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Polynomial equations in roots of unity

Let µ8 Ă C the group of roots of unity

For P P ZrX1, . . . ,Xns what can be said about the solution set of

Ppω1, . . . , ωnq “ 0 with ωi P µ8?

Example

ω1 ` ω2 “ 1 with ω1, ω2 P µ8 iff pω1, ω2q “ pe˘iπ{3, e¯iπ{3q



How many intersection points?

I p30q “ 16.801

From B. Poonen and M. Rubinstein, SIAM J. Discrete Math. 1998



Vanishing sums of 12 roots of unity

The computation of the number of intersection
points I pNq reduces the solving of

ω1 ` ¨ ¨ ¨ ` ω12 “ 0 with ωi P µ8

Each vanishing sum breaks down as a sum of
rotations of minimal ones.
For instance if

ω1 ` ¨ ¨ ¨ ` ω5 “ 0 and ω6 ` ¨ ¨ ¨ ` ω12 “ 0

then

η1pω1 ` ¨ ¨ ¨ ` ω5q ` η2pω6 ` ¨ ¨ ¨ ` ω12q “ 0 for all ηi P µ8

Theorem (Poonen and Rubinstein 1998)

There are 107 minimal vanishing sums (up to rotations)

k
ÿ

i“1

ωi “ 0 with ωi P µ8 and k ď 12.



Many torsion points

The algebraic torus pCˆqn is an algebraic group under the
component-wise multiplication

Torsion group µn
8

A torsion coset is a subvariety of the form

H “ ω ¨ ρppCˆqr q

with ω P µn
8 and ρ : pCˆqr Ñ pCˆqn a group homomorphism

Note that
H X µn

8 “ ω ¨ ρpµr
8q

is Zariski dense in H



The toric Manin-Mumford conjecture

Let X Ă pCˆqn a subvariety. Which is the structure of X X µn
8?

Theorem (Laurent 1987)

If X X µn
8 is Zariski dense in X then X is a torsion coset

Equivalent formulation:

There are torsion cosets H1, . . . ,Hs Ă X such that

X X µn
8 “

s
ď

j“1

pHj X µn
8q

If X is a curve that is not a torsion coset then X X µn
8 is finite



A test

Is α “
1

10000000000000000000000000000
P Q big or small?

Bit-size « log2p1q ` log2p1029q “ 29 log2p10q « 96.33

Also measured by absolute values: indeed |α| “ 10´29 “ 0.000 . . . but

|α|2 “ 229 and |α|5 “ 529



The Weil height

Let α P Q with minimal polynomial

Pα “ cdX
d ` ¨ ¨ ¨ ` c0 “ cd

ź

βPGalpαq

pX ´ βq P ZrX s

Here d “ degpαq and Galpαq are the degree and the Galois orbit of α

The Weil height of α is

hWpαq “
1

degpαq

ˆ

log |cd | `
ÿ

βPGalpαq

log` |β|

˙

with log` |z | “ logmaxp1, |z |q

If α “ a
b P Q with a, b P Z coprime then

hWpαq “ logmaxp|a|, |b|q



Basic properties

hWpαq “
1

d
logmax

j
|cj | ` Op1q (arithmetic complexity)

hWpαq ě 0 (nonnegativity)

hWpαkq “ k hWpαq for all k P Z (functoriality)

for all c1, c2 ą 0 the set

tα P Q | degpαq ď c1, hWpαq ď c2u

is finite (Northcott property)

hWpαq “ 0 iff α P t0u Y µ8 (Kronecker’s theorem)



Galois orbits of points of minimal height

Let α primitive N-th root of unity. Its Galois orbit is

Galpαq “ te i 2πk{N | gcdpk ,Nq “ 1u

N “ 60



Galois orbits of points of small height

Let α P Q with minimal polynomial of degree d and coeffs in t0,˘1u.
Then

hWpαq ď
logpd ` 1q

d
ÝÑ 0 as d ÝÑ 8

from R. Gualdi, Gaceta RSME 2023



Galois orbits of points of small height (cont.)

from R. Gualdi, Gaceta RSME 2023



Equidistribution of points of small height

A sequence pαnqn in Q is generic if it has no infinite repetitions

Theorem (Bilu 1997)

Let pαnqn be a generic sequence in Q with limn hWpαnq “ 0.
Then

lim
n

δGalpαnq “ λS1

with δGalpαnq the uniform probability measure on the Galois orbit
and λS1 the Haar probability measure of the unit circle

The n-dimensional version implies the toric Manin-Mumford
conjecture (and more!)



More general heights

A Green function is a continuous function g : C ÝÑ R such that
gpzq “ gpzq and

gpzq “ log |z | ` a ` op1q as z ÝÑ 8 pa P Rq

For α P Q with minimal polynomial Pα “ cdX
d ` ¨ ¨ ¨ ` c0 we set

hg pαq “
1

degpαq

ˆ

log |cd | `
ÿ

βPGalpαq

gpβq

˙

Setting also hg p8q “ a (point at infinity) gives

hg : P1pQq ÝÑ R

For gpzq “ log` |z | we have hg pαq “ hWpαq and hg p8q “ 0



Small points

The absolute minimum is absphg q “ infx hg pxq

The essential minimum is

essphg q “ inf
!

lim inf
n

hg pxnq | pxnqn generic sequence in P1pQq

)

A generic sequence pxnqn is small if limn hg pxnq “ essphg q

Example (Weil height)

absphWq “ essphWq “ 0

Example (Zhang-Zagier height)

For α P Q set hZZpαq “ hWpαq ` hWp1 ´ αq and hZZ p8q “ 0

We have

hZZpαq ě
1

2
log

´1 `
?
5

2

¯

“ 0.2406... (Zagier 1993)

unless x P t0, 1,8, e˘iπ{3u.
Hence

absphZZq “ 0 and essphZZq ą 0.2406



Equidistribution of points of small height revisited

Theorem

Assume that g is subharmonic and essphg q “ absphg q.
Then for every small generic sequence pxnqn we have

lim
n

δGalpxnq “ ∆g (Laplacian measure)

There are also versions for (non exhaustive list)

abelian and semiabelian varieties (Szpiro, Ullmo and Zhang 1997,

Kühne 2022)

non-archimedean places (Favre and Rivera-Letelier 2006)

higher dimensional varieties (Yuan 2009, Yuan and Zhang 2026)

weaker positivity (Berman and Boucksom 2010, Chen 2011)

more general heights (Burgos, Philippon, Rivera-Letelier and S 2019,

Ballaÿ and S 2025)

Proof.

Arakelov geometry



The Fubini-Study height

Let hFS : P1pQq Ñ R defined by

hFSpαq “
1

degpαq

ˆ

log |cd | `
ÿ

βPGalpαq

log
a

1 ` |β|2
˙

and hFSp8q “ 0.
Then

absphFSq “ 0 and essphFSq “ log
?
2

and for every small generic sequence pxnqn we have

lim
n

δGalpxnq “ λS1 ‰ ∆ log
a

1 ` |z |2

(Burgos, Philippon, Rivera-Letelier and S 2019)



Dynamical heights

Let F “ P
Q with P,Q P ZrX s coprime and consider the associated

dynamical system F : P1pCq Ñ P1pCq

Assuming that q – maxpdegpPq, degpQqq ě 2 it induces a height

hdyn : P1pQq ÝÑ Rě0, x ÞÝÑ lim
k

hWpF ˝kpxqq

qk

Then hdynpF pxqq “ q hdynpxq for all x and hdynpxq “ 0 if and only
if x is preperiodic for F

Corollary

Let pxnqn be a generic sequence of preperiodic points for F .
Then

lim
n

δGalpxnq “ µF (equilibrium measure)

The Julia set of F “ z2 ´ 1 (from Wikipedia commons)



Families of dynamical systems

For d ě 2 consider the family of dynamical systems

Fλ : P1pCq ÝÑ P1pCq, z ÞÝÑ 1 `
λ

zd
pλ P Cˆq

It is possible to define a height (Rivera-Letelier and S 2019)

hbif : P1pQq ÝÑ Rě0

such that hbifpxq “ 0 if and only if Fx is post-critically finite

For λ P Qˆ
it is hbifpλq “ limk

hWpF k
λp0qq

degpF k
λ

q

Corollary

Let pxnqn be a generic sequence s.t. Fxn is PCF for all n. Then

lim
n

δGalpαnq “ ν

(bifurcation measure of λ ÞÑ Fλ)

The bifurcation locus for d “ 2 (figure by N. Fagella)



Rational points in curves

“For introducing powerful tools in arithmetic geometry
and resolving the long-standing diophantine conjectures
of Mordell and Lang”

Laudatio of the 2026 Abel prize awarded to Gerd Faltings

Theorem (Faltings 1983)

Let C be a curve of genus gpC q ě 2. Then #C pQq ă 8

Klein’s quartic curve C “ pX 3Y ` Y 3Z ` XZ3 “ 0q Ă P2pCq



The uniform Mordell conjecture

Let C be a curve and consider its immersion

C ãÑ JacpC q (Jacobian variety)

By Mordell-Weil JacpC qpQq is a finitely generated abelian group

CpQq ãÑ JacpCqpQq

Theorem (Dimitrov, Gao and Habegger 2021 plus Kühne 2021)

Let g ě 2 and C a curve with gpC q “ g. Then

#C pQq ď cpgq1`rankpJacpCqpQqq

with cpgq ą 0 depending only on g



The approach

Based on the Vojta-Bombieri method, which splits C pQq into large
and small points with respect to the Néron-Tate height:

CpQq ãÑ JacpCqpQq

Large points are controlled by the Dimitrov-Gao-Habegger
“new gap principle”

Kühne’s equidistribution for small points in the universal
family of Jacobians of curves of genus g implies the uniform
Bogomolov property allowing to deal with the small points



Gràcies!


