 k 2k

and the upper bound provided is card(Zy) < 4k¢ + ¢, the same as with Bernstein-
Kusnirenko’s theorem.

Remarks - 1) MI(Jp,,0¢,) <0 for all v#0,00.
2) MI<Q9P0’Q9Q0) + MI<Q9POO ) 19@00) = Mv(py Q) .
3) MI(9,9) =2 [, I(u)du .

More generally, one defines the mixed integral of n + 1 concave functions
0i:Q; — R, i=0,...,n, defined on some convex sets in R" , by the formula :

MI(gg, ..., 0n) := Z(—l)"_j Z / (0ioB - .m0, ) (w)duy ... du, .

§=0 0<io<...<ij<n’ Qig T +Qi;

We then prove [1] :

Theorem in higher dimensions [1] — Let fo,...,f, € k[yT][zT,..., 2] be of

content 1 in k[y*] and P, their associated polytopes for each v € P1(k) , then

card(Z(fo,-- fa)o) < Y. MI(Wp,,....0p,,)
veP1 (k)

with equality for fo,..., fn general among the polynomials of given associated polytopes
Poyy--yPry, vE Pl(k) .
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Let C be a smooth complete curve equipped with a family of ample line bundles
L; for 0<i<n.Set

D(C; L) [tF'] :=T(C; L) @ k[t™'] = €D T(C; L) @xc t*
a€Zm™

for the k -vector space of Laurent polynomials with coefficients global sections of L; ,
and for each i consider an element f; € T'(C; L£;)[t*!] . The set of zeros (resp. isolated
zeros) in C' x (k*)" of such a system is well-defined and, as before, we denote it by
Z(foy--yfn) (resp. Z(fo,..., fn)o ). If we fix a non-zero section s; € I'(C; L;) \ {0},
then si_l fi is a Laurent polynomial with coefficients in k(C') , and we can extend to
this setting the notions of v -adic Newton polytope NP, (s;; f;) and the corresponding
functions ¥;, , for s € C.

It may happen that the coefficients of one f; have a non-empty common locus of
zeros, which we denote B(f;) . For a system f = (fo,...,f,) as above, we then set
B; := B(fi) \ Uk B(fx) and finally we put Bf :=U]_;B; C C . In this general setting
we have the following extension of Theorem theorem in higher dimensions [1] :

Theorem on curves [1] — Let C' be a smooth complete curve equipped with ample line
bundles L; for 0<i<mn. Let f; € (C;L)[tEY, ...t be Laurent polynomials in
the t -variables with coefficients in T'(C; L;) and s; € T'(C; L;)\{0} a non-zero global
section. For v € C let ¥;, : NP(f) — R denote the parametrization of the upper
envelope of NP, (s;; fi) , then

> mult(€|Z(fo, o ) < D MIWo, ., Un) -

E€EZ(fo,esfn)o\(Bex (kX)™) vel

Furthermore, this is an equality for general polynomials with given functions (¥;, :0 <
i<n,vel).

Consider an extension of an elliptic curve E by a torus k* of dimension 1.
The complementary set of the fibres above the origin 0 € E and the point ug € F
parametrizing the extension, is identified with (E \ {0,u0}) x (k*) . On this open set,
the algebra of functions gives an embedding of the extension in P2 x P? through the
functions (we denote A := Z(w1,n1ug) + Z(wa, naug) + Z(0, 2ir) C C?)

/A — P2 x P?
(28) — ((Lip(): ¢(2)), (DL P20 Pz 0)7)

Here, p stands for the Weierstrass elliptic function and F = a(j(;;;o)et with o the

Weierstrass sigma function. The polynomials occuring in this situation are of the shape

— S : z /Z @,(2)4—@/(”0) x F%i
f_;AJ <p( ) ' (2); p(z)—p(%)) "
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with A; polynomials in the three functions indicated and a; € Z . One can apply our
main theorem theorem on curves [1] to estimate from above the number of common
zeros of two such polynomials in (E \ {0,up}) x (k*). We see that the only positive
contributions to the estimate come from the extended Newton polytopes at the places 0
and ug of E , whereas the other places can bring negative contributions. In particular,
we note that for polynomials of the shape f(p, ', F') the upper bound does not depend
on the extension itself (namely on wug ). Even more particularly, consider integers d
D, L and two polynomials f; and f; of the special shape (uj # 0, +ug ) :

d
fi = Aio(p) x (9 — o)™+ Aij(9) x (p — p(w) PRI

j=1

with A;; € Cls], d°4;; < d and (p — p(u1))+Aiq(p) for i = 1,2. Then the
number of common isolated zeros of f; and fo in (E\{0}) x (k*) is bounded above
by 4d(d — 1)L 4 2(d — 1)D , which is most interesting when d is significantly smaller
than D and L.

Remark — Replacing the exponents jL—1 by jL in the expression of the f; ’s, one get

the upper bound 4d(d—1)L , which is easily seen to be exact since (p—p(u1))+A4; 4(p)
for 1=1,2.
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