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Abstract

This project revolves around Hardy’s integral inequality, proved by G. H. Hardy
in 1925. This inequality has been studied by a large number of authors during
the twentieth century and has motivated some important lines of study which are
currently active. We study the classical Hardy’s integral inequality and its gener-
alizations. We analyse some of the first results including weighted inequalities and
prove the key theorem of B. Muckenhoupt, who characterized Hardy’s integral in-
equality with weights for the diagonal case in 1972. After this fundamental result,
different authors considered the general context and new characterizations appeared
until closing definitely the problem in 2000.

Also we study Hardy’s integral inequality in the cone of monotone functions.
This point of view is really interesting and has a lot of surprising consequences. For
example, M. A. Arino and B. Muckenhoupt realized in 1990 that Hardy’s inequality
in the cone of monotone functions is equivalent to the boundedness of the Hardy-
Littlewood maximal operator between Lorentz spaces. Just after E. Sawyer proved
that the classical Lorentz space AP(w) is normable if, and only if, Hardy’s integral
inequality in the cone of monotone functions is satisfied for w. We study also the
normability of both spaces AP(w) and AP*°(w) in terms of the boundedness of the
maximal operator.
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Chapter 1

Introduction

The project that follows corresponds to the Master Thesis in Mathematics of the
Faculty of Mathematics of the University of Barcelona by Sergi Arias.

This Master Thesis is organized in four chapters. In Chapter 2 we give some
preliminary concepts and results. Throughout the project we will need to work
with some specific spaces such as weighted Lebesgue spaces, weak-type Lebesgue
spaces, classical Lorentz spaces or weak-type Lorentz spaces, which are defined in
this chapter. It is necessary to introduce some concepts in order to define Lorentz
spaces, and therefore the distribution function and nonincreasing rearrangement
function are presented, as well as some important properties. It is also presented
some duality principles needed in Chapter 5.

This project revolves around Hardy’s integral inequality, discovered in 1925 by
G. H. Hardy. This inequality has been studied by a large number of authors during
the twentieth century and has motivated some important lines of study which are
currently active. In Chapter 3 we study the classical Hardy’s integral inequality
and its first generalization, studied by Hardy himself, including power weights. We
also study in both cases if the constants appearing are sharp. In addition, Hardy’s
inequality can be generalized even more. It can be studied with weights instead of
power weights, which at the same time can be considered different in both sides of
the inequality, as well as working with different indexes. In Chapter 4 we deal with
this kind of problem. We present some of the first results considering weights until
reaching the key theorem of B. Muckenhoupt, who characterized Hardy’s integral
inequality with weights for the diagonal case (when the indexes are the same) in
1972. After this fundamental result, the authors studied the general case and new
results appeared until closing definitely the problem in 2000.

Finally, in Chapter 5 we study Hardy’s integral inequality in the cone of mono-
tone functions, that is, Hardy’s inequality considered just for positive decreasing
functions. This point of view is really interesting and has a lot of surprising conse-
quences. M. A. Arino and B. Muckenhoupt realized in 1990 that the boundedness of
Hardy’s inequality in the cone of monotone functions is equivalent to the bounded-
ness of the Hardy-Littlewood maximal operator between Lorentz spaces. Thus, the
characterization of the weighted Hardy inequality for positive decreasing functions



has been widely studied. M. A. Arino and B. Muckenhoupt proved that the charac-
terization of Hardy’s inequality in the cone of monotone functions for the diagonal
case is not equivalent to the one given by B. Muckenhoupt in 1972. Here a new class
of weights, called B,, play a crucial role. But this approach of Hardy’s inequality
has another surprising consequences. For example, E. Sawyer realized that the clas-
sical Lorentz space AP(w) is normable if, and only if, Hardy’s integral inequality in
the cone of monotone functions is satisfied for the weight w and the index p. Actu-
ally, the normability of the classical Lorentz space AP(w) is equivalent to the weak
boundedness of the Hardy operator in the cone of monotone functions (when p > 1)
and, similarly, the normability of the weak-type Lorentz space A?*°(w) is equivalent
to Hardy’s integral inequality for positive decreasing functions. Furthermore, the
weak boundedness of the Hardy-Littlewood maximal operator is equivalent to the
weak boundedness of the Hardy operator in the cone of monotone functions.

In the execution of this project, the chronological evolution of the study of
Hardy’s inequality has been extracted from A. Kufner, L. Maligranda and L.-E. Per-
son’s book [9] and A. Kufner and L.-E. Person’s book [10]. The main results appear-
ing along this Master Thesis have been consulted directly from the original articles.
In some cases, the proofs have been extracted from other articles, whose reason-

ing were easier to understand. Also, some general concepts have been studied in
C. Bennett and R. Sharpley’s book [3].



Chapter 2

Preliminary concepts

In this chapter we are going to present some definitions and results that we will need
in the subsequent chapters.

We start defining the Lebesgue spaces, weighted Lebesgue spaces and weak-type
Lebesgue spaces. The weighted Lebesgue spaces will be very important throughout
the project and they will be used constantly. The weak-type Lebesgue spaces will
appear in Chapter 5. Next we present some duality principles that will be useful
in Chapter 5 and the Minkowski’s integral inequality. Finally, we define the con-
cepts of distribution function and nonincreasing rearrangement, we give some basic
properties and we define both the Lorentz spaces and the weak-type Lorentz spaces.
These materials will be used as well in Chapter 5.

2.1 Lebesgue Spaces

We define the classical Lebesgue spaces. We present the general definition for an
arbitrary measure space although we will mostly work with R™.

Definition 2.1.1. Given a measure space (X, u) and 0 < p < oo, we define the
Lebesgue space LP as the set of measurable functions on X such that

£l = (/X If(x)lpdu(x)); < 00,

when 0 < p < oo, and such that

|flloc :=esssup f =inf{fa e R: p({x € X : f(x) > a}) =0} < 0.
X

The next definition states what we will consider by a weight function.

Definition 2.1.2. Consider the interval (a,b) C R with —oo < a < b < 4+00. We
say that w : (a,b) — R is a weight function if it is measurable, w(z) > 0 a.e.
x € (a,b) and it is locally integrable on (a,b).

3
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Definition 2.1.3. Given a weight function w and a real number 0 < p < oo, we
define, for measurable functions f : (a,b) — R

£ = ( [ b |f<x>|pw<x>das>’l’

Proposition 2.1.4. ||f||,. s a quasinorm.
Proof. We observe that || f]|,., > 0 and ||Af|lpw = |A|lf|lpw for all X € R. In

addition, as two real numbers |z| > |y| satisfy the inequality
[ +y| < |z + ly| < 2Jz]

we have
[z +yl" < (22])" <27 (2" + |y[") - (2.1.1)

So using (2.1.1), we conclude

1+l < ([ 1760+ to Pt ’d"””); <([zue )!p+|9(x)\p)w(x)dx);

(/ F(@)Pule dx+/!9 Pl dx)
s (o) fre)

= 25 (| fllpw + llpw) -

Finally, if f = 0 then ||f|. = 0. Furthermore, if |||, = 0, we deduce
|f(z)] =0 a.e. z € (a,b).
O

Definition 2.1.5. For a given weight function w and a real number 0 < p < 0o, we
define the weighted Lebesgue space LP(a,b;w) as (classes of equivalent) functions f
on (a,b) such that || f]],. < oo.

Remark 2.1.6. We will usually work with the interval (0, co) and then the weighted
Lebesgue space will be denoted by LP(w).

We finally define the weak-type Lebesgue spaces.

Definition 2.1.7. Given 0 < p < oo and a weight w, we define the weak-type
Lebesgue space as

1
L (w) = {f [ fllopooqw) = sup te / w(s)ds < oo} :
t>0 {s:[f(s)[>1}

where f is a measurable function defined on R" or R™.

Remark 2.1.8. We observe that the ||.||p.c(y)-norm can be also written as

Il = sup b0 ([ wtsias)’
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2.2 Duality principles and Minkowski’s integral
inequality

We present this well-known duality principle for LP spaces.

Proposition 2.2.1. Let v and g be measurable functions in (0,00) with v positive.
Then

1
ol

‘fOOO f(af)g(l')dl'| o ’ 1—p/ P
Sup I — |g(af;)|p U(ﬂj) 4 dI ,
P20 ([ flapulaydn) (f )

1, 1
where = + =5 = 1.
’ +p/

Proof. First of all we observe that, by Holder’s inequality,

Awfmmme

glwﬂmmwﬂmmwu>mx

s(AmmeM@¢Q;(meuw%ufﬁwﬁé,

for any f > 0. On the other hand, if we consider

f(x) = sign(g(x))o(a) " |g (),

then . i,
| @) = [ gl o) as
and
([ rerr) = ([T la@r v a)".
Therefore,

1

o™ f@)g()da o N1
c= gl u@) d )
(Jo~ flaypo(x)da)® (/0 )

]

Another duality principle, which can be proved in a similar way, is the following.

Proposition 2.2.2. Given a function f € LP, 1 < p < oo, we have that

Ul = sup Jeelf@e@lds

geLP g0 g1l

As a consequence of this last duality principle (Proposition 2.2.2), we can deduce
the Minkowski’s integral inequality.
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Theorem 2.2.3. (Minkowski’s Integral Inequality) For 1 < p < oo,

/n F(y)dy

Proof. The case p = 1 corresponds to Fubini’s Theorem. For the case p = co we
just notice that

< [ IFCGyllp dy.
p R

/n F(x,y)dy

If 1 < p < o0, applying Fubini’s Theorem and Proposition 2.2.2, we get

o | Jon Fx,y)dy g(x)|dz
/ F(.y)dy| = sup Ja 1 |
" p  geLP g#0 ||9Hp’
< sup Jan Jon [F(z,9)g(2)|dzdy

geLP g£0 gl

</R sup Jan !F(x,y)g(:c)!dxdy:/n IE( y)lpdy.

— JRn gernd g0 gl

S/ sup |F(z,y)|dy.
R

n zeR"”

]

2.3 Distribution functions, decreasing rearrange-
ments and Lorentz spaces

We present the notion of distribution function. Throughout this section we will
work on a measure space (X, u).

Definition 2.3.1. Given a measurable function f, we define its distribution function
as

Ar(t) = p({z € X« |f(z)] > t}),
with ¢ > 0.

Example 2.3.2. ([3, Example 1.1.4]) Let us consider a positive simple function

n

flx) = agxe, (),

J=1

where a; > ... > a, > 0 and the sets E; are pairwise disjoint with finite measure.
Then, we have

)‘f (t) = Z ij[aj+17aj)(t)7
j=1

where
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We give some properties of the distribution function (cf. [3, Proposition I1.1.3]).
Proposition 2.3.3. The following properties are satisfied:
(1) If |g] < |f| p—a.e., then Ay < Ay
(1) If | f| <liminf, . |fn], then Ay <liminf, . Ay, .

Proof. For (i) we just notice that |g(z)| > t = |f(z)| > t for almost every z € X.
Hence A\; < ;. To prove (ii) we fix ¢ > 0 and we define the sets

E={zeX:|f(x)] >t} and E,:={ze€ X :|fu(x)] >t} neN.

Notice that p(E) = Af(t) and p(E,) = Ay, (t). Now by hypothesis we deduce that
there is an m € N such that for all n > m we have |f(z)| < |f.(x)| and, therefore,
E C Upneny Npsm E,. We also notice that

_ o s N
p (O En> < inf p(E,) < sup inf p(En) =: liminf pu(Ey) (2.3.1)

for all m € N. Finally, as ﬂ E,, increases with m, we conclude, by the Monotone

n>m

Convergence Theorem and (2.3.1), that

n(E) < p (U ﬂ En) = /XXUgjzl Npsm En(@dﬂ(w)

m=1n>m

= lm [ xn g, (@)dp(z) = lim p (O En> < lim inf yu(E,).

]

A concept related to the distribution function is the nonincreasing rearrangement
function.

Definition 2.3.4. Given a measurable function f, we define its nonincreasing rear-
rangement as

fr(t) =1inf{s > 0: A\¢(s) < t},
with ¢ > 0.

We present some properties of nonincreasing rearrangement functions (cf. [3,
Proposition 1.1.7]).

Proposition 2.3.5. Let f, f, and g be measurable functions. The following prop-
erties are satisfied:

(i) [* is decreasing.
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(i1)) We have
(f+9)" (ti+t2) < [ (1) + (L)

for any t1, to > 0.
(iit) If 9] < [f| p-a.e., then g* < f*.
(i) \y(F*()) < t whenever [*(t) < oo.
(v) If |f| <liminf, o |fa|, then f* <liminf, . fF.

(vi) If | ful /1S then [ 7 f7

Proof. Properties (i), (ii) and (iv) are immediate consequences of the definition. To
see (iii) we notice that, by Proposition 2.3.3 (i) we have A\, < A and hence

{s>0:Xp(s) <t} C{s>0:N(s) <t}

from which the property follows.

Now, to prove (v) we observe that Ay < liminf, ,. Ay, by Proposition 2.3.3 (ii).
So there exists an m € N such that for all n > m we have A\f(t) < Ay, (¢) for all
t > 0 and, therefore,

{s>0:Af,(s) <t} C{s>0:A(s) <t}

for all n > m, from which the property can be deduced.
Finally we proof (vi). First of all, by (iii) we deduce that f* < f* and hence

liminf f <limsup f; < f*. (2.3.2)
n—o0

n——oQ

Furthermore, as |f| < liminf, o f, = lim, o f, = |f|, by (v) we deduce that

f* <liminf f. (2.3.3)
n—>aoo
The result follows by combining (2.3.2) and (2.3.3). O

Example 2.3.6. For the function defined in Example 2.3.2, we have

n

6= aXm,my)(t):

j=1
where we define mg = 0.

The following proposition [3, Proposition I1.1.8] is a well known property of the
nonincreasing rearrangement functions, which states that f and f* have the same
||.||P-norm.
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Proposition 2.3.7. If 0 < p < oo and [ is a measurable function, then

[ 1r@raut) =p [ e xods = [ parar
X 0 0
Furthermore, when p = oo,

esssup [f ()] = f*(0).

zeX

G. H. Hardy and J. E. Littlewood provided the following inequality ([3, Theo-
rem 11.2.2]), which bounds the ||.||*-norm of the product f - g of two functions by
the ||.||*-norm of the product f*-g* of their nonincreasing rearrangement functions.

Proposition 2.3.8. If f and g are measurable functions, then

/X F(@)g(@)ldu(z) < / ™ ()" (5)ds.

We define the function f**, the average of the nonincreasing rearrangement func-
tion f*.

Definition 2.3.9. For a measurable function f, we define f** as

o =5 [ £
with ¢ > 0.
The operator f — f** is subadditive ([3, Theorem I1.3.4]).
Proposition 2.3.10. If f and g are measurable functions, then
(f+9)7 @) < 7)) + 97 (1)
for allt > 0.

Now we present a theorem [3, Theorem I1.6.2] that provides a useful expression
for f** in terms of the Peetre’s K-functional (cf. [3, Definition V.1.1]) for L' and
L> | K(t, f, (L', L*>)), which is a very common operator in Interpolation Theory.

Theorem 2.3.11. If f is a measurable function, then

K(t f, (L, L)) = nf {glle + Rl :/0 [r(s)ds =tf*(),  (2.3.4)

for allt > 0.
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Proof. The last identity in (2.3.4) follows from the definition of f**. In order to
prove the second identity in (2.3.4), we fix a measurable function f and ¢ > 0,
denoting by a; the infimum on (2.3.4). We want to prove first that

/0 [i(s)ds < a. (2.3.5)

Let us assume that f € L'+ L* since, otherwise, the infimum would be infinite and
(2.3.5) would hold trivially. So expressing f as f = g+ h with g € L' and h € L*,
and applying Proposition 2.3.10, we get

/Otf*(s)dsg/otg*(s)ds—F/oth*(s)ds.

Now, by Proposition 2.3.7, we have

t o0
/ g (s)ds < / g*(s)ds = glls

0 0

and .
/ h*(s)ds < th*(0) = tesssup |h(x)| = t||h]| 1.
0 rxeX
Therefore,
t
/ F()ds < llgllzs + tllAl o,
0

and taking the infimum over the representations of f, we get (2.3.5).
In order to prove the reverse inequality,

ar < / ' (s)ds
0

we are going to construct functions g € L' and h € L™ such that

t
gl + [ Al Lo S/ f*(s)ds. (2.3.6)
0

Assuming that the right hand side on (2.3.6) is finite (otherwise there is nothing to
prove), Proposition 2.3.8 and Example 2.3.6 provides that f is integrable over any
subset of X of measure at most t. Now if we define F := {x € X : |f(z)| > f*(t)}
and we denote to = p(F), by Proposition 2.3.5 (iv) it must be ¢y < ¢, concluding
that f is integrable over F. As a consequence, the function

g(x) = max{|f(z)| — f*(t),0} - sign(z)

is integrable, as well as

h(x) = min{|f(2)], f*(1)} - sign(x)
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is a function in L*> bounded by f*(t). We observe that f = g + h. Hence, by
Proposition 2.3.8,

|mmvzzguwn— /ﬁf Jldp— p(E /’f Jds —to (1),

and so

lolos + bl < [ 7 s+ -t 0 = [ 5 s
where in the last equality we have used that f*(s) is constant when ty < s < ¢ with
value f*(t). O

Finally, we present the classical Lorentz spaces and the weak-type Lorentz spaces.

Definition 2.3.12. Given a weight w in R™ and 0 < p < oo, we define the weighted
Lorentz space A,(w) as the set of measurable functions satisfying

[ fllapy = I1F llpw = </X(f*(t))pw(t)du(t))p < 00.

Definition 2.3.13. Given a weight w in RT and 0 < p < oo, we define the weak-
type Lorentz space as

Ar(t) v
AP®(w) =< f || fllapoow) =sup t / w(s)ds | < ooy,
t>0 0

where f is a measurable function defined on R".

Remark 2.3.14. We observe that the ||.|[sr.e(w)-norm can be also written as

| f1 Apoe () = Sup () (/Otw(s)ds)p .






Chapter 3

Classical Hardy inequalities

In this short chapter we present the classical Hardy inequality, an historical result
that G. H. Hardy proved in 1925, and its generalization with power weights, also
studied by G. H. Hardy in 1928.

3.1 The classical Hardy’s integral inequality

The following theorem is known as the Hardy’s integral inequality.

Theorem 3.1.1. If f(z) >0, p>1 and [ fP(x)dx is convergent, then

/Ooo G/Ozf(t)dt) dz < (ﬁ) /Owﬂx)pdx‘

Proof. Changing the variable (t = xs) we get

(/ooo G/Ozﬂt)dt)pdg;) _ (/ (/ o S) )

Using Minkowski’s integral inequality (Theorem 2.2.3) and changing again the vari-
able u = xs, we conclude

([ ([ ) as) < [ 01 [ ([ )’
L ()
() (s

Definition 3.1.2. We define the classical Hardy operator as

_ é /0 o
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Remark 3.1.3. (See Example 1 in [9]) The constant 2 in Theorem 3.1.1 is sharp.
Indeed, H is bounded on LP(0, 00) and ||H||r(0,00)—sL2(0,00) < z% but, actually, we
are going to prove that the norm of H is exactly z%' To see this, we can take the

functions defined as f(t) = t%+ex(0,a) (t) with 0 < e < i and a > 0. Then

= a 71+p€d 5: l,_pe 5: a,el
7l (/0 ! :L’) <{p€]o) (pe)»

+):

oo 1 x 1 . P
sl = ([~ (5 [ xan i) @)
0 T Jo

|+

and, changing variables (s =

As a consequence

[ /el 1 P\’ p
H LP(0,00 LP(0,00 Z = 1 +e ’
I L2 (0,00 — 2 (0,00) 1 fell 1_%4_5 p—1 e—0 p—1
and then ||H||£e(0,00—s2r(0,00) = 725

Remark 3.1.4. Theorem 3.1.1 is not true for p = 1. If it would exist a constant C'

such that w /1 po ,
/0 (E/o f(t)dt) dmﬁC’/() f(z)dz,

we could choose f(z) = x(0,1)(x) and we would get a contradiction, since

if0<z<l,
if x> 1,

o) = {

8=
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and

/d:l:+/ —dx—/o (Hf)(x d$<0/ flx C,

where the left hand side of the inequality is not convergent.

3.2 Hardy’s inequalitiy with power weights

The following theorem (cf. [9, Theorem 2]) generalizes the classical Hardy’s integral
inequality by introducing power weights x.

Theorem 3.2.1. If f is a positive function, p > 1 and a < p — 1, then

/Ooo (% /Orf(t)dt>px°‘dx < (ﬁ)p/f 2(2)2%de.

Proof. Changing the variable (t = xs) we get

(/ooo G /Oxf(t)dt)pxadg;f _ (/0“’ (/Olf(m)dS)pxadI)’l’l
B (/0 (/o / <“>x§ds) d;g)”

Now, applying Minkowski’s integral inequality (cf. Theorem 2.2.3) and changing
the variable (u = zs), we conclude

([ ([ ressas) ae)’ < [ ([ proswas) o
[ ([ oy
([ ) (f roan)
=ﬁ</o f”(y)yo‘dy)p

Remark 3.2.2. The constant pf’ — in Theorem 3.2.1 is sharp. Indeed, proceeding
in the same way as in Remark 3.1.3, we can consider the functions

]

1

11,
fe(t) =777 Y0, (1),

with @ > 0. Then

1

@ p pe] @ 5 €
”fer,w“ = (/ x_l_aﬂ)eaﬁadx) = <{$—} ) =—7
: relo)  op

Sl
s}
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and, changing variables (s = %),

Il
c\g
o\,;

@
=

=

s

+

QL

)
N———

=

S)

Q
ISH
S)
_|._
s\
3
Y
c\
8le
@
=
|
S I
TR
+
QL
)
N——
e}
)
Q
ISH
S)
N——
Y

1
1 1P a N ap—l—a-i—ep $o¢—p+1 0 p
(1_%_%_’_6)1) ep =0 (1_%_%—}_6)12 Oé—p—i_la,‘:a

B ac (1+ 1 )i
" 1_I_ai\ep pm_a—-1)
1—5—54—6 ep p—a-—1

Finally,
1
[H fellp.a ! ( p )”
H 00 00T Z ’ - o 1 + E———
I 2r 0,0010%)— LP(0,002%) 1 fellpae 1— 117 — %t p—a—1
4

e—0 p—a—1
and hence the constant in Theorem 3.2.1 is sharp.

Remark 3.2.3. (cf. [9, Theorem 2|) Conditions p > 1 and a@ < p—1 are essential in
Theorem 3.2.1. Indeed, if we consider the functions f,(2) = X(a,a+1)(2) With a > 0,

then
xr < a,

Hf(x)=¢ &2 a<z<a+]l,

T

1
Z r>a+1,

8 O

and, if a >p—1,
/ Hfo(x)Px*dx >
0

where this last integral is not convergent since o« > p — 1.
On the other hand, if 0 < p <1 and a < p — 1, then

I3 H folx)Pada . [ w2 Pdx - [ e rd

a

I falzypaeds — f;“’l rode — (a+1)°
1 (@ + 1)a-ptt
- 7 OQ,
p—a—1 (a+1)* a>oo

o0 o

Hfa(ac)pxadx:/ x“ Pdz,

a+1 a+1

and Theorem 3.2.1 does not hold.



Chapter 4

Hardy inequalities with weights

Hardy’s integral inequality can be generalized by considering different weights (in-
stead of just power weights) in both sides of the inequality. In Section 4.1 we present
some of the first results considering the Hardy inequality with weights. Several au-
thors considered this kind of inequalities until B. Muckenhoupt gave the first result
characterizing completely the Hardy’s integral inequality with weights in the diago-
nal case (p = ¢). In Section 4.2 we study this result. Finally, another large amount
of authors studied the general case (p # ¢), which is presented in Section 4.3.

4.1 First results involving weights

Definition 4.1.1. A weighted Hardy inequality is an inequality of the form

(/Ooo <§ /Ox ﬂt)dt) q u(gj)dm) | =¢ (/OOO f(a:)pv(as)dﬂﬁ) % :

where u and v are weights, and p, ¢ are positive real numbers.

The first result characterizing completely the weighted Hardy inequality for the
case v(x) = 1 and p = ¢ = 2 appeared in 1958 and it is due to Kac-Krein (cf. [9,
Theorem 3]).

Theorem 4.1.2. The inequality

/Ooo G /Oxf@)dt)Qu(x)dx < C/OOO f(a)*de (4.1.1)

holds for every f € L*(0,00) if, and only if, the supremum

A= supr/ u(x)dx

r>0 x?

18 finite.

17
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Remark 4.1.3. Equivalently, we can write u(x) instead of % and then (4.1.1)

becomes
/Ooo (/;f(t)dt)zu(x)dx < c/ooo f(a)de (4.1.2)

A= supr/ u(z)dz.

r>0

and A is now

Proof. We are going to work with the changes done in Remark 4.1.3. First we
assume inequality (4.1.2) holds for every f € L?*(0,00). We consider, for r,h > 0,
the functions

_1 1. _
fu(@) =17 2x0(@) — 720 Xpgnrion (@),

which are in L?(0,00). Now, we notice that

o0 T 7’+2h r
/ fu(2)*de = / rldr + / rh™?dr =1+ —
0 0 rth h

and
z x 1 v 1.
/ fu(t)dt = / 72X (0, (1) dt — / P2R T X g hrron) (8)dt
0 0 0
1 1
= ar 2X(0,7’] (l‘) + TQX(nOO)(x)
— r%hfl(x — 7 — h)X(rtnrion(T) — T%X(T+2h,oo) (z)
_1 1
=27 2X(0,)(T) + 72X (rran) (T)
+ (’l“% — T%h_l(ﬂj —r— h)) X (r+h,r+2h] (23)
Then

2

r+h r+2h ) L
+ / Tu(a:)da:/ ‘ (ri — rih_l(x —r — h)> X(r+hrt2n) ()| u(z)de

We conclude
r+h 00 r
r/ u(z)dr < C/ fu(x)de = C (1 + —) ,
r 0 h

and hence, making h — oo, we obtain

7“/ u(z)dr < C,
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which implies

r>0

A= supr/ u(z)dxr < oo.

Now we assume that A < co. Given the integral

/0 N ( /0 ’ f(t)dt)2u(:v)d:v,

we are going to integrate by parts with dv = wu(z). First we notice that, by the

Lebesgue Differentiation Theorem, if v = — [* u(t)dt then dv = u(z) a.e. z. So we
have
00 z 2 x 2 0o oe
/ (/ f(t)dt) w(w)dr = — [(/ f(t)dt> (/ u(t)dt)]
0 0 0 @ o

+2/O°O (/Oxf(t)dt) f() (/OO u(t)dt) dz
_ 2/000 (i /jf(t)dt) (@) (x /:O u(t)dt) dz.

Now, applying Holder’s inequality and Theorem 3.1.1, we get

2 [7 (3 [ i) ) (o [ atyar) a

([ (2 o)) ([ (e ) )
([ (2 rom)'s) ([ o)
<ua °of<ac>2dyc)é ([ f(x)Qd:vy —aa [ papas

IN

IN

O
Definition 4.1.4. For a given weight u, we define the modified Hardy operator as
1 x
H, = — t)u(t)dt.
@) = s [ ot

The following theorem was proved by N. Levinson in 1964 (cf. [13, Theorem 4]).

Theorem 4.1.5. Letp > 1 and f > 0. Letr(x) be an absolutely continuous function
defined for x > 0. Assume

/

-1 or 1
7’7 += > (4.1.3)

for almost every x > 0 and for some X > 0. Then

/0 T Hf(@)rde < A /0 " Fa)da.
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Proof. We consider 0 < a < b < oo and let

1 xr
h = — t)f(t)dt.
@)= = [ o)
Then, defining H,.f(z) = 1h..f(z) and integrating by parts (with u = (h,qf)?
and dv = x~P), we obtain

1 b

b b
[ Heatt@rds = [ Sapyie = [ ety

a

o[ (a0 @) it )

p—1 r(z)

Now we notice that the term

b bl_p

ety =

(hraf(0))P

is negative, since p > 1, h, ,f > 0 and b > 0. Hence,

/ab(Hr,af(x))pda: < /ab 2j+11 <p(hwf($))l’1f(x) _ p(hr,af(x))p:((xx))> dr,

or equivalently,

/ab (p o Wl(x)) (Hrof (@) d < / (Hy oy )y @)

p r(z)

Now, using (4.1.3) and Holder’s inequality, we get

p—1
P

p—1
P

< ( / b(Hr,aﬂx))pdx) ( | f(ar)”dfvy ,

/a (Hyof(2)Pde < ¥ / " fapds.

that is,

If we take ¢ > a then

/c (Hoo f ()i < / (Ho f ()P < A7 /0 " Fa)d,

and, by the Dominated Convergence Theorem, making a — oo we get

/C ()P < ¥ / " fapds
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for all ¢,b > 0. Finally, letting b — oo and ¢ — 0,

| sy < [ e

]

Corollary 4.1.6. Let p > 1 and f > 0. Let u(z) be an absolutely continuous
function defined for x > 0. Assume

(4.1.4)

for almost every x > 0 and for some A > 0. Then

/O M ()P u(z)dr < AP /0 " F@)Pula)ds.

|=

Proof. We define r(z) = (L) " and then (4.1.4) becomes

u(x)

p—1 xr'(z)
PR

1
> N
A
since

r'(x) 1 u' ()

r(x)  pul(r)
Now, we express f(z) = r(x)g(z) for the suitable g(x) > 0 and we apply Theo-
rem 4.1.5 to g, obtaining

[ G ro) wmae <0 [ steruteya

]

4.2 Characterization of weighted Hardy inequal-
ities
Some authors like G. Tomaselli, G. Talenti or M. Artola worked in the weighted case,

giving some important results. However, B. Muckenhoupt was the first one who gave
the complete characterization of this kind of inequalities (cf. [15, Theorem 1]).

Theorem 4.2.1. Let 1 < p < oco. For a given two weights u and v, we can find a
finite constant C' > 0 such that

(/OOO i/omf(t)dt

pu(m)dm) "<c (/OOO |f(x)|pv(x)dx)‘l’ (4.2.1)




4.2. Characterization of weighted Hardy inequalities 22

iof, and only if,

L

B =sup (/oo %dm) (/Orv(x)p_—lldx> " < .

In addition, if C' is the sharp constant for (4.2.1), then

S =

1

B<C<ps ()7 B,
ifl<p<oo,and C =B ifp=1 orp=oc.

Remark 4.2.2. Equivalently, we can call U(z) = L u(z)», V(z) = v(:v)% and then

(4.2.1) becomes

([ oo [ o]
and B is now
= sup (/ Uz de)l (/OTV(x)p/dx) < 0.

This is the notation used by Muckenhoupt in his paper [15].

dx>’1’ <c (/Ooo V(@) f(2)]? dx) ' (4.2.9)

S

Proof. We are going to use the notations given in Remark 4.2.2. We want to prove

first that
dx) <t ()7 B ( I \V(x)f(x)\”dx)p

(/OOO ‘U(:c) /0 F(t)dt

for 1 < p < oo, which would imply that C' < p% (p’)i B.
We define h(z ( fo V(1) _p'dt)W and, by Holder’s inequality, we have

/OOO ‘U@;) /0 |

Lol i

< ([ sors) ([ i)

Now, applying Fubini’s theorem we get

//|U )PIF(t) (/ V() pds)p/dtdx
:/0 OV ERD)P (/ (/ V(s) pds) 1dx> dt.

dz

dx

”3
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We want to bound

[T irovenor ( [ ( [ Wioner ds) = dm) PR

First we notice that, by hypothesis,
1

( V(s) —pds)'<3</:o|U(s)|Pds>”l,
([ <>|Pds)l<8(/ Ve ds) " = Blno)
Hence

([ (e[ v )
(v’ )”

([ verrs)” )
<@y [wer( [ <1>|f:zs) i
- (Byy! [—p ([ weras) ]

=p(Bp )" < /t ) U (S)!pd8>; 7
<p B ()" h(t)] "

3

and

|
Y =

Then, (4.2.3) is bounded by

/Ow,f(t)v(ﬂhwpw W) h(e)[Pdt = pBr () /Ooo\f<t>v<t>rpdt,

/Ooo ‘U(:::) /0 ]

Now we want to see that C' < B when p = 1 or p = oo. In the case p = 1 we have,
applying Tonelli’s theorem,

/OOO‘U(x)/wa(t)dt dxg/ooo/ox|U(x)||f(t)|dt da:_/ |/ z)|dz dt,

and hence

ix < pBry [ TRV P

0
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and since t)| ft x)|dz < B, we conclude that

/OOO ‘U(x) /Oxf(t)dt

On the other hand, when p = oo, we have

=g (cswleto) ([ )
v [ o] < i [ 1ol

< (p FOVE]) [U@) / ' W—tt”dt
< B (esis;lp |f<t>v<t>|) |

dr < B / T FOIV Ol

and then

Finally, we want to see that B < C. First we notice that for non negative f and for

> 0 we have
(/Too ‘U(x) /0 fod pdx>; < (/0“’ ’U(x) /0 f(t)dt pdx>i ,

and taking V(z)x o (x) as V(x), (4.2.1) becomes

(/ |Pd:(:> /f dt‘<(](/ IV (z |de) ' (42.4)

Now we are going to prove that

1

</TOO !U(x)!pdx); (/0 \V(x)]P’dz) T <c (4.2.5)

which would imply B < C.
In the case p # 1 and 0 < [ |V(z)|'dz < oo, taking f(z) = |V (z)|7* we get,
from (4.2.4), that

( / i \U(x)|pdx)fl’ ( / V) dx) o ( / W(x”p_pp/dﬁ);
([ !V<x>|p’dx)3° ,

and (4.2.5) holds.
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When p = 1 and 0 < esssupg_,., m < oo, we can take f the characteristic
function of the set

1 —1 1
T > — +esssu ,
{ V(@) = n kxﬁwm}

and, by (4.2.4), we get

([ i)

/f@ﬂsc/Wwwmmm
0 0
1 '
C dt.
= _71 + ess SUPg<p<r |V(1x)| /0 f(t) '

([ W) (55 + ey ) <

and letting n — oo we get (4.2.5).
Finally, we observe that if [ |V (z)|7"'dz = 0 then (4.2.5) is obvious. If

Therefore,

| @l —oc,
0
we can consider the functions

ful@) = [V(2)] " xa,(2),

where A, := {z >0:1 <|V(2)]? <n}. Then, (4.2.4) becomes

(/f" |U(:L")|pd51?>; (/0 |V(a:)|—p/XAn(z)dI) <c </0 |V(1')|_p/XAn($>d$)’1’ |
(/TOO |U(a7)|pdg;>; =¢ (/OT \V(z)| 7" xa, (x)dx) v .

Then, by the Monotone Convergence Theorem, if we let n — oo, we get

</T°O |U(x)]pdx); 0,

and so (4.2.5) holds. O

Remarks 4.2.3. The conditions given in Theorem 4.1.2 or Theorem 3.2.1 are equiv-
alent to the condition given in Theorem 4.2.1.
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1. If the take, in Theorem 4.2.1, p = 2 and v(x) = 1, then

B =sup (/ u<f)dx> (/ d:v) = sup (r/ u(;c)dx) ,
r>0 r € 0 r>0 r z

which is finite if, and only if,

sup (7" / @dw)
r>0 r €

is finite. But this last condition is exactly the one appearing in Theorem 4.1.2.

2. If we take, in Theorem 4.2.1, u(x) = v(z) = x%, for some « real, we have

1

B = sup (/ xo‘_pda:) ’ (/ mpaldx) o
r>0 r 0

But B is finite if, and only if,

a—p<—1 and p_Tal>_1’

that is, & < p — 1, which is exactly the condition in Theorem 3.2.1.

4.3 Weighted Hardy inequalities of (p,q) type

Now we focus in the general case with two different indexes p and ¢. The following
result (cf. [4, Theorem 1]) characterizes the weighted Hardy inequality (p,q) for
q > p and it is due to J. S. Bradley. It is an extension of Muckenhoupt’s diagonal
case (cf. Theorem 4.2.1).

Theorem 4.3.1. Let 1 < p < q < co. Given two weights u and v, we can find a
finite constant C' > 0 such that

(/000 (i /01‘ f(t)dt>qu(a:)dyc); <C (/OOO f(gg)pv(m)dm); (43.1)

for all positive function f if, and only if,

ey ([ 5ar) ([ ) <o

In addition, if C' is the sharp constant for (4.3.1), then

e

1

B<C<pi ()7 B,

ifl<p<qg<oo,and C =B ifp=1 orq=oc.
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Remark 4.3.2. Equivalently, we can call U(z) = 1 u(:z:)%, V(z) = v(x)% and then
(4.3.1) becomes

([ (v [ o) as) <o ([“wemeora) sz

and B is now

=

Y e

B= sup (/OO U(x)qu); (/0 V(x)—P’dx) < 0. (4.3.3)

Proof. The proof of (4.3.2) = (4.3.3), that is, B < (| is analogous to the one in
Theorem 4.2.1.

We are going to prove, then, the implication (4.3.3) = (4.3.2), or more precisely,
1
C< pé (p')¥ B. First we assume 1 < p < ¢ < oo and we define

Now, applying Hélder’s inequality and Minkowski’s integral inequality (cf. Theo-
rem 2.2.3), we get

= /Ooo (U(m) /jf(t)%dt)qu

< [Tver (] <f<t>v<t>h<t>>f’x{o<t<w}<t,x)dt)Z( [ wme)vas) i

0

- ( | varGOvOD e t.0) ( / I<v<s>h<s>>-p’ds) . dt) ' e

p

< /Ooo(f(t)V(t)h(t))p (/too U(z)" (/;(V(s)h(s))_p'ds);/dx)th N

To perform the innermost integral, we observe that, since by hypothesis

1

</0 V(u)—P’du> i <B (/:o U(s)qu)_; :
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we have that

([ e 7as) -

o
ﬁ
=
>
<
VRS
ﬁ
=
E
<
QU
IS
N———
S|l
QL
)
N——
<

Therefore,

o

I <(pB)r

/Ooo(f(t)V(t)h(t))p (/too U(x) </Oo U(s)qu) 7 da:) % dt

Again, to perform the inner integral we observe that, since by hypothesis

1

(wagmﬁéﬁB(AR%wWM>“:Bmwﬂ,

we have that

Therefore,

and hence
Is < (p')7 (p)+B.

Now, for p = 1, we first observe that, by hypothesis,

(ZWU“VMD;VL>SB
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for all 0 < s < ¢, and hence, by Minkowski’s integral inequality (cf. Theorem 2.2.3),
we get

(/ooo <U(I) /0 g (t)dt)qd‘”); = (/ooo (/ooo U@)f (t)X{0<t<x}(t,x)dt)qu);
< /OO f(#) (/too U(q;)qu> g "

< B/oo FOV (@)t

Finally, if 1 < p < ¢ = oo, we apply Holder’s inequality to get

| v =ve [ gmrovi

) ([ i)’ ([omors)

<s(f x(f(t)V(t))pdt); .

]

For the case 0 < p < 1, Q. Lai proved (cf. [12, Theorem 1]) that the weighted
Hardy inequality cannot be true, except for trivial situations. His proof is based on
a result due to M. M. Day (cf. [8]), which states that the dual space of a Lebesgue
space is the zero space when 0 < p < 1, under some hypothesis on the measure.

Theorem 4.3.3. (Day) Let p be a nonatomic measure and let 0 < p < 1. Then
every linear and continuous functional, T : LP(u) — R, must be zero.

Theorem 4.3.4. (Lai) Given 0 < q < oo, if 0 < p < 1 then there is no constant
C > 0 such that

(/0‘” (i /0‘” f<y)dy)qw(x)d’”)é =C (/OOO f(@pv(fr)d:r); (4.3.4)

for all f € LP(v), except for the trivial case w(x) =0 a.e. x € (0,00).

Remark 4.3.5. If we consider w(z) as % in Theorem 4.3.4, then (4.3.4) becomes

([ ([ sm) wewe) <o ([ ramem) - s

We prove now Theorem 4.3.4 with the notations of Remark 4.3.5.
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Proof. We define
c=inf{r>0:w(x)=0 ae z€(r,00)}.

If ¢ =0, then w(z) = 0 a.e. = € (0,00) and (4.3.5) trivially holds. We assume
0 < ¢ < oo and hence w(x) =0 a.e. = € (¢,00), and

/cw(m)dac >0 (4.3.6)

forall0<b<e.

Now we observe that it has to be v(xz) > 0 a.e. € (0,¢). Indeed, if we assume
that the set

E={0<z<c:v(z)=0}

has positive measure, then we get a contradiction. It would exist an xy € (0, ¢) such
that [(0,29) N E| > 0 and, if f(z) = xg(z),

| fway>o

0

for all x > xy. But we would also have that
| twreay=o,
0

so if (4.3.5) holds, we would get

/OOO (/Ox f(y)dy>qw(a:)dx <0,

and necessarily w(z) =0 a.e. x € (9,00), in contradiction with the definition of c.
Given 0 < p < 1, we define

Nyo.(g9) = sup
1 llp0 <1

Y

Amfmmuqux

and we claim that, for any interval (a,b) with 0 <a <b < ¢,

N (X(a,b)(')) . /abf(x)dx

v(*) 1 £llp.0 <1
Otherwise, there would exist a sequence ( f;,),, of positive functions such that || f,,||,, < 1
and

< 00. (4.3.7)

b
[ @iz =n,
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for all n € N. But then, if (4.3.5) holds, and since || fu|[po = (fy~ fn(x)pv(x)dx)% <1
for all n € N, we have

cxc ( I fn(w)pv(x)dx); > ( | ( I fn<y>dy)qw<x>dx)

> (/b (/Ox fn(y)dy)qw(:c)dx)q . </b (/b fn@)dy)qw(x)dx)i
>”(/bcw(:v)dx);

for all n € N. However, this is only possible if

Q=

in contradiction with (4.3.6).
We observe now that the condition (4.3.7) implies that the operator

T:LP(v) — R
defined by
fr— / ’ f(z)dx
is linear and bounded. Therefore, by Thgorem 4.3.3, it must be T' = 0, that is,

/a  He)dz = 0

for all f € LP(v). Obviously, this is false since, for example, we can consider the
function f(x) = X(4p) (x), which is in LP(v) but

/a  Hayde > 0,

So (4.3.5) cannot be satisfied.
Finally, if ¢ = oo, we have that for all b > 0 there exists a real number d > b such
that fbdw(x)dx > 0 and the argument of the case 0 < ¢ < oo can be applied. [

When ¢ < p the situation is slightly more complicated and different arguments
are needed. W. Mazya and L. Rozin characterized the case 1 < ¢ < p < oo in the
eighties, G. Sinnamon characterized (1987) the case 0 < ¢ < 1 < p < oo and the
case 0 < ¢ < 1 =pis due to G. Sinnamon and V. D. Stepanov (1996).

G. Sinnamon and V. D. Stepanov published a paper [18] where they gave the
proof of the 0 < ¢ < 1 = p case and a more elementary proof of the case 0 < ¢ < p,
1 <p < oo (cf. [18, Theorem 2.4]). We give here the proofs presented in this paper.
First, in order to deal with the case 0 < ¢ < p, 1 < p < oo we need some previous
results.
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Lemma 4.3.6. Assume «, $ and 7y are positive functions and 7y is increasing and

absolutely continuous. If
/ a(t)dtg/ B(t)dt (4.3.8)

/0 T (Balt)d < / BBt

for all x > 0, then

Proof. Tt is known that for any positive, increasing and absolutely continuous func-
tion v, we can write

v(t) =~(0) + /Ot 7' (s)ds. (4.3.9)

Hence, applying (4.3.9), Tonelli’s Theorem and (4.3.8), we get

Agwm@ﬁ:wo/ ﬁ+/ / s)ds alt

:7(0/ dt+// £)dt (s

o [ staa [ [ ot
/0 )B(t)d.

]

Proposition 4.3.7. Let u, b and F' be positive functions such that F is increasing
and absolutely continuous. We assume also that b satisfies

/ b(t)dt < oo Vx>0 but / b(t)dt = . (4.3.10)
T 0

If0<q<p<ooand%:%—

(/OOO F(:E)qu(x)dx>}1 < (%)i (/OOO (/:O u(t)dt)g (/:O b(t)dt)g b(x)dm)
x(AwF@ym@mv

Proof. We define U(z) = [ u(t)dt and B(z) = [ b(t)dt. We express u as

T

1
r

3=
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Now, applying Tonelli’s Theorem we obtain

g (/OOO /Ot U ()5 B(s) % b(s) u(t) ds dt)i

- ([ s [ mu(t)dtds)i - ([ veiseTsa)

In order to bound /1, we want to apply Lemma 4.3.6 with

o= ([ t U(S);B(s);b(s)ds)f o), 50 = (1) b0 and 5(0) = Fle

p
By hypothesis, () has to be increasing and it remains to check that fxoo a < fxoo Ié]

p

for all z > 0. To see this, we observe that as (fot U(s)gB(s)fTTb(s)ds>T and U are

decreasing, we have
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Finally, applying (4.3.11) and Lemma 4.3.6 we conclude

(/Ooo F(x)qu@)dx) E (/ooo U(s)eB (w)‘Zb(x>dx> %
([0

Proposition 4.3.8. Suppose that 1 < p < oo and let w be a positive function such
that

P

s

F(a:)%(x)dm)

]

/Oow(t)dt <oo Vo>0 but /Oo w(z)dz = co. (4.3.12)
Then ’ 0
(/OOO (/Ox f(t)dt)p (/Oxw(t)dt> _pw(x)dyc) ' <C (/OOO f(x)pw(x)lpdx)’l’ ’
with C < . (4.3.13)

Proof. According to Theorem 4.2.1, the weighted Hardy inequality (4.3.13) holds if,
and only if,

e ([ ([ wo) ) (f o)’ <

and, moreover, C' < p% (p’)i B. But applying (4.3.12) and taking into account that
p > 1, we have

and hence

In addition,
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Theorem 4.3.9. Assume 0 < g < p, 1 < p < oo and % = % — Let uw and v be

two weights. Then, the weighted Hardy inequality

(/0“’ (i /wa(wdt)q“(x)dx); <C (/OOO f(x)pv(x)d:c); (4.3.14)

holds for all positive function f if, and only if,

D= </Ooo </Ozv(t)1p/dt)pr/ </xoo “ff)dt); “S)d:c)i <oco.  (4.3.15)

Moreover, if C is the sharp constant for (4.3.14), then

1
P (1 — g) D<C< <C> pr p'7 D.
I q

1
>

Remark 4.3.10. As usual, if we consider u(z) as % then (4.3.14) becomes

(/OOO (/Ox f(t)dt>qu(x)dx); <C (/Ooo f($)pv(x)dx); (4.3.16)

and (4.3.15) becomes

D- (/OOO (/Oxv(t)lp’dt)’; (/m u(t>azt>;u(gc)czgc)i <o, (43.17)

Proof. We use notation introduced in Remark 4.3.10. First we assume that (4.3.16)
holds for all f > 0. We define w(z) = v(z)'?" and we consider uo and wy integrable
functions such that 0 < ug < w and 0 < wy < w. We consider the function

)= ([ wtoar) . ([ wtoar) 7 wola),

and we observe that
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Now, applying this last estimate, (4.3.16) and integrating by parts, we get

([ ([ (i) i)
([ ([ s o) < ([ o))
<c ( [ f(x)%(x)dx) '
e ) ([ ) i)
([ ) (i) ]
0 ([ ) () i)

But since ug and wy are integrable functions, the right hand side of the inequality
is finite and hence

1% (g) </0°O (/OO uo(t)dt>; (/0 wo(t)dt>p/ uo(:)s)d:)s); <C. (43.18)

Finally, approximating u and w from below by an increasing sequence of integrable
functions, and applying the Monotone Convergence Theorem, (4.3.18) becomes

/ % 11
M(%) D=yp7gr <1—g)D§C.
ro\p p

Now assume (4.3.17) holds. For the moment, we will also assume that w satisfies
(4.3.12) and we define W(z) := [ w(t)dt. Given a positive function f, we want
to apply Proposition 4.3.7 with b(z) = W (z)Pw(z) and F(z) = [; f(t)dt. Notice
that b is under the hypothesis of Proposition 4.3.7 since

=

Q

=

3=

/ ()t = / S W Pt = ]%W(x)l_” < oo

and
/0 T b(a)de — /0 T W Pw(t)dt = oo,

So applying Proposition 4.3.7, integrating, using Proposition 4.3.8 and integrating
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by parts, we conclude

(/OOO (/jf(t)dt)qu(m)dm) '
- (C)i ( /0 ~ < / h u(t)dt); ( / N W(t)‘%u(t)dt) K W(x)%;(x)dx)i

p

« </O°o (/Oxf(t)dt)pW(x)pw(x)d:c) '
_ (%)i (/OOO </°o u(t)dt)Z (ﬁ) W(w);’w(x)dx)i
« (/OOO (/Omf(t)dt>pW(x)_pw(x)dx>11)
0 (e () )
o[ v
() o (5
v ( /O h f(:v)pw(x)l_pdm)
_ (g)ip; S D (/Ooo f(x)pv(x)dx); |

Now we work with a general w (not necessarily satisfying (4.3.12)). We fix u and
w and for each n € N we define u,(x) = u(z)x (0 (x) and w,(r) = min(w(z),n) +
X(n,00) (). Now these functions w,, satisfy (4.3.12) since

Q

hSA

8

3=

/1‘ wy(t)dt < (n+1)x < 0o

for all n € N, x > 0 and

/wn dm—/ min(w dm+/ dr = 0o

for all n € N. So we can apply the previous argument for each pair u, and w, to
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conclude that

(/On (/:f(t)dt)qu(x)dx);
() ([ (o) (o)
([ swruner i) 5

S Ab
3=

u(m)dm) (4.3.19)

Now, for a given positive function g, we write f(z) = g(z) min(w(z),n)ix(o,n)(x)

and (4.3.19) becomes

(/On (/Oxg(t) min(w(t),n)édt)qu(x)da;>
< (g)ipp S (/ (/ min(w dt)n </:u(t)dt>;u(x)dx>
« ( /0 oog(:c)pdx)p

and letting n — oo we have, by the Monotone Convergence Theorem, that

</OOO </omg(t>w<t)5’dt>qu(x)dx)3
= (g)ipfl’ p7 (/Ooo (/Ow ()dt)
" (/Ooog(x)pdm)’l’.

Q-

S

xr
/

< / N u(t)dt) ’ u(m)da:)

In particular, if we take g of the form g(z) = f(x)w(x)_i for a positive function f,

1

we get (4.3.16) with C < <£>;p% P

]

Now we characterize the weighted Hardy inequality for the case 0 < ¢ < 1 = p.

First we need some previous results.

Definition 4.3.11. Given a positive function v, we define

v(z) =essinfo(t) =sup{A e R: {0 <t <z :0v(t) < A\}| =0}.

o<t<zx

Remark 4.3.12. v(z) is a decreasing function. Indeed, if < y, then

{0<t<z:o(t)< A} C{0<t<y:v(t) <A}
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and hence
Ho<t<y:v(t) <A} =0=|{0<t<z:v(t) <A} =0.
Therefore,
AeR: {o<t<y:vt)<A}H=0}C{AeR: {0<t<z:v(t) <A} =0},
and taking supremum in A we get v(y) < v(x).

The following theorem is a technical result due to G. Sinnamon and V. D. Stepanov
(cf. [18, Theorem 3.2]), and states that the weighted Hardy inequality has the same
sharp constant when we consider v instead of v.

Theorem 4.3.13. Suppose that 0 < g < co. Then the best constant in the inequality

(/ooo </0 f(t)dt)q“(“’”’)d‘”)é - C/OOO f@)o(a)dz, f =0,

15 unchanged when v is replaced by v.

The next proposition is due to V. D. Stepanov (cf. [20, Proposition 1(b)]). It
is a real analysis result which states that the inclusion L'(v) C L%(u) holds when
0 < ¢ < 1 under some conditions on the weights u and v.

Proposition 4.3.14. Assume 0 < q < 1. Let us consider C as the best constant in
inequality

(/OOO f(x)qU(x)dx); < C/OOO f(x)o(z)dz, f>0,

and consider

1—
q q

By = </0°O </°O u(t)dt) o </:Ov(t)dt) u(a:)dx) o

Then Ey ~ C.

Finally, we give the characterization of Hardy’s inequality when 0 < ¢ <1 =1p
(cf. [18, Thoerem 3.3]).

Theorem 4.3.15. Suppose that 0 < q < 1. Let us consider C' as the best constant
n inequality

e $f(t)dt)qu(a:)dm>;§0 | sen@an £z0. @s0)

and define

1—¢q

E= (/Oooy(x)qfl (/mwgdt)li}%dx>q.

Then E ~ C.
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Remark 4.3.16. Again, if we consider u(x) as % then (4.3.20) becomes

(L Wt)quwx); <c [ fp@is £20

and F is now

1—¢q

E = (/Oooy(:p)qql (/:Ou(t)dt)quu(x)dx> -

Proof. We use the notation introduced in Remark 4.3.16. By Theorem 4.3.13 C' is
also the best constant in inequality

( /Ooo ( /0 f(zs>dt>qu(gc)dgc)é <c /0 " F@)u(o)ds, (4.3.21)

with f > 0. We consider first that v is of the form v(z) = [ b(t)dt where b satisfies

/ b(t)dt < o0 Wr >0 but / b(#)dt = oo, (4.3.22)
T 0

By Tonelli’s Theorem, (4.3.21) becomes

(/Ooo (/Oxf(t)dtyu(x)dx); . C/OOO (@) /:O (1)t di
= C/OOO (/Otf(aﬁ)dw) b(t)dt,

and, by Proposition 4.3.14, F = Ey =~ C..

Now we consider the case of a general v. For each n € N, we define the function
v, (z) = v(x)Xx(0,n) (), which is finite, decreasing (cf. Remark 4.3.12) and tends to 0
when x — oo. Fixed n € N, we can approximate v,, from above by functions of the
form [ b(t)dt with b satisfying (4.3.22). Let us consider a decreasing sequence of
such functions (v,,), converging pointwise to v,, at almost every x > 0. We define
also the function u,(x) = u(x)X (0 (x) for each n € N. Then, by the first part of
the proof, the inequality

1—
q q

(/000 (/f (”dt)q“”(x)dx)i S </ (@) (/m un<t>dt) un(x)am) |

X 000 f(z)vy,(x)dx

holds for all f > 0. Hence, expressing f as f(z) = 2% where g > 0, we have

vm(x)’

1—q

(/oOo </ox vifa?)dt)qu”(m)daj) S (/000 U ()71 (/:O Un(t)dt>lzq un(x)dx> -

« /0 " g(@)da

Q=
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and, as both (v,,)"! and (vm)q%l are increasing, by Monotone Convergence Theorem
we have, letting m — oo,

IV dt)q“n@)dm); S ( [ e ([ o) = uﬂ(@@) o

X /OOO g(x)dz.

Using Monotone Convergence Theorem again, the last expression becomes, letting
n — 0o,

([ 28] < ([ (] o))

Expressing g as g(z) = f(x)v(z) with f > 0in the last expression, we get C' ~ E. [






Chapter 5

Hardy inequalities for monotone
functions

In this chapter we are going to study the weighted Hardy inequalities presented
in previous sections but, instead of working just with positive functions, we will
consider monotone functions.

Some authors as G. H. Hardy already considered the study of Hardy inequalities
when we impose the restriction of monotony. In Section 5.1 we will give some of
the first results concerning monotone functions. However, the study of the Hardy
inequality in the cone of the monotone functions started to generate a real inter-
est when M. A. Arino and B. Muckenhoupt proved, while they were studying the
boundedness of the Hardy Littlewood maximal operator, that the maximal operator
is bounded between Lorentz spaces if, and only if, the weighted Hardy inequality
restricted to positive and decreasing functions holds. We will see this fact in Sec-
tion 5.2. Then it is interesting to study the classical Hardy operator in the cone
of monotone functions, which will be the main goal in Section 5.3. Finally, in Sec-
tion 5.4 we give some applications of the study of the Hardy inequalities in the cone
of monotone functions. We study when the Lorentz spaces AP(w) and the weak-
type Lorenz spaces AP*°(w) are Banach, and we relate the weak boundedness of the
maximal operator with the weak boundedness of the Hardy operator.

5.1 First results for monotone functions

As has been said in the introduction of the chapter, the Hardy inequalities in the cone
of monotone functions were considered before M. A. Arino and B. Muckenhoupt’s
approach. In particular, we have a similar result to Theorem 3.2.1 with an estimate
from bellow for monotone functions (cf. [9, Theorem 2]) .

Theorem 5.1.1. Ifp>1, a <p—1 and f is a positive decreasing function, then

o) 1 x p 00
/0 (5/0 f(t)dt) xadleﬁ/o f(z)Pzde.

43
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Proof. We define F(x t)dt and, by Lebesgue Differentiation Theorem, we
0

have
d

Z(FO) =pfOF @) 2 pf (O @) =t f()

for almost every t. Integrating from 0 to z, we get
F(z)? >p / tP=Lf(t)Pdt.
0

Finally, applying Tonelli’s Theorem we conclude

/0 h (i /0 ’ f(t)dt)pxadx _ /0 " Fle)eerds
> /O h (p /0 ’ P! f(t)pdt) 2 Pdx
=p /0 h ( /t h xo‘_pd:p) Pl f(t)Pdt

[ee) ta—i—l D
—p / -y

p—a—1

t)Ptedt
—a—l/ F(#)

Remark 5.1.2. If we apply both Theorem 3.2.1 and Theorem 5.1.1 when p > 1
and a = 0, we get that, for any positive decreasing function f,

p//ooo fx)Pdr < /OOO (é /Oxf(t)dt) da < (p / f(x)Pdz.

Under some additional conditions, we can get that the integrals
o] 1 x p
/ <—/ f(t)dt) x%dx
0 T Jo
/ fP(x)zde
0

are comparable (cf. [9, Theorem 2]).

]

and

Theorem 5.1.3. If 0 <p <1, a <p—1 and f is a positive monotone function,

then
/0 h (% /0 ' f(t)dt)px“dx ~ /0 " Fa)atds.
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Proof. First we assume f to be decreasing. Then one of the inequalities is Theo-
rem 3.2.1 and the other one is consequence of % fo t)dt > f(x). Now we assume
that f is increasing. First we notice that, for any real number a < 0, we have

00 o0 ok 00
/ f(z)xdx = Z / f(z)xdz < Z f(2F)2k—tgaltk=1)
0 k=—o00 2k-1 k=—00
kyok(a+1) _ kyooa(k+1)
2a+1 Z f 2 2 22a+1 Z ‘f 2 2 2
k=—0o0 k=—oc0
1 o0 2k+1 2k+1
k &
< 300 [ et g 3 [0 s
1 > o
= J2a+1 fz)x

Now we observe that if f(x) is increasing then so is = fo t)dt. Then, if 0 <p <1
and a < p — 1, we have

p

00 1 x p N oo 2k o
/0 (; /D f(t)dt) x dxzkz_oo ( /O f(t)dt) gk(a=p+l)
/ . f(t)dt) ok(a=p+1)
2m71

oo k om p
( f( ) ) 2k a—p+1)
2

Z Z f(2m)p2p(m—1)2k(a—p+1)

k=—00 m=—00

= Z (Z gk(a—p+1) > Qm)pQP(m—l)

1\g
(]

IN

1
_ : o Z 2ma p+1)f(2m)p2p(m 1)
1 1 m m(a
= ] o Z fmypzmiety
m=—o00

~ /0 " F@)atda.
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5.2 Maximal operator and the Hardy inequality
for monotone functions

We present in this section M. A. Arino and B. Muckenhoupt’s approach to Hardy
inequalities in the cone of monotone functions. We first recall the definition of the
maximal operator.

Definition 5.2.1. Given f a locally integrable function in R”, we define the Hardy-
Littlewood maximal operator as

Mf(z) = supﬁ /Q £ )ldy,

zeQ

where z € R™ and the supremum is taken over all cubes in R" containing x.

We have the following bound (cf. [3, Theorem III.3.3]) for the nonincreasing
rearrangement of the Hardy-Littlewood maximal operator.

Proposition 5.2.2. If f is an integrable function in R™, then
LM F) () < 4" fles
with t > 0.

The following technical lemma (cf. [3, Lemma II1.3.7]), known as the Calderdn-
Zygmund covering Lemma, is needed later on.

Lemma 5.2.3. Let Q) be an open subset of R™ with finite measure. Then there is
a sequence of dyadic cubes Q1,Qa, ..., with pairwise disjoint interiors, that covers €}
and satisfies

(i) QN QA0 forallk =1,2,....
(i) Q] < 32521 [Qel < 27|
Now we present a theorem (cf. [3, Theorem I11.3.8]) stating that the nonincreas-
ing rearrangement of the Hardy Littlewood maximal operator (M f)* is equivalent
to the Hardy operator applied to the rearrangement of f, that is, f**.
Theorem 5.2.4. There exist constants ¢ and ¢’ such that

c(Mf)(t) < f(t) < (M f) (1) (5.2.1)

for any t > 0 and any locally integrable function f in R™. The constants ¢ and c
only depend on n.
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Proof. We prove first the left-hand inequality in (5.2.1). Let us fix t > 0 and assume
that f**(t) < oo (otherwise there is nothing to prove). By Theorem 2.3.11, for any
€ > 0 there are functions ¢, € L' and h; € L such that f = ¢, + h; and

lgell e+ il < () + €

Now, using Proposition 2.3.5 (ii) and (iii), Proposition 5.2.2 and taking into account
that || M fllze < ||f|lze, we get

S

(MF)(s) < (M) (5) + (k)" (5) < lglles + Nhllo

C
=~ (llgllzr + sfffl =)

for all s > 0. Hence, putting s = ¢, we get

C

(MF) () < 5 (lgllor +thelloe) < ef*(8) + T

Letting € — 0, we get the left-hand inequality in (5.2.1).
Let us show now the right-hand inequality in (5.2.1). Again, we assume (M f)*
is finite since, otherwise, there is nothing to prove. We define the set

Q={zeR": (Mf)(x) > (Mf)"(t)}

This set is open because if x € €2, then

1 %
igg@/cgf(y)dy> (Mf) ()

and we can find a cube (Qy > = such that

1 *
1] Jo, (y)dy > (M f)*(t),

that is, Q9 C €. Then € is a measurable set and, applying Proposition 2.3.5 (iv)
we deduce |Q = A\yp((Mf)*(t)) =< t. Now, applying Lemma 5.2.3 we know that
there is a sequence of cubes @)1, Qs,..., with pairwise disjoint interiors, that covers
), satisfying

QrNQ A0, (5.2.2)

forall k=1,2..., and
> lQu] <20 < 2. (5.2.3)

k=1
We define the set F' = (U2 Qx)° and the functions

9= fxre=Y_ fxq. and h=fxp,

k=1
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so that f = g + h. Now, by Proposition 2.3.10 and Proposition 2.3.7 we get

1 1
PO =gm O+ =7 | lg)lds +50) < Fllgler + Rl (5:24)

We notice that by (5.2.2) each cube @y contains a point in Q¢ and, at these points,
the maximal function is bounded by (M f)*(¢t) (because of the definition of 2).

Hence,
1

|Qk| Qk
for all kK = 1,2, ... Therefore, using this last estimate and (5.2.3), we get

|f(y)ldy < (M f)*(t)

ol =3 / F@ldy < 3 1Qu(M ) (1) = 2°(M P (1), (5.2.5)
k=17 Qk k=1

On the other hand, F'is contained in 2¢ and hence the maximal function is bounded
by (M f)*(t) in F. Now, as |f(z)| < (M f)(z) for almost every x € R", we deduce

[Pllzee = [l xpllie < M )xpllLe < (MF)* (). (5.2.6)
Finally, using (5.2.5) and (5.2.6) in (5.2.4), we conclude
o) < 2"+ DM F)*(0),
and the right-hand inequality in (5.2.1) holds with ¢ = 2"t + 1. ]
We define the cone of decreasing functions on LP(w).

Definition 5.2.5. Given a weight w in RT and 0 < p < oo, we define the cone of
decreasing functions as

L (w) = {o <fl ( / mf(x)?w(x)dx)’l’ < oo} .

We already know that (M f)* ~ f** = Hf* and the following step is to see
that from this fact we can deduce that the boundedness of the Hardy-Littlewood
maximal operator M : AP(v) — A%(u) between weighted Lorentz spaces (cf. Def-
inition 2.3.12) is equivalent to the boundedness of the classical Hardy operator
H o LE,.(v) — L9(u) in the cone of monotone functions.

First we need the following lemma, stating that every positive decreasing function

on R" is the nonincreasing rearrangement function of a function on R".

Lemma 5.2.6. Let f be a positive decreasing function and consider
g(z) == f(Alz|"), = € R,

where A = |B1(0)|. Then g*(t) = f(t) for almost every t > 0.
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Proof. First we consider that f is of the form

f(x) = Zan[aj,aHl)(t)a (527)
j=1
with ay > ... > ap, and 0 = a1 < as < ... < ayy1. Then
(0, if t > an,
as, if ap <t<a,
A(t) = o € R f(Afa]) > 1} = { a2 oy <t <o

Am+1, if 0 S t < (67

that is,
m—+1

)‘g(t) = Z an[aj+1,o¢j)($);

j=1
where we define o, 11 = 0. Then

0 if s > amyr,
Oy i a4y < 8 < gy,

ROERS ~ 1(s).
o f0<s<ay.

Now we consider a positive decreasing function f. Then we can find a sequence of
functions as the one in (5.2.7), say (Sm)m, such that s,,(z) 7 f(z) for almost every
x > 0. Then if we define g,,(z) = s,,(A|x|™) we have that g, (z) » f(Alz|") = g(z)
for almost every x € R™. By Proposition 2.3.5 (vi), we have

Im(t) — 9" (1)

for all ¢ > 0. But, as s,,(t) — f(t) for almost every ¢ > 0, we conclude that
g*(t) = f(t) for almost every t > 0. O

Finally, we see that the boundedness of M : AP(v) — A9(u) is equivalent to the
boundedness of H : LA (v) — L%(u).

Theorem 5.2.7. The boundedness of the Hardy-Littlewood maximal operator
M : AP(v) — A(u)

18 equivalent to the boundedness of the classical Hardy operator
W L (0) — L7(w)

restricted to positive functions, that is, the weights u and v for which the inequality

([ (o) soe)* < ([ o)

holds for all positive and decreasing functions f.
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Proof. First we assume that M : AP(v) — A9(u) is bounded. Given a positive and
decreasing function f, we consider g the function defined in Lemma 5.2.6. Then, by
Theorem 5.2.4, we deduce that

[H g = I1H lgw = 1(Mg) llgu S 1197100 = [1fllp.s

and H : L (v) — L%(u) is bounded.
Conversely, if H : L, (v) — L9(u) is bounded, using Theorem 5.2.4 we get
that

IM fllasqy = 1M ) g = NHS lgu S 1 oo = [ llar)
for all f € A%(u) and, therefore, M : AP(v) — A%(u) is bounded. O

5.3 Characterization of the weighted Hardy in-
equality for monotone functions

The problem presented in Section 5.2 makes necessary to study Hardy inequalities
in the cone of monotone functions. This problem was solved by M. A. Arino and
B. Muckenhoupt [1] for the diagonal case (p > 1) in 1990 and by E. Sawyer [17] in
the most general situation (p,q > 1), in the same year.

First of all we consider the diagonal case, that is, the boundedness of the classical
Hardy operator H : Lf__(w) — LP(w) when p > 1.

dec

Remark 5.3.1. One can think that the inequality

(/ooo <é /O”f f(t)dt)pw(:v)d:vy <C (/OOO f(x)pw(a:)d:v); >0, fl, (5.3.1)

holds if, and only if, the Muckenhoupt condition in Theorem 4.2.1,

posp ([ har) ([ oo

is satisfied. It is obvious that if the weight w satisfies (5.3.2) then (5.3.1) holds.
However, under the restriction of considering positive decreasing functions, the con-
verse is not necessarily true, i.e., if (5.3.1) is satisfied then the weight w might not
satisfy (5.3.2). For example (cf. [1]), we can consider the weight

1

> dx)p < 0, (5.3.2)

w(z) = ﬁxa,mc(x)-
If r < 1, we have
/ 5
1 1 & 1 Ty 5 T%_p 7”577 +1 ’
(/ a:2pda:—|—/ x2pda:) </ x%da:) = T +Cp ;
r 2 0 P—3 %) +1
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where C), and C}, are constants which only depend on p. Hence B = oo and (5.3.2)
does not hold. However, by Theorem 3.2.1 and as f is decreasing, we have that

([ ([ rom) wes) = (] ( flga) «his)
<C ( ) m)”
C( / flz)Pz 2dx+/ f(x)px—édx)p
o[ seres)

We want to characterize now the weighted Hardy inequality for positive mono-
tone functions in the diagonal case, with the proof given by M. J. Carro and J. Soria
(cf. [7]), which is easier than the original one of M. A. Arino and B. Muckenhoupt.

First we need a previous result which is also due to M. J. Carro and J. Soria (cf.
[6, Theorem 2.1]).

=

and (5.3.1) holds.

Theorem 5.3.2. Let us consider a measure space (X, ) and a weight w. Then, if
0 < p < oo, the identity

/OOO fOfw(t)dt = p/ooo v (/Okf(y) w(t)dt) dy (5.3.3)

holds.

Proof. First we assume that f is a simple function, that is, of the form

= ZaiXAi(‘r)7 (5.3.4)

where |a1| > ... > |ay| > 0 and the sets A; are pairwise disjoint and have finite
measure. A direct computation as the ones in Example 2.3.2 and Example 2.3.6
give
N
Ar(y) = Z akX{|ak+1|§y<|ak|}(y)7

and
N

f*(t) = Z ‘ak‘x{ak—1§t<ak}<t>7

k=1
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where ay, == 2% | 1(A;), angy := 0 and ag := 0. Then

| sy - kfj ot [ ity = kfj e ([ w7 v

= o = ) |t

o[ ([ o)
R [ ([ )

00 Ar(y)
:p/ yP! / w(t)dt | dy.
0 0

Now any measurable function f can be pointwise approximated (almost everywhere)
by an increasing sequence of functions as the one in (5.3.4), say (S, )m. Furthermore,
by Proposition 2.3.3 (i) and Proposition 2.3.5 (iii) we know that A,, < A; and
st < f*. Then (5.3.3) follows from the Monotone Convergence Theorem. O

Theorem 5.3.3. Let 1 < p < oo. The inequality

([ ([ sa) wions) <o ([~ sopuin) @9

holds for all positive decreasing functions if, and only if, there exists a constant

C'" > 0 such that . .
/ %dw < CIT_P/ w(x)dz, (5.3.6)
r 0

for all r > 0.

Definition 5.3.4. We denote by B, the class of weights which satisfy (5.3.6), or we
say that the weights for which (5.3.6) is true satisfy a B,-condition.

Proof. First we assume that (5.3.5) holds for all positive decreasing functions. Fixed
r > 0, we can choose f(z) = x(,(x) and hence

(/OTw(x)d:c—l—rp/roo%dx); gC(/Orw(x)dx);,

or equivalently,
o 1 T
/ wc& < C'—/ w(x)dx
r xP e 0

with C" = CP — 1.
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Conversely, we assume that (5.3.6) holds for all » > 0. Let us observe that

(/Ox f(t)dt)p :p/x </tf(s)ds>p_1 F(t)dt
/ < / fls ) [,

and if we define g(¢ ( fo ) f(t), then
o] 1 x p . ) %
— | f@dt| w(x) 1)tP~ dt L gy
o \T.Jo xP
Now we observe that, if f is decreasing, then the function % fo s)ds decreases with

t and hence, g is decreasing. Then we know that, by Theorem 5 2.6, g = h* with
h(zx) := g(A|J:\") Applying Theorem 5.3.2, we get that

/ Pl = / //\h X ()dt dy = = / min(\,(y), z)Pdy.

Finally, applying Tonelli’s Theorem, (5.3.6), Theorem 5.3.2 and Holder’s Inequality,
we conclude that

[ G ) vt = [ [T mintonnapas e
=/0 (/ oo ior [ )
weer [ [ v
l

=(1+C"

—aven [T(3[ f(t)dt>p_1 F@yu(e)ds
+ ( /0 N f(a:)fﬂw(g;)dx)’l’
(G L))

(LG (t)dt)pw(“")dx); <o ([ spuw),

with C =1+ C". O

g(@)w(z)dz
<(

")

that is,
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Now it remains to study the diagonal case when 0 < p < 1. The conclusion will
be the same, that is, the B, condition will be also necessary and sufficient. It is a
consequence of the following theorem (cf. [7, Theorem 2.4]).

Theorem 5.3.5. Let (N, do) and (M, dp) be two o-finite measure spaces. Given
a measurable function f in N we can define T f(x) = Tp(fF)(z) for every x € M,
where Trg(x) := [ k(x,t)g(t)dt with k(x,t) a positive kernel, and fi denotes the
nonincreasing rearrangement function of f with respect to the measure o. Let oy
denote another o-finite measure in N and wy a weight in R*. Then, if 0 < py < 1
and p1 > po, the operator T : AD° (wy) — LP'(dp) is bounded if, and only if, there
exists a constant C > 0 such that

(/M (/OU(A) k;(x,t)dt>p1 du(x)> " <C (/OUO(A) wo(ac)dac) " (5.3.7)

for all measurable sets A in N.

We characterize then the Hardy inequality in the cone of monotone functions for
p < 1 in the diagonal case (cf. [7, Proposition 2.5]).

Corollary 5.3.6. Let 0 < p < 1 and w a weight in R™. Then tha classical Hardy
operator H : L (w) — LP(w) is bounded if, and only if, w satisfies a B, condition.

Proof. It H : L, (w) — LP(w) is bounded then

dec

e /oxf(t)dt)pw(x)dx); <o/ f(a:)pW(:r:)dx);

holds for all positive decreasing functions. In particular, given » > 0, we can consider
the characteristic function f(t) = x(o,)(t) and then

/Orw(x)dx + /;O ;—Zw(x)dx - /OOO (i min(r,x))pw(x)dx < o/orw(x)dx’

which is the B, condition.

Conversely, we take pg = p1 = p, wyg = w, both ¢ and oy Lebesgue measure,
dp = w(z)dr and k(z,t) = x4 (t) in Theorem 5.3.5. Then B, condition is
(5.3.7) and therefore the operator 7' : A?(w) — LP(w) is bounded. As L} .(w) is
a subspace of AP(w), then T : Lf (w) — LP(w) is also bounded. Finally, observe
that for decreasing functions, T' = H. m

For the non-diagonal case, the characterization of the weighted Hardy inequality
in the cone of monotone functions is based on a duality principle proved by Sawyer
in 1990 (cf. [17, Theorem 1]). We already now (cf. Proposition 2.2.1) that

1

|f0OO f(x)g(x)dac’ o / 1—pf o
sup T = g(z)[Pv(z) Fdx ) (5.3.8)
120 (fy" f(x)Pu(z)de)? (/0 >

Sawyer result’s is the analogue of (5.3.8) when we consider the supremum over
positive and decreasing functions.
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Theorem 5.3.7. Suppose that 1 < p < oo and let v and g be positive measurable
functions on (0,00) such that 0 < fotv(:v)d:v < oo forallt > 0. Then

, 1
I

sup

0<fl (fooo f(x)i’v(az)dx)

L

Jo f@)g(z)de /OO< OO&dt) v(z)dz
0 z v(s)ds

LA

Q

(5.3.9)

Proof. We assume first that g has compact support in (0, c0) and fooo g(x)dr = 1.

We define
[ 9@ o
#le) = </:p fotv(s)dsdt) ’

with 0 < x < co. Integrating by parts we get that

/000 o(x)Pv(z)dr = [@(x)p /Oxv(t)dt}zo — p/ooo o(x)P 1Y (x) </Om v(t)dt) da

=p /Ooo p(x)g(z)de.

Therefore, we have that

1
ol

v~ (o)

=

and since ¢ is a positive decreasing function, the supremum in (5.3.9) is bounded
by

1% (/OOO so(x)pv(x)dx)pl/ — % /OOO (/:O %dt)p/v(x)dx p/. (5.3.10)

Conversely, if f is positive and decreasing, then we apply Tonelli’s Theorem and
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Holder’s inequality to get

[ st = [ s g0 ([ i) i
_ /OOO (/too %m) o(t)dt
g/ooof(t) (/too %dw) o(t)dt
</ Ft)Po(t dt> (/OOO</ T o)t )p/ (t)dt)ﬂ.

Using (5.3.10) and (5.3.11) we deduce the first equivalence in (5.3.9).

Now, since fooo g(z)dx =1, we can define (7;)_oo<cj<o as the real numbers satis-
fying [, g(x)dz = 27, and z¢ := co. Then

VvV LV vV
ML ML M
—
\ N N
s & S~
= t \7&
+
/\ (]
o\ S\
] 8
Q SN—
Q
= =
& s
N—— |
"@\ —
ey
A o Q&g
ﬁ +
< =
= 8
S %
—
‘ —
= X
Na}
’Q VN
A
= + wa
- ¥
(V)
=
=
Q
5]
~

(5.3.12)

Conversely, we define N as the largest integer such that 2V~ < [*v(z)dz (or
N = oo if v is not integrable). Then we define (z;)_oocj<n as the real numbers
satisfying fomj v(z)dr = 27, and zy := co. First of all we observe that, if a; are
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positive numbers then applying Holder’s inequality for series we get that

/ /

N1 PN P
> 2 (Ta) - 52 (Teeea)
j=—00 k> j=—00 k2j
N-1 - Pt -
<> 2 2) (227a2'>
j=—o0 k>j k2j (5.3.13)
N-1 o
SRl by
j=—00 k>j
N-1 , S
SDIE 03RS yE

N Tjt1 f;:“ g(x)dz v
Sj—oo </’L‘a v(x)dx> (ij Jo* viz)de )

N-1 . P
= Z 2/ 22_"3/ g(:)s)dx)
j=—o00 k>j Tk

AN

S L () ([ ) i

j=—o00

_ /0 h < /0 ' g(t)dt)p/_l ( /O xv(t)dt>1_p, o(2)dz.

(5.3.14)

Using (5.3.12) and (5.3.14) we deduce the second equivalence in (5.3.9).
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Finally, for the third equivalence in (5.3.9), we just integrate by parts, getting

/0 ) ( /0 Ig(t)dt)p,_l < /O xv(t)dt)l_p/ o)z
% ( /0 xg(t)dt>p/ ( /0 xv(t)dt>1_p/]:o
+ % /Ooo (/Oxg(ﬂdt)p/ (/Oxv(t)dt) v v(z)da
_ ]13 /000 < /Omg(t)dt)p W dx + % (%ﬂjﬁi‘?ﬁjﬂil,

At the beginning of the proof we have assumed that g has compact support in (0, 00)
and fooo g(x)dr = 1. If g has not compact support, we can consider the functions
X (x), n € N, which have compact support, and apply the Monotone Conver-
gence Theorem in the equivalences we have seen. In addition, if fooo g(x)dx # 1, we
can just divide ¢ by its L'-norm, which does not modify the equivalences. O]

As a consequence of Theorem 5.3.7 we can characterize the weighted Hardy in-
equality in the cone of monotone functions for the non-diagonal case. For simplicity,
we will assume that v in Theorem 5.3.7 satisfies fooo v(x)dz = oo, in such a way that
(5.3.9) becomes

su fooof(x)g(x)dx %( h ’ t)dt p’&dﬂv);’.
01 ([ flapo(a)da) / (/ " > (Jy vityar)”

Definition 5.3.8. We define the adjoint of the classical Hardy operator as

(Fif)(x) = / ) §f<y>dy.

Theorem 5.3.9. Let 1 < p,q < 0o and u, v be weight functions with v satisfying
Jy v(t)dt >0 for all z >0 and [ v(z)dz = oco. Then the inequality

(o o= ey

holds for all positive and decreasing functions f if, and only if,

</ooo ( /0 x(#g)(t)dt)p/ Wd‘%) ' S ( /0 ) g(x)q’u<x)1—q’dx) ’ .

(5.3.15)
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Proof. First we assume that (5.3.15) holds. If we apply Theorem 5.3.7 with g re-
placed by Hg then, by hypothesis,

su fooof(x)<7:[g)<x)dx<< [ mg 0 pl&@)ﬁf
& e i /0 (/0( " ) (fy v(t)dt)” (5.3.16)

1
7

< ( / g<x>q’u<x>1-q’dx) gl i

Now we observe that, by Tonelli’s Theorem,

| s@ @ = [ @ [ oy s = [ o [ s dy
- [ wp@staas,

0
and (5.3.16) becomes

oy S5 (2)g @)

X
S gl o (5.3.17)
0<fl 1/ 1lp.0 cou

Finally, by Proposition 2.2.1 and (5.3.17), we have that for all 0 < f |,

o I N @) S lolglyan

~Y

20 l9llgu-v 20 llgllyur-v

[Hfllg.u = = [[fllp.v-

For the converse, we proceed in a similar way. First of all we notice that by
Theorem 5.3.7,

SO N )\ () @)
</ ([ o) (f;m)dt)ﬁ’d) S 1l

~ sup Jo (Hf)(x)g(x)dx
0<fl £l p,0 '

(5.3.18)

Now, by Proposition 2.2.1 and the hypothesis, we get that
Jo (H)(@)g(x)dx
up

g>0 Hqu',ul—q’

il K2 O PRSI PR

and hence, (5.3.18) becomes

(o) 0 ) < Wl
(/ ([ Foa) (E o)’ ) ST e 9l

[]

bS]
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Remark 5.3.10. (cf [10, Example 6.7]) We can get an equivalent expression for
(5.3.15) which is easier to use. Indeed, we observe that

IW gy ar = [ [ 19y [TIW ) e
= [ [ S aya= [ 8 [
:/0 ()dt+:n/x (tt)dt,

and hence condition (5.3.15) holds if, and only if, both conditions

(/OOO (/Oxg(t)dt)pl Wdﬂf) ' S gl u-o (5.3.19)

0

and
1
7

</om </m @dt)p/ ﬁd) " < ol (5.3.20)

are satisfied. If 1 < p < g < 00, we know by Theorem 4.3.1 that (5.3.19) holds if,
and only if|

sup </roo Wﬁ ﬁ (/or“@“"'“”)dx)é <o

and if 1 < g < p < 0o, we know by Theorem 4.3.9 that (5.3.19) holds if, and only if

L/ P
p

{1 i) (G o) ==

Inequality (5.3.20) is known as the dual of Hardy’s inequality. We have not studied
this kind of inequalities in this project but they have a characterization (cf [10,
p. 4]). Namely, if 1 < p < ¢ < oo then (5.3.20) holds if, and only if,

.s;lilg (/OT xﬂmdm> : (/TOO x%(a:)dx) ! < 00,

and if 1 < ¢ < p < oo then (5.3.20) holds if, and only if,

/Ooo /Ox tp'ﬁdt (/:o t_qu(t)dt);x_qu(x)dx < 0.

<
S =
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5.4 Applications

The characterization of the weighted Hardy inequality in the cone of the monotone
functions has several applications. As we have seen, it characterizes the boundedness
of the maximal operator. But, furthermore, we can study the normability of Lorentz
spaces and weak-type Lorentz spaces in terms of the Hardy inequalities for positive
monotone functions as well as characterizing the weak boundedness of the maximal
operator in terms of the weak boundedness of the Hardy operator acting in the cone
of monotone functions.

5.4.1 Normability of Lorentz spaces

In this section we are going to see when the classical Lorentz spaces A,(v) are Banach
spaces, i.e., when they have a norm equivalent to the quasi-norm defining the space.
In particular, M. A. Arifio and B. Muckenhoupt’s result (cf. Theorem 5.3.3) jointly
with Theorem 5.3.7 of E. Sawyer can be used to determine when the classical Lorentz
space A,(v) is a Banach space for p > 1 (cf. [17, Theorem 4]).

We will use the following space introduced by E. Sawyer in [17].

Definition 5.4.1. We define the space

Ip(v) = {f measurable on R" : (/000 f**(x)pv(x)dx)p < oo} .

Theorem 5.4.2. Suppose 1 < p < 0o and v(x) is a positive measurable function on
(0,00). The following conditions are equivalent:

(1) Ap(v) is a Banach space.

(ii) Apl(v) = Ty() and | £l = (f;° F*@)Pu(e)de) with | f] = (f° F*(@)Po(x)dz) .

(i1i) The inequality

(/Orv(x)dxy (/0 (i /Oxv(ﬂdt)l_p/ dx)p <Cr

holds for all r > 0.

(iv) The inequality

(/T‘” %d“"); < g (/Orv(x)dxyl) (5.4.1)

holds for all v > 0, that is, the weight v satisfies a B,-condition.

Proof. We are going to prove (i) = (iii), (ii1) = (iv), (iv) = (i7) and (i) = (7).
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We start by assuming that () holds, i.e., there exists a norm [|.|| on A,(v) and
positive constants C; and Cy such that

CillfIF < (/OOO f*(w)pv(x)dx); < G|l £, (5.4.2)

for all f € A,(v). Let f be a positive decreasing function on [0, co) with

( / N f(x)pv(a:)dx>‘l’ <

and g(z) = X[, for a fixed r > 0. Then we define the functions f(y) = f(Aly|")
and g(y) = (A|y| ), ¥y € R" being A the Lebesgue measure of the unit ball in R,
in such a way that f* = f and g* = g (cf. Lemma 5.2.6). First of all we observe
that

(F*d)y) >C / ' fla)dz

for all [y| < (A~'r)n, that is,

Fra)0) 2 C [ f@de x4y 0

Now we notice that if we denote

—C [ fla)de x4y )

then
An(t) = TX(0.0 f7 f(a)dr)(t)
and i,
—C [ fa)ds o (o)
0
Hence, by Proposition 2.3.5 (i),
(f % §)"(s) > h*(s / f(@)dx xp.(s). (5.4.3)

Therefore, applying (5.4.3) and (5.4.2) we have that

o[ rw) ([ Tv(x)dx); <([7 *g)*@m(s)ds); < Colf+ 3l

—a| [ fe -t

<02/ GWIFC —1)ldy

<—r(/ f(@)Po(e dx),
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where in the last inequality we have used that f = f* and that (f(- —y))* = f*,
since

fr eR": |f(w—y)| >t} = {z e R": |f(&)] > t}.
Therefore, we get that

1 1
r > S d r » r d
([ o) L[ ) Lt
0 (fo f(x)?’v(x)dx) » 0 (fo f(x)Pv(x)dx) »
for all positive and decreasing function f. If we take the supremum over all positive
and decreasing functions f we have that, by Theorem 5.3.7,

1

Cr > ( /0 T U(m)dx) 7 o<t ([ cho(xf;ii)(jdx)

~ </0Tv(:c)da:); (/OOO (/jg(t)dt)pl_l </Omv(t)dt)l_p/g(:c)d:c> '
([ o)’ ([ (2 ) )

which is (7).
In the second place we assume that (#i7) holds, and we want to prove (iv). We
1—p’
define A, = (2_’“’ fOQk U(:B)dzv) , with k € Z. Then, using (i71) with r = 2™ we
get that

S

B =

/

m m—1 om 1-p
Z Ay — Z A=A, = (Z_m”/ v(x)dm)
0

k=—00 k=—o00

(5.4.4)

Hence, we have that

m—1 m
DA< Y A (54.5)
k=—oc0 k=—oc0
where 0 < f =1— C < 1. Now, iterating (5.4.5) and applying (5.4.4) again we get
that

J m
Aj< ) Ac< Py A< OB A, (5.4.6)

j=—00 k=—o00
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for all —oo < j < m < oco. Finally, applying (5.4.6) and using that 0 < § < 1, we
have that for all j € Z,

2m
[oneze 3o [ wrze 3 oo Mo
20 —g+1 m=j+1

=C Z A}n_p <C Z 5(?-1)(m—j)A;—P < OA;—P

m=j+1 m=j+1

= (2?)1) /:j v(x)dx,

which is (5.4.1) with r = 2/. To see (5.4.1) we notice that for r > 0, we can find
j € Z such that 2/ < r < 271, Then

[ e s [ Setaie < o /0 e < g | oo

- g? | @< 5 [ e

r? Jo

Now we suppose that (iv) holds. Then, by Theorem 5.3.3 we know that

(/OOO <£ /Om f(t)dt)p v(x)dx) % =¢ (/OOO f(x)pv(x)dx) %

holds for all positive decreasing function. In particular, given any f € A,(v), we

have that
([ mom) = ([ (4 i) o)
o[ rorons)

In addition, as f* is decreasing, we have that

< /0 ' fr(t)dt

that is, f*(x) < f**(x), and therefore,

([ rer dm) ([ raroe dx)

Finally, we assume that (iz) holds. We have to see that || f[| := ([;° f*(x)Pv(z)dz)
defines a norm on A,(v). The only non-trivial property is the triangular inequality.

RS
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We observe that using Proposition 2.3.10 and Holder’s inequality we have that
G +9)7 = [ (7 + 9" @Poa)da
= [ U0 @+ o @y e
< [ 5@ e e s

+ / T @ 4 9)” 0P (@) de

1

<17l ([0 + 0 @petolan)”

1
Y

o e ([ 040 @ vl

P
=+ 9" 5w U Mo + g™ ),

_ 1
7

3 *k p 1 k% k%
that is, 10+ 9)* 20 ) < £l + g™ . Thercfore

If+ 9l = 10 +9) " llpo < NFllpo + 197 o0 = I1F1 + gl
O

Now we focus on the Lorentz space A'(v). In this context the B, condition is
not going to characterize the normability of this space. We will need a new class of
weights, called B .

Definition 5.4.3. We say that a weight v is in B  if there exists a constant C' > 0
such that for all 0 < s < r < o0,

1 [ 1 [
e <(O= .
T/O v(t)dt_(]s/o o(t)dt

Remark 5.4.4. If we write V(z) = [ v(t)dt, then v € By is equivalent to say
that V' is quasi-concave.

In order to study the normability of A'(v), we will need the following result,
which is due to M. J. Carro and J. Soria (cf. [7, Theorem 3.3]).

Theorem 5.4.5. Consider the integral operator Ty f(x) := [J° k(z,t) f(t)dt where
k(z,t) is a positive kernel and assume that if f is decreasing so is Tyf. Then the
operator Ty, f + LE° (wqo) — APY>°(wy) with py > 1 is bounded if, and only if,

dec

1, L
sup sup / k(x,t)dt (/ wo(t)dt> " </ wl(t)dt) < 00.
z>0 >0 Jo 0 0
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The following theorem (cf. [5, Theorem 2.3]), due to M. J. Carro, A. Garcia
del Amo and J. Soria, characterizes the weights v for which the space Al(v) is
normable. This characterization coincide with the boundedness of the maximal
operator between A'(v) and its weak version (cf. Definition 2.3.13) as well as with
the boundedness of the classical Hardy operator between the decreasing functions
on L'(v) and the weak-type space L' (v).

Theorem 5.4.6. The following conditions are equivalent.
(i) A(v) is a Banach space.

(11) v € B .

(iii) M : A(v) — AY>®(v) is bounded.

(iv) H : Li.(v) — LY*(v) is bounded.

Proof. We prove first that (iii) is equivalent to (iv). So we assume (ii7) holds and
we consider f € L} .(v) and a function g such that ¢* = f (cf. Lemma 5.2.6). Then,

dec
using Theorem 5.2.4 we have that

t t
I n o) = [ 20wy = sup (g (0) [ wlo)ds S sup (1)’ () [ o(s)as
>0 0 >0 0
= [Mgllarecw) S Nl9llarw) = I1f ),
which is (iv). Conversely, we take f € A'(v) and we apply Theorem 5.2.4 again,
getting
t t
1M fllareeqey = sup (MF)*(t) / o(s)ds S sup (Hf)(t) / o(s)ds = [Hf* |l
t>0 0 t>0 0
S Nerwy = 1l w-

Now we prove that (i) and (iv) are equivalent. If we take k(z,t) = %X(O,m) (1),
wog = w; = v and pg = p; = 1 in Theorem 5.4.5 then we have that the classical
Hardy operator H : L} .(v) — AY>(v) is bounded if, and only if,

dec
min(z, ) " -y
sup sup ————= (/ v(t)dt) / v(t)dt < oo, (5.4.7)
x>0 r>0 x 0 0

On one hand the boundedness of H : L} .(v) — AY*®(v) is equivalent to the
boundedness of H : Li..(v) — LY>®(v), since if f is a decreasing function, then

|Hfllproowy = [[Hfllarec@w)- On the other hand, condition (5.4.7) is equivalent to
(7). Indeed, suppose that (5.4.7) holds. Then
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for some C' > 0 and for all x,r > 0. In particular,

g (/Orv(t)dt) B /Oxv(t)dt <C

for all 0 < r <z < 0o, which is (ii). Conversely, if (i7) holds we fix an > 0. Then,
if r <u,

w (/Orv(t)dt> h /Oxv(t)dt - (/OTv(t)dt) h /Oxv(t)dt <0,

and if r > x,

w </0rv(t)dt)_l/0xv(t)dt _ (/Orv(t)dt)_l /Oxv(t)dt <1,

and (5.4.7) holds.

We prove finally that (i) and (i) are equivalent. First of all we see that ()
implies (77). So we assume that there exist a norm ||.|| on A'(v) and constants
C1,Cy > 0 such that

Crllf I < [ fllarewy < Call 11,
for all f € A'(v). Then, given N € N and functions g, ..., gn in A'(v), we have that

g1+ -+ gnllare) < Co(flgnll + -+ llgnl) < % (lgrllarewy + -+ llgnllarew)) -
(5.4.8)
We want to see that
Vi) V)
r s

forall0 < s <7 < co. We fix s > 0 and we consider r = 2¥s, with k € N. We define
the functions f(z) 1= x(2xs)(®) and f;(2) = X(js,(j+1)s)(x), With 0 < j < 2F — 1.
Then, taking into account Example 2.3.6 and Lemma 5.2.6, we can consider functions
F and Fj defined in R™ such that F* = f and F] = f; = X(0s and F = Zj F;.
Now, using (5.4.8) we have that

2k_1

> Cy Cy —
2Fg) = Hot)dt = ||F|| a1y < — Fillaiy = —
V(2"%s) /0 X(0,285) (D) 0(t) [F A1) < c, JZOH illar ) o, 2 V(s)
2k,
- Cl V(‘S)7

(5.4.9)

which is (i) when r is of the form r = 2¥s, k € N. For a general r > s, s > 0 fixed,
there exists k € N such that 2¥~1s < r < 2*s. Then, using (5.4.9), we get that

Vir) _ V(2Fs) < Gy 28 V(s) 20,V (s)
r k-lg — C1 261 5 C; s
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which is (#i). Finally, if we assume that (i7) holds then Theorem 1.1 in [11, §IT]

claims that there exists a decreasing w such that if W (z fo t)dt, then V ~ W.
Thus A'(v) = A'(w). The proof is over because ||.|[a1(,) 18 a norm 1f and only if, w
is decreasing (cf. [14]). O

As in Theorem 5.4.6 the normability of the Lorentz space AP(w) can be also
characterized in terms of the maximal operator when p > 1. We are going to see
that AP(w) is normable if, and only if, the maximal operator M : AP(w) — AP>°(w)
is bounded. We first consider the following result due to M. J. Carro and J. Soria
(cf. [7, Theorem 3.3]).

Theorem 5.4.7. Let Ty f(z fo t)dt and let us assume that Ti.f is a
nonincreasing function whenever fisa nomncreasmg function. Then, the operator
Ty : LE. . (w) — AP*°(w) is bounded if, and only if,

dec

1
ol

up (/ow (f ’““’”‘“)p/ ([ wo) “’Wy)p
+ /OOO k(z, t)dt (/Ooow(s)ds)pl> (/Ozw(s)ds>; < .

Proof. The operator Tj, : L. (w) — AP*°(w) is bounded if, and only if,

Ay r () %
sup y / w(z)dr | < C|f| orw)
0

(5.4.10)

y>0

for all f € L% (w). The functions in Lf_(w) decrease and hence Ty f decreases for
all f € LA (w). Therefore for the previous supremum it is enough to take y of the
form T (z) for z > 0 and the operator T}, : L} (w) — AP*(w) is bounded if, and
only if,
1
supif(2) ([l ) < €l
z> 0

for all f € L% .(w), where we have used that Ar, ;(Txz) = = (since T}, f is decreasing).

Equivalently,
T, * »
SupL(z) (/ w(x)dx) <C
>0 [|fllzrw) \Jo

for all f € L (w), that is,

sup  sup M(/ (x)dx)ég(}’.

>0 ferp (w) 1f | pw

Now notice that by Theorem 5.3.7 (taking g(t) = k(z,t)), the previous quantity is
comparable to (5.4.10). O
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Theorem 5.4.8. The following are equivalent:
(i) AP(w) is a Banach space.
(ii) H : L, (w) — LP™(w).

(11i) M : AP(w) — AP (w).

Proof. To prove (i) < (ii) take k(x,t) = Lx(0.2)(t) in Theorem 5.4.7. Then (5.4.10)
1

becomes
(/0 (i /wa(t)dt>_p/w(y)dy>p (/Ozw(t)dt); < Cz,

for all z > 0, which is equivalent to the B,, condition (cf. Theorem 5.4.2) and, hence,
to the normability of AP(w). Notice also that Hf is always decreasing since f is
decreasing and, then, the image of H is a subspace of AP*°(w).

The equivalence H : LA (w) — LP>®(w) & M : AP(w) — AP*°(w) can be

dec

proved in the same way as H : L7 (w) — LP™(w) & M : AP>®(w) — AP>®(w)
(see later on the proof (i) < (ii) in Theorem 5.4.17). O

5.4.2 Normability of weak Lorentz spaces

In this section we deal with the analogous problem of Section 5.4.1 for the weak-type
Lorentz space AP*°(v). We will see that the normability will be equivalent to having
the weight in B, and, in this context, we can study all the cases at the same time
considering just 0 < p < co. We follow in this section J. Soria’s article [19].

The following proposition (cf. [19, Proposition 2.1]) shows that, in some sense,
AP>(v) does not depend on p.

Proposition 5.4.9. Let 0 < p < oo and o > —1. For a given weight v, define
v (t) == (1 + )V (t)%v(t).
Then ||.|areew) = ||| apas1.o0(uy) and hence AP (v) = APEFD2 (g, ).
Remark 5.4.10. If we take a = % — 1> —1 in Proposition 5.4.9, we have that
AP () = A(o ),

in such a way that we have moved the p from the space to the weight.

S

Proof. Since

([ o) i

1
p(a+1)

/Ot(l + Q)V(T)av(r)dr> _ ([U(T)”l};O) 5
(1),
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we have that

t pla+l)
[t srequny = sup £ (8 ( / va<r>dr) — sup OV (D)
t>0 0 t>0

3=

= 1/ llapoew)
[l

We will need also the following theorem (cf [19, Theorem 2.5]), which is a char-
acterization of a B, weight v in terms of its primitive V.

Theorem 5.4.11. Let 0 < p < oo. The following are equivalent:
(i) v € B,.
(ii) fr i 1dzf < Ci=— Tp

(i) [ tp+1dt < C’V
Proof. A weight v € Bp if and only if there exists a constant C' > 0 such that

/ Tol) < oV
N - TP

for all » > 0. Equivalently,
ot Vv
/ %dt <Y (5.4.11)

rP
for all s > r > 0. Integrating by parts,

[Uy Ve V) [V,

tp sP rp tpt+1

and then (5.4.11) is equivalent to
Vis) < CV(T) and / —‘;S_tl) dt < C—V(T).

sp rp rp

But now observe that the first condition is consequence of the second one since

V() > V(t) 1 V(s)
\/T tpTdt Z /s tpTdt Z V(S)/S tp+1 dt = P .

Therefore 5.4.11 is just equivalent to

[0 V0

trtl re

which is (ii7). Finally, to see equivalence between (i7) and (zi¢) we use the following
result in [16]: if m is a positive function, 0 < r < oo, then

| m% i)

/ <1 ds 1
»om(s) s om(r)
The equivalence between (iz) and (éi7) follows taking m(r) = VT(Z; 7- O

if, and only if,
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Definition 5.4.12. Given a weight v, we denote V' (t) = fotv(s)ds. For 0 < p < o0,

we say that V is a p quasi-concave function if there exists a constant C' > 0 such
that for all 0 < s <r < o0,

V) _ V()

rP sp ’

(5.4.12)

The next proposition (cf. [19, Proposition 2.6]) allows us to construct B, weights.

Proposition 5.4.13. Let 0 < p < 00, a > —1 and € > 0. If V satisfies (5.4.12),
then vo € Bpat1)te-

Remark 5.4.14. If we take oo = 0 in Proposition 5.4.13, then v € B, for all ¢ > 0,
that is,

v € Ng>p By
Proof. We observe that
/ Vo (s)ds = V(r)*t?
0

and, by Theorem 5.4.11 (ii4), it is enough to prove that

[T g o

Sp(a+1)+e+1 §> Tp(oc-l—l)—i—s'

But we notice that, integrating by parts,

00 a+1 a+1 00 «
/ —V(S) ds = C"—V(r) Tre + C'/// —V(S) v(s)ds,

gp(at+1)+etl rp(atl gp(at1)+e

so it is enough to see that

/ T VO s < oY

gplat1)+e rplat)+e

Finally, using the p quasi-concavity of V', we conclude that

0 o . % pla+1)+e
[ st = [T (M) vt

(a+1)+e
(vmé ’ <

V() T ro(t)dt

T € t=r
1\ platl)+e
V() e V()
S ¢ ( r V<T) "= Orp(a+1)+€
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Before studying the normability of A”*°(v), it is necessary to study the bounded-
ness of the classical Hardy operator H between weak-type Lebesgue spaces LP*(v)
restricted to positive decreasing functions. We need first the next proposition (cf. [19,
Proposition 2.7]), which shows that for certain monotone operators, the bounded-
ness on the class L7 (v) of decreasing functions in LP*(v) is determined by the
action on a particular function.

Proposition 5.4.15. Let X be a class of functions in RT. Consider a functional
N defined on functions on RY satisfying

(i) [ € X if, and only if, N(f) < oo,
(ii) there exists C' > 0 such that for all f,g € X with 0 < f <g, N(f) < CN(g),

(iii) there exists C' > 0 such that for all A >0, N(A\f) < CAN(f).

Let 0 < p < oo and let T be a positive operator defined on L7 (v) satisfying
that

(iv) there exists a constant C > 0 so that for all f,g € LH2(v) with 0 < f < g we
have T(f) < CT(g).

Then T : LEX(v) — X if, and only if, N(T(Vﬁi)) < 00.
Proof. First of all we notice that

= sup V7%V(t)% =1 < o0,
Lp>(v) >0

s

an hence V7 € LPeo(v). If T2 L5 (v) — X, then T(V_%) € X or, equivalently,
N(T(V™#)) < oc.
Conversely, we notice that if f € L7 (v), then

f@) <[ fllpreewyV(E) >
for all ¢ > 0. Then, using the properties of T" we get that
T(f) < Cllflno T (VD))
and using the properties of IV, we conclude that
N(T) < CfllnewN (T (V7))
m

We characterize now (cf. [19, Theorem 2.8]) the weights for which the operator
H o L5 (v) — LP*°(v) is bounded and, in addition, we state a p — e condition for
the corresponding weights.
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Theorem 5.4.16. Let 0 < p < co. Then
(i) H : LEY (v) — LP*(v) if, and only if,

dec

/T L <o " (5.4.13)
0 V() Vi)

for all r > 0.
(i1) Ifv satisfies (5.4.13), then there exists ¢ > p such that H : LY>°(v) — L@ (v).
Proof. To prove (i) we take T'= H, X = LP>®(v) and N = ||.||Lr.(v) in Proposi-
tion 5.4.15. Then

v

1 t 1 1
= sup — V(s) rds | V(t)r < o0,
e, ot ([ o) v
which is (5.4.13).

Now we prove (ii). Let f(t) = V(t)fi in such a way that | f||zre@w) = 1
(cf. proof of Proposition 5.4.15). We define

HEf(t) = HHT (@),

with H!f(t) = (Hf)(t). We notice that if v satisfies (5.4.13), then by (i) we have
that H : L5 (v) — LP*°(v), and therefore Hf € L5 (v). So H* is well-defined.
Now we claim that

HEf(t) = %/Ot % logh™* (;) dr.

Indeed, for k£ = 2 we have that, integrating by parts,

HAf = - / /f )ds dr = - /f )ds log(t) /f 21(;)@.

In addition, if we assume the formula hols for k then, applying Fubini’s Theorem,

HEHLF (1) / / . 1 (g) ds dr
_ _/ f(s)/ %(k _1 a logh™? (g) dr ds
/ (s —log (é) ds.

By (i), we know there exists A > 0 such that [|H* f||pr.ccwy < A*|| [l zroo) = A If
we take 0 < € < %, then

o

D MM fllpey < D _(eA)
k=1

k=1
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and hence
oo

D leFHE fllpnewy < C

k=1
for some C' > 0. Now notice that given a = 2 — 1 we have that, by Proposition 5.4.9,
gl 2oy = HQHLﬁfj( for all function g € Ldec (v). Then, as L>>°(v,) is a Banach

dec dec
space,

> HES = | Doty <CY M fll 2y
- Heror T Rt (5.4.14)

= CZHEkafHLWO

dec

Now we observe that

(Seer)or- e [ e ()

k=1

and (5.4.14) gives

=l
IN
Q

(Lo (apmze

for all £ > 0. Now from (5.4.13) we have that

¢
SIS/ Loar<o—
V(s)® o V(r)r V(t)»

for all s > ¢ > 0, which is the p quasi-concave condition. Applying this to (5.4.15)
we get that

t)r ¢ e
V(t) V(t)é/ V(r) 3V (r) 5dr < C,
0

which is

¢ 1+€ t

/ V(?“)_ v dr S C—1+6

0 Vi(t)»

This implies that H : L§Y (v) — L%®(v) with ¢ = £ O
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Finally, we present the desired result (cf. [19, Theorem 3.1]). The norma-
bility of the weak-type Lorentz space AP*°(v) will be equivalent to the bound-
edness of the Hardy operator H : L5 (v) — LP*°(v), the maximal operator

dec

M : AP>(v) — AP*°(v) or to have the weight v in B,

Theorem 5.4.17. Let 0 < p < 0o and let v be a weight in R*. Then, the following
are equivalent.

(i) M : AP>(v) —s AP®(v).

(i1) v satisfies (5.4.13), that is,

/ L <o
o V(t)r V(r)r

for all r > 0.
(iii) v € B,.
(1) If (| fl[Rpe ) 7= SuPeo(HS )OOV (E)7, then || |areew) = (|- 3p.00 )
(v) AP*°(v) is a Banach space.

Proof. We will prove (i) < (it) < (iii) and (ii) < (iv) = (v) = (7).

We start proving (i) < (ii). First of all we are going to see that the boundedness
of M : AP*°(v) — AP*>°(v) is equivalent to H : LE (v) — LP*(v). So we assume
(4) holds and we take f € Ly (v). Then, by Lemma 5.2.6, we can find a function
f such that f* = f. Therefore, applying Theorem 5.2.4,

IHFlzroe ) = IHF |znoe) = Stgg(ﬂf*)(t)‘/(t)% S sup(M f)*(H)V (1)

t>0

= 1M fllaro) S Ifllarw) = [1fllzos)

Conversely, assume H : LF X (v) — LP*°(v) and take f € AP*°(v). Then, applying
again Theorem 5.2.4,

SEL

| M f| apoe(v) = igg(Mf)*(t)V(t)E < igg("ﬂf*)(t)v(f)i = |H S| Lroe ()
S zreewy = 1 fllare )

Finally, by Theorem 5.4.16, H : L7 (v) — LP°°(v) is equivalent to (ii).

dec

We prove now (ii) < (iv). Assume first that (iv) holds and take f € L (v).
As before, we can find f such that f* = f. Then,

[Hfllpoew) = Stgg(%f*)(t) 67 = 1 iwoey S M llamccy = 1fllroew)

which means that H : L5 (v) — LP*°(v), which is equivalent to (i7) by Theo-

dec

rem 5.4.16. Conversely, assume (ii) holds and, by Theorem 5.4.16, we have that
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dec

the other hand,

* * 1 * *
12wy = SUp(HS)OVE)> = I Mlere) S NS lzroe) = I fllarew)-

H : Ly, (v) — LP*(v). On one hand, as f* < f*, || fllreecw) < | fll7ree()- On

Since ||.[[}p.00(,) 15 @ norm (recall that (f + g)™ < f** + ¢™) clearly (iv) implies

(v).

We prove now (i) < (iii). Suppose that v satisfies (i¢). Then, by Theo-
rem 5.4.16, there exists ¢ > p such that H : LI7’(v) — L%*°(v). Then v satisfies
(17) with ¢ instead of p and hence (cf. proof of Theorem 5.4.16) V satisfies the ¢
quasi-concave condition (5.4.12). By Proposition 5.4.13, v € B,,. Now assume (i)
is satisfied. If 0 < p < 1 then V satisfies the p quasi-concave condition and, by
Theorem 5.4.11 (i),

t \ A L v
(vu)%) /ov<r>idrg/o<V<r>i> v =T

which is (44). If p > 1 we take 1 < ¢ < p such that v € B, (cf. [2, Theorem 1.1])

and s = ;’ﬁ. Then, using Holder’s Inequality and Theorem 5.4.11 (i),

1
t t s t ,.ps Poq_g
/ 11dr—/ T11515§0</ i ﬁ) v
o V(r)r o V(r)ere sy o V(r)rs

t .qg—1 % a
_C(/T dr) Pt <ot
o VI(r) V(t)»

Finally, we prove that (v) implies (ii). So we assume A”*(v) is a Banach space.
Using Proposition 5.4.9, we can assume that p = 1. Proceeding as in the proof of
(1) = (i7) in Theorem 5.4.6, we have that V' is quasi-concave. Now we claim that
given A > 0, we can find B > 0 such that for all £ > 0,

V(At) < BV (). (5.4.16)

Indeed, using the quasi concavity of V,

C(A+ 1)t
t
Now fix N € N even and € > 0. Define f;(x) = W withz € R", j = 1,...,N.

We want to show that there exists C' > 0 independent of € and j such that

1 fillaroowy < C. (5.4.17)

V(At) < V((A+1)t) < V(t) = BV (1)

With this aim we define m := inf,5 % We notice that m > 0 if, and only if,

v is integrable on R™. Indeed, if v is not integrable then there exists ¢y, such that

V(t) = oo for all t > t(, and hence m = 0. Conversely, if v is integrable in R", then
1 1

>
V() ~ [lvllo @y

> 0.
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When m = 0, we take 0 < s < oo and define

als) = inf {7“ : Vb’) _ s} |

Notice that by the continuity of v, V(a(s)) = 1. We have the following estimate for
the distribution function of f;:

1
V(Jej = [["]) {rvaatpm>s}
_ C/ o ldp = C’/ p"ldp
{p:lej—pm|<a(s)} {p:pn>ej—a(s) and pP<ej+a(s)}
, 1
Cfo(ejJrOé(S))" pnfldp7 if ej — 04(8) <0,
C [ dp, if f — als) > 0,
€)—a(s))n
_ [ Caleg +als), if ef —a(s) <0,
1 S2a(s), if ej — als) >0,
< Ca(s).

Hence, using (5.4.16),

| fillateewy = suptV (Ag, (t)) <suptV(Ca(t)) < CsuptV(a(t)) = C.
>0 >0 >0

For the case m > 0 we proceed similarly. The problem would be that for the
real numbers satisfying s < W we would have Ay, (s) = co. But notice that for
s < ”U” -, sV(Ag(s)) < |U” |v][zr = 1, and this would not affect that || f;|lar.ec(y) is
bounded.

Now, given z € R™ with |z|" < Ne, we take the k € {0,..., N — 1} satisfying
ek < |z|* < e(k+1). Then

k N
1
ORTINESSIES | SIS S— 3 ey =L
J:1V|ey—|x|| Flvm—m )" 2 Vil — ]

In I, since |z|" —€j < e(k+1—j), then

k
V((l{:+1—j ZV

1 j=1

~
AV
-

J

Similarly, applying in 17 that €j — |z|" < €(j — k), we have that
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TheneitherkZ%orN—kZ%

N—-k

ER
V V E:Wd) (5.4.18)

J=1 J=1 J=1

Mz
Mw

Vkm%ﬂl

Jj=1

for all |z|™ < Ne. Now, using (5.4.18), (5.4.16), the hypothesis and (5.4.17), we have
that

7 N
ZV( V(eN) < C ij < CN,
= 7= )
for all |z|™ < Ne. Then, as ;- decreases,
1 [% d LA
r
- V(eN) < V(eN) < CN. 5.4.19
(/ vm) M= | Xy | viem < (5.4.19)
Now if we take s = <F in (5.4.19) then
°odt 2s 2s s
—— < (CN—~ < (CON—==CN——
2 W(t) ~ W(2s) — 2W (s) W(s)’
and taking N — oo,
5 odt <o ®
o W)~ W(s)
which is (i7). O

5.4.3 Maximal operator and normability of Lorentz spaces

We can summarize what has been seen in Sections 5.4.1 and 5.4.2 in the following
way. Using Theorem 5.2.7, Theorem 5.3.3, Corollary 5.3.6 and Theorem 5.4.17, we
have that, for p > 0,

M : AP(u) — AP(u) & H : LA, (u) —> LP(u)
Suc B, (5.4.20)
< AP*°(u) is Banach.

That means that the strong boundedness of the maximal operator is equivalent
to the normability of the weak-type Lorentz space. Similarly, using Theorem 5.4.2,
Theorem 5.4.6 and Theorem 5.4.8, we get that

M : AP(u) — AP°(u) & H @ L, (u) — LP°°(u)
Sueb, (5.4.21)
< AP(u) is Banach,
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if p>1, and

M : A'(u) — AY®(u) & H : LY, (u) — L (u)
S u€ B (5.4.22)
& A'(u) is Banach.

Example 5.4.18. Now, for example, if we take p =1 and u = 1 in (5.4.20), we get
M: L' — L' & L is Banach.

Since the maximal operator is not bounded in L', we can deduce that the weak-type
Lebesgue space L is not normable. Similarly, if we take u = 1 in (5.4.21), we get
that

M : [P — P> & LP is Banach,

and the weak boundedness of the maximal operator on LP, p > 1, can be deduced.
Furthermore, if we take u = 1 in (5.4.22), we have that

M : L' — LY < L' is Banach,

and the weak boundedness of the maximal operator on L' can be deduced.
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