On the distribution of the solutions
of systems of polynomial equations

C. D'Andrea, A. Galligo and M. Sombra

MEGA 2009 — Barcelona, 15-19/6/2009

C. D'Andrea, A. Galligo and M. Sombra

On the distribution of the solutions of systems of polynomial equations



Activity

Let f be a polynomial of degree d > 0 with coefficients +1 or 0.
I will plot all complex solutions of f = 0, then we will see what it
happens. ..
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For instance, let d = 10 and f=—x04x%+x8+x5+x5—x*4+x3—x2+x—1
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d =30 and F=x30_x29_ 284,26 4 \25_ 24,23 224,21 20,19 .
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d =100 and f=—x100_,98 4 964,04 ,93,92 ,O1_ ,90 ,88 84, .
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Conclusion???




The Erdos-Turan theorem

Let f(x) = agx? + -+ +ap = ag(x — p1€%)---(x — pge'?)

The angle discrepancy of f is

#lk:a<b<B} B-a
d 2m

Ay(f):=  sup
0<a<f<2n

The e-radius discrepancy of f is

A (f;e) = —#{k 1—€<pk<1%}

Also set ||f]| := sup|,_; |(2)|
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Thm [Erdds-Turan 1948], [Hughes-Nikeghbali 2008]

A(f) < 1 |1l 1—A(f:e) < 2 | [I1]
9()—C¢d°g<¢m | (Fie) < % los (i)
Here v/2 < ¢ < 2,5619 [Amoroso-Mignotte 1996]

Cor: the equidistribution

Let f4(x) of degree d st log (%) = o(d), then
d,04d,d

08—«
27

“mdﬂooé #{k to < g < ﬂ} =

. 1 1
||md—>oog#{k 1l —e < pgk < E} =1
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Some consequences

The number of real roots of f is < 51, /d log (\/%)
04dd

[Erhardt-Schur-Szego]

If g(z) =1+ b1z + byz? + ... converges on the unit disk,
then the zeros of its d-partial sums distribute uniformely on
the unit circle for d — oo [Jentzsch-Szego]
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Systems of equations

For fi,...,f, € C[xlil, ..., xF1] consider its set of zeros
V(oo ) = {E € (CX) (€)= - = Fo(€) = 0} € (C¥)"
and Vj the subset of isolated points Set Q; := N(f;) C R” the
Newton polytope, then
£Vo < MVo(Q1,...,Qu) = D [BKK]
From now on, we will assume #Vy = D, in particular V(f) = V.

Pb: estimate Ay(f) and A.(f,¢)
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For v € R"\ {0} let 7, : R” — v the orthogonal projection and

fy(f)::% sup S MVt (m(Qu) : k # ) log || £l

veRM\{0} i

For f; dense of degree d; we have y(f) = \/EZJ %

Thm (D’Andrea-Galligo-S)

Let f1,...,f € Z[xI, ..., xF], then

Bo(f) < c(UNDTT 1= AlFi2) < 22(F)

Cor. Let f4 such that y(f4) = o(d), then V(f4) converges to
equidistribution on (S!)” for d — oo
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For instance, let d = 7 and

f=xT4+x8y+x5y2—

7

g=—x"—x

The joint modulus and arguments of f = g = 0 plot as
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The size of an eliminant form

Let a € Z" \ {0} and consider the monomial projection
Xa: (C*)"— C*, £ 2 =& -+ &2n. The associated eliminant
polynomial is

E(f.a)(z) = c [ ] (z = xa(&)™"® € Z[z]

fev

Thm (a variant of the arithmetic Bezout theorem)

log |E(f, a)l| < [lall Y MVi—1 (ma(Q&) : k # j) log ||

Jj=0

For the estimate of Agy: apply E-T to E(f, a) to estimate the
exponential sums on its roots, then recover V' by tomography via
Fourier analysis
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Thank youl




