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Elimination theory: the basic example

Given 
c0,0x0 + · · ·+ c0,nxn = 0

...
...

...
cn,0x0 + · · ·+ cn,nxn = 0

the condition that this linear system has a nontrivial solution is

det(ci ,j)i ,j = 0
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The Sylvester resultant

Let

F = a0xm
0 + a1xm−1

0 x1 + a2xm−2
0 x2

1 + . . .+ amxm
1

G = b0xk
0 + b1xk−1

0 x1 + b2xk−2
0 x2

1 + . . .+ bkxk
1

Their Sylvester resultant is the irreducible polynomial in
Z[a0, . . . , am, b0, . . . , bk ] given by

Resm,k(F ,G ) = det



am am−1 ··· a0
am am−1 ··· a0

. . .
. . .

am am−1 ··· a0

bk bk−1 ··· b0

bk bk−1 ··· b0

. . .
. . .

bk bk−1 ··· b0


Vanishes iff ∃ ξ ∈ P1 such that F (ξ) = G (ξ) = 0
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The multivariate resultant

For i = 0, . . . , n let

Fi =
∑

a0+···+an=di

ci ,a xa0
0 . . . xan

n

homogeneous polynomial in the variables x0, x1, . . . , xn of degree di

Set ci := (ci ,a)|a|=di . The multivariate resultant

Resd0,...,dn(F0, . . . ,Fn) ∈ Z[c0, . . . , cn]

is the unique irreducible polynomial that vanishes iff ∃ξ ∈ Pn st

F1(ξ) = · · · = Fn(ξ) = 0
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Properties

Resd0,d1,...,dn(F0, . . . ,Fn) is homogeneous in the variables cj of
degree

∏
j 6=i dj for each j

weigthed homogeneous of degree
∏

j dj

Satisfies Poisson’s formula:

Resd0,d1,...,dn(F0,F1, . . . ,Fn)

= Resd1,...,dn(F∞1 , . . . ,F∞n )d0
∏

F1(ξ)=···=Fn(ξ)=0

F0(ξ)

ξd0
0
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Formulae

A known case: if di = 1 for all i , then

Resd0,...,dn(F0, . . . ,Fn) = det(ci ,j)i ,j

A less trivial case:

F0 = c0,0x0 + c0,1x1 + c0,2x2

F1 = c1,0x0 + c1,1x1 + c1,2x2

F2 = c2,0x2
0 + c2,1x0x1 + c2,2x0x2 + c2,3x2

1 + c2,4x1x2 + c2,5x2
2

then Res1,1,2(F0,F1,F2) is

c2
0,0c

2
1,1c2,5c2

0,0c1,1c1,2c2,4+c2
0,0c

2
1,2c2,3−2c0,0c0,1c1,0c1,1c2,5+c0,0c0,1c1,0c1,2c2,4

+c0,0c0,1c1,1c1,2c2,2−c0,0c0,1c2
1,2c2,1+c0,0c0,2c1,0c1,1c2,42c0,0c0,2c1,0c1,2c2,3

−c0,0c0,2c1,12c2,2+c0,0c0,2c1,1c1,2c2,1+c2
0,1c

2
1,0c2,5−c2

0,1c1,0c1,2c2,2+c2
0,1c

2
1,2c2,0

−c0,1c0,2c1,02c2,4+c0,1c0,2c1,0c1,1c2,2+c0,1c0,2c1,0c1,2c2,1−2c0,1c0,2c1,1c1,2c2,0

+c2
0,2c

2
1,0c2,3−c2

0,2c1,0c1,1c2,1+c2
0,2c

2
1,1c2,0
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The Macaulay formula (1916)

Resd0,...,dn =
det(M)

det(E)

with M a “Sylvester” matrix and E a block diagonal submatrix
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The general elimination problem

Given a subvariety
Ω ⊂ X × Y

compute (= give equations for) the image

pr2(Ω) ⊂ Y
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A typical application

Let C 99K C2 a rational map given by

t 7→
(p(t)

r(t)
,

q(t)

s(t)

)
with p, q, r , s ∈ C[t] such that gcd(p, r) = 1 and gcd(q, s) = 1
The implicit equation is

E (x , y) = Rest
(
r(t) x − p(t), s(t) y − q(t)

)

−1−2

−0,5

1,5

1,0

−1,0

0,5

0

−1,5

0,0

1

Example. The implicit equation of the image of
t 7→

(
3t

1+t3 ,
3t2

1+t3

)
is

x3 + y 3 − 3xy = 0
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Flexes of hypersurfaces

A point ξ of a surface S ⊂ P3 is a flex if there is a line L with
order of contact ≥ 4 at ξ
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Theorem (Salmon 1862)

If S is not ruled of degree D, then Flex(S) is an algebraic curve of
degree

≤ D · (11D − 24)

For D = 3, deg(Flex(S)) ≤ 27
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Distinct distances

Conjecture (Erdös 1946)

n points in the plane define at least Ω
(

n√
log n

)
distinct distances

Guth & Katz (Ann. Math. 2015) proved that they define at least

Ω
( n

log n

)
such distances
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A theorem on incidences

Their proof realizes the Elekes’ program, that reduces Erdös’
conjecture to a problem on incidences

Theorem (Guth & Katz 2015)

Let L be a set of n2 lines in R3 with at most n of them lying in a
doubly ruled surface.
For k ≤ n, the number of points in a k of the lines in L is bounded
by

O
(n3

k2

)

Proven using the polynomial partitioning method and Salmon’s
theorem on flexes
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Equations for the flex locus

Joint with L. Busé, M. Chardin, C. D’Andrea and M. Weimann

A point ξ in a hypersurface S ⊂ Pn is a flex if there is a line L with
order of contact ≥ n + 1 at ξ

Let F ∈ C[x0, . . . , xn] homogeneous of degree D st S = V (F ).
Write

F (x + ty) =
n∑

i=0

Fi (x, y)t i + O(tn+1)

Then ξ ∈ Flex(S) iff ∃η 6= ξ st

F0(ξ, η) = · · · = Fn(ξ, η) = 0

and Flex(S) is defined by

F = Resy1,2,3,...,n(F∞0 , . . . ,F∞n ) = 0
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Theorem

∃H ∈ C[x0, . . . , xn] such that

Resy1,2,3,...,n(F∞0 , . . . ,F∞n ) = xn!
0 H (mod F )

Hence
Flex(S) = V (F ,H)

By Bézout, if S not ruled, then Flex(S) is a codimension 1
subvariety of S of degree

≤ D ·
(( n∑

i=1

n!

i

)
D − (n + 1)!

)
When F is generic, this bound is an equality
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Not the end of the story?

When n = 2 we can take

H = Hess(f ) = det


∂2F
∂x2

0

∂2F
∂x0∂x1

∂2F
∂x0∂x2

∂2F
∂x0∂x1

∂2F
∂x2

1

∂2F
∂x1∂x2

∂2F
∂x0∂x2

∂2F
∂x1∂x2

∂2F
∂x2

2



What about n ≥ 3?
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Sparse polynomial systems

For i = 0, . . . , n let Ai ⊂ Zn be a finite set and

fi =
∑
a∈Ai

ci ,a x
a

a Laurent polynomial in x = (x1, . . . , xn) with exponents in Ai

Set A = (A0, . . . ,An)

What is ResA?
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One issue

Incidence subvariety:

ΩA = {(x, c0, . . . , cn) | fi (x) = 0 ∀ i}

Projection:

π : (C×)n ×
n∏

i=0

P(CAi ) −→
n∏

i=0

P(CAi )

Example. A0 = A1 = A2 = {(0, 0), (1, 0)} ⊂ Z2. Then

f0 = c0,0 + c0,1x1, f1 = c1,0 + c1,1x1, f2 = c2,0 + c2,1x1

and π(ΩA) not of codimension 1
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Essential families and sparse eliminants

For I ⊂ {0, . . . , n} set AI = (Ai )i∈I and LAI
=
∑

i∈I LAi
with

LAi
= Z · (Ai −Ai ) ⊂ Zn

AI is essential if

#I = rank(LAI
) + 1

#I ′ ≤ rank(LAI ′ ) for all I ′ ( I .

Fact.(Sturmfels) codimπ(ΩA) = 1 iff ∃! essential subfamily of A

Definition (Gelfand-Kapranov-Zelevinski 1994, Sturmfels 1994)

ElimA is the irreducible polynomial in Z[c0, . . . , cn] giving an
equation for π(ΩA), if it is a hypersurface, and ElimA = 1
otherwise
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Another issue

Example. A0 = A1 = {0, 2} ⊂ Z. Then

f0 = c0,0 + c0,2x2, f1 = c1,0 + c1,2x2

π(ΩA) has codimension 1 but π|ΩA not birational

Definition (Esterov 2014, D’Andrea-S 2015)

ResA is the primitive polynomial in Z[c0, . . . , cn] giving an
equation for π∗ΩA

Hence
ResA = Elim

deg(π|ΩA )

A

and deg(π|ΩA) can be computed by a (complicated) combinatorial
expression
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Properties of the A-resultant

Set Qi = conv(Ai ) ⊂ Rn

ResA homogeneous in the variables ci of degree

MV(Q0, . . . ,Qi−1,Qi+1, . . . ,Qn)

Poisson’s formula (D’Andrea-S 2015)

ResA(f0, . . . , fn) =
∏

v∈Zn primitive

ResAv
(f1,v , . . . , fn,v )−hA0

(v)
∏

ξ∈V (f1,...,fn)

f0(ξ)

with

Av = (A1,v , . . . ,An,v ), Ai ,v = {a ∈ Ai | 〈a, v〉 minimum}
hA0(v) = min{〈a, v〉 | a ∈ A0}
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More properties and formulae

Joint with C. D’Andrea and G. Jeronimo

For i = 0, . . . , n let ωi ∈ RAi and consider the lifted polytope

Qi ,ωi
= conv({(a, ωi ,a) | a ∈ Ai}) ⊂ Rn+1

For v ∈ Zn+1 let Ai ,v ⊂ Ai the part of minimal v-weight and

fi ,v =
∑

a∈Ai,v

ci ,ax
a

the “restriction” of fi to Ai ,v . Set ω = (ω0, . . . ,ωn)

Theorem

initω(ResA) =
∏
v

ResA0,v,...,An,v

(
f0,v . . . , fn,v

)
product over all v ∈ Zn+1 primitive inner normals to the facets of
the lower envelope of Q0,ω0 + · · ·+ Qn,ωn .
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Example

A0={(0,0),(1,3),(2,2)}, A1={(0,0),(1,2),(2,0))}, A2={(1,1),(3,0)}

Then

ResA = −u1,12 u1,00 u0,22 u2
0,13 u5

1,20 u5
2,11 u2

2,30 u2
0,00 + 3 u3

1,12 u2
0,22 u4

1,20 u5
2,11 u2

2,30 u3
0,00

+5 u3
1,12 u4

1,00 u2
0,13 u0,22 u2,11 u6

2,30 u2
0,00 − 7 u1,12 u5

1,00 u4
0,13 u1,20 u2,11 u6

2,30 u0,00

+2 u1,12 u4
1,00 u2

0,13 u2
0,22 u2

1,20 u3
2,11 u4

2,30 u0,00

−2 u1,12 u3
100 u4

0,22 u3
1,20 u5

2,11 u2
2,30 u0,00

+u7
1,12 u2,11 u6

2,30 u5
0,00 − 13 u0,13 u0,22 u2

1,00 u4
1,12 u1,20 u2

2,11 u5
2,30 u3

0,00

−2 u3
0,13 u0,22 u3

1,00 u4
1,20 u4

2,11 u3
2,30 u0,00 + u1,12 u6

1,00 u5
0,22 u3

2,11 u4
2,30

+6 u3
1,12 u3

1,00 u3
0,22 u1,20 u3

2,11 u4
2,30 u2

0,00 − 7 u3
1,12 u1,00 u2

0,13 u3
1,20 u3

2,11 u4
2,30 u3

0,00

+u7
2,30 u7

1,00 u5
0,13

+u1,12 u3
0,22 u6

1,20 u7
2,11 u2

0,00 − 5 u0,13 u3
0,22 u5

1,00 u2
1,12 u2

2,11 u5
2,30 u0,00

+u3
0,13 u2

0,22 u6
1,00 u1,20 u2

2,11 u5
2,30 + 14 u3

0,13 u3
1,00 u2

1,12 u2
1,20 u2

2,11 u5
2,30 u2

0,00

−u0,13 u2
0,22 u2

1,00 u2
1,12 u3

1,20 u4
2,11 u3

2,30 u2
0,00 + u3

0,13 u7
1,20 u6

2,11 u2,30 u2
0,00

+3 u5
1,12 u0,22 u2

1,20 u3
2,11 u4

2,30 u4
0,00
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Example (cont.)

For ω = ((1,−1, 0), (0, 1,−1), (1,−1))

initω(ResA) = u5
0,13 u7

1,00 u7
2,30

v ResAv(fv )

(1, 1, 2) u6
2,30

(−4,−3, 1) u1
2,30

(3,−4, 5) u7
1,00

(8, 2, 7) u5
0,13

(2,−3, 4) 1
(−1, 3, 4) 1
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Example (cont.)

A0={(0,0),(1,3),(2,2)}, A1={(0,0),(1,2),(2,0))}, A2={(1,1),(3,0)}

1 2 3 4 5 6 7

1

2

3

4

5

66

(3,−4, 5)
(1, 1, 2)

(8, 2, 7)

(−4,−3, 1)(2,−3, 4)

(−1, 3, 4)

Martin Sombra Sparse resultants



Changing the weight

For ω = ((1, 0, 0), (0, 0, 0), (0, 0))

initω(ResA) = u6
1,00 u4

2,30 (u1,00 u5
0,13 u3

2,30

+ u3
0,13 u2

0,22 u1,20 u2
2,11 u2,30 + u3

2,11 u5
0,22 u1,12)

v ResAv(fv )

(0, 0, 1) u1,00 u5
0,13 u3

2,30 + u3
0,13 u2

0,22 u1,20 u2
2,11 u2,30 + u3

2,11 u5
0,22 u1,12

(1, 2, 6) u6
1,00

(0, 1, 2) u4
2,30

(1, 1, 4) 1
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Changing the weight (cont.)

A0={(0,0),(1,3),(2,2)}, A1={(0,0),(1,2),(2,0))}, A2={(1,1),(3,0)}

1 2 3 4 5 6 7

1

2

3

4

5

66

(1, 1, 4)

(0, 0, 1)

(1, 2, 6) (0, 1, 2)
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Sylvester matrices

Let E ⊂ Zn a finite subset and RC a row content function on E :
for b ∈ E

RC (b) = (i , a)

with 0 ≤ i ≤ n and a ∈ Ai such that b− a +Ai ⊂ E

For b,b′ ∈ E set

Mb,b′ = coefficient of xb
′

in xb−afi

Then
det(ElimA) | det(M)

Proof. If ResA(f) = 0, let ξ ∈ (C×)n such that f0 = · · · = fn = 0.
Then

(ξb)b∈E ∈ ker(M)

and so det(M) = 0 �
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Macaulay style formulas

Multivariate homogeneous resultants.

Macaulay (1916)

Resd0,...,dn =
det(M)

det(E)

with M Sylvester matrix and E block diagonal submatrix

Sparse eliminants.

Canny-Emiris (1993), Sturmfels (1994):
det(M) a nonzero multiple of ElimA with

degc0
(det(M)) = degc0

(ResA)

D’Andrea (2002): Macaulay style formula for ElimA
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A Macaulay style formula for ResA

We simplify and generalize D’Andrea’s formula to compute ResA
without imposing the conditions

A = (A0, . . . ,An) essential

LA = Zn

Produced by a recursive procedure with input

A = (A0, . . . ,An)

I ⊂ {0, . . . , n} such that AI is essential

δ ∈ Qn generic

and output a Sylvester matrix M and a block diagonal submatrix E
of M such that

ResA =
det(M)

det(E)
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The construction

Recall Qi = conv(Ai ) for i = 0, . . . , n and set

E := (Q0 + · · ·+ Qn + δ) ∩ Zn

The rows and columns of M are indexed by the points in E
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Recursive definition of RC , M and E

A = (A0, . . . ,An) with essential subfamily (A0, . . . ,Ak)

k = 0 A0 = {a0} so that E = (a0 + Q1 + · · ·+ Qn + δ) ∩ Zn

Choose generic liftings
ω̃i : Ai → R

defining polyhedral subdivisions of the Qi ’s and of Q1 + · · ·+ Qn

For each cell C = C1 + · · ·+ Cn and b ∈ (C + δ) ∩ Zn set

RC (b) =

{
(i , a) if Ci = {a} and dim(Cj) > 0 for j < i
(0, a0) otherwise

RC defines a Sylvester matrix M
E given by {b ∈ E | RC (b) = (i , a) with i 6= 0}

In this case ResA = c
MV(Q1,...,Qn)
0 =

det(M)

det(E)
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k > 0 Choose a0 ∈ A0 and ω = (ω0,ω1, . . . ,ωn) given by

ω0(a0) = 0 and ω0(a) = 1 for a ∈ A0, a 6= a0

ωi (a) = 1 for a ∈ Ai and i = 1, . . . , n

Let v0, . . . , vN ∈ Zn+1 primitive inner normals to the facets of the
lower envelope of Q0,ω0 + · · ·+ Qn,ωn . Then

if v0 = (0, 1), A0,v0 = {a0} is an essential subfamily of
(A0,v0 , . . . ,An,v0)

if vj 6= (0, 1), there is an essential subfamily contained in
(A1,vj , . . . ,Ak,vj )

For b ∈ E in the cell associated to vj , define RC (b) from the
function RC associated to (A0,vj , . . . ,An,vj ) and this essential
subfamily
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RC defines a Sylvester matrix M

For j = 0, . . . ,N, let Mvj be the matrix associated to
(A0,vj , . . . ,An,vj ) and its marked essential subfamily, and Evj its
corresponding submatrix, indexed by some points of E .

Set E as the submatrix of M with rows and columns are indexed by
the points in E which index the Evj ’s

Theorem

ResA =
det(M)

det(E)
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Example

A0={(0,0),(1,3),(2,2)}, A1={(0,0),(1,2),(2,0))}, A2={(1,1),(3,0)}

f0=a0+a1xy3+a2x2y2, f1=b0+b1xy2+b2x2, f2=c0xy+c1x3

1 2 3 4 5 6 7

1

2

3

4

5

66

v0 = (0, 0, 1)

v2 v1
v4

v3

E:={(3,0);(4,0);(3,1);(4,1);(3,2);(1,1);(2,1);(2,2);(2,3);(3,3);(4,3);(3,4);(4,4);(3,5);(4,5);

(5,4);(2,4);(4,2);(5,1);(5,2);(5,3);(6,2);(6,3)}
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M =



a0 0 0 0 0 0 0 0 0 0 a1 0 0 0 0 0 0 0 a2 0 0 0 0
0 a0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 a1 a2 0 0
0 0 a0 0 0 0 0 0 0 0 0 0 a1 0 0 0 0 0 0 a2 0 0 0
0 0 0 a0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 a2 a1
0 0 0 0 a0 0 0 0 0 0 0 0 0 0 a1 0 0 0 0 0 0 0 a2
c1 0 0 0 0 c0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 c1 0 0 0 0 c0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 c1 0 0 0 c0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b2 0 0 b0 0 0 b1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 b2 0 0 b0 0 0 b1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b0 0 0 0 0 0 0 0 b1 0 0 0 0 0 0 b2 0 0 0 0 0
0 0 0 0 0 0 0 b0 0 0 0 b1 0 0 0 0 b2 0 0 0 0 0 0
0 0 0 0 b0 0 0 0 0 0 0 0 b1 0 0 0 0 0 b2 0 0 0 0
0 0 0 0 0 0 0 0 b0 0 b2 0 0 b1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 b0 0 0 0 0 b1 0 0 0 0 b2 0 0 0
0 0 0 0 0 0 0 0 0 0 c1 0 0 0 0 c0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 c0 0 0 0 0 0 0 0 c1 0 0 0 0 0 0
0 0 0 0 c0 0 0 0 0 0 0 0 0 0 0 0 0 c1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 c0 0 0 0 0 0 0 0 0 c1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 c0 0 0 0 0 0 0 0 c1 0 0 0
0 0 0 0 0 0 0 0 0 0 c0 0 0 0 0 0 0 0 0 0 c1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 c0 0 0 0 0 0 0 0 0 c1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 b0 0 0 0 b2 0 b1


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det(M)=

det(E)︷︸︸︷
b1c3

0 ·
(
b7

0a
5
1c

7
1 +a3

1a
2
0b

7
2c

6
0 c1−2c2

1 c
5
0a

4
2b

3
0a0b1b3

2+c7
0a

3
2a

2
0b1b6

2−c2
1 c

5
0a

2
1b0a2

0b1b5
2a2

−2b3
0a

3
1a2a0b4

2c
4
0 c

3
1 +b6

0a
3
1a

2
2b2c2

0 c
5
1 +2b4

0a
2
1a

2
2a0b1b2

2c
3
0 c

4
1−b2

0a1a2
2a

2
0b

2
1b

3
2c
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Proof (sketch)

Proposition

initω(det(M)) =
N∏
j=0

det(Mvj ).

det(E) =
N∏
j=0

det(Evj ).

det(M) = P · ResA with P ∈ Z[c1, . . . , cn]

Hence

det(M)

ResA
=

initω(det(M))

initω(ResA)
=

N∏
j=0

det(Mvj )

N∏
j=0

ResAvj

=
N∏
j=0

det(Evj ) = det(E)
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Thanks!
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and hope to see you soon again...
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