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Elimination theory: the basic example

Given
CoXo +: -+ Conxn = 0

CnoXo +-- -+ CanXp = 0

the condition that this linear system has a nontrivial solution is
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The Sylvester resultant

Let
-1 -2
F = aoxg’ +aixg ~xi+ axxy X12 + ...+ amx{"
G = boxé‘ + blxé‘flxl + bzxé‘ﬂxl2 4+ ...+ bkxf

Their Sylvester resultant is the irreducible polynomial in
Z|ao, ..., am, bo, ..., bg] given by

am adm-1 - ao
dm dm-1 a0

am Aam-—1 ' 4o

Resp k(F,G) =det | b by - by
by bk—1 - by

by bx—1 bo
Vanishes iff 3 ¢ € P! such that F(£) = G(£) =0
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The multivariate resultant

Fori=0,...,nlet
a a
F = E Cia XOO D o
ag+-+-+an=d;
homogeneous polynomial in the variables xg, x1, . .., x, of degree d;

Set ¢; := (Cia)jaj=qg;- The multivariate resultant
Resd()’.“’dn(f:o, Ceey Fn) c Z[Co, ... 7Cn]
is the unique irreducible polynomial that vanishes iff 3¢ € P” st

Fi(€) == Fyf€) =0
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® Resg, d,,..d,(Fo,...,Fn) is homogeneous in the variables c; of
degree [];,; d; for each j
o weigthed homogeneous of degree HJ- d;

Satisfies Poisson’s formula:

Resdy.di.....dr (Fo, F1,- .., Fn)

F
= Resdl,...,d,,(Flooa ey F,?O)do H ng)
A©O=-—F(©=0 %0

Martin Sombra Sparse resultants



Formulae

A known case: if d; = 1 for all i, then
Resdo,---,dn(F0> Ce F,,) = det(c;J);,j
A less trivial case:

Fo = cp,0x0 + co,1x1 + o ox0
F

2 2 2
Fo = 0,0xg + ©,1X0X1 + C2X0X2 + C23X] + CoaX1 X2 + C2 5%

C1,0X0 + C1,1X1 + C12X0

then Resy 1 2(Fo, F1, F2) is

2 2 2 2 2
CO,OCLlCz,SCO,OC1,161,262,4+CO’061,262,3*260,050,1C1,061,162,5+Co,oco,161,061,262,4
+Co,oco,1C1,161,262,2760,060,1612’262,1+Co,oco,2C1,o61,162,4260,060,2C1,061,262,3
o 2 2 2 2 +c2. 2

€0,0€0,2€1,12€2,2+€0,0€0,2€1,1€1,2€2,1+C5 1 €1 9€2,5—Cp,1 €1,0€1,2€2,2C5 1 €1 2,0
—€0,1€0,2€1,02C2,4+Cp,1€0,2€1,0€1,1C2,2+€0,1€0,2€1,0€1,2€2,1—2€0,1€0,2€1,1€1,2€2,0

2 2 2 2 2
+€5,0€1,0€2,376,2€1,0€1,1€2,1+C) 5 Cf 1€2,0
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The Macaulay formula (1916)

_ det(M)
~ det(E)

Resd07,,,7dn

with Ml a “Sylvester” matrix and E a block diagonal submatrix

Martin Sombra Sparse resultants



The general elimination problem

Given a subvariety
QCXxY %

compute (= give equations for) the image

pra(Q) C Y
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A typical application

Let C --» C? a rational map given by
t t
- (&’ @)
r(t) " s(t)
with p, g, r,s € C[t] such that gcd(p, r) =1 and ged(q,s) =1

The implicit equation is

E(x,y) = Rest (r(t) x — p(t). s(t)y — q(t))

Example. The implicit equation of the image of \ //

t— (litt3’ 13+tt3) is

xX+y3—3xy=0
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Theorem (Salmon 1862)

If S is not ruled of degree D, then Flex(S) is an algebraic curve of
degree
< D- (11D — 24)

For D = 3, deg(Flex(S)) < 27
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Distinct distances

Conjecture (Erdos 1946)

n points in the plane define at least Q(\ﬂgﬁ) distinct distances

AVAD
ity

Guth & Katz (Ann. Math. 2015) proved that they define at least

(jogn)
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A theorem on incidences

Their proof realizes the Elekes' program, that reduces Erdos’
conjecture to a problem on incidences

Theorem (Guth & Katz 2015)

Let £ be a set of n? lines in R® with at most n of them lying in a
doubly ruled surface.
For k < n, the number of points in a k of the lines in £ is bounded

by
n
o(f)

Proven using the polynomial partitioning method and Salmon's
theorem on flexes
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Equations for the flex locus

Joint with L. Busé, M. Chardin, C. D'Andrea and M. Weimann

A point £ in a hypersurface S C P is a flex if there is a line L with
order of contact > n+1 at &

Let F € C[xo, ..., xn] homogeneous of degree D st S = V(F).

Write .
F(x+ty) =Y Fi(x,y)t' + O(t"™)
i=0
Then & € Flex(S) iff 3n # & st

FO(f’n)::Fn(éan):O

and Flex(S) is defined by

F= Res{,zs,...,n(FOxv ., FX)=0
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3dH € Clxo, - . ., Xs] such that

Resy 55 o(F5%, . F3¥) = xg'H  (mod F)

Hence
Flex(S) = V(F, H)

By Bézout, if S not ruled, then Flex(S) is a codimension 1
subvariety of S of degree

<o-((L5)o- )

1=

When F is generic, this bound is an equality
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Not the end of the story?

When n = 2 we can take

0°F O*F 0%*F
x5 Oxp0x1  OxgO0x2
9*F 9’F *F
H = Hess(f) = det 0X0(9X1 87)(12 0X18X2
*F 9*F 0*F
0X0(9X2 0X18X2 ‘()X22

What about n > 37
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Sparse polynomial systems

For i =0,...,nlet A; C Z" be a finite set and
= X

a Laurent polynomial in x = (x1, ..., x,) with exponents in A;

Set A= (Ao, ..., An)

What is Res 47
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One issue

Incidence subvariety:
Qa={(x,c0,...,€n) | fi(x) =0Vi}
Projection:
7 (C¥)" x ﬁ]P’((CA’) — ﬁlP’((CA")
i=0 i=0
Example. Aq = A; = A, = {(0,0), (1,0)} C Z?. Then
fo=coo+coix1, i =cro+crixi, b =0cp+ 1x

and m(Q2.4) not of codimension 1
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Essential families and sparse eliminants

For I C {0, - .,n} set A = (.A,'),'e/ and LA, = Ziel L.A,- with
LAI.:Z-(.A,'—.A;)CZH

A, is essential if
o #I =rank(L4,) +1
o #I' <rank(La,) forall I" C /.

Fact.(Sturmfels) codim (2 4) = 1 iff 3! essential subfamily of .A

Definition (Gelfand-Kapranov-Zelevinski 1994, Sturmfels 1994)

Elim 4 is the irreducible polynomial in Z[co, ..., c,] giving an
equation for m(€2.4), if it is a hypersurface, and Elimgq =1
otherwise
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Example. Aq = A; = {0,2} C Z. Then
fo = coo+coax?, fi=cro+crax?

7(€.4) has codimension 1 but 7|g , not birational

Definition (Esterov 2014, D'Andrea-S 2015)

Res 4 is the primitive polynomial in Z[co, ..., c,] giving an
equation for m, Q2.4

Hence deg(rla )
. €
Resq = EllmAg oA

and deg(7|q ) can be computed by a (complicated) combinatorial
expression
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Properties of the A-resultant

Set Q; = conv(A;) C R”

Res 4 homogeneous in the variables ¢; of degree

MV(Qo, ey Qi_l, Qi+17 ey Qn)

Poisson’s formula (D’'Andrea-S 2015)

Resa(fo,....f) =[] Resg (v, fon) ™M I %9

vELZN primitive EeV(fi,....f)
with
o A, = (A1y,...,Any), Aiy ={a € A | (a,v) minimum}
o ha,(v) =min{(a,v) |a € Ag}
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More properties and formulae

Joint with C. D'Andrea and G. Jeronimo
For i =0,...,n let w; € R4 and consider the lifted polytope
Qiuw, = conv({(a,wia) | 2 € Aj}) C BT

For v € Z"1 let Ajy C A; the part of minimal v-weight and

fiv= g ci,axa

aGA;’\,

the “restriction” of f; to A;,. Set w = (wo,...,wn)

initw(ResA) = H ResAo’v,...,An,v (fO,v sy fn,v)
v

product over all v € Z"*1 primitive inner normals to the facets of
the lower envelope of Qo + - + Qnw,-
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AO:{(070)7(173)7(272)}7 Al:{(070)7(172)7(270))}7 AQ:{(lvl)v(?’vO)}
Then

Res 4 = —u1,12 U1,00 Up,22 Ug,13 Uizo Ug,n U§,3o Ug,oo +3 Uiu Ug,zz Uf,zo Ug,n U§,3o
+5 u%,12 Uf,oo “3713 Ug,22 Up 11 U3 30 Uy oo — 7 U1,12 Uioo u3,13 U1,20 U211 U3 30 Uo,00
+2u1,12 Uf,oo Up,13 Up,22 U1 20 U3 11 “3,30 to,00

—2u,12 “foo U3,22 Ui 20 Ug,n U3 30 Uo,00

+uf 1o U211 Ug,3o UG 00 — 13 0,13 U0 22 U3 g U 15 U1,20 U3 1 “3,30 U3 00

-2 “8,13 Uo,22 Uioo Ui‘,20 U§,11 Ug,3o Uo,00 + U112 U?,oo U8,22 ug,ll Uz 30

+6 Uiu Uioo “8,22 1,20 Ug,n U§,3o Ug,oo -7 Uiu 1,00 U§,13 Uizo Ug,u “3,30 Ug,oo
+u3 30 U] 00 U3 13

+u1,12 U(3),22 U?,zo UZ,u “g,oo —5up,13 “8,22 Uioo “%,12 u%,ll Ug,3o to,00

+U8,13 Ug,zz U?,oo u1,20 “%,11 u3 50 + 14 U8,13 U%,oo “%,12 ”izo “%,11 U3 39 Ug,oo
—Up,13 Ug,zz Uioo Uiu Uf,zo Ug,n U§,3o Ug,oo + “(3),13 “I,zo Ug,u 2,30 “S,oo

+3 Uilz Uo,22 Uizo Ug,u U§,3o Uy 00
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Example (cont.)

For w = ((1,-1,0), (0,1, -1), (1, —1))

- 5 7 7
inity,(Res4) = g 13 U1 00 U2.30

v Res4, (fv)
(17 17 2) ug,30
(_4’ _37 1) u%,30
(3’ —4, 5) UZ,OO
(8a 27 7) u8,13
(2,-3,4) 1
(—1,3,4) 1
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Example (cont.)

AOZ{(070)7(173)’(2’2)}’ -’41:{(0’0)7(172)7(270))}7 A2:{(171)7(3’0)}
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Changing the weight

For w = ((1,0,0), (0,0,0), (0,0))

- 6 4 5 3
inity,(Res4) = 17 oo U230 (11,00 U 13 U5 30

3 2 2 3 5
+ Ug 13 Uy 22 U1,20 U5 11 U230 + U3 11 Ug 20 U1,12)

v ‘ Res 4, (f)
(0,0,1) | u1,00 g 13 U3 30 + U3 13 U5 20 U1,20 U3 17 U230 + U3 17 UG 2 U112
(17 2? 6) u?,OO
(07 17 2) u§,30
(1,1,4) 1
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Changing the weight (cont.)

AO:{(070)7(1’3)7(272)}7 Alz{(070)7(172)7(270))}7 A2:{(171)7(370)}

N w >
| | |
t t t
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Sylvester matrices

Let £ C Z" a finite subset and RC a row content function on &:
forbe &
RC(b) = (i,a)

withO<i<nandaec A;suchthatb—a+ A4; Cc &
For b,b’ € £ set

o . b’ - b—a -
My, = coefficient of x” in x”?f;

Then

det(Elim_4) | det(M)
Proof. If Res4(f) =0, let £ € (C*)"” such that fy =--- = f, = 0.
Then

(£°)bes € ker(M)
and so det(M) =0 O
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Macaulay style formulas

Multivariate homogeneous resultants.
e Macaulay (1916)
_ det(M)
~ det(E)
with M Sylvester matrix and E block diagonal submatrix

Res,....d,

Sparse eliminants.

e Canny-Emiris (1993), Sturmfels (1994):
det(M) a nonzero multiple of Elim 4 with

dege, (det(11)) = dege, (Res.4)

e D'Andrea (2002): Macaulay style formula for Elim 4
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A Macaulay style formula for Res 4

We simplify and generalize D'Andrea’s formula to compute Res 4
without imposing the conditions

o A= (Ao,...,A,) essential
o Lp=272"

Produced by a recursive procedure with input
o A= (Ag,...,An)
e /| C{0,...,n} such that A, is essential
@ 6 € Q" generic

and output a Sylvester matrix Ml and a block diagonal submatrix E
of M such that
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The construction

Recall Q; = conv(A;) for i=0,...,n and set
E=(Q+ -+Q+0)NZ"

The rows and columns of M are indexed by the points in €
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Recursive definition of RC, M and E

A= (Ag,...,Ap) with essential subfamily (Ao, ..., .Ax)

[k =0] Ap = {ap} so that € = (ag+ Q1 + - + Q, + 8) N Z"

Choose generic liftings
(17,' . .A,' — R

defining polyhedral subdivisions of the Q;'s and of @1 +--- + Qp
Foreachcell C=Ci+ -+ Cyand b e (C+d)NZ" set

RC(b) = (i,a) ifC ={a} and dim(C;) >0 forj <
~ | (0,a9) otherwise

@ RC defines a Sylvester matrix M
o & given by {b € £ | RC(b) = (i, a) with i # 0}

det(M
In this case Res 4 = C('J\AV(QM”QH) - det((]E))
S
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Choose ap € Ap and w = (wp, w1, ...,wp) given by
@ wp(ag) =0and wp(a) =1 fora € Ay, a#ap
o wi(a)=1forac Ajandi=1,...,n

Let vo,...,vy € Z"T! primitive inner normals to the facets of the
lower envelope of Qo wy + -+ @nw,. Then

e if vog =(0,1), Aoy, = {ao} is an essential subfamily of
(,/407‘107 “ .. 7-/Lln7v0)
e if vj # (0,1), there is an essential subfamily contained in

(Al,Vju e 7Ak,vj)
For b € £ in the cell associated to v;, define RC(b) from the

function RC associated to (.AONJ., .. ,A,,,Vj) and this essential
subfamily
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RC defines a Sylvester matrix M

For j=0,..., N, let M, be the matrix associated to
(Ao,vj, . ,A,m,j) and its marked essential subfamily, and K, its
corresponding submatrix, indexed by some points of £.

Set £ as the submatrix of M with rows and columns are indexed by
the points in & which index the Ey;’s
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AO:{(070)7(173)7(272)}7 Al:{(070)7(172)7(270))}7 A2:{(171)=(370)}
fo=ao+aixy3+axx2y?,  A=bo+bixy?+bax?,  h=coxy+cix®

A

= N W B~ 1O

E:={(3,0):(4,0);(3,1);(4,1):(3,2);(1,1);(2,1);(2,2);(2,3);(3,3):(4,3);(3,4):(4,4);(3,5):(4,5);
1(2,4)3(4,2):(5,1):(5,2):(5,3):(6,2):(6,3)}
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det(E)
3 3 3 7 6 2 5
det(M)= blcg -(b7alc1 +a%a b5C861—2CI c azb apb1b3+¢{ azaoblb —ci¢g alboaoblb a»
f2bga% arap b4c0 ci"quﬁa1 a; b2€0 oy +2b4al asagby 23 55 c1 b2 ai 32 ag b2 b3ct 5o c1
+14b3 b2cO c1 aj b2 5b5aob2c0 [y azal+6b3 b%c0 fon 32b277boagb3c0 crag b3
+5bga2b3cocfara?—13b2a3 b 2 cP brayar+3a3 b3S c?a2 by —Thagbycocdat by

+3aé b3c3 et b2532—i-c1 5 2 b8 b1+a(5) b7c0c1 )
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Proof (sketch)

@ init,,(det(M)) = lf[o det(My,).

N
o det(E) = [] det(E,,).
j=0

o det(M) = P - Res 4 with P € Z[cy, ..., cp)

Hence

N
o det(M,,) N
det(M) _ init,,(det(M)) _ j=o — ] det(Ey,) = det(E)
Resa init, (Res4) N i—0 Y
11 Res.a,, !

Jj=0
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Thanks!
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and hope to see you soon again...
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