
Translation Invariant Operators

Alejandro Molero Casanova

Advisor: F. Javier Soria de Diego

Master in Advanced Mathematics

University of Barcelona

Barcelona, June 2018





Contents

Introduction 1

1 Preliminary definitions and results 3
1.1 Lp spaces and bounded operators . . . . . . . . . . . . . . . . . . . . 3
1.2 Vector valued Lp spaces . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Convolution and Fourier transform . . . . . . . . . . . . . . . . . . . 7
1.4 Rapidly decreasing functions and tempered distributions . . . . . . . 10
1.5 Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Multipliers 13
2.1 First definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 The spaces Lqp and M q

p . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Properties of Lqp and M q

p . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Littlewood-Paley theory 33
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Littlewood-Paley operators and orthogonal decomposition . . . . . . 37
3.3 Orthogonal decomposition in dyadic sets . . . . . . . . . . . . . . . . 44

4 Multipliers theorems 51
4.1 Marcinkiewicz’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . 51
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Introduction

The theory of translation invariant operators is a branch that involves techniques
and concepts from a wide variety of fields such as functional analysis, harmonic anal-
ysis or Fourier analysis, and whose main goal is to find and describe boundedness
conditions and norm estimates on such objects. Its study started to firmly develop
around the second half of the last century, thanks to the work of Hörmander, Fef-
ferman, Jodeit, Stein, Marcinkiewicz, and so many others, but it is still a subject of
great interest nowadays, not only because of its applications and relations to other
fields, such as partial differential equations or summability methods for Fourier co-
efficients, but also because of the large amount of open questions that the theory
still has to answer. For instance, it is not known yet a complete characterization
on when such an operator is bounded between two Lebesgue spaces. Maybe that is
one of its most surprising aspects: even though its main object of study is a class of
operators which are initially defined with a very simple property (namely, commut-
ing with translations), it turns out that this condition gives rise to a rich structure
that requires of much more sophisticated tools in order to understand it.

The current development of the theory tries to follow that path, using those
tools, such as the theory of distributions and Fourier transform, to translate the
problem of boundedness of operators to a problem of studying properties of certain
functions, which in this context are called multipliers. This is indeed a helpful step,
for one can then find symmetry properties on the classes of multipliers of bounded
operators between two Lebesgue spaces, and even arrive to the conclusion that when
both spaces are actually the same, every multiplier is a bounded function.

Yet, starting from a bounded function, finding which of its properties (analytical,
geometrical,...) might be relevant in order to have a multiplier is a tough task
that, as we say, is still barely solved. It is known, for instance, that when the
multiplier is a characteristic function of a set, the geometry of the set plays a huge
role. The maximum exponent of this fact is probably the, now disproven, multiplier
problem for the ball. Even when the geometry of the set gives good boundedness
properties (such as the case of a polygon), there is still much work to do on finding
sharp constants for the norm of such operators. On the other hand, regularity
conditions seem to affect as well, thanks to a couple of results due to Hörmander
and Marcinkiewicz.
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Contents 2

Our goal in this Master’s Thesis is to give an overview of the most relevant as-
pects of the theory, starting from the most basic definitions, and ending precisely in
the study of Hörmander’s and Marcinkiewicz’s results and the multiplier problem
for the ball. Chapters 1 and 2 cover the initial tools that one needs in order to
attack this topic, such as the essential elements of the theory of function spaces and
distributions, and the definition of translation invariant operators, together with
their identification with multipliers and the properties of multipliers’ classes, given
mostly by Theorem 2.15. We then move to Chapter 3 in order to review a the-
ory due to Littlewood and Paley about decomposition of functions in the frequency
domain using multipliers, which gives estimates on such decompositions in terms
of the original function. The idea behind this theory is to extend estimates which
are natural on the space of square integrable functions to other spaces of integrable
functions, as done in Theorem 3.4. This theory is later used in Chapter 4 to prove
the mentioned results of Hörmander and Marcinkiewicz (Theorems 4.2 and 4.5),
and we see some applications of these results to multipliers with simple homogene-
ity properties. Finally, we focus on Chapter 5 to review this influence of geometrical
properties on boundedness of this class of operators, where we have exposed Feffer-
man’s work on the ball multiplier problem. This work, which culminates with the
conclusion of Theorem 5.6, represents a nice example on how the theory of trans-
lation invariant operators intersects with other seemingly unrelated branches, for it
uses a geometrical construction originated around the first half of the past century
known as Perron’s tree, which was originally proposed for solving Kakeya’s needle
problem.



Chapter 1

Preliminary definitions and results

In this first chapter, we review some of the basic theory that we might need in order
to proceed properly with the actual topic of the thesis. In particular, we give some
well known definitions and results regarding function spaces (such as the Lebesgue
spaces, the Schwarz class, or Sobolev spaces) and operators between those spaces.
We do so essentially for completeness of the work and for fixing the notation that
we will use later on throughout the whole manuscript.

1.1 Lp spaces and bounded operators

Definition 1.1. Given 1 ≤ p < ∞, we will denote by Lp the Lebesgue space of
Lebesgue measurable functions f : Rn → R such that

‖f‖p =

(∫
Rn
|f(x)|p dx

)1/p

is finite, together with the norm ‖· ‖p. For p =∞, L∞ will be the space of Lebesgue
measurable functions f : Rn → R which are bounded, and the norm in this case is
given by

‖f‖∞ = sup
x∈Rn
|f(x)|.

We will explicitly write Lp(Rn) when we need to emphasize the dimension n
of the euclidean space. Recall that, with these norms, Lp is a Banach space for
1 ≤ p ≤ ∞, and it is actually a Hilbert space for p = 2. When p =∞, we will also
denote as L∞0 the subspace of L∞ of functions vanishing at infinity.

Definition 1.2. Given two Banach spaces X, Y , a linear operator A from X to Y
is bounded if there exists some constant C > 0 such that ‖Af‖Y ≤ C‖f‖X , for all
f ∈ X.

Boundedness estimates as the former will also be denoted as ‖Af‖Y . ‖f‖X ,
specially when the constant C is not relevant. When X = Lp and Y = Lq for some
1 ≤ p, q,≤ ∞, a bounded operator A is also called strong type (p, q). In this setting,

3



1.1. Lp spaces and bounded operators 4

we will sometimes write A : Lp → Lq to denote that A is bounded from Lp t o Lq.
Recall that the space L(Lp, Lq) of bounded and linear operators from Lp to Lq is a
Banach space with the norm

‖A‖ = sup
f∈Lp

‖Af‖q
‖f‖p

,

for Lq is a Banach space [1, Theorem 2.29]. We will usually avoid writing sub indices
for the operator norm unless they are necessary (for instance, when comparing the
norm of the operator acting between different Lp spaces).

When A is a linear operator, boundedness and continuity are equivalent concepts.
We can think, though, about another type of continuity, called continuity in measure,
which is weaker than the former, but sometimes easier to see, and sufficient for
certain applications.

Definition 1.3. For 1 ≤ p < ∞, the weak Lp space, denoted as Lp,∞, is the set of
Lebesgue measurable functions such that

‖f‖p,∞ := sup
t>0

t |{x ∈ Rn : |f(x)| > t}|1/p

is finite.

It is easy to see that Lp ⊂ Lp,∞ for any 1 ≤ p < ∞, and it holds that
‖f‖p,∞ ≤ ‖f‖p. In fact,

t |{x ∈ Rn : |f(x)| > t}|1/p =

(∫
{x∈Rn:|f(x)|>t}

tp dx

)1/p

<

(∫
{x∈Rn:|f(x)|>t}

|f(x)|p dx
)1/p

≤
(∫

Rn
|f(x)|p dx

)1/p

= ‖f‖p,

and so ‖f‖pp,∞ ≤ ‖f‖pp.

Definition 1.4. An operator A from Lp to Lq,∞ is called weak type (p, q) if there
exists some constant C > 0 such that ‖Af‖q,∞ ≤ C‖f‖p.

There exists some duality correspondence between the Lp spaces. Recall that
given a real Banach space X, its dual space X ′ is the space of linear and bounded
maps from X to R. The elements of X ′ are usually called functionals . It turns
out that, when X = Lp for 1 ≤ p < ∞, there is a very natural way to construct
functionals on Lp. Denote as p′ the conjugate exponent of p; that is, p′ is such that

1

p
+

1

p′
= 1.



5 Chapter 1. Preliminary definitions and results

Now, take g ∈ Lp′ , and consider the map

ug(f) =

∫
Rn
f(x)g(x) dx.

Then, using Hölder’s inequality,

|ug(f)| ≤ ‖fg‖1 ≤ ‖f‖p‖g‖p′ ,

and so ug ∈ (Lp)′. This correspondence g → ug is actually an isometric isomorphism,
and this gives us the duality correspondence between the Lp spaces, which is usually
referred as Riesz representation theorem for (Lp)′ [1, Theorem 4.10]:

(Lp)′ = Lp
′
, 1 ≤ p <∞.

For p = ∞, the same construction works for building functionals on L∞, and so
L1 ⊂ (L∞)′. The equality, though, is no longer true.

We point out now an extrapolation result that we will need in the future. It deals
with proving boundedness of certain types of operators, regarding that we know that
their are bounded in some Lp space. The proof can be found in [5, Theorem 5.323],
using Calderón-Zygmund decomposition.

Theorem 1.5. Let K be a function on Rn \ {0} such that

sup
R>0

∫
R<|x|<2R

|K(x)|dx = A1 <∞,

and

sup
y 6=0

∫
|x|≥2|y|

|K(x− y)−K(x)|dx = A2.

Also, suppose that K is given as a distribution by

K(φ) = lim
δ→0

∫
|x|≥δ

K(x)φ(x) dx.

Finally, denote by T the operator given by the convolution with K, and assume that
T is strong type (r, r) for some 1 ≤ r ≤ ∞. Then, T is also bounded from Lp to Lp

for 1 < p <∞, and it is weak type (1, 1).

1.2 Vector valued Lp spaces

Definition 1.6. Let (X, ‖· ‖X) be a Banach space. Given 1 ≤ p < ∞, we denote
by Lp(Rn, X) the space of functions f : Rn → X such that

‖f‖p,X :=

(∫
Rn
‖f(x)‖pX dx

)1/p

is finite. For p =∞, L∞(Rn, X) is the space of functions f : Rn → X such that

‖f‖∞,X := sup
x∈Rn
‖f(x)‖X

is finite.
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Definition 1.7. Let (X, ‖· ‖X) be a Banach space. Given 1 ≤ p < ∞, we denote
by Lp,∞(Rn, X) the space of functions f : Rn → X such that

‖f‖p,∞,X := sup
t>0

t |{x ∈ Rn : ‖f(x)‖X > t}|1/p

is finite.

The spaces Lp(Rn, X) and Lp,∞(Rn, X) are a natural generalization of the Lp

and Lp,∞ spaces, when the functions are not necessarily real valued.

Example 1.8. Given 1 ≤ r <∞, denote by `r the space of real sequences {ak}k∈Z
such that

‖{ak}k∈Z‖`r :=

(∑
k∈Z

|ak|r
)1/r

< +∞,

and denote `∞ the space of real sequences such that

‖{ak}k∈Z‖`∞ := sup
k∈Z
|ak| < +∞.

If f ∈ Lp(Rn, `r), it means that f(x) is a sequence in `r for each x ∈ Rn. Thus, we
might write

f = {fk}k∈Z,

where fk is a function for each k ∈ Z, in such a way that

‖f(x)‖`r = ‖{fk(x)}k∈Z‖`r = N(x) < +∞,

and moreover, the function N of norms is a function in Lp.

We will need these spaces, as well as some results about them, in the considera-
tions developed in Chapter 3. The first of all states that a bounded operator from
Lp to Lq can be extended in a very natural way to an operator from Lp(Rn, `2) to
Lq(Rn, `2), which turns out to be bounded. A proof of this result can be found in
[5, Theorem 5.5.1].

Theorem 1.9. Let T be a bounded linear operator from Lp to Lq. Then, the operator

~T ({fk}k∈Z) = {T (fk)}k∈Z,

is bounded from Lp(Rn, `2) to Lq(Rn, `2); that is,∥∥∥∥∥
(∑

k∈Z

|T (fk)|2
)1/2

∥∥∥∥∥
q

≤ C

∥∥∥∥∥
(∑

k∈Z

|fk|2
)1/2

∥∥∥∥∥
p

,

and we actually have that C = C(p, q, ‖T‖).
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The second theorem is a generalization of the extrapolation theorem 1.5; that is,
given two Banach spaces X, Y , and a certain operator ~T bounded from Lr(Rn, X)

to Lr(Rn, Y ), it gives conditions for ~T so that it is actually bounded from Lp(Rn, X)
to Lp(Rn, Y ) for several values of p. A proof can be found in [5, Theorem 5.6.1],
using Calderón-Zygmund decomposition.

Theorem 1.10. Let X, Y be Banach spaces. Let ~K : Rn \{0} → L(X, Y ) be a map

such that for some A > 0 and ~K0 ∈ L(X, Y ) we have:

i) ‖ ~K(x)‖X→Y ≤ A|x|−n, where ‖· ‖X→Y denotes the operator norm in L(X, Y ).

ii) supy∈Rn\{0}
∫
|x|≥2|y| ‖ ~K(x− y)− ~K(x)‖X→Y dx ≤ A.

iii) limε→0

∥∥∥∫ε≤|y|≤1 ~K(y)dy − ~K0

∥∥∥
X→Y

= 0.

Moreover, let ~T be an operator given by

~T (f)(x) = lim
ε→0

∫
ε≤|y|

~K(y)(f(x− y)) dy,

for any function f taking values in X, and assume that ~T is bounded from Lr(Rn, X)
to Lr(Rn, Y ) for some 1 < r ≤ ∞ with norm B. Then, there exist Cn, C

′
n > 0 such

that ~T is bounded from Lp(Rn, X) to Lp(Rn, Y ) for all 1 < p <∞ with

‖~T (f)‖p,Y ≤ Cn max(p, (p− 1)−1)(A+B)‖f‖p,X ,

and it is also weak type (1, 1) with

‖~T (f)‖1,∞,Y ≤ C ′n(A+B)‖f‖1,X .

1.3 Convolution and Fourier transform

We give now a couple of concepts related with L1 functions. These will be extremely
useful in the following chapters, for most of the theory we are going to develop is
based on them. The first of them is the convolution of two functions.

Definition 1.11. Given f, g ∈ L1, the convolution of f and g is the function f ∗ g
defined as

(f ∗ g)(x) =

∫
Rn
f(y)g(x− y) dy, ∀x ∈ Rn.

One easily checks using Fubini’s theorem that f ∗ g is well defined L1 function,
since f and g are L1 functions too. Indeed,

‖f ∗ g‖1 ≤
∫
Rn

∫
Rn
|f(y)| |g(x− y)| dy dx

=

∫
Rn
|f(y)|

(∫
Rn
|g(x− y)| dx

)
dy

= ‖g‖1
∫
Rn
|f(y)| dy = ‖f‖1 ‖g‖1.
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Notice that the convolution of two functions can also be defined in other settings.
For instance, if f ∈ L1 and g ∈ Lp for 1 ≤ p ≤ ∞, then f ∗ g is a well defined Lp

function with

‖f ∗ g‖p =

∥∥∥∥∫
Rn
f(y)g(· −y) dy

∥∥∥∥
p

≤
∫
Rn
|f(y)|‖g‖p dy = ‖f‖1‖g‖p,

in view of Minkowski’s integral inequality.

The other important tool we review now is the Fourier transform.

Definition 1.12. Let f ∈ L1. The Fourier transform of f is the function f̂ defined
as

f̂(ξ) =

∫
Rn
f(x)e−2πiξ·x dx, ∀ξ ∈ Rn.

We can think of the Fourier transform operator (sometimes called simply Fourier
transform, with some abuse of language) as the operator F defined as

F(f) = f̂ , ∀f ∈ L1.

Notice that F is linear. Also, since

|F(f)(ξ)| =
∣∣f̂(ξ)

∣∣ ≤ ∫
Rn
|f(x)| dx = ‖f‖1,

we conclude that F is bounded from L1 to L∞ with norm at most 1. This fact is
actually improved a bit by the so called Riemann-Lebesgue lemma.

Lemma 1.13 (Riemann-Lebesgue). For f ∈ L1, we have that f̂ is continuous and

|f̂(ξ)| → 0 as |ξ| → ∞.

That is, the Fourier transform of any integrable function is not only bounded,
but also vanishes at infinity. In particular, since it is continuous and satisfies
this vanishing property, it is uniformly continuous. The fact that f̂ is continu-
ous is given easily in virtue of the dominated convergence theorem. We refer to
[2, Chapter 1, Section 6] for a proof of the rest of the statement.

It is a matter of computation to verify that the Fourier transform satisfies the
following interesting properties.

Proposition 1.14. Let f, g ∈ L1, h ∈ Rn, λ > 0 and M ∈ O(n), where O(n) is the
orthogonal group of dimension n. Denote by τh the translation operator,

τhϕ(x) = ϕ(x− h),

ρA the rotation operator,
ρAϕ(x) = ϕ(Ax),

and δλ the dilation operator,

δλϕ(x) = ϕ(x/λ).
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Then,

i) τ̂xf = e−2πix·f̂ .

ii) ê−2πx·f = τxf̂ .

iii) ρ̂Af = ρAf̂

iv) δ̂λf = λnδ1/λf̂ .

v) f̂ ∗ g = f̂ ĝ.

The Fourier transform has also a nice property for functions with separated
variables. In this setting, it is very easy to see the following fact.

Proposition 1.15. If f ∈ L1 is such that

f(x1, ..., xn) = f1(x1, ..., xk)f2(xk+1, ..., xn),

for some k = 1, ..., n, then

f̂(ξ) = f̂1(ξ1, ..., ξk)f̂2(ξk+1, ..., ξn).

Although, in principle, the Fourier transform can only be defined for L1 functions,
it turns out that it actually has a better behaviour in L2. In this space, though, the
given definition of Fourier transform might not make sense for certain functions, so
we have to be careful. A natural way to start this extension to L2 is to consider the
set L1 ∩ L2. Here, we have a remarkable result concerning the L2 norm, known as
Plancherel’s theorem. See [2, Theorem 1.18] for a proof.

Theorem 1.16 (Plancherel’s theorem). For f ∈ L1 ∩ L2,

‖f‖2 = ‖f̂‖2.

We have that the set L1∩L2 is dense in L2, because L1∩L2 ⊂ L2, and if f ∈ L2

and ε > 0, there exists a simple function s (which is clearly in L1 ∩ L2) such that
‖f − s‖2 < ε. Since F is an isometry in L1 ∩ L2, there exists a unique linear and
bounded extension of F to L2, which is an isometry as well, given by

f̂ = L2 − lim
n→∞

f̂n,

where (fn)n ⊂ L1 ∩ L2 is such that fn → f in L2 as n→∞.

There are ways as well for defining the Fourier transform for 1 < p < ∞ and
p 6= 2. When p > 2, we must rely on the language of distributions, for there are
functions on Lp which do not admit another function as its Fourier transform. On
the other hand, for 1 < p < 2, we can proceed differently. First, notice that any
function f ∈ Lp can be expressed as f = f1+f2, where f1 ∈ L1 and f2 ∈ L2, because
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we could simply take f1 = fχ{|f |>1}, and f2 = f − f1. Therefore, one has that the
Fourier transform of f is just

f̂ = f̂1 + f̂2,

where f̂1 ∈ L∞ and f̂2 ∈ L2. The nice thing about this procedure is that we
can get an estimate on the norm of f̂ thanks to Riesz-Thorin convexity theorem
[5, Theorem 1.3.4]. This is called Hausdorff-Young’s inequality (see
[2, Corollary 1.20]).

Theorem 1.17 (Hausdorff-Young’s inequality). For f ∈ Lp with 1 < p < 2, we

have that f̂ ∈ Lp′ and
‖f̂‖p′ ≤ ‖f‖p.

1.4 Rapidly decreasing functions and tempered

distributions

Denote as C∞ the set of all infinitely differentiable functions f : Rn → R. For a
function f ∈ C∞, and α = (α1, ..., αn) ∈ Nn, we denote

Dαf =
∂α1

∂xα1
1

· · · ∂
αn

∂xαnn
f =

∂|α|f

∂xα1
1 · · · ∂xαnn

where |α| = α1 + · · ·+ αn.

Definition 1.18. A function f ∈ C∞ is rapidly decreasing if

pk(f) = sup
|α|≤k

sup
x∈Rn

∣∣∣(1 + |x|2
)k∣∣∣ |Dαf(x)|

is finite, for all k ∈ N. The Schwarz space, denoted as S, is the set of all rapidly
decreasing functions, together with the family of seminorms (pk)k≥0.

In this setting, S is a Fréchet space [1, Theorem 7.4]; that is, it is a complete space
with respect to the topology given by the family of seminorms: for any sequence
(fm)m≥0 ⊂ S such that

pk(fm − fm′)
m,m′→∞−−−−−→ 0, ∀k ∈ N,

there exists f ∈ S such that

pk(fm − f)
m→∞−−−→ 0, ∀k ∈ N.

Of course, any function f ∈ S is also in any Lp for 1 ≤ p ≤ ∞, and this inclusion is
continuous. In particular, functions in S admit operations such as the convolution
and the Fourier transform. Actually, the space S is dense in Lp for p < ∞, and
if p = ∞, the closure of S is L∞0 ∩ C, where C denotes the set of all continuous
functions.
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Definition 1.19. The dual space of S, which is the space of all linear and continuous
functionals from S to R, is denoted as S ′, and it is called the space of tempered
distributions .

Since S is a Fréchet space, we can characterize continuity in terms of the family
of seminorms: a linear functional u : S → R is continuous if and only if there is
N ∈ N such that

|u(f)| . pN(f),

for all f ∈ S [1, Theorem 3.4].

There is a way to extend to S ′ certain operations or transformations that belong
to the theory of calculus with functions:

i) Multiplications: given f ∈ S and u ∈ S ′, the product of f and u is a distribu-
tion fu ∈ S ′ given by

fu(g) = u(fg), ∀g ∈ S.

ii) Derivatives: given α ∈ Nn, and u ∈ S ′, the derivative of u of order α is another
distribution Dαu ∈ S ′ such that

Dαu(f) = (−1)|α|u(Dαf), ∀f ∈ S.

This is well defined because if f ∈ S, then Dαf ∈ S, for any α ∈ Nn.

iii) Convolution: given f ∈ S and u ∈ S ′, the convolution of u with f is a function
u ∗ f ∈ S defined as

(u ∗ f)(x) = u
(
τxf̃

)
, ∀x ∈ Rn,

where τxg(y) = g(y − x) and f̃(x) = f(−x), for any functions f, g ∈ S.

iv) Fourier transform: given u ∈ S ′, the Fourier transform of u is another distri-
bution û ∈ S ′ such that

û(f) = u
(
f̂
)
, ∀f ∈ S.

The Fourier transform of a distribution is well defined because if f ∈ S,
then f̂ ∈ S as well. Actually, in S (and thus in S ′) the Fourier transform is a
bijective continuous map F : S → S such that F4 = id [1, Theorem 7.5]. Since
F is bijective and F4 = id, it means that its inverse F−1 is just F−1 = F3. In
particular, F−1 is also continuous. This inverse map is known as the inverse
Fourier transform, which will be denoted as qg, for any g ∈ S, and it is given
by

qg(x) =

∫
Rn
g(ξ)e2πiξ·x dξ, ∀x ∈ Rn.

We note that the fact that F is a bijection on S, together with together with
Plancherel’s theorem and the fact that S is dense in L2, allows us to conclude
that F is also a bijection on L2.
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We point out some important properties regarding all of the previous operations
[1, Chapter 6]. If f, g ∈ S, α ∈ Nn, and u is either a function in S or a distribution
in S ′, then:

i) Leibniz rule: Dα(fu) =
∑

β≤α cα,β D
βf Dα−βu.

ii) Dα(u ∗ f) = Dαu ∗ f = u ∗Dαf .

iii) (u ∗ f) ∗ g = u ∗ (f ∗ g) = (u ∗ g) ∗ f .

iv) û ∗ f = f̂ û, and f̂ ∗ û = f̂u.

1.5 Sobolev spaces

Sobolev spaces are a way of extending the notion of derivative to functions that
might not be differentiable in a classical sense. Notice that, for any 1 ≤ p ≤ ∞, a
function f ∈ Lp might be regarded as an element of S ′, by defining

f(g) =

∫
Rn
f(x)g(x) dx, ∀g ∈ S.

Actually, this map from Lp to S ′ is one to one [1, Example 7.8], so we sometimes
write Lp ⊂ S ′. With this, if α ∈ Nn, we might now consider the so called weak
derivative of f of order α, by differentiating f in the sense of distributions:

Dαf(g) = (−1)|α|f(Dαg), ∀g ∈ S.

Notice that Dαf need not be a distribution given by the integral against a function
anymore; that is, there might not be any function fα such that

Dαf(g) =

∫
Rn
fα(x)g(x) dx.

If fα exists, though, and fα ∈ Lp, then we write Dαf ∈ Lp, and we consider
Dαf = fα.

Definition 1.20. For 1 ≤ p ≤ ∞ and k ∈ N, the Sobolev space W k,p is the space

W k,p = {f ∈ Lp : Dαf ∈ Lp ∀|α| ≤ k}

equipped with the norm

‖f‖k,p =
∑
|α|≤k

‖Dαf‖p.

W k,p is a Banach space for any 1 ≤ p ≤ ∞ and k ∈ N, and it is actually a Hilbert
space when p = 2. It is also clear that W k,p is continuously included in Lp.



Chapter 2

Multipliers

We start now to review the main concepts regarding the theory of translation invari-
ant operators. Our goal is to study tools that can help us to determine boundedness
of operators of this kind between Lp spaces. For this purpose, we base our initial
discussion on the classical article due to Hörmander [8], where some basic theorems
regarding these questions are given. We will see an important characterization of
these objects, which is essentially that any of these operators can be expressed as a
convolution against a tempered distribution.

Thanks to this characterization, one can translate the problem of boundedness of
translation invariant operators into a problem of studying certain classes of tempered
distributions, or even better, the associated classes of Fourier transforms of these
distributions, called multipliers. These classes satisfy nice symmetry properties that
are useful when proving the boundedness of translation invariant operators in several
Lp spaces. But, most importantly, it turns out that every multiplier associated with
a bounded operator of this kind from Lp into itself must actually be a bounded
function. This further reduces the problem of studying boundedness to a problem
on giving conditions on functions of L∞.

2.1 First definitions

We start with a definition that has already appeared several times in the previous
chapter.

Definition 2.1. For any f ∈ Lp, and h ∈ Rn, the translation of f by h is the
function τhf ∈ Lp given by

τhf(x) = f(x− h).

It is clear that if h ∈ Rn, then ‖τhf‖p = ‖f‖p, for all f ∈ Lp. In particular, τh is
a bounded and linear operator from Lp to Lp with ‖τh‖ = 1.

Definition 2.2. Let A a linear operator. We say that A is translation invariant if,
for all h ∈ Rn, we have

τhA = Aτh.

13
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Examples 2.3. We see some examples of translation invariant operators:

i) Let f ∈ L1, and 1 ≤ p ≤ ∞. Let Af be the operator given by Afg = f ∗ g,
for any g ∈ Lp. This is a linear operator which is strong type (p, p) (see
Section 1.3), and it is translation invariant. Indeed, for h ∈ Rn,

Afτhg(x) = (f ∗ τhg)(x) =

∫
Rn
f(y)τhg(x− y) dy

=

∫
Rn
f(y)g(x− h− y) dy = (f ∗ g)(x− h)

= Afg(x− h) = τhAfg(x).

ii) For n = 1, the Hilbert transform H is the linear operator defined as

Hg(x) = p.v.
1

π

∫
R

g(y)

x− y
dy,

where p.v. denotes the principal value of the integral. Using a similar technique
as before, one sees that H is a translation invariant operator. Nevertheless,
notice that H is not given by any of the former operators, although it can also
be thought as the convolution again the distribution

h(g) = p.v.
1

π

∫
R

g(y)

y
dy.

The Hilbert transform is strong type (p, p) when 1 < p < ∞. We will prove
this fact later (see Example 2.13).

In spite of what one could think at first, translation invariant operators actually
satisfy quite strong properties. First, regarding their structure, they form a Banach
space.

Lemma 2.4. Given 1 ≤ p, q ≤ ∞, the set of linear and bounded translation invari-
ant operators from Lp to Lq is a Banach space.

Proof. L(Lp, Lq) is a Banach space, so we only need to see that translation invariant
operators are a closed subset of it. That is, if (Ak)k≥0 is a sequence of translation
invariant operators convergent to a bounded and linear operator A, then A is also
translation invariant.

Take f ∈ Lp. Since Ak
n→∞−−−→ A, given ε > 0 there is k0 ∈ N large enough so that

‖Ak − A‖ < ε/(2‖f‖p) if k ≥ k0. Therefore,

‖τhAf − Aτhf‖q = ‖τhAf − τhAkf + τhAkf − Aτhf‖q
= ‖τhAf − τhAkf + Akτhf − Aτhf‖q
≤ ‖τhAf − τhAkf‖q + ‖Akτhf − Aτhf‖q
= ‖τh(Af − Ak)f‖q + ‖(Ak − A)τhf‖q
≤ ‖(Af − Ak)f‖q + ‖Ak − A‖‖τhf‖p
≤ ‖A− Ak‖‖f‖p + ‖A− Ak‖‖f‖p
= 2‖A− Ak‖‖f‖p < ε,
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if k ≥ k0. But this is true for any ε > 0, so τhAf = Aτhf , and because f is arbitrary,
A is translation invariant.

Another surprising result that we get for translation invariant operators is that
it only makes sense to study them for certain values of p and q.

Lemma 2.5. Let p > q, and let A : Lp → Lq be a linear translation invariant
operator. If p <∞, then A ≡ 0. On the other hand, if p =∞, then A|L∞0 ≡ 0.

Proof. Take p < ∞. Since A is bounded, there exists some constant C > 0 such
that

‖Af‖q ≤ C‖f‖p, (2.1)

for all f ∈ Lp. We shall see that we can improve this bound as much as we want,
so that the conclusion follows. To do so, we claim first that

‖f + τhf‖p
|h|→∞−−−−→ 21/p‖f‖p.

Indeed, given ε > 0 write f as f = f1 + f2 so that f1 has compact support and
‖f2‖p < ε/(2 + 21/p). For |h| large enough, f1 and τhf1 will have disjoint supports,
so that

‖f1 + τhf1‖p =

(∫
Rn
|f1(x) + τhf1(x)|p dx

)1/p

=

(∫
Rn
|f1(x)|p dx+

∫
Rn
|τhf1(x)|p dx

)1/p

= 21/p‖f1‖p.

With this,∣∣‖f + τhf‖p − 21/p‖f‖p
∣∣ =

∣∣‖f + τhf‖p − ‖f1 + τhf1‖p + 21/p‖f1‖p − 21/p‖f‖p
∣∣

≤ |‖f + τhf‖p − ‖f1 + τhf1‖p|+ 21/p |‖f1‖p − ‖f‖p|

≤ ‖f2 + τhf2‖p + 21/p‖f2‖p ≤
2ε

2 + 21/p
+

21/pε

2 + 21/p
= ε,

so the claim holds. This actually implies as well, since A is translation invariant,
that

‖A(f + τhf)‖q = ‖Af + Aτhf‖q = ‖Af + τhAf‖q
|h|→∞−−−−→ 21/q‖Af‖q.

All in all, because

‖A(f + τhf)‖q ≤ C‖f + τhf‖p,

taking the limit when |h| → ∞ yields

21/q‖Af‖q ≤ C21/p‖f‖p,
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so

‖Af‖q ≤
C

21/q−1/p‖f‖p,

which is an improved version of (2.1) because 1/q > 1/p. But this can now be
iterated to make the constant in the estimate arbitrarily small, so we conclude that
A ≡ 0. The same argument works for p = ∞, and the hypothesis f ∈ L∞0 is
necessary so that the decomposition f = f1 + f2 can be done.

In virtue of this result, we shall assume from now on that p ≤ q.

2.2 The spaces Lqp and M q
p

As we have mentioned, being translation invariant is in fact a very strong condition,
and because of this, translation invariant operators admit a very specific charac-
terization. Notice that, for instance, all the operators in Examples 2.3 are related
somehow with convolutions. We are going to prove that this is the general case for
this class of operators.

Theorem 2.6. Let 1 ≤ p ≤ q ≤ ∞, and let A : Lp → Lq be a linear translation
invariant operator. Then, there exists a distribution u ∈ S ′ such that Af = u ∗ f ,
for all f ∈ S.

Proof. Take p <∞. Given f ∈ S and u ∈ S ′, recall that (u∗f)(x) = u
(
τxf̃

)
, where

f̃(x) = f(−x), for all x ∈ Rn. If we want the result to hold, then notice that we
should have Af(0) = u

(
f̃
)
. That is, we must define u as

u(f) = Af̃(0)

and so, since u is clearly linear, we must see now that it is a continuous functional
on S; that is, there is m ∈ N so that |u(f)| . pm(f), for all f ∈ S. First, let us see
that

Dα(Af) = A (Dαf) . (2.2)

To prove this, it suffices to do it for one derivative, and then proceed iteratively.
Thus, set fh(x) = f(x1 + h, x̄) where x̄ = (x2, ..., xn), and let v = Af . Since A is
translation invariant, we have that vh = Afh, so

A

(
fh − f
h

)
=
vh − v
h

.

Therefore, and since A is bounded, we have∥∥∥∥A(∂x1f)− vh − v
h

∥∥∥∥
q

=

∥∥∥∥A(∂x1f − fh − f
h

)∥∥∥∥
q

≤ C

∥∥∥∥∂x1f − fh − f
h

∥∥∥∥
p

,
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and we shall now prove that ‖∂x1f − (fh − f)/h‖p → 0 when h → 0. This is so
because∣∣∣∣ ∂f∂x1 (x)− fh(x)− f(x)

h

∣∣∣∣ =

∣∣∣∣ ∂f∂x1 (x)− 1

h

∫ h

0

∂f

∂x1
(x1 + ξ, x̄) dξ

∣∣∣∣
=

∣∣∣∣1h
∫ h

0

∂f

∂x1
(x) dξ − 1

h

∫ h

0

∂f

∂x1
(x1 + ξ, x̄) dξ

∣∣∣∣
≤ 1

h

∫ h

0

∣∣∣∣ ∂f∂x1 (x)− ∂f

∂x1
(x1 + ξ, x̄)

∣∣∣∣ dξ
≤ 1

h

(∫ h

0

dξ

)1/p′ (∫ h

0

∣∣∣∣ ∂f∂x1 (x)− ∂f

∂x1
(x1 + ξ, x̄)

∣∣∣∣p dξ)1/p

=

(
1

h

∫ h

0

∣∣∣∣ ∂f∂x1 (x)− ∂f

∂x1
(x1 + ξ, x̄)

∣∣∣∣p dξ)1/p

,

meaning that∥∥∥∥∂x1f − fh − f
h

∥∥∥∥p
p

=

∫
Rn

∣∣∣∣ ∂f∂x1 (x)− fh(x)− f(x)

h

∣∣∣∣p dx
≤ 1

h

∫
Rn

∫ h

0

∣∣∣∣ ∂f∂x1 (x)− ∂f

∂x1
(x1 + ξ, x̄)

∣∣∣∣p dξ dx
=

1

h

∫ h

0

∫
Rn

∣∣∣∣ ∂f∂x1 (x)− ∂f

∂x1
(x1 + ξ, x̄)

∣∣∣∣p dx dξ
=

1

h

∫ h

0

‖∂x1f − (∂x1f)ξ‖pp dξ,

but given ε > 0 there exists h > 0 small enough so that

‖∂x1f − (∂x1f)ξ‖p < ε (2.3)

if 0 < ξ < h because ∂x1f ∈ Lp and 1 ≤ p <∞ [4, Proposition 8.5], so finally∥∥∥∥∂x1f − fh − f
h

∥∥∥∥
p

<

(
1

h

∫ h

0

εp dξ

)1/p

= ε

Expression (2.2) really tells us that if f ∈ S, then Af ∈ W n,q. But W n,q ↪→ C (see
[8, Lemma 1.1]), so in particular

|u(f)| = |Af̃(0)| .
∑
|α|≤n

‖Dα(Af̃)‖q =
∑
|α|≤n

‖A(Dαf̃)‖q .
∑
|α|≤n

‖Dαf̃‖p

=
∑
|α|≤n

(∫
Rn

1

(1 + |x|2)n
∣∣∣(1 + |x|2

)n
Dαf̃(x)

∣∣∣p dx)1/p

. pn
(
f̃
)

= pn(f),

and hence u is indeed a continuous functional on S, and the proof is complete. The
same argument works for p = ∞, writing down the proper norm in that case. It is
important to notice that (2.3) would not be true in general for the supremum norm,
but it does hold in this case because ∂x1f is uniformly continuous.
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Let u ∈ S ′, such that u ∗ g ∈ Lq, for all g ∈ S. If p <∞, since S is dense in Lp,
the distribution u defines uniquely a translation invariant operator A as

Af = Lq − lim
k→∞

u ∗ fk,

for any f ∈ Lp, where (fk)k≥0 ⊂ S so that fk
Lp−→ f . Thus, this previous theorem tells

us that studying translation invariant operators is essentially studying certain sets
of tempered distributions. In particular, if we want to prove that a linear translation
invariant operator is bounded from Lp to Lq, it suffices to prove its boundedness for
functions in S and then extend the operator by density, so it is enough to see that

‖u ∗ f‖q . ‖f‖p, ∀f ∈ S,

where u is the associated tempered distribution. This fact motivates the following
definition.

Definition 2.7. Given 1 ≤ p ≤ q ≤ ∞, we will denote as Lqp the space

Lqp = {u ∈ S ′ : ‖u ∗ f‖q . ‖f‖p ∀f ∈ S}.

Moreover, for a distribution u ∈ Lqp, we will write

Lqp(u) = sup
f∈S

‖u ∗ f‖q
‖f‖p

.

By Theorem 2.6, the space Lqp is isomorphic to the space of translation invariant
operators, which is Banach space by Lemma 2.4. Thus, Lqp is a Banach space.

Since û ∗ f = ûf̂ for u ∈ S ′ and f ∈ S, it makes sense to consider the Fourier
transform of the elements of the sets Lqp. These new objects are called multipliers.

Definition 2.8. Given 1 ≤ p ≤ q ≤ ∞, the set of multipliers of type (p, q) is the
set

M q
p =

{
û : u ∈ Lqp

}
,

and we write M q
p (û) = Lqp(u).

We will see soon that studying the spaces of multipliers is more convenient than
doing it with the spaces Lqp, at least when p = q.

2.3 Properties of Lqp and M q
p

We now want to improve our understanding on Lqp and M q
p , so we are going to review

well known properties of those spaces and even some characterizations that occur in
some particular cases. Our first result can be thought as a symmetry property that
these spaces satisfy.
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Theorem 2.9. Let u ∈ S ′ be a non-trivial tempered distribution. Then:

i) The set

Lu =
{

(s, t) ∈ R2 : u ∈ L1/t
1/s

}
is a convex subset of the triangle 0 ≤ t ≤ s ≤ 1 which is symmetric with
respect to the line s+ t = 1.

ii) The function L
1/t
1/s(u) is also symmetric in Lu with respect to s+ t = 1.

iii) For any (s, t), (r, w) ∈ Lu, and θ ∈ (0, 1), it holds

Lqp(u) ≤
[
L
1/t
1/s(u)

]1−θ [
L
1/w
1/r (u)

]θ
, (2.4)

where

1

p
= (1− θ)s+ θr,

1

q
= (1− θ)t+ θw.

Proof. It is easy to see that Lu is a subset of the given triangle, for
1 ≤ 1/s ≤ 1/t ≤ ∞, because u is non-trivial. To prove symmetry, take (s, t) ∈ Lu,
and consider its symmetric point (t′, s′) = (1− t, 1− s) with respect to s+ t = 1. It
turns out that if p = 1/s and q = 1/t, then q′ = 1/t′ and p′ = 1/s′. Since

‖u ∗ f‖1/t ≤ C‖f‖1/s,

applying Hölder’s inequality leads to

| ((u ∗ f) ∗ g) (0)| ≤ ‖(u ∗ f)g‖1 ≤ ‖u ∗ f‖1/t‖g‖1/t′ ≤ C‖f‖1/s‖g‖1/t′ .

In particular, if ‖f‖1/s = 1, then

| ((u ∗ f) ∗ g) (0)| ≤ C‖g‖1/t′ .

But notice that | ((u ∗ f) ∗ g) (0)| = | ((u ∗ g) ∗ f) (0)| because convolution is asso-
ciative and commutative, and

‖u ∗ g‖1/s′ = sup
‖f‖1/s=1

∣∣∣∣∫
Rn

(u ∗ g)(x)f(x) dx

∣∣∣∣ = sup
‖f‖1/s=1

∣∣∣((u ∗ g) ∗ f̃
)

(0)
∣∣∣ ,

so we conclude
‖u ∗ g‖1/s′ ≤ C‖g‖1/t′ ,

and hence (t′, s′) ∈ Lu. Moreover, L
1/t
1/s(u) = L

1/s′

1/t′ (u) because (s, t) and (t′, s′) can

be interchanged in the previous argument. Finally, convexity and (2.4) follow from
Riesz-Thorin convexity theorem [5, Theorem 1.3.4].
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Let us see some easy consequences of Theorem 2.9 on the Lqp spaces for certain
choices of p and q, that actually characterize these spaces.

Corollary 2.10. If 1 ≤ p ≤ q ≤ ∞, then Lqp = Lp
′

q′ .

Proof. Set p = 1/s, q = 1/t. Then q′ = 1/(1− t) and p′ = 1/(1− s). But the point
(1− t, 1− s) is the symmetric point to (s, t) with respect to the line s+ t = 1. Thus,

by the previous theorem, u ∈ Lqp if and only if u ∈ Lp
′

q′ .

Corollary 2.11. For 1 ≤ p <∞1, and with the corresponding equalities of norms,
we have

L∞p = Lp
′

1 = Lp
′
.

Proof. If p < ∞, by Corollary 2.10 is clear that L∞p = Lp
′

1 , so it is left to see that

L∞p = Lp
′
. The inclusion L∞p ⊂ Lp

′
is true because if u ∈ L∞p , then

|u(f)| = |(u ∗ f)(0)| ≤ ‖u ∗ f‖∞ ≤ ‖u‖‖f‖p,

for all f ∈ S, and so by density of S in Lp, u is an element of (Lp)′.On the other
hand, for u ∈ (Lp)′, we have

‖u ∗ f‖∞ = sup
x∈Rn

∣∣u(τxf̃ )∣∣ ≤ ‖u‖ sup
x∈Rn
‖τxf̃‖p = ‖u‖‖f‖p, ∀f ∈ S,

so u ∈ L∞p , and we conclude L∞p = (Lp)′. Of course, by definition, it is clear that

L∞p (u) = ‖u‖. But now recall that (Lp)′ is isometrically isomorphic to Lp
′
, so the

result follows.

The diagonal cases p = q will be the ones of greater interest in this work, and we
will devote the rest of this chapter to give some insight of their structure. Theorem
2.9 gives in this case an easy but interesting consequence on how this spaces are
actually included one inside the other. In a way, as p→ 2, the space Lpp gets bigger.

Corollary 2.12. For any q ≤ p < 2 or q ≥ p > 2, we have Lqq ⊂ Lpp ⊂ L2
2 and

L2
2(u) ≤ Lpp(u) ≤ Lqq(u), ∀u ∈ Lqq.

Proof. By Corollary 2.10, if u ∈ Lqq, then u ∈ Lq
′

q′ , and by the convexity of Lu given
by Theorem 2.9, u ∈ Lpp. Of course, we also have u ∈ L2

2, for (1/2, 1/2) is always
the middle point of the segment between (1/q, 1/q) and (1/q′, 1/q′). Moreover, if we
write

1

2
=

1

2p
+

1

2p′
,

and
1

p
=

1− θ
q

+
θ

q′
,

1For p = ∞, it holds L∞∞ = L1
1 = M , where M is the space of signed bounded measures on

B(Rn). We refer to [5, Theorem 2.5.8] for a proof of this fact.
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for some θ ∈ (0, 1), then again by Theorem 2.9 we have

L2
2(u) ≤

[
Lpp(u)

]1/2 [
Lp
′

p′(u)
]1/2

=
[
Lpp(u)

]1/2 [
Lpp(u)

]1/2
= Lpp(u)

≤
[
Lqq(u)

]1−θ [
Lq
′

q′(u)
]θ

=
[
Lqq(u)

]1−θ [
Lqq(u)

]θ
= Lqq(u).

Example 2.13 (The Hilbert transform). The previous results are very useful tools
for determining boundedness of translation invariant operators. We can use them,
for instance, to see that the Hilbert transform, defined in Examples 2.3, is strong
type (p, p) for 1 < p <∞.

We can start by seeing that H is bounded from L2 to L2. As we have already
said, the Hilbert transform can be expressed as

H(f) = h ∗ f,

where

h(f) = p.v.
1

π

∫
R

f(y)

y
dy

for all f ∈ S. Since we are looking for boundedness in L2, it might be useful to
consider the Fourier transform of h and use Plancherel’s theorem. We have that

ĥ(f) = h
(
f̂
)

= p.v.
1

π

∫
R

f̂(ξ)

ξ
dξ = lim

ε→0

1

π

∫
ε<|ξ|< 1

ε

1

ξ

(∫
R
f(x)e−2πiξx dx

)
dξ

= lim
ε→0

1

π

∫
R

∫
R

1

ξ
χε<|ξ|< 1

ε
(ξ) f(x)e−2πiξx dx dξ

= lim
ε→0

1

π

∫
R
f(x)

(∫
ε<|ξ|< 1

ε

1

ξ
e−2πiξx dξ

)
dx

= lim
ε→0

−i
π

∫
R
f(x)

(∫
ε<|ξ|< 1

ε

1

ξ
sin(2πξx) dξ

)
dx.

If x ∈ R is fixed, the integral between parenthesis in the last equality is convergent
when ε→ 0, because∫ ∞

0

1

ξ
sin(2πξx) dξ =

∫ 1

0

1

ξ
sin(2πξx)dξ +

∫ ∞
1

1

ξ
sin(2πξx)dξ,

and the first integral is convergent since sin(2πξx)/ξ ∼ 2πx when |ξ| → 0, while the
second one is also convergent by Dirichlet’s test. Thus, if we define

gε(x) = f(x)

∫
ε<|ξ|< 1

ε

1

ξ
sin(2πξx) dξ, ∀x ∈ R,

then (gε)ε>0 is pointwise convergent to the function

g(x) = f(x)

∫
R

1

ξ
sin(2πξx) dξ, ∀x ∈ R
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as ε→ 0. Moreover, if

M = sup
a,b>0

∣∣∣∣∫
a<|ξ|<b

1

ξ
sin(2πξx) dξ

∣∣∣∣ <∞,
then

|gε(x)| = |f(x)|

∣∣∣∣∣
∫
ε<|ξ|< 1

ε

1

ξ
sin(2πξx) dξ

∣∣∣∣∣
= |f(x)|

∣∣∣∣∣
∫
2π|x|ε<|t|< 2π|x|

ε

1

t
sin(t) dt

∣∣∣∣∣ ≤M |f(x)|,

so by the dominated convergence theorem, gε
ε→0−−→ g in L1, and

lim
ε→0

∫
R
f(x)

(∫
ε<|ξ|< 1

ε

1

ξ
sin(2πξx) dξ

)
dx =

∫
R
f(x)

(∫
R

1

ξ
sin(2πξx) dξ

)
dx.

Finally, notice that∫
R

1

ξ
sin(2πξx) dξ = sgn(2πx)

∫
R

1

t
sin(t) dt = sgn(x)

∫
R

1

t
sin(t) dt,

where sgn(x) denotes the sign of x, and it is well known that∫
R

1

t
sin(t) dt = π.

Thus, we conclude that

ĥ(f) =

∫
R
f(x)(−i sgn(x)) dx,

and with this, we can now prove the boundedness of H in L2: given f ∈ S,

‖Ĥ(f)‖2 = ‖ĥ ∗ f‖2 = ‖ĥf̂‖2 = ‖f̂‖2 = ‖f‖2;

that is, ‖Ĥ(f)‖2 is finite and equal to ‖f‖2, so by Plancherel’s theorem,

‖H(f)‖2 = ‖f‖2, ∀f ∈ S,

meaning that H is actually an isometry, and thus it is indeed strong type (2, 2).

Next step is seeing that H is strong type (2k, 2k) for any k ≥ 1. We prove first
that

H(f)2 = f 2 + 2H(fH(f)), ∀f ∈ S, (2.5)

and to do so, we shall prove the following equivalent identity, obtained after taking
the Fourier transform:(

ĥf̂
)
∗
(
ĥf̂
)

= f̂ ∗ f̂ + 2ĥ
(
f̂ ∗
(
ĥf̂
))
, ∀f ∈ S. (2.6)
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Indeed, denote by R the right hand side of the previous identity. Then, given ξ ∈ R,
we have

R(ξ) =

∫
R
f̂(y)f̂(ξ − y) dy + 2ĥ(ξ)

∫
R
f̂(y)ĥ(ξ − y)f̂(ξ − y) dy,

but by commutativity of the convolution, we can also write

R(ξ) =

∫
R
f̂(y)f̂(ξ − y) dy + 2ĥ(ξ)

∫
R
f̂(y)ĥ(y)f̂(ξ − y) dy,

so we have that

R(ξ) =
R(ξ) +R(ξ)

2
=

∫
R
f̂(y)f̂(ξ − y)

[
1 + ĥ(ξ)

(
ĥ(y) + ĥ(ξ − y)

)]
dy.

But now, notice that since ĥ(x) = −i sgn(x), then

1 + ĥ(ξ)
(
ĥ(y) + ĥ(ξ − y)

)
= 1− i sgn(ξ)

(
− i sgn(y) +−i sgn(ξ − y)

)
= 1− sgn(y)sgn(ξ)− sgn(ξ)sgn(ξ − y).

When |ξ| > |y|, then sgn(ξ − y) = sgn(ξ), so

1− sgn(y)sgn(ξ)− sgn(ξ)sgn(ξ − y) = 1− sgn(y)sgn(ξ − y)− sgn(ξ)sgn(ξ)

= −sgn(y)sgn(ξ − y)

= ĥ(y)ĥ(ξ − y).

On the other hand, if |ξ| < |y|, then sgn(ξ − y) = −sgn(y), so

1− sgn(y)sgn(ξ)− sgn(ξ)sgn(ξ − y) = sgn(y)sgn(y) + sgn(ξ − y)sgn(ξ)

− sgn(ξ)sgn(ξ − y)

= −sgn(y)sgn(ξ − y)

= ĥ(y)ĥ(ξ − y).

Finally, when |ξ| = |y|, we have sgn(ξ − y) = (sgn(ξ)− sgn(y))/2, so

1− sgn(y)sgn(ξ)− sgn(ξ)sgn(ξ − y) = 1− sgn(y)sgn(ξ)− sgn(ξ)
sgn(ξ)− sgn(y)

2

=
1

2
− sgn(y)sgn(ξ)

2

= −sgn(y)
sgn(ξ)− sgn(y)

2
= −sgn(y)sgn(ξ − y)

= ĥ(y)ĥ(ξ − y).

All in all, we conclude that 1+ ĥ(ξ)
(
ĥ(y)+ ĥ(ξ−y)

)
= ĥ(y)ĥ(ξ−y), for all ξ, y ∈ R,

and so

R =

∫
R
f̂(y)f̂(ξ − y)ĥ(y)ĥ(ξ − y) dy =

((
ĥf̂
)
∗
(
ĥf̂
))

(ξ).
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Having (2.5) proved, we can now see that H is strong type (2k, 2k) for k ≥ 1. We
know the result is true for k = 1, so let us assume that it is true up to some k ≥ 1,
and let us prove it for k + 1. If f ∈ S, and c2k = ‖H‖ when H : L2k → L2k , then

‖H(f)‖2k+1 = ‖H(f)2‖1/2
2k
≤
(
‖f 2‖2k + ‖2H(f(H(f))‖2k

)1/2
≤
(
‖f 2‖2k + 2c2k‖f(H(f))‖2k

)1/2
,

and ‖f(H(f))‖2k ≤ ‖f‖2k+1‖H(f)‖2k+1 by Hölder’s inequality, so after some rear-
rangement we get (

‖H(f)‖2k+1

‖f‖2k+1

)2

− 2c2k
‖H(f)‖2k+1

‖f‖2k+1

− 1 ≤ 0. (2.7)

The polynomial p(x) = x2 − 2c2kx − 1 is a convex polynomial of degree two with

roots x = c2k ±
√
c2
2k

+ 1, so (2.7) really tells us that

‖H(f)‖2k+1

‖f‖2k+1

≤ c2k +
√
c2
2k

+ 1,

and so H is strong type (2k+1, 2k+1).

We can now finish to see that H is strong type (p, p), for all 1 < p < ∞. First,
since H is strong type (2k, 2k) for any k ≥ 1, it means that the points (1/2k, 1/2k)
belong to the set LH of Theorem 2.9. All this points lie on the line x = y as shown
in figure 2.1. But because LH is convex, we obtain that any point of the form
(1/p, 1/p) with p ≥ 2 is in LH . That is, H is strong type (p, p) for any 2 ≤ p <∞.
Finally, using Corollary 2.10, H is also strong type (p′, p′) for any 1 < p′ ≤ 2.

Figure 2.1: Points (1/2k, 1/2k) of LH , k ≥ 1.

Example 2.14. In general, computing the norm of a certain operator is really a dif-
ficult task. Nevertheless, if the operator is translation invariant, we have additional
tools that might help us in that computation.
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Assume, for instance, that g ∈ L1 and g ≥ 0. The Fourier transform of g
is a continuous function vanishing at infinity by the Riemann-Lebesgue lemma
(Lemma 1.13). In particular, ‖ĝ‖∞ is finite, and there exists ξ0 ∈ Rn so that
‖ĝ‖∞ = ĝ(ξ0). Moreover, we trivially have

‖ĝ‖∞ = sup
ξ∈Rn

∣∣∣∣∫
Rn
g(x)e−2πiξ·x dx

∣∣∣∣ ≤ ∫
Rn
|g(x)| dx = ‖g‖1,

and because g ≥ 0,

‖g‖1 =

∫
Rn
g(x) dx = ĝ(0) ≤ ‖ĝ‖∞,

so we conclude that ‖ĝ‖∞ = ‖g‖1.

With this, we are now going to compute the norm of the operator Ag given by
Agf = f ∗ g as a bounded operator from Lp to Lp for several values of p. Let us
start with the case p = 2. Notice that for f ∈ S,

‖f ∗ g‖2 = ‖f̂ ∗ g‖2 = ‖f̂ ĝ‖2 ≤ ‖ĝ‖∞‖f̂‖2 = ‖ĝ‖∞‖f‖2,

by Plancherel’s theorem, and thus by density of S in L2, the operator Ag is bounded
from L2 to L2 with ‖Ag‖2 ≤ ‖ĝ‖∞. On the other hand,

‖Ag‖2 = sup
f∈L2

‖f‖2=1

‖Agf‖2 = sup
f∈L2

‖f‖2=1

‖f̂ ĝ‖2 = sup
f∈L2

‖f‖2=1

(∫
Rn
|f̂(x)|2|ĝ(x)|2 dx

)1/2

.

Thus, let (fε)ε>0 ⊂ L2 be a sequence such that

f̂ε =
1

|B(ξ0, ε)|1/2
χB(ξ0,ε).

Notice that such a sequence exists because the Fourier transform is a bijection on
L2 (Section 1.4). This sequence satisfies that

‖fε‖2 = ‖f̂ε‖2 = 1,

and because ĝ is continuous, the mean value theorem leads to∫
Rn
|f̂(x)|2|ĝ(x)|2 dx =

1

|B(ξ0, ε)|

∫
B(ξ0,ε)

|ĝ(x)|2 dx ε→0−−→ |ĝ(ξ0)|2 = ‖ĝ‖2∞,

and so it must be ‖Ag‖2 = ‖ĝ‖∞.

Consider now the case p = 1. First, we simply have

‖Agf‖1 =

∫
Rn

∣∣∣∣∫
Rn
g(y)f(x− y) dy

∣∣∣∣ dx ≤ ∫
Rn
|g(y)|

∫
Rn
|f(x−y)|dx dy = ‖g‖1‖f‖1,
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so Ag is strong type (1, 1) with ‖Ag‖1 ≤ ‖g‖1. Now,

‖Ag‖1 = sup
f∈L1

‖f‖1=1

‖Agf‖1 = sup
f∈L1

‖f‖1=1

∫
Rn

∣∣∣∣∫
Rn
g(y)f(x− y) dy

∣∣∣∣ dx,
but g(y)f(x − y) ≤ g(y)|f(x − y)| for all x, y ∈ Rn because g ≥ 0, and so by
monotonicity of the integral, we can conclude that

‖Ag‖1 = sup
f∈L1

‖f‖1=1
f≥0

∫
Rn

∫
Rn
g(y)f(x− y) dy dx = sup

f∈L1

‖f‖1=1
f≥0

‖g‖1‖f‖1 = ‖g‖1.

So far, thus, we have seen

Ag : L1 −→ L1, ‖Ag‖1 = ‖g‖1,
Ag : L2 −→ L2, ‖Ag‖2 = ‖ĝ‖∞,

and because ‖g‖1 = ‖ĝ‖∞, we have ‖Ag‖1 = ‖Ag‖2. Since Ag is translation invariant,
Theorem 2.9 ensures Ag : Lp → Lp for all 1 ≤ p ≤ 2, and if we write 1/p = 1−θ+θ/2
for some θ ∈ (0, 1), by (2.4) we get

‖Ag‖p ≤ ‖Ag‖1−θ1 ‖Ag‖θ2 = ‖ĝ‖∞.

Finally, Corollary 2.12 states that ‖Ag‖2 ≤ ‖Ag‖p for any p, so we also have directly
‖ĝ‖∞ ≤ ‖Ag‖p. All in all, and using the symmetry of the operator norm given again
by Theorem 2.9, we conclude the following: for g ∈ L1 with g ≥ 0, the operator Ag
is strong type (p, p) for any 1 ≤ p ≤ ∞, and ‖Ag‖p = ‖ĝ‖∞.

In order to further study the spaces Lpp, we shall jump into the spaces Mp
p of

their Fourier transforms. Notice that most of what we have said so far for Lpp is also
valid for Mp

p . If m ∈ S ′ is a non-trivial tempered distribution, then

L̂m =
{

(s, t) ∈ R2 : m ∈M1/t
1/s

}
=
{

(s, t) ∈ R2 : qm ∈ L1/t
1/s

}
= L

qm,

and also, Mp
p (m) = Lpp( qm) by definition. In particular, we have an analogous theo-

rem to Theorem 2.9 for multipliers.

Theorem 2.15. Let m ∈ S ′ be a non-trivial tempered distribution. Then:

i) The set

L̂m =
{

(s, t) ∈ R2 : m ∈M1/t
1/s

}
is a convex subset of the triangle 0 ≤ t ≤ s ≤ 1 which is symmetric with
respect to the line s+ t = 1.

ii) The function M
1/t
1/s(m) is also symmetric in L̂m with respect to s+ t = 1.
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iii) For any (s, t), (r, w) ∈ L̂m, and θ ∈ (0, 1), it holds

M q
p (m) ≤

[
M

1/t
1/s(m)

]1−θ [
M

1/w
1/r (m)

]θ
, (2.8)

where

1

p
= (1− θ)s+ θr,

1

q
= (1− θ)t+ θw.

As stated in Corollary 2.10 and Corollary 2.12, the spaces M q
p also satisfy

M q
p = Mp′

q′ for any 1 ≤ p ≤ q ≤ ∞, and if q ≤ p < 2 or q ≥ p > 2, then

M q
q ⊂Mp

p ⊂M2
2 ,

with
M2

2 (m) ≤Mp
p (m) ≤M q

q (m), ∀m ∈M q
q .

These two last facts follow directly from Theorem 2.15 with identical proofs to the
ones of the referred corollaries.

Our advantage, now, is that M2
2 can actually be characterized.

Theorem 2.16. With equality of norms,

M2
2 = L∞.

Proof. The proof is basically the same as one of the arguments in Example 2.14.
First, let m ∈M2

2 . By definition, qm ∗ f is an L2 function for all f ∈ L2, and so mf̂

is in L2 for all f̂ ∈ L2 as well. In particular, by density of S in L2, we conclude that
m is a locally square integrable function. Now, by Plancherel’s theorem,

‖mf̂‖2 = ‖qm ∗ f‖2 ≤ L2
2( qm)‖f‖2 = M2

2 (m)‖f̂‖2,

and because f̂ is an arbitrary L2 function, we could just take, for each ξ0 ∈ Rn, the
sequence (fε)ε>0 ⊂ L2 of functions of the form

f̂ε =
1

|B(ξ0, ε)|1/2
χB(ξ0,ε),

which satisfy ‖fε‖2 = 1 for all ε > 0, and which give us

‖mfε‖2 =

(
1

|B(ξ0, ε)|

∫
B(ξ0,ε)

|m(x)|2 dx
)1/2

ε→0−−→ |m(ξ0)|

for almost every chosen ξ0, by Lebesgue differentiation theorem. Thus, m ∈ L∞ and
‖m‖∞ ≤M2

2 (m). Conversely, if m ∈ L∞, then

‖qm ∗ f‖2 = ‖mf̂‖2 ≤ ‖m‖∞‖f̂‖2 = ‖m‖∞‖f‖2, ∀f ∈ L2,

som ∈M2
2 andM2

2 (m) = L2
2( qm) ≤ ‖m‖∞. All in all, M2

2 = L∞ andM2
2 (m) = ‖m‖∞

for all m ∈M2
2 .
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This theorem, combined with the fact that Mp
p ⊂M2

2 for all p 6= 2, is a remark-
able result on what translation invariant operators really are. Recall that the Fourier
transform of a distribution, even if it is given by the integral against an Lp function,
needs not be a function anymore. But, in virtue of this result, we are saying that
Fourier transforms of any bounded translation invariant operator are actually given
by bounded functions. This is why it is interesting and more convenient to consider
multipliers instead of the spaces Lpp. With this, we make the following definition.

Definition 2.17. A multiplier operator T is an operator defined as

T̂ f = mf̂, ∀f ∈ S,

where m ∈ L∞.

Because of what we have said, multiplier operators are a particular case of trans-
lation invariant operators, which are automatically bounded from L2 to L2. From
now on, we will focus our attention on this type of operators.

With the notation of multipliers, it is very easy to see a couple of properties
regarding invariance of their norms under certain manipulations such as translations
and dilations.

Proposition 2.18. Let m ∈Mp
p , h ∈ Rn, and λ > 0. Then,

i) Mp
p (τhm) = Mp

p (m).

ii) Mp
p (δλm) = Mp

p (m), where δλ is the dilation operator, δλm(ξ) = m(ξ/λ).2

Proof. We prove both properties using Proposition 1.14. For i), we have that

Mp
p (τhm) = sup

f∈S
‖f‖p=1

∥∥∥(f̂ τhm)∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥(τh(τ−hf̂ m))∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥e−2πih·(ê2πih· f m)∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥(f̂ m)∨∥∥∥
p

= Mp
p (m),

where the second last equality holds because |e2πih· f | = |f |. Similarly, for ii),

Mp
p (δλm) = sup

f∈S
‖f‖p=1

∥∥∥(f̂ δλm)∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥(δλ(δ1/λf̂ m))∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥λnδ1/λ(λ̂−nδλf m)∨∥∥∥
p

= sup
f∈S
‖f‖p=1

∥∥∥(f̂ m)∨∥∥∥
p

= Mp
p (m),

and now, the second last equality is given by the fact that ‖λnδ1/λϕ‖p = ‖ϕ‖p for
any λ > 0 and any ϕ ∈ Lp.

2Notice that it makes sense to consider both τhm and δλm, because m is a function thanks to
the previous theorem.
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We now want to see another property of multipliers; namely, that they are closed
under multiplication. This is very convenient, because it tells us that concatenat-
ing two multiplier operators T1 and T2 is the same considering the operator whose
multiplier is the product of the multipliers of T1 and T2.

Proposition 2.19. Let m1,m2 ∈Mp
p , for 1 < p <∞. Then, m1m2 ∈Mp

p and

Mp
p (m1m2) ≤Mp

p (m1)M
p
p (m2).

Proof. The case p = 2 is trivial. On the other hand, by Theorem 2.15, it suffices to
do the proof for 1 < p < 2. Let T1 be the multiplier operator associated to m1, and
T2 the multiplier operator associated to m2. By definition, we know that

T̂if = f̂mi, ∀f ∈ S.

We are going to prove now that

T̂if = f̂mi, ∀f ∈ Lp. (2.9)

Let us do the proof for m1, since the same argument works as well for m2. Consider
the operator

Af = T̂1f.

Since m1 ∈Mp
p , we have that T1f ∈ Lp for any f ∈ Lp. Thus, by Hausdorff-Young’s

inequality (Theorem 1.17), we have that T̂1f ∈ Lp
′

and that

‖T̂1f‖p′ ≤ ‖T1f‖p.

In particular,
‖T̂1f‖p′ ≤Mp

p (m1)‖f‖p,
so A is strong type (p, p′). On the other hand, since m1 ∈ L∞, we have again, by
Hausdorff-Young’s inequality, that the operator

Bf = f̂m1,

is strong type (p, p′) with

‖f̂m1‖p′ ≤ ‖m1‖‖f‖p.
Therefore, we conclude that the operator A−B is bounded from Lp to Lp

′
, but we

have that (A − B)f = 0 for any f ∈ S. Since S is dense in Lp, we conclude that
(A−B)f = 0 for f ∈ Lp, and (2.9) follows.

With this equality, we can now prove what we are looking for. Take f ∈ Lp.
Since m2 ∈Mp

p , we have that T2f ∈ Lp. Thus, we have that

T̂1T2f = T̂2fm1 = f̂m1m2.

Of course, this equality is then also true for functions on S, where we can write

T1T2f =
(
f̂m1m2

)∨
,

and because T1 and T2 are strong type (p, p), so is T1T2. Hence, in the end, m1m2

is an Mp
p multiplier, which is the multiplier of the operator T1T2, and we have that

Mp
p (m1m2) ≤Mp

p (m1)M
p
p (m2) directly.
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Example 2.20 (Ball multipliers in R). Let T be the operator given by

T̂ f = f̂χ(a,b).

In view of Theorem 2.16, χ(a,b) is indeed a multiplier, for it is a function in L∞, so T
is a translation invariant operator, bounded from L2 to L2. We want to prove that
T is actually bounded from Lp to Lp for any 1 < p <∞, and to do so, we are going
to use the boundedness of the Hilbert transform.

We had seen in Example 2.13 that if

H(f)(x) = (h ∗ f)(x) = p.v.
1

π

∫
R

f(y)

x− y
dy

is the Hilbert transform, where

h(f) = p.v.
1

π

∫
R

f(y)

y
dy,

then H is strong type (p, p) for any 1 < p <∞, and

Ĥ(f)(ξ) = ĥ(ξ)f̂(ξ) = −i sgn(ξ)f̂(ξ),

where sgn(ξ) is the sign function. That is, the multiplier associated to H is ĥ(ξ) =

−i sgn(ξ). Let us construct now the function χ(a,b) in terms of ĥ. Notice first that,
simply,

χ(0,+∞)(ξ) =
1

2
(sgn(ξ) + 1),

and with this, we have that

χ(a,b)(ξ) = χ(a,+∞)(ξ)− χ(b,+∞)(ξ) = χ(0,+∞)(ξ − a)− χ(0,+∞)(ξ − b)

=
1

2
(sgn(ξ − a)− sgn(ξ − b)) =

i

2

(
ĥ(ξ − a)− ĥ(ξ − b)

)
.

Then, for any function f ,

T̂ f(ξ) =
i

2

(
ĥ(ξ − a)f̂(ξ)− ĥ(ξ − b)f̂(ξ)

)
,

but the term ρa(ξ) = ĥ(ξ − a)f̂(ξ) (and similarly, ρb(ξ) = ĥ(ξ − b)f̂(ξ)) can be
written as

ρa(ξ) = ĥ(ξ − a)f̂(ξ)

ρa(ξ + a) = ĥ(ξ)f̂(ξ + a)

τ−aρa(ξ) = ĥ(ξ)τ−af̂(ξ)

ρa(ξ) = τaĥ(ξ)τ−af̂(ξ),
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so we conclude

T̂ f(ξ) =
i

2

(
τaĥ(ξ)τ−af̂(ξ)− τbĥ(ξ)τ−bf̂(ξ)

)
=
i

2

(
τaĥ(ξ)êaf(ξ)− τbĥ(ξ)êbf(ξ)

)
=
i

2

(
τaĤ(eaf)(ξ)− τbĤ(ebf)(ξ)

)
=
i

2

(
τaĤeaf(ξ)− τbĤebf(ξ)

)
=
i

2

(
[e−aHeaf ]̂ (ξ)− [e−bHebf ]̂ (ξ)

)
=
i

2
[e−aHeaf − e−bHebf ]̂ (ξ),

and thus T is given by

T =
i

2
[e−aHea − e−bHeb] ,

where es is the operator defined as (esf)(x) = e2πisxf(x). Notice that ‖es‖p = 1
for all 1 < p < ∞, so we conclude that T is also bounded from Lp to Lp for any
1 < p < ∞, with norm Mp

p (χ(a,b) ≤ ‖H‖p. Actually, Mp
p (χ(a,b) is the same for

any interval (a, b), thanks to Proposition 2.18. Of course, the same argument, under
little modifications, allow us to draw the same conclusion for characteristic functions
of intervals of the form [a, b), (a, b] or [a, b].

One could think that a similar result for ball multipliers should hold in Rn for
n ≥ 2. It turns out that we do have boundedness for multipliers of the form χQ,
where Q is a cube:

Q = {x ∈ Rn : ai < xi < bi ∀i = 1, .., n},

with −∞ ≤ ai < bi ≤ ∞. This is so because

Q = (a1, b1)× · · · × (an, bn),

which means that

χQ(ξ) =
n∏
i=1

χ(ai,bi)(ξi).

But we have just seen that every element of the former product is an Mp
p multiplier

for any 1 < p <∞ and so Proposition 2.19 gives us that χQ is also an Mp
p multiplier

for 1 < p <∞. On the other hand, the result is completely false for multipliers χB,
where B is an euclidean ball in Rn, n ≥ 2. This is a non-trivial fact that will be
discussed in Chapter 5.

From this last example, we can intuitively think that boundedness of certain
multipliers in one dimension can extend to boundedness of multipliers in higher
dimensions. We know face the reverse situation in a very specific way: is the re-
striction of a multiplier still a multiplier? The answer turns out to be yes, and the
result is known as de Leeuw’s theorem.

Theorem 2.21. Let m(ξ) = m(ξ1, ξ2) be an Mp
p (Rn+m) multiplier, for some

1 ≤ p ≤ ∞. Then, for almost any ξ1 ∈ Rn, the function mξ1 given by
mξ1(ξ1) = m(ξ1, ξ2) is an Mp

p (Rm) multiplier.
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Proof. If m ∈Mp
p (Rn+m), it means that for any φ ∈ S(Rn+m), we have∥∥(mφ̂ )∨∥∥

p
≤Mp

p (m)‖φ‖p.

Notice that∥∥(mφ̂ )∨∥∥
p

= sup
ψ∈S(Rn+m)
‖ψ‖p′=1

∣∣∣∣ ∫
Rn+m

(
mφ̂

)∨
(x)ψ(x) dx

∣∣∣∣
= sup

ψ∈S(Rn+m)
‖ψ‖p′=1

∣∣∣∣ ∫
Rn+m

∫
Rn+m

m(ξ)φ̂(ξ)e2πiξ·xdξ ψ(x) dx

∣∣∣∣
= sup

ψ∈S(Rn+m)
‖ψ‖p′=1

∣∣∣∣ ∫
Rn+m

m(ξ)φ̂(ξ)

∫
Rn+m

ψ(x)e2πiξ·xdx dξ

∣∣∣∣
= sup

ψ∈S(Rn+m)
‖ψ‖p′=1

∣∣∣∣ ∫
Rn+m

m(ξ)φ̂(ξ)ψ̂(−ξ) dξ
∣∣∣∣,

so we have that m ∈Mp
p (Rn+m) if and only if∣∣∣∣ ∫

Rn+m
m(ξ)φ̂(ξ)ψ̂(ξ) dξ

∣∣∣∣ ≤Mp
p (m)‖φ‖p‖ψ‖p′ ,

for any φ, ψ ∈ S(Rn+m). With this, let f, g ∈ S(Rm), and a, b ∈ S(Rn), and define

φ(x) = a(x1)f(x2) and ψ(x) = b(x1)g(x2). It is clear that φ̂(ξ) = â(ξ1)f̂(ξ2) and

ψ̂(ξ) = b̂(ξ1)ĝ(ξ2), as well as ‖φ‖p = ‖a‖p‖f‖p and ‖ψ‖p′ = ‖b‖p′‖g‖p′ , so we can
write∣∣∣∣ ∫

Rn

(∫
Rm

m(ξ)f̂(ξ2)ĝ(ξ2) dξ2

)
â(ξ1)̂b(ξ1)dξ1

∣∣∣∣ ≤Mp
p (m)‖f‖p‖g‖p′ ‖a‖p‖b‖p′ ,

which is saying, according to the previous characterization, that the multiplier

m′(ξ1) =

∫
Rm

m(ξ)f̂(ξ2)ĝ(ξ2) dξ2 =

∫
Rm

mξ1(ξ2)f̂(ξ2)ĝ(ξ2) dξ2

is bounded from Lp(Rn) to itself with norm at most

Mp
p (m′) ≤Mp

p (m)‖f‖p‖g‖p′ .

But because M2
2 (m′) ≤ Mp

p (m′) and M2
2 (m′) = ‖m′‖∞ in virtue of Theorem 2.16,

we have that ∣∣∣∣ ∫
Rm

mξ1(ξ2)f̂(ξ2)ĝ(ξ2) dξ2

∣∣∣∣ ≤Mp
p (m)‖f‖p‖g‖p′ ,

which means that mξ1 ∈Mp
p (Rm), as we wanted.
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Littlewood-Paley theory

We now know that every multiplier must be a bounded function. But of course,
we still do not know, for m ∈ L∞, for which 1 ≤ p ≤ ∞ we have that m ∈ Mp

p .
This question, though, is still widely open, but there are a couple of results, namely,
Mihlin-Hörmander’s theorem and Marcinkiewicz’s theorem, which are sufficient con-
ditions on bounded functions in order to ensure that their associated translation
invariant operators are bounded for a large range of values of p. We will focus on
these results in the following chapter, for in order to prove them, we need first to
introduce a set of results known as Littlewood-Paley theory, which is a way of ex-
tending results in L2 to functions in Lp regarding the decomposition of a function
into a sum of functions of localized frequencies.

3.1 Introduction

Let us start with some heuristic arguments that will justify the spirit of Littlewood-
Paley theory. Let f and g be functions in L2. Recall that two such functions are
called orthogonal if

〈f, g〉 :=

∫
Rn
f(x)g(x) dx = 0.

Another way to look at orthogonality is the following: f and g are orthogonal
functions if and only if they satisfy the Pythagorean theorem:

‖f + g‖22 = ‖f‖22 + ‖g‖22.

This definition of orthogonality has a nice advantage with respect to the first one,
namely, that it can be extended to an arbitrary family of functions: if (fk)k∈K is a
collection of L2 functions indexed by some set K, then we can say that the family
is orthogonal if ∥∥∥∥∑

k∈K

fk

∥∥∥∥2
2

=
∑
k∈K

∥∥fk∥∥22, (3.1)

whenever this former expression makes sense. Notice that this is the case, for in-
stance, if the family (fk)k∈K consists on functions such that their Fourier transforms

33
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(f̂k)k∈K have pairwise disjoint supports, and
∑

k∈K

∥∥f̂k∥∥22 < +∞. Indeed, in this
setting, the expression ∑

k∈K

f̂k

is trivially a well defined function, which is in L2 because∥∥∥∥∑
k∈K

f̂k

∥∥∥∥2
2

=
∑
k∈K

∥∥f̂k∥∥22 < +∞,

and so by Plancherel’s theorem,∑
k∈K

∥∥fk∥∥22 =
∑
k∈K

∥∥f̂k∥∥22 =

∥∥∥∥∑
k∈K

f̂k

∥∥∥∥2
2

=

∥∥∥∥∑̂
k∈K

fk

∥∥∥∥2
2

=

∥∥∥∥∑
k∈K

fk

∥∥∥∥2
2

.

This inspires us to consider a similar definition for a general Lp space with p 6= 2.
That is, we could say that a family (fk)k∈K of functions in Lp is orthogonal if
their Fourier transforms have disjoint supports. In this sense, we can think about
an orthogonal decomposition of an Lp function. Indeed, take for each k ∈ Z the
functions

ψ2−k(x) = 2nkψ(2kx), ∀x ∈ Rn,

where ψ̂ is the characteristic function of the annulus {x ∈ Rn : 1 < |x| ≤ 2}. Notice,
then, that

ψ̂2−k(ξ) = ψ̂(2−kξ),

so ψ̂2−k is the characteristic function of the annulus
{
x ∈ Rn : 2k < |x| ≤ 2k+1

}
. The

functions ψ̂2−k have disjoint supports, so if f ∈ Lp, and f has a Fourier transform
f̂ , we can trivially write

f̂(ξ) =
∑
k∈Z

ψ̂2−k(ξ)f̂(ξ),

for almost every ξ ∈ Rn, and so, at least formally, we have that

f =
∑
k∈Z

ψ2−k ∗ f. (3.2)

The idea of this decomposition is to express the function f as a sum of functions
ψ2−k ∗ f such that they only contain the frequencies of f which are between 2k and
2k+1; that is, as a sum of orthogonal components of f . This is an interesting way of
decomposing f , and if p = 2, we would have by (3.1) that

‖f‖22 =

∥∥∥∥∑
k∈Z

ψ2−k ∗ f
∥∥∥∥2
2

=
∑
k∈Z

‖ψ2−k ∗ f‖22,

which is a direct relation between the size of the function and the size of each of its
orthogonal components. For p 6= 2, though, we have to be careful with this definition
of orthogonality, because we might as well expect the analogous expression

‖f‖pp ≈
∑
k∈Z

‖ψ2−k ∗ f‖pp,

to hold in this situation, and it turns out that this might not be really the case.
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Example 3.1. If p > 2, we shall see that∥∥∥∥∑
k∈K

fk

∥∥∥∥p
p

≤ Cp
∑
k∈K

∥∥fk∥∥pp
cannot be true in general, for any constant Cp > 0. Let φ ∈ S be such that φ̂ is
positive and with support in the set {ξ ∈ R : |ξ| < 1/4}. Without loss of generality,

φ does not vanish in a neighbourhood of 0, because τ̂xφ(ξ) = e−2πiξxφ̂(ξ) for any
x ∈ R, so we can translate the function φ, if necessary, without altering the support
of its Fourier transform. Now, for k ∈ N, set

fk(x) = e2πikxφ(x).

By the properties of the Fourier transform, we trivially have f̂k(ξ) = φ̂(ξ − k), and

so the family (f̂k)k∈N have pairwise disjoint supports. Now, it is immediate that, for
N ∈ N,

N∑
k=0

‖fk‖pp =
N∑
k=0

∫
R
|e2πikxφ(x)|p dx = (N + 1)‖φ‖pp.

On the other hand,∥∥∥∥ N∑
k=0

fk

∥∥∥∥p
p

=

∫
R

∣∣∣∣ N∑
k=0

e2πikx
∣∣∣∣p|φ(x)|p dx =

∫
R

∣∣∣∣e2πi(N+1)x − 1

e2πix − 1

∣∣∣∣p|φ(x)|p dx,

and ∣∣∣∣e2πi(N+1)x − 1

e2πix − 1

∣∣∣∣2 =
1− cos(2π(N + 1)x)

1− cos(2πx)
≥ 1− cos(2π(N + 1)x)

4π2x2

=
4π2(N + 1)2x2ϕ(2π(N + 1)x)

4π2x2

= (N + 1)2ϕ(2π(N + 1)x)

where

ϕ(x) =
∞∑
k=1

(−1)k+1x2k−2

(2k)!
=

1− cos(x)

x2
, ∀x ∈ R.

Now, notice that the function ϕ is continuous, non-negative, has a local maximum
at x = 0 with ϕ(0) = 1/2, and has the same set of zeros as 1− cos(x) except from
this maximum; that is,

Z(ϕ) = {x = 2kπ : k ∈ Z \ {0}}.

Thus, if we take, for instance, ε = 1/(2(N + 1)), we get

C2/p := inf
x∈B(0,ε)

ϕ(2π(N + 1)x) = ϕ(π) > 0,
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and so ∫
R

∣∣∣∣e2πi(N+1)x − 1

e2πix − 1

∣∣∣∣p|φ(x)|p dx ≥ C(N + 1)p
∫
B(0,ε)

|φ(x)|p dx

= C(N + 1)p|B(0, ε)||φ(x0)|p

= C(N + 1)p−1|φ(x0)|p,

where the second last equality is given by the mean value theorem, and x0 ∈ B(0, ε).
Hence, let N0 be large enough so that

inf
|x|<1/(2(N+1))

|φ(x)|p ≥ Cφ > 0,

for any N ≥ N0, which is possible because φ does not vanish in a neighbourhood of
the origin. For such N , we conclude that∣∣∣∣e2πi(N+1)x − 1

e2πix − 1

∣∣∣∣2 ≥ CCφ(N + 1)p−1,

and this finally means that we cannot have an inequality of the form∥∥∥∥∑
k∈K

fk

∥∥∥∥p
p

≤ Cp
∑
k∈K

∥∥fk∥∥pp,
because it would mean that

CCφ(N + 1)p−2 ≤ Cp‖φ‖pp,

for every N ≥ N0, and this is not possible since p > 2.

For p < 2, the reverse inequality∥∥∥∥∑
k∈K

fk

∥∥∥∥p
p

≥ Cp
∑
k∈K

∥∥fk∥∥pp
is the one that is not fulfilled in general for any constant Cp > 0 (see
[5, Example 6.1.9] for a construction in this case). With this, we want to illustrate
that we have to look for different estimates when considering orthogonal decompo-
sitions of functions in Lp similar to (3.2). For instance, notice that, at least in L2,
one has for our choice of ψ that

‖f‖2 =

(∑
k∈Z

‖ψ2−k ∗ f‖22

)1/2

=

∥∥∥∥(∑
k∈Z

|ψ2−k ∗ f |2
)1/2∥∥∥∥

2

,

by the monotone convergence theorem. But now, the object
(∑

k∈Z |ψ2−k ∗ f |2
)1/2

still contains the information about the size of each orthogonal component of the
decomposition of f without depending on the particular choice of the Lp space, and
so we might want to look for Lp estimates of this object itself. This is going to be
the key ingredient of Littlewood-Paley theory.
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3.2 Littlewood-Paley operators and orthogonal de-

composition

Let us begin giving the definition of the so called Littlewood-Paley operators, which
generalize the kind of decompositions that we have just examined.

Definition 3.2. Let ψ ∈ L1, and k ∈ Z. The Littlewood-Paley operator ∆k associ-
ated with ψ is the operator given by

∆k(f) = f ∗ ψ2−k ,

where ψ2−k(x) = 2nkψ(2kx) for all x ∈ Rn.

As said, because of the properties of the Fourier transform, it holds that

ψ̂2−k(ξ) = ψ̂(2−kξ), ∀ξ ∈ Rn.

Definition 3.3. The square function associated with the Littlewood-Paley opera-
tors ∆k, k ∈ Z, is the map sψ defined as

sψ(f) =

(∑
k∈Z

|∆k(f)|2
)1/2

.

We now give a weak version of the main result of this theory, called Littlewood-
Paley theorem, which will be enough for our purposes. The theorem essentially gives
us some insight on the estimates that we were looking for in our initial discussion.
For a stronger version of the theorem, see [5, Theorem 6.1.2].

Theorem 3.4 (Littlewood-Paley theorem). Let ψ be a function in S, such that∫
Rn
ψ(x) dx = 0.

Then:

i) The square function sψ is strong type (p, p) for 1 < p < ∞, and weak type
(1, 1).

ii) Conversely, if ψ also satisfies that∑
k∈Z

|ψ̂2−k(ξ)|2 = 1, ∀ξ ∈ Rn \ {0},

then

‖f‖p .
∥∥∥∥(∑

k∈Z

|∆k(f)|2
)1/2∥∥∥∥

p

,

for all f ∈ Lp, with 1 < p <∞. In particular, in this situation,

‖f‖p ≈
∥∥∥∥(∑

k∈Z

|∆k(f)|2
)1/2∥∥∥∥

p

, ∀f ∈ Lp.
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Proof. Let us begin proving the first part of the theorem. Notice that saying that
sψ is strong type (p, p) for 1 < p < ∞ and weak type (1, 1) is equivalent to saying
that the map

~T (f) = {∆k(f)}k∈Z (3.3)

is bounded from Lp to Lp(Rn, `2) and also from L1 to L1,∞(Rn, `2). Thus, we want
to apply Theorem 1.10 to prove such boundedness estimates, taking X = R and
Y = `2 in the statement.

We are going to start, then, by proving that ~T is bounded from L2 to L2(Rn, `2);
that is, that sψ is strong type (2, 2). First, notice that∥∥∥∥(∑

k∈Z

|∆̂k(f)|2
)1/2∥∥∥∥

2

=

(∫
Rn

∑
k∈Z

|∆̂k(f)(ξ)|2 dξ

)1/2

=

(∑
k∈Z

∫
Rn
|∆̂k(f)(ξ)|2 dξ

)1/2

,

where the last equality is given by the monotone convergence theorem, and so using
Plancherel’s theorem,(∑
k∈Z

∫
Rn
|∆̂k(f)(ξ)|2 dξ

)1/2

=

(∑
k∈Z

∥∥∆̂k(f)
∥∥2
2

)1/2

=

(∑
k∈Z

∥∥∆k(f)
∥∥2
2

)1/2

=

(∑
k∈Z

∫
Rn
|∆k(f)|2 dx

)1/2

=

(∫
Rn

∑
k∈Z

|∆k(f)|2 dx

)1/2

=

∥∥∥∥(∑
k∈Z

|∆k(f)|2
)1/2∥∥∥∥

2

,

using again the monotone convergence theorem. Thus, let us find estimates for the
Fourier transform of ψ. Since ψ ∈ S, and ∂xiψ = ∂ψ/∂xi for each i = 1, ..., n, then

|ψ(x)|+ |∇ψ(x)| = |ψ(x)|+
(
(∂x1ψ(x))2 + · · ·+ (∂xnψ(x))2

)1/2
≤ |ψ(x)|+ |∂x1ψ(x)|+ · · ·+ |∂xnψ(x)|

≤ 1

(1 + |x|2)n+1
npn+1(ψ)

≤ npn+1(ψ)

2n+1(
√

2− 1)n+1

1

(1 + |x|)n+1
:= Bψ,n

1

(1 + |x|)n+1
,

for (1 + |x|2) ≥ 2(
√

2 − 1)(1 + |x|) because the function g(t) = (1 + t2)/(1 + t) is
differentiable in (0,+∞), and it attains a minimum value 2(

√
2− 1) at t =

√
2− 1.

Now, using that ψ has mean value zero, we have that

ψ̂(ξ) =

∫
Rn
e−2πiξ·xψ(x) dx =

∫
Rn

(e−2πiξ·x − 1)ψ(x) dx,
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and so

|ψ̂(ξ)| ≤
∫
Rn
|e−2πξ·x − 1||ψ(x)| dx =

∫
Rn

√
2 (1− cos(2πξ·x))1/2 |ψ(x)| dx,

but notice that we can write

1− cos(2πξ·x) ≤ 2π|ξ·x| ≤ 2π|ξ||x|,

because the functions h1(t) = 1−cos(2πt) and h2(t) = 2π|t| are even functions, which
are continuous functions in R and differentiable in R\{0}, and satisfy h1(0) = h2(0)
and h′1(t) = 2π sin(2πt) ≤ 2π = h′2(t) for t > 0, and with all this, we get the estimate

|ψ̂(ξ)| ≤
√

4π|ξ|1/2Bψ,n

∫
Rn

|x|1/2

(1 + |x|)n+1
dx :=

√
4πBψ,nC1,n|ξ|1/2. (3.4)

On the other hand, given ξ ∈ Rn, let ξk be such that |ξk| = ‖ξ‖∞, and integrate by

parts in the definition of ψ̂ with respect to this component, so that we get

ψ̂(ξ) =

∫
Rn
e−2πiξ·xψ(x) dx = −

∫
Rn

1

−2πiξk
e−2πiξ·x∂xkψ(x) dx,

and so using that |ξk| =
√
n|ξk|2/

√
n ≥ |ξ|/

√
n, we obtain another estimate

|ψ̂(ξ)| ≤
√
n

2π|ξ|

∫
Rn
|∂xkψ(x)| dx ≤

√
n

2π|ξ|

∫
Rn

Bψ,n

(1 + |x|)n+1
dx :=

Bψ,nC2,n

2π

1

|ξ|
. (3.5)

Now, for ξ ∈ Rn, we split the sum∑
k∈Z

|ψ̂2−k(ξ)|2 =
∑
k∈Z

|ψ̂(2−kξ)|2 =
∑
k≤k0

|ψ̂(2−kξ)|2 +
∑

k≥k0+1

|ψ̂(2−kξ)|2,

where k0 is such that 2−k|ξ| ≥ 1 if k ≤ k0 and 2−k|ξ| ≤ 1 if k ≥ k0 + 1. Using (3.5)
in the first part and (3.4) in the second one yields to∑

k∈Z

|ψ̂2−k(ξ)|2 ≤
∑
k≤k0

B2
ψ,nC

2
2,n

4π2

1

|2−kξ|2
+
∑

k≥k0+1

4πB2
ψ,nC

2
1,n|2−kξ|

≤
B2
ψ,nC

2
2,n

4π2

∑
k≤0

1

4k
+ 4πB2

ψ,nC
2
1,n

∑
k≥0

1

2k

= B2
ψ,n

(
C2

2,n

3π2
+ 8πC2

1,n

)
:= B2

ψ,nC
2
n.

All in all, we conclude that∥∥∥∥(∑
k∈Z

|∆k(f)|2
)1/2∥∥∥∥

2

=

∥∥∥∥(∑
k∈Z

|∆̂k(f)|2
)1/2∥∥∥∥

2

=

∥∥∥∥(|f̂ |2∑
k∈Z

|ψ̂2−k |2
)1/2∥∥∥∥

2

≤ Bψ,nCn‖f̂‖2 = Bψ,nCn‖f‖2,

and so sψ is strong type (2, 2).
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Now, let us see the result for the rest of values of p, using Theorem 1.10 as we
have said at the beginning. With what we have just seen, we already have one of
the hypothesis of the theorem, namely, that ~T is bounded from L2 to L2(Rn, `2).

Also, notice that the operator ~T defined in (3.3) is given by

~T (f)(x) = {∆k(f)(x)}k∈Z = {(ψ2−k ∗ f)(x)}k∈Z

=

{∫
Rn
ψ2−k(y)f(x− y) dy

}
k∈Z

=

∫
Rn

~K(y)(f(x− y)) dy,

where ~K : Rn → L(R, `2) is the map defined as

~K(y)(a) = {ψ2−k(y) a}k∈Z.

Thus, it remains to see that for some A > 0 and ~K0 ∈ L(R, `2) we have:

i) ‖ ~K(x)‖R→`2 ≤ A|x|−n, where ‖· ‖R→`2 denotes the operator norm in L(R, `2).

ii) supy∈Rn\{0}
∫
|x|≥2|y| ‖ ~K(x− y)− ~K(x)‖R→`2 dx ≤ A.

iii) limε→0

∥∥∥∫ε≤|y|≤1 ~K(y)dy − ~K0

∥∥∥
R→`2

= 0.

Condition i) is clear because if k0(x) is the integer such that 2k0(x) < 1/|x| and
2k0(x)+1 ≥ 1/|x|, and we use again that |ψ(x)| ≤ Bψ,n/(1 + |x|)n+1 ≤ Bψ,n/|x|n+1,
then

‖ ~K(x)‖R→`2 = sup
|a|=1

(∑
k∈Z

(ψ2−k(x) a)2
)1/2

=

(∑
k∈Z

(
2nkψ(2kx)

)2)1/2

≤

 ∑
k≤k0(x)

(
2nkψ(2kx)

)2
+
∑

k>k0(x)

(
2nkψ(2kx)

)21/2

≤

Sψ ∑
k≤k0(x)

22nk +Bψ,n

∑
k>k0(x)

(
2nk

1

2(n+1)k|x|n+1

)2
1/2

=

Sψ 22nk0(x)

1− 1
2n

+Bψ,n
1

|x|2(n+1)

∑
k>k0(x)

1

22k

1/2

≤
(

2nSψ
2n − 1

1

|x|2n
+

4Bψ,n

3

1

|x|2(n+1)

1

22(k0+1)

)1/2

≤
(

2nSψ
2n − 1

1

|x|2n
+

4Bψ,n

3

1

|x|2n

)1/2

≤ S̃ψ
1

|x|n
,

where

Sψ = sup
|y|<1

(ψ(y))2, S̃2
ψ,n = max

{
2nSψ

2n − 1
,
4Bψ,n

3

}
.



41 Chapter 3. Littlewood-Paley theory

Condition iii) is also clear taking ~K0 =
∫
0≤|y|≤1

~K(y) dy. Thus, let us focus on the

second condition. We have that, given |x| ≥ 2|y|, if

g(t) = ψ(2k(t(x− y) + (1− t)x)) = ψ(2k(x− ty)),

with t ∈ [0, 1], then

|ψ2−k(x− y)− ψ2−k(x)| = 2nk|g(1)− ψ(0)| = 2nk |g′(t0)| ,

for some t0 ∈ [0, 1], and so using the chain rule, Cauchy-Schwarz inequality, and
|∇ψ(x)| ≤ Bψ,n/(1 + |x|)n+1, we get

|ψ2−k(x− y)− ψ2−k(x)| = 2nk
∣∣〈∇ψ(2k(x− t0y)), 2ky

〉∣∣
= 2(n+1)k

∣∣〈∇ψ(2k(x− t0y)), y
〉∣∣

≤ 2(n+1)k
∣∣∇ψ(2k(x− t0y))

∣∣ |y|
≤ 2(n+1)kBψ,n

1

(1 + 2k|x− t0y|)n+1
|y|

≤ 2(n+1)kBψ,n
1

(1 + 2k−1|x|)n+1
|y|,

where the last inequality holds because |x − t0y| ≥ |x| − |y| ≥ |x| − |x|/2 = |x|/2.
On the other hand, using again that |x− y| ≥ |x|/2, we also have

|ψ2−k(x− y)− ψ2−k(x)| ≤ 2nk|ψ(2k(x− y))|+ 2nk|ψ(2kx)|

≤ 2nkBψ,n
1

(1 + 2k|x− y|)n+1
+ 2nkBψ,n

1

(1 + 2k|x|)n+1

≤ 2nkBψ,n
1

(1 + 2k−1|x|)n+1
+ 2nkBψ,n

1

(1 + 2k|x|)n+1

≤ 2Bψ,n2nk
1

(1 + 2k−1|x|)n+1
.

Therefore, for any γ ∈ [0, 1],

|ψ2−k(x− y)− ψ2−k(x)| = |ψ2−k(x− y)− ψ2−k(x)|γ|ψ2−k(x− y)− ψ2−k(x)|1−γ

≤
(

2(n+1)kBψ,n

(1 + 2k−1|x|)n+1
|y|
)γ (

2Bψ,n2nk

(1 + 2k−1|x|)n+1

)1−γ

≤ 2nkBψ,n
1

(1 + 2k−1|x|)n+1
2kγ|y|γ21−γ,

and so, if k0(x) is the integer such that 2k0(x) < 2/|x| and 2k0(x)+1 ≥ 2/|x|, we can
write



3.2. Littlewood-Paley operators and orthogonal decomposition 42

‖ ~K(x− y)− ~K(x)‖R→`2 =

(∑
k∈Z

∣∣ψ2−k(x− y)− ψ2−k(x)
∣∣2)1/2

≤
∑
k∈Z

∣∣ψ2−k(x− y)− ψ2−k(x)
∣∣

≤
∑

k≤k0(x)

∣∣ψ2−k(x− y)− ψ2−k(x)
∣∣

+
∑

k>k0(x)

∣∣ψ2−k(x− y)− ψ2−k(x)
∣∣

≤ |y|Bψ,n

∑
k≤k0(x)

2(n+1)k

(1 + 2k−1|x|)n+1

+ |y|1/221/2Bψ,n

∑
k>k0(x)

2(n+1/2)k

(1 + 2k−1|x|)n+1
,

where we are using the last estimate with γ = 1 in the first sum, and with γ = 1/2
in the second one. From here, get in the end

‖ ~K(x− y)− ~K(x)‖R→`2 ≤ |y|Bψ,n

∑
k≤k0(x)

2(n+1)k + |y|1/221/2Bψ,n

∑
k>k0(x)

2(n+1/2)k

(2k−1|x|)n+1

≤ |y|Bψ,n
2(n+1)k0(x)

1− 1
2n+1

+
|y|1/22n+3/2Bψ,n

|x|n+1

∑
k>k0(x)

1

2k/2

≤ |y|Bψ,n
2n+1

|x|n+1
(
1− 1

2n+1

) +
|y|1/22n+3/2Bψ,n

|x|n+1

2−(k0+1)/2

1− 1
21/2

≤ |y|Bψ,n
2n+1

|x|n+1
(
1− 1

2n+1

) +
|y|1/22n+3/2Bψ,n

|x|n+1

|x|1/2√
2− 1

≤ CnBψ,n

(
|y|
|x|n+1

+
|y|1/2

|x|n+1/2

)
,

taking

Cn = max

{
22(n+1)

2n+1 − 1
,

2n+3/2

√
2− 1

}
,

and thus finally, with this estimate, we get that∫
|x|≥2|y|

‖ ~K(x− y)− ~K(x)‖R→`2 dx ≤ CnBψ,n

∫
|x|≥2|y|

(
|y|
|x|n+1

+
|y|1/2

|x|n+1/2

)
dx

= ωnCnBψ,n

∫
r≥2|y|

(
|y|
r2

+
|y|1/2

r3/2

)
dr

= ωnCnBψ,n
1 + 2

√
2

2
,
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so condition 2 of Theorem 1.10 follows. All in all, we can apply this theorem, and
conclude that ~T is bounded from Lp to Lp(Rn, `2), for 1 < p <∞, and bounded from
L1 to L1,∞(Rn, `2), which means that sψ is strong type (p, p), for any 1 < p < ∞
and weak type (1, 1).

We focus now on the second part of the theorem. First, let ∆∗k be the adjoint
operator of ∆k; that is, ∆∗k is such that

〈∆kf, g〉 = 〈f,∆∗kg〉,

for any pair of functions f, g. Notice that, because f, g are real valued functions, we
have that

〈∆kf, g〉 =

∫
Rn

(∆kf)(x)g(x) dx =

∫
Rn
g(x)

∫
Rn
f(y)ψ2−k(x− y) dy dx

=

∫
Rn
f(y)

∫
Rn
g(x)ψ2−k(x− y) dx dy,

so we conclude that ∆∗kg = g ∗ ψ̃2−k
1. Now, let f ∈ Lp, with 1 < p < ∞, and

consider the series

Λ =
∑
k∈Z

∆∗k∆kf.

We claim that Λ converges in S ′ to f . We might prove instead that Λ̂ converges in
S ′ to f̂ , for the Fourier transform is a bijective continuous map in S ′ whose inverse
is also continuous (see section 1.4). We have that for any g ∈ S,( ∑̂

|k|≤N

∆∗k∆kf

)
(g) =

( ∑
|k|≤N

∆̂∗k∆kf

)
(g) =

( ∑
|k|≤N

f̂
∣∣ψ̂2−k

∣∣)(g)

=

∫
Rn
f̂(x)g(x)

∑
|k|≤N

∣∣ψ̂2−k(x)
∣∣ dx,

but, by hypothesis,∫
Rn
f̂(x)g(x)

∑
|k|≤N

∣∣ψ̂2−k(x)
∣∣ dx N→∞−−−→

∫
Rn
f̂(x)g(x) dx = f̂(g),

in virtue of the dominated convergence theorem. Thus, we have seen that Λ̂ con-
verges to f̂ pointwise, and so by Banach-Steinhaus theorem [1, Theorem 3.15] we

have that Λ̂ converges to f̂ in S ′. With this, we finally have that

1Notice that if ψ was symmetric, then ∆k would be self-adjoint. Also, for complex valued

functions, ∆∗k would be simply given by ∆̂∗kf = f̂ ψ̂2−k .
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‖f‖p = sup
g∈Lp′

‖g‖p′=1

∣∣∣∣∫
Rn
f(x)g(x) dx

∣∣∣∣ = sup
g∈S
‖g‖p′=1

∣∣∣∣∫
Rn
f(x)g(x) dx

∣∣∣∣
= sup

g∈S
‖g‖p′=1

|f(g)| = sup
g∈S
‖g‖p′=1

|Λ(g)| = sup
g∈S
‖g‖p′=1

∣∣∣∣∣
(∑
k∈Z

∆∗k∆kf

)
(g)

∣∣∣∣∣
= sup

g∈S
‖g‖p′=1

∣∣∣∣∣∑
k∈Z

(∆∗k∆kf) (g)

∣∣∣∣∣ = sup
g∈S
‖g‖p′=1

∣∣∣∣∣∑
k∈Z

〈∆∗k∆kf, g〉

∣∣∣∣∣
= sup

g∈S
‖g‖p′=1

∣∣∣∣∣∑
k∈Z

〈∆kf,∆kg〉

∣∣∣∣∣ = sup
g∈S
‖g‖p′=1

∣∣∣∣∣
∫
Rn

∑
k∈Z

(∆kf)(x)(∆kg)(x) dx

∣∣∣∣∣
≤ sup

g∈S
‖g‖p′=1

∫
Rn

∣∣∣∣∣∑
k∈Z

(∆kf)(x)(∆kg)(x)

∣∣∣∣∣ dx
≤ sup

g∈S
‖g‖p′=1

∫
Rn

(∑
k∈Z

|(∆kf)(x)|2
)1/2(∑

k∈Z

|(∆kg)(x)|2
)1/2

dx

≤ sup
g∈S
‖g‖p′=1

∥∥∥∥∥
(∑
k∈Z

|∆kf |2
)1/2 ∥∥∥∥∥

p

∥∥∥∥∥
(∑
k∈Z

|∆kg|2
)1/2 ∥∥∥∥∥

p′

. sup
g∈S
‖g‖p′=1

∥∥∥∥∥
(∑
k∈Z

|∆kf |2
)1/2 ∥∥∥∥∥

p

‖g‖p′ =

∥∥∥∥∥
(∑
k∈Z

|∆kf |2
)1/2 ∥∥∥∥∥

p

,

where the inequalities used are, in order, the triangular inequality, Cauchy-Schwarz
in `2, Hölder’s, and the fact that the square function sψ is strong type (p′, p′), in
virtue of the first part of this theorem. Thus, part (ii) of the theorem is seen, and
the proof is finally complete.

3.3 Orthogonal decomposition in dyadic sets

In our initial discussion, the functions ψ2−k were characteristic functions of annuli.
The theorem we have just proved, though, requires ψ to be a very nice function. We
want to see now if we can adapt the result so that it works as well for non-smooth
functions.

Let us begin with the case n = 1. Given k ∈ Z, we denote by χk the characteristic
function of the dyadic set (−2k+1,−2k] ∪ [2k, 2k+1), and we define the Littlewood-
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Paley operator associated to χk as the operator ∆#
k given by

∆̂#
k f = f̂χk.

Notice, by Example 2.20, that we can write

∆#
k f =

i

2
[(e2k+1He−2k+1 − e2kHe−2k) f + (e−2kHe2k − e−2k+1He2k+1) f ] .

With this, we have the following result.

Theorem 3.5. Given 1 < p <∞, it holds that

‖f‖p ≈

∥∥∥∥∥
(∑
k∈Z

|∆#
k f |

2

)1/2 ∥∥∥∥∥
p

, ∀f ∈ Lp(R).

Proof. Let ψ ∈ S(R) be such that its Fourier transform is supported in

2−1 ≤ |ξ| ≤ 22, with ψ̂(ξ) = 1 for all 1 ≤ |ξ| ≤ 2. Then, each function ψ̂2−k

will be, by definition of ψ2−k , supported in 2k−1 ≤ |ξ| ≤ 2k+2, and will equal 1 in
2k ≤ |ξ| ≤ 2k+1. Now, let ∆k be the Littlewood-Paley operator associated to ψ2−k .
With this, it holds that

∆k∆
#
k = ∆#

k ∆k = ∆#
k .

Indeed, the first equality is trivial taking Fourier transform. The second one is also
clear, again taking Fourier transform, and because ψ̂2−k equals 1 on the support of
χk, so that f̂ ψ̂2−kχk = f̂χk, for any function f . We can then write∥∥∥∥∥

(∑
k∈Z

|∆#
k f |

2

)1/2 ∥∥∥∥∥
p

=

∥∥∥∥∥
(∑
k∈Z

|∆#
k ∆kf |2

)1/2 ∥∥∥∥∥
p

≤

∥∥∥∥∥
(∑
k∈Z

∣∣∣∣ i2 (e2k+1He−2k+1 − e2kHe−2k) ∆kf

∣∣∣∣2
)1/2 ∥∥∥∥∥

p

+

∥∥∥∥∥
(∑
k∈Z

∣∣∣∣ i2 (e−2kHe2k − e−2k+1He2k+1) ∆kf

∣∣∣∣2
)1/2 ∥∥∥∥∥

p

≤ 1

2

∥∥∥∥∥
(∑
k∈Z

|e2k+1He−2k+1∆kf |2
)1/2 ∥∥∥∥∥

p

+
1

2

∥∥∥∥∥
(∑
k∈Z

|e2kHe−2k∆kf |2
)1/2 ∥∥∥∥∥

p

+
1

2

∥∥∥∥∥
(∑
k∈Z

|e−2kHe2k∆kf |2
)1/2 ∥∥∥∥∥

p

+
1

2

∥∥∥∥∥
(∑
k∈Z

|e−2k+1He2k+1∆kf |2
)1/2 ∥∥∥∥∥

p
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Notice that, for the first term (and similarly for the other three), we can write
gk = e−2k+1∆kf , and it holds

|gk| = |∆kf |
|e2k+1Hgk| = |Hgk|,

because the operators e−2k+1 and e2k+1 only introduce factors of modulus 1. Thus,
because the Hilbert transform is bounded from Lp to Lp, we can apply Theorem 1.9
and get ∥∥∥∥∥

(∑
k∈Z

|e2k+1He−2k+1∆kf |2
)1/2 ∥∥∥∥∥

p

=

∥∥∥∥∥
(∑
k∈Z

|Hgk|2
)1/2 ∥∥∥∥∥

p

.

∥∥∥∥∥
(∑
k∈Z

|gk|2
)1/2 ∥∥∥∥∥

p

=

∥∥∥∥∥
(∑
k∈Z

|∆kf |2
)1/2 ∥∥∥∥∥

p

,

and by Theorem 3.4, we finally conclude∥∥∥∥∥
(∑
k∈Z

|∆#
k f |

2

)1/2 ∥∥∥∥∥
p

.

∥∥∥∥∥
(∑
k∈Z

|∆kf |2
)1/2 ∥∥∥∥∥

p

. ‖f‖p.

The reverse inequality is proven using the exact same argument as the one developed
when proving part (ii) of Theorem 3.4.

Let us now try to give a version of this previous result for n ≥ 2. We pick a
multiindex tuple ~k = (k1, ..., kn) ∈ Zn, and we define χ~k to be the characteristic
function of the dyadic set

I~k = Ik1 × · · · × Ikn
=
{

(x1, ..., xn) ∈ Rn : xi ∈ (−2ki+1,−2ki ] ∪ [2ki , 2ki+1) ∀i = 1, ..., n
}
,

where Iki = (−2ki+1,−2ki ] ∪ [2ki , 2ki+1). Each set I~k is a union of 2n rectangles

(see figures 3.1 and 3.2). Moreover, I~k and I~k′ are disjoint whenever ~k 6= ~k′. Thus,
{I~k}~k∈Zn is a partition of Rn \ {0}, and so∑

~k∈Zn

χ~k(x) = 1, ∀x ∈ Rn \ {0}.

Finally, define the Littlewood-Paley operator associated to χ~k as the operator ∆#
~k

given by

∆̂#
~k
f = f̂χ~k.
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−22 −21 2221

−22

−23

22

23

Figure 3.1: I~k for ~k = (1, 2)
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Figure 3.2: I~k for ~k = (1, 2, 1)

In order to give an n−dimensional version of Theorem 3.5, we shall try to redo
the proof of the theorem, and so we might need to relate the operators ∆#

~k
with

Littlewood-Paley operators associated to functions in S. But notice as well that

χ~k(x) = χk1(x1) · · ·χkn(xn), ∀x ∈ Rn;

that is, the multiplier associated to ∆#
~k

is actually a product of n multipliers, each
one associated to one distinct variable. That is not the case, in general, for the
Littlewood-Paley multipliers of Definition 3.2. Thus, we introduce another type
of Littlewood-Paley operators, denoted as ∆~k (notice the multiindex ~k), which are
given by

∆̂~kf(ξ) = f̂(ξ) ψ̂2−k1 (ξ1) · · · ψ̂2−kn (ξn) = f̂(ξ) ψ̂(2−k1ξ1) · · · ψ̂(2−knξn),

where ψ ∈ S(R). With this, the operators ∆~k and ∆#
~k

can be related in a similar
fashion as in the proof of the previous theorem, although we now encounter an-
other difficulty, namely, that we cannot use Theorem 3.4 directly. Fortunately, this
problem can be overcome.

Lemma 3.6. Let ∆~k be the ~k−th multiindex Littlewood-Paley operator associated

to a Schwarz function ψ ∈ S(R), for each ~k ∈ Zn, where ψ is such that∫
R
ψ(x) dx = 0.
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Then, the square function associated to ψ,

sψ(f) =

(∑
~k∈Zn

|∆~k(f)|2
)1/2

,

is strong type (p, p) for any 1 < p <∞.

Proof. For i = 1, ..., n, define ψi ∈ S(Rn) as the function such that

ψ̂i(ξ) = ψ̂(ξi), ∀ξ ∈ Rn.

Notice that
ψ̂i
2−ki

(ξ) = ψ̂i(2−kiξ) = ψ̂(2−kiξi),

which means that, if

∆̂~kf(ξ) = f̂(ξ) ψ̂(2−k1ξ1) · · · ψ̂(2−knξn) = f̂(ξ) ψ̂1
2−k1

(ξ) · · · ψ̂n
2−kn

(ξ),

then
∆~k(f) = ∆1

k1
· · ·∆n

kn(f),

where ∆i
ki

is the ki−th Littlewood-Paley operator associated to ψi.

We will prove the lemma by induction on n. The case n = 1 is already covered
by Theorem 3.4, so let us see the case n = 2. We want to verify that for 1 < p <∞,∥∥∥∥(∑

~k∈Z2

|∆~k(f)|2
)1/2∥∥∥∥

p

=

∥∥∥∥(∑
k2∈Z

∑
k1∈Z

|∆1
k1

∆2
k2

(f)|2
)1/2∥∥∥∥

p

. ‖f‖p,

but it follows, with some technicalities, from Theorem 1.10 (see [5, Proposition
6.1.4]) that ∥∥∥∥(∑

k2∈Z

∑
k1∈Z

|∆1
k1

∆2
k2

(f)|2
)1/2∥∥∥∥

p

.

∥∥∥∥(∑
k2∈Z

|∆2
k2

(f)|2
)1/2∥∥∥∥

p

,

and so applying now the usual estimate given by Theorem 3.4, we get the result.
The induction step is simply done using again [5, Proposition 6.1.4] and a suitable
enumeration of Zn−1, since the sum is of positive terms.

Now we are ready to prove Theorem 3.5 for n ≥ 2.

Theorem 3.7. Given 1 < p <∞, it holds that

‖f‖p ≈

∥∥∥∥∥
(∑
~k∈Zn

|∆#
~k
f |2
)1/2∥∥∥∥∥

p

, ∀f ∈ Lp(Rn).
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Proof. For the sake of simplicity, we will do the proof for n = 2. The general case
follows exactly in the same way. Let ψ ∈ S(R) be such that its Fourier transform is

supported in 2−1 ≤ |ξ| ≤ 22, with ψ̂(ξ) = 1 for all 1 ≤ |ξ| ≤ 2. Then, each function

ψ̂2−k will be, by definition of ψ2−k , supported in 2k−1 ≤ |ξ| ≤ 2k+2, and will equal 1
in 2k ≤ |ξ| ≤ 2k+1. In particular, the function

ψ̂1
2−k1

(ξ)ψ̂2
2−k2

(ξ) = ψ̂1(2−k1ξ)ψ̂2(2−k2ξ) = ψ̂(2−k1ξ1)ψ̂(2−k2ξ2) = ψ̂2−k1 (ξ1)ψ̂2−k2 (ξ2)

is clearly supported in the set

S =
{
ξ ∈ R2 : 2k1−1 ≤ |ξ1| ≤ 2k1+2, 2k2−1 ≤ |ξ2| ≤ 2k2+2

}
,

and will be equal to 1 in the set

I~k = Ik1 × Ik2 ,

with ~k = (k1, k2). Thus, if ∆~k is the multiindex Littlewood-Paley operator associated

to ψ, and ∆#
~k

is the Littlewood-Paley operator associated to χ~k, it holds

∆#
~k

∆~k = ∆#
~k
.

Now, recall that ∆#
~k

= ∆1,#
k1

∆2,#
k2

, where ∆j,#
kj

is the Littlewood-Paley operator

associated to χkj(ξj), so∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2∥∥∥∥∥

p

=

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k

∆~kf |
2

)1/2∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|∆1,#
k1

∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

As in the proof of Theorem 3.5, we can write

∆j,#
kj

=
i

2

[
e2kj+1Hje−2kj+1 − e2kjH

je−2kj + e−2kjH
je2kj − e−2kj+1Hje2kj+1

]
:=

i

2
[T2kj+1 − T2kj + T−2kj − T−2kj+1 ],

where Hj is the Hilbert transform acting on the j−th variable; that is, for j = 1,

H1f(x1, x2) = p.v.
1

π

∫
R

f(y, x2)

x1 − y
dy,

and similarly for j = 2. Notice that Hj bounded for 1 < p < ∞, for the Hilbert
transform is bounded. With this, write
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∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|∆1,#
k1

∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|T2kj+1∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

+

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|T2kj∆
2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

+

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|T−2kj∆
2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

+

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|T−2kj+1∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

,

and for the first term (and similarly for the others), we can choose a suitable enu-
meration of Z2 and apply Theorem 1.9 so that∥∥∥∥∥

(∑
k1∈Z

∑
k2∈Z

|T2kj+1∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|H1e−2kj+1∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|e−2kj+1∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

Repeating the same technique with ∆2,#
k2

and using Lemma 3.6 finally leads to∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|∆1,#
k1

∆2,#
k2

∆~kf |
2

)1/2∥∥∥∥∥
p

.

∥∥∥∥∥
(∑

k1∈Z

∑
k2∈Z

|∆~kf |
2

)1/2∥∥∥∥∥
p

. ‖f‖p,

and so one of the desired inequalities is proven. The reverse inequality, one more
time, is proven as in the second part of Theorem 3.4.
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Multipliers theorems

After reviewing Littlewood-Paley theory, we are now ready to give Marcinkiewicz’s
theorem and Mihlin-Hörmander’s theorem. As we have said before, these results
are sufficient conditions for determining when a certain L∞ function is actually an
Mp

p multiplier. On the one hand, these theorems represent a little improvement of
some cases of multipliers that are trivially in Mp

p (for instance, if m ∈ S). The
bad news is that they do not particularly help on the characterization of the Mp

p

spaces, because the conclusion, in both cases, is that m ∈ Mp
p for all 1 < p < ∞.

Also, they still assume the function m to have certain regularity, like being piecewise
C1, and having some controlled growth of the derivatives. Nevertheless, we will see
that these results are useful, for instance, when proving if a certain function is a
multiplier, regarding that this function satisfy some homogeneity property.

4.1 Marcinkiewicz’s theorem

We will start proving this theorem for n = 1. After that, we will jump to the case
n ≥ 2.

Theorem 4.1 (Marcinkiewicz’s theorem in R). Let m : R → R be a bounded
function that is C1 in every dyadic set Ok = (−2k+1,−2k) ∪ (2k, 2k+1), with k ∈ Z,
and such that

sup
k∈Z

∫
Ok

|m′(ξ)| dξ := A <∞.

Then, m ∈Mp
p for all 1 < p <∞.

Proof. Without loss of generality, m(ξ) = 0 for ξ < 0. Indeed, if that was not the

case, then write m = m+ + m− := mχ[0,+∞) + mχ(−∞,0), and because m+ and m̃−

satisfy m(ξ) = 0 for ξ < 0, they will be Mp
p multipliers, and so will be m. Also, we

may assume that m is right continuous in −2k and left continuous in 2k in each Ok.
Indeed, this is so because

sup
k∈Z

∫
Ok

|m′(ξ)| dξ <∞

51
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implies that m has bounded variation in any closed interval [−M,M ], for M > 0,
and so m can be expressed as the difference of two increasing functions
(see [10, Section 6.3]), meaning that m can only have removable or jump disconti-
nuities. Thus, right and left continuity in −2k and 2k, respectively, follows from a
change of definition in these points.

Sincem′ is integrable over each interval [2k, 2k+1), it follows from the fundamental
theorem of calculus that

m(ξ) = m(2k) +

∫ ξ

2k
m′(t) dt,

for any ξ ∈ [2k, 2k+1). In particular, for any f ∈ S,

f̂(ξ)m(ξ)χk(ξ) = m(2k)f̂(ξ)χk(ξ) +

∫ ξ

2k
f̂(ξ)χk(ξ) m

′(t) dt

f̂(ξ)m(ξ)χk(ξ) = m(2k)f̂(ξ)χk(ξ) +

∫ 2k+1

2k
f̂(ξ)χk(ξ)χ[t,∞)(ξ) m

′(t) dt

(
f̂mχk

)∨
= m(2k)∆#

k f +

∫ 2k+1

2k
∆[t,∞)∆

#
k f m

′(t) dt∣∣∣(f̂mχk)∨∣∣∣ ≤ ‖m‖∞|∆#
k f |+

∫ 2k+1

2k
|∆[t,∞)∆

#
k f | |m

′(t)| dt∣∣∣(f̂mχk)∨∣∣∣ ≤ ‖m‖∞|∆#
k f |+

∫ 2k+1

2k
|∆[t,∞)∆

#
blog2 tc

f | |m′(t)| dt,

where bac denotes the integer part of any real number a. Using Cauchy-Schwarz
inequality with g1 = |∆[t,∞)∆

#
blog2 tc

f | |m′(t)|1/2 and g2 = |m′(t)|1/2, we can bound
the integral on the right hand side of the last expression as∫ 2k+1

2k
|∆[t,∞)∆

#
blog2 tc

f | |m′(t)| dt ≤
∫ 2k+1

2k
|m′(t)| dt

∫ 2k+1

2k
|∆[t,∞)∆

#
blog2 tc

f |2 |m′(t)| dt

≤ A

∫ 2k+1

2k
|∆[t,∞)∆

#
blog2 tc

f |2 |m′(t)| dt.

This yields(∑
k∈Z

∣∣∣(f̂mχk)∨∣∣∣2)1/2

≤ ‖m‖∞
(∑

k∈Z

|∆#
k f |

2

)1/2

+ A1/2

(∫ ∞
0

|∆[t,∞)∆
#
blog2 tc

f |2 |m′(t)| dt
)1/2

.

Now, by [5, Exercise 6.5.2], we have that∥∥∥∥∥
(∫ ∞

0

|∆[t,∞)∆
#
blog2 tc

f |2 |m′(t)| dt
)1/2

∥∥∥∥∥
p

.

∥∥∥∥∥
(∫ ∞

0

|∆#
blog2 tc

f |2 |m′(t)| dt
)1/2

∥∥∥∥∥
p

,
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for any 1 < p <∞, and by hypothesis on m′,∥∥∥∥∥
(∫ ∞

0

|∆#
blog2 tc

f |2 |m′(t)| dt
)1/2

∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k∈Z

∫ 2k+1

2k
|∆#
blog2 tc

f |2 |m′(t)| dt
)1/2

∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k∈Z

∫ 2k+1

2k
|∆#

k f |
2 |m′(t)| dt

)1/2
∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k∈Z

|∆#
k f |

2

∫ 2k+1

2k
|m′(t)| dt

)1/2
∥∥∥∥∥
p

≤ A1/2

∥∥∥∥∥
(∑

k∈Z

|∆#
k f |

2

)1/2
∥∥∥∥∥
p

,

meaning that∥∥∥∥∥
(∑

k∈Z

∣∣∣(f̂mχk)∨∣∣∣2)1/2
∥∥∥∥∥
p

. (‖m‖∞ + A)

∥∥∥∥∥
(∑

k∈Z

|∆#
k f |

2

)1/2
∥∥∥∥∥
p

.

Finally, we can use Theorem 3.5 with the Lp norm in the right hand side of the
inequality, so that ∥∥∥∥∥

(∑
k∈Z

∣∣∣(f̂mχk)∨∣∣∣2)1/2
∥∥∥∥∥
p

. ‖f‖p,

and notice that, if we write
(
f̂mχk

)∨
= ∆#

k

((
f̂m
)∨)

, we can use again Theorem 3.5

so that∥∥∥(f̂m)∨∥∥∥
p
.

∥∥∥∥∥
(∑

k∈Z

∣∣∣∆#
k

((
f̂m
)∨)∣∣∣2)1/2

∥∥∥∥∥
p

=

∥∥∥∥∥
(∑

k∈Z

∣∣∣(f̂mχk)∨∣∣∣2)1/2
∥∥∥∥∥
p

,

meaning that ∥∥(f̂m)∨
∥∥
p
. ‖f‖p,

that is, m ∈Mp
p .

We shall now give the n−dimensional version of Marcinkiewicz’s theorem, for
n ≥ 2. The main hypothesis of the theorem, and ideas used in the proof, are
essentially the same. For instance, instead of asking for C1 regularity on dyadic
intervals, we will ask for differentiability on dyadic sets I~k as the ones defined in
section 3.3. Also, notice that a key ingredient in the proof of the previous theorem
was Theorem 3.5. Thus, in this case, we will want to use Theorem 3.7, which is the
n−dimensional equivalent, n ≥ 2, of the former.
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Theorem 4.2 (Marcinkiewicz’s theorem in Rn). Let m : Rn → R be a bounded
function such that for all α = (α1, ..., αn) with |α1|, ..., |αn| ≤ 1, the derivatives

Dαm are continuous in the interior of I~k, for any ~k ∈ Zn. Moreover, assume that

there exists some constant A < ∞ such that for any ~k = (k1, ..., kn) ∈ Zn, any
I~k = Ik1 × · · · × Ikn, and any disjoint partition {s1, ..., sj}∪{r1, ..., rl} = {1, ..., n},
it holds

sup
ξr1∈Ikr1

· · · sup
ξrl∈Ikrl

∫
Iks1

· · ·
∫
Iksj

|(∂s1 · · · ∂sjm)(ξ)|dξsj · · · dξs1 ≤ A.

Then, m ∈Mp
p for all 1 < p <∞.

Proof. We shall do the proof of the theorem for n = 2, since the higher dimensional
cases follow in the same way. As in the proof of Theorem 4.1, we shall assume
that m(ξ) = 0 if ξ lies outside the first quadrant. Let ~k = (k1, k2) ∈ Z2. By the
fundamental theorem of calculus, we have, for any ξ = (ξ1, ξ2) with 2k1 ≤ ξ1 < 2k1+1

and 2k2 ≤ ξ2 < 2k2+1, that

m(ξ1, ξ2) = m(ξ1, 2
k2) +

∫ ξ2

2k2
∂2m(ξ1, t2) dt2

= m(2k1 , 2k2) +

∫ ξ1

2k1
∂1m(t1, 2

k2) dt1 +

∫ ξ2

2k2
∂2m(ξ1, t2) dt2

= m(2k1 , 2k2) +

∫ ξ1

2k1
∂1m(t1, 2

k2) dt1 +

∫ ξ2

2k2
∂2m(2k1 , t2) dt2

+

∫ ξ1

2k1

∫ ξ2

2k2
∂1∂2m(t1, t2) dt2dt1.

In particular, for any f ∈ S,

f̂(ξ)m(ξ)χ~k(ξ) = m(2k1 , 2k2)f̂(ξ)χ~k(ξ) +

∫ ξ1

2k1
f̂(ξ)χ~k(ξ) ∂1m(t1, 2

k2) dt1

+

∫ ξ2

2k2
f̂(ξ)χ~k(ξ) ∂2m(2k1 , t2) dt2 +

∫ ξ1

2k1

∫ ξ2

2k2
f̂(ξ)χ~k(ξ) ∂1∂2m(t1, t2) dt2dt1

= m(2k1 , 2k2)f̂(ξ)χ~k(ξ) +

∫ 2k1+1

2k1
f̂(ξ)χ~k(ξ)χ[t1,∞)(ξ1) ∂1m(t1, 2

k2) dt1

+

∫ 2k2+1

2k2
f̂(ξ)χ~k(ξ)χ[t2,∞)(ξ2) ∂2m(2k1 , t2) dt2

+

∫ 2k1+1

2k1

∫ 2k2+1

2k2
f̂(ξ)χ~k(ξ)χ[t1,∞)(ξ1)χ[t2,∞)(ξ2) ∂1∂2m(t1, t2) dt2dt1,

but recall that χ~k(ξ) = χk1(ξ1)χk2(ξ2), so
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f̂(ξ)m(ξ)χ~k(ξ) = m(2k1 , 2k2)f̂(ξ)χ~k(ξ)

+

∫ 2k1+1

2k1
f̂(ξ)χk1(ξ1)χ[t1,∞)(ξ1)χk2(ξ2) ∂1m(t1, 2

k2) dt1

+

∫ 2k2+1

2k2
f̂(ξ)χk2(ξ2)χ[t2,∞)(ξ2)χk1(ξ1) ∂2m(2k1 , t2) dt2

+

∫ 2k1+1

2k1

∫ 2k2+1

2k2
f̂(ξ)χk2(ξ2)χ[t2,∞)(ξ2)χk1(ξ1)χ[t1,∞)(ξ1) ∂1∂2m(t1, t2) dt2dt1.

Now, taking inverse Fourier transforms leads to

(
f̂mχ~k

)∨
= m(2k1 , 2k2) ∆#

~k
f +

∫ 2k1+1

2k1
∆2,#
k2

∆[t1,∞)∆
1,#
k1
f ∂1m(t1, 2

k2) dt1

+

∫ 2k2+1

2k2
∆1,#
k1

∆[t2,∞)∆
2,#
k2
f ∂2m(2k1 , t2) dt2

+

∫ 2k1+1

2k1

∫ 2k2+1

2k2
∆[t1,∞)∆

1,#
k1

∆[t2,∞)∆
2,#
k2
f ∂1∂2m(t1, t2) dt2dt1,

and hence, in a similar fashion as in the proof of Theorem 4.1, we can take absolute
value, apply Cauchy-Schwarz inequality, and use the hypothesis of the theorem,
leaving us with

∣∣∣(f̂mχ~k)∨∣∣∣ ≤ ‖m‖∞ |∆#
~k
f |+

∫ 2k1+1

2k1
|∆2,#

k2
∆[t1,∞)∆

1,#
k1
f | |∂1m(t1, 2

k2)| dt1

+

∫ 2k2+1

2k2
|∆1,#

k1
∆[t2,∞)∆

2,#
k2
f | |∂2m(2k1 , t2)| dt2

+

∫ 2k1+1

2k1

∫ 2k2+1

2k2
|∆[t1,∞)∆

1,#
k1

∆[t2,∞)∆
2,#
k2
f | |∂1∂2m(t1, t2)| dt2dt1

≤ ‖m‖∞ |∆#
~k
f |+ A1/2

(∫ 2k1+1

2k1
|∆2,#

k2
∆[t1,∞)∆

1,#
k1
f |2 |∂1m(t1, 2

k2)| dt1
)1/2

+ A1/2

(∫ 2k2+1

2k2
|∆1,#

k1
∆[t2,∞)∆

2,#
k2
f |2 |∂2m(2k1 , t2)| dt2

)1/2

+ A1/2

(∫ 2k1+1

2k1

∫ 2k2+1

2k2
|∆[t1,∞)∆

1,#
k1

∆[t2,∞)∆
2,#
k2
f |2 |∂1∂2m(t1, t2)| dt2dt1

)1/2

.
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This is valid for any ~k ∈ Z2, so taking the `2 sum over all possible ~k, we get(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2

.

(∑
~k∈Z2

|∆#
~k
f |2
)1/2

+

(∑
~k∈Z2

∫ 2k1+1

2k1
|∆2,#

k2
∆[t1,∞)∆

1,#
k1
f |2 |∂1m(t1, 2

k2)| dt1
)1/2

+

(∑
~k∈Z2

∫ 2k2+1

2k2
|∆1,#

k1
∆[t2,∞)∆

2,#
k2
f |2 |∂2m(2k1 , t2)| dt2

)1/2

+

(∑
~k∈Z2

∫ 2k1+1

2k1

∫ 2k2+1

2k2
|∆[t1,∞)∆

1,#
k1

∆[t2,∞)∆
2,#
k2
f |2 |∂1∂2m(t1, t2)| dt2dt1

)1/2

=

(∑
~k∈Z2

|∆#
~k
f |2
)1/2

+

(∑
k2∈Z

∫ ∞
0

|∆2,#
k2

∆[t1,∞)∆
1,#
blog2 t1c

f |2 |∂1m(t1, 2
k2)| dt1

)1/2

+

(∑
k1∈Z

∫ ∞
0

|∆1,#
k1

∆[t2,∞)∆
2,#
blog2 t2c

f |2 |∂2m(2k1 , t2)| dt2
)1/2

+

(∫ ∞
0

∫ ∞
0

|∆[t1,∞)∆
1,#
blog2 t1c

∆[t2,∞)∆
2,#
blog2 t2c

f |2 |∂1∂2m(t1, t2)| dt2dt1
)1/2

.

Now, let ν be the counting measure given by ν(A) = #{k ∈ Z : 2k ∈ A}, for any
A ⊂ (0,∞). In terms of this measure, we have that∫ ∞

0

g(t)dν(t) =
∑
k∈Z

δ2k(g),

where δ2k is the Dirac delta valuated at 2k. Hence, we can write the first sum of
integrals of the former inequality as

∑
k2∈Z

∫ ∞
0

|∆2,#
k2

∆[t1,∞)∆
1,#
blog2 t1c

f |2 |∂1m(t1, 2
k2)| dt1

=
∑
k2∈Z

∫ ∞
0

|∆2,#

blog2 2k2c
∆[t1,∞)∆

1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2 2k2c)| dt1

=
∑
k2∈Z

δ2k2

(∫ ∞
0

|∆2,#
blog2(·)c

∆[t1,∞)∆
1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2(·)c)| dt1

)
=

∫ ∞
0

∫ ∞
0

|∆2,#
blog2 t2c

∆[t1,∞)∆
1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2 t2c)| dt1 dν(t2)

=

∫ ∞
0

∫ ∞
0

|∆[t1,∞)∆
2,#
blog2 t2c

∆1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2 t2c)| dt1 dν(t2),
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and similarly for the second one, we have

∑
k1∈Z

∫ ∞
0

|∆1,#
k1

∆[t2,∞)∆
2,#
blog2 t2c

f |2 |∂2m(2k1 , t2)| dt2

=

∫ ∞
0

∫ ∞
0

|∆[t2,∞)∆
1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂2m(2blog2 t1c, t2)| dt2 dν(t1).

All in all, we have the estimate

(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2

.

(∑
~k∈Z2

|∆#
~k
f |2
)1/2

+

(∫ ∞
0

∫ ∞
0

|∆[t1,∞)∆
2,#
blog2 t2c

∆1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2 t2c)| dt1 dν(t2)

)1/2

+

(∫ ∞
0

∫ ∞
0

|∆[t2,∞)∆
1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂2m(2blog2 t1c, t2)| dt2 dν(t1)

)1/2

+

(∫ ∞
0

∫ ∞
0

|∆[t1,∞)∆[t2,∞)∆
1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂1∂2m(t1, t2)| dt2dt1
)1/2

,

and if we take Lp norms and use [5, Exercise 6.5.2], we obtain

∥∥∥∥∥
(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2
∥∥∥∥∥
p

.

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∫ ∞

0

∫ ∞
0

|∆2,#
blog2 t2c

∆1,#
blog2 t1c

f |2 |∂1m(t1, 2
blog2 t2c)| dt1 dν(t2)

)1/2
∥∥∥∥∥
p

+

∥∥∥∥∥
(∫ ∞

0

∫ ∞
0

|∆1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂2m(2blog2 t1c, t2)| dt2 dν(t1)

)1/2
∥∥∥∥∥
p

+

∥∥∥∥∥
(∫ ∞

0

∫ ∞
0

|∆1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂1∂2m(t1, t2)| dt2dt1
)1/2

∥∥∥∥∥
p

.

Finally, we can use again our hypothesis, and get
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∥∥∥∥∥
(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2
∥∥∥∥∥
p

.

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
k2∈Z

∫ ∞
0

|∆2,#
k2

∆1,#
blog2 t1c

f |2 |∂1m(t1, 2
k2)| dt1

)1/2
∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
k1∈Z

∫ ∞
0

|∆1,#
k1

∆2,#
blog2 t2c

f |2 |∂2m(2k1 , t2)| dt2
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∫ ∞

0

∫ ∞
0

|∆1,#
blog2 t1c

∆2,#
blog2 t2c

f |2 |∂1∂2m(t1, t2)| dt2dt1
)1/2

∥∥∥∥∥
p

=

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

∫ 2k1+1

2k1
|∆2,#

k2
∆1,#
k1
f |2 |∂1m(t1, 2

k2)| dt1
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

∫ 2k2+1

2k2
|∆1,#

k1
∆2,#
k2
f |2 |∂2m(2k1 , t2)| dt2

)1/2
∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

∫ 2k1+1

2k1

∫ 2k2+1

2k2
|∆1,#

k1
∆2,#
k2
f |2 |∂1∂2m(t1, t2)| dt2dt1

)1/2
∥∥∥∥∥
p

=

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
∫ 2k1+1

2k1
|∂1m(t1, 2

k2)| dt1
)1/2

∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
∫ 2k2+1

2k2
|∂2m(2k1 , t2)| dt2

)1/2
∥∥∥∥∥
p

+

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
∫ 2k1+1

2k1

∫ 2k2+1

2k2
|∂1∂2m(t1, t2)| dt2dt1

)1/2
∥∥∥∥∥
p

.

∥∥∥∥∥
(∑
~k∈Z2

|∆#
~k
f |2
)1/2

∥∥∥∥∥
p

,

from which Theorem 3.7 gives us that∥∥∥∥∥
(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2
∥∥∥∥∥
p

. ‖f‖p.

But writing (f̂mχ~k)
∨ = ∆#

~k

(
(f̂m)∨

)
and using again Theorem 3.7, we obtain

∥∥((f̂m)∨
)∥∥

p
.

∥∥∥∥∥
(∑
~k∈Z2

∣∣∣(f̂mχ~k)∨∣∣∣2)1/2
∥∥∥∥∥
p

,

so in the end, ∥∥(f̂m)∨
∥∥
p
. ‖f‖p,

as we wanted.
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The growth condition on Marcinkiewicz’s theorem might be a little complicated
in order to actually check it in particular cases. We give now a stronger condition
that allow easier calculations.

Corollary 4.3. Let m be a bounded, n−times continuously differentiable function,
defined away from the coordinate axes. Assume that there exists some constant
A < ∞ such that for any disjoint partition {s1, ..., sj} ∪ {r1, ..., rl} = {1, ..., n}, it
holds

sup
ξr1∈R\{0}

· · · sup
ξrl∈R\{0}

|(∂s1 · · · ∂sjm)(ξ)| ≤ A|ξs1|−1 · · · |ξsj |−1.

Then, m ∈Mp
p for any 1 < p <∞.

Proof. We simply check the growth condition on Marcinkiewicz’s theorem. Indeed,∫
Iks1

· · ·
∫
Iksj

|(∂s1 · · · ∂sjm)(ξ)|dξsj · · · dξs1

≤ A

∫
Iks1

· · ·
∫
Iksj

|ξs1|−1 · · · |ξsj |−1dξsj · · · dξs1

= A

∫
Iks1

|ξs1|−1dξs1 · · ·
∫
Iksj

|ξsj |−1dξsj ,

and all of the integrals that appear here are just integrals of the function f(t) = 1/t
on dyadic sets of the form (−2u+1,−2u] ∪ [2u, 2u+1), for which one has∫

(−2u+1,−2u]∪[2u,2u+1)

1

t
dt = 2

∫ 2u+1

2u

1

t
dt = 2(log 2u+1 − log 2u) = 2 log 2.

Thus, the result follows taking A′ = A(2 log 2)n.

Example 4.4. Let m be a C∞ function on Rn \ {0}, for which there exists
k1, ..., kn ∈ (0,+∞) and s ∈ R such that

m(λk1ξ1, ..., λ
knξn) = λism(ξ1, ..., ξn), ∀ξ ∈ Rn, ∀λ > 0.

We see that, in this case, m ∈Mp
p for any 1 < p <∞. Indeed, we pick α ∈ Nn, and

we differentiate in the previous equality to get

λk1α1+···knαn∂αm(λk1ξ1, ..., λ
knξn) = λis∂αm(ξ1, ..., ξn).

Now, given ξ ∈ Rn \ {0}, there exists a unique λξ > 0 so that (λk1ξ ξ1, ..., λ
kn
ξ ξn)

is in the unit sphere Sn−1 = {ξ ∈ Rn : |ξ| = 1}. This is so because ψ(λ) =
ξ21λ

2k1+· · ·+ξ2nλ2kn−1 is a continuous, increasing function of λ, such that ψ(0) = −1,
and limλ→∞ ψ(λ) = ∞. Notice that, with this λξ, one has that |λkjξj| ≤ 1, so
λkj ≤ |ξj|−1. Therefore,

|∂αm(ξ1, ..., ξn)| =
∣∣λk1α1+···knαn
ξ ∂αm(λk1ξ ξ1, ..., λ

kn
ξ ξn)

∣∣
≤ sup

ξ∈Sn−1

|∂αm(ξ)|(λk1)α1 · · · (λkn)αn

≤ Cα|ξ1|−α1 · · · |ξn|−αn ,
and so Corollary 4.3 can be applied to get the result.
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4.2 Mihlin-Hörmander’s theorem

Like Marcinkiewicz’s theorem, Mihlin-Hörmander’s theorem allow us to see if a
certain bounded function is an Mp

p multiplier. In this result, we allow our function
to have a less restrictive growth of its derivatives. The price to pay, though, is that
the function must have derivatives of higher order.

Theorem 4.5 (Mihlin-Hörmander’s theorem). Let m be a bounded function on
Rn \ {0} such that for some A <∞,(∫

R<|ξ|<2R

|Dαm(ξ)|2 dξ
)1/2

≤ ARn/2−|α| <∞,

whenever |α| ≤ n0 := bn/2c+ 1 and R > 0. Then, m ∈Mp
p for any 1 < p <∞.

Proof. Let ψ̂ ∈ S be supported in the annulus 1/2 ≤ |ξ| ≤ 2 with∑
k∈Z

ψ̂2−k(ξ) =
∑
k∈Z

ψ̂(2−kξ) = 1, ∀ξ 6= 0.

Let mk(ξ) = m(ξ)ψ̂(2−kξ), for any k ∈ Z, and define Kk = |mk
1. In general, Kk

would be a distribution, but observe that mk ∈ L2, so Kk is actually an L2 function.
Trivially,

∑
k∈ZKk = K in S ′. Indeed, notice that

Kk(f) =

((̂̃fmk

)∨)
(0) =

∫
Rn
mk(ξ)

̂̃f(ξ) dξ,

as well as

K(f) =

((̂̃fm)∨)(0) =

∫
Rn
m(ξ)̂̃f(ξ) dξ,

so, by the dominated convergence theorem, we have( ∑
|k|≤N

Kk

)
(f) =

∑
|k|≤N

Kk(f) =
∑
|k|≤N

((̂̃fmk

)∨)
(0)

=

((̂̃f ∑
|k|≤N

mk

)∨)
(0) =

=

((̂̃fm ∑
|k|≤N

ψ̂2−k

)∨)
(0)

N→∞−−−→
((̂̃fm)∨)(0) = K(f).

This is true for any function f ∈ S, so by Banach-Steinhaus theorem
[1, Theorem 3.15], we have the desired convergence. Next, we shall see that there

1Intuitively, Kk is the part of the distribution K = qm whose frequencies are located in the
annulus 2k−1 ≤ |ξ| ≤ 2k+1
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exists some constant C such that

sup
k∈Z

∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx ≤ C (4.1)

sup
k∈Z

1

2k

∫
Rn
|∇Kk(x)|(1 + 2k|x|)1/4dx ≤ C. (4.2)

For the first inequality, we write∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx =

∫
Rn
|Kk(x)|(1 + 2k|x|)n0(1 + 2k|x|)1/4−n0dx.

Notice that the integrand is positive. Thus, by Cauchy-Schwarz inequality applied
to |Kk(x)|(1 + 2k|x|)n0 and (1 + 2k|x|)1/4−n0 , we have∫

Rn
|Kk(x)|(1 + 2k|x|)1/4dx

≤
(∫

Rn
|Kk(x)|2(1 + 2k|x|)2n0dx

)1/2(∫
Rn

(1 + 2k|x|)1/2−2n0dx

)1/2

.

For the first integral, notice that

(1 + 2k|x|)n0 .
n0∑
j=0

2jk|x|j,

but we have

|x|j =
√

(x21 + · · ·+ x2n)k ≤ max
1≤l≤n

|xl|j = |xγx|,

where γx is some multiindex with |γx| = k, so clearly

n0∑
j=0

2jk|x|j ≤
∑
|γ|≤n0

2k|γ||xγ|.

For the second integral, we easily have that

2n0 − 1/2 = 2bn/2c+ 3/2 > n,

for any n ∈ N, so 2n0 − 1/2− (n− 1) = β > 1, meaning that(∫
Rn

(1 + 2k|x|)1/2−2n0dx

)1/2

=
1

2(k/2)(2n0−1/2)

(∫
Rn

(2−k + |x|)1/2−2n0dx

)1/2

.
1

2(k/2)(2n0−1/2)

(∫ ∞
0

1

(2−k + r)2n0−1/2
rn−1dr

)1/2

.
1

2(k/2)(2n0−1/2)

≤ 1

2nk/2
.
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Therefore, we have that∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx .

1

2nk/2

(∫
Rn
|Kk(x)|2

∣∣∣∣ ∑
|γ|≤n0

2k|γ||xγ|
∣∣∣∣2 dx)1/2

≤ 1

2nk/2

∑
|γ|≤n0

(∫
Rn
|Kk(x)|2 22k|γ| |xγ|2 dx

)1/2

=
1

2nk/2

∑
|γ|≤n0

2k|γ|
(∫

Rn
|xγ Kk(x)|2 dx

)1/2

,

and since x̂γKk = CγD
γK̂k = CγD

γmk, we have by Plancherel’s theorem that∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx .

1

2nk/2

∑
|γ|≤n0

2k|γ|
(∫

Rn
|Dγmk(ξ)|2 dξ

)1/2

.

We now use Leibniz’s rule to write Dγmk as

Dγmk(ξ) = Dγ(mψ̂2−k)(ξ) =
∑
δ≤γ

Cδ,γD
δm(ξ)Dγ−δ(ψ̂2−k(ξ))

=
∑
δ≤γ

Cδ,γD
δm(ξ)Dγ−δ(ψ̂(2−kξ))

=
∑
δ≤γ

Cδ,γD
δm(ξ)Dγ−δψ̂(2−kξ)2−k|γ−δ|,

and so we finally have∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx

=
1

2nk/2

∑
|γ|≤n0

2k|γ|
(∫

Rn

∣∣∣∣∑
δ≤γ

Cδ,γD
δm(ξ)Dγ−δψ̂(2−kξ)2−k|γ−δ|

∣∣∣∣2 dξ)1/2

.
1

2nk/2

∑
|γ|≤n0

2k|γ|
∑
δ≤γ

2−k|γ−δ|
(∫

Rn

∣∣Dδm(ξ)Dγ−δψ̂(2−kξ)
∣∣2 dξ)1/2

≤ 1

2nk/2

∑
|γ|≤n0

∑
δ≤γ

2k|δ|
(∫

2k−1≤|ξ|≤2k+1

∣∣Dδm(ξ)
∣∣2 dξ)1/2

=
1

2nk/2

∑
|γ|≤n0

∑
δ≤γ

2k|δ|
(∫

2k−1≤|ξ|≤2k

∣∣Dδm(ξ)
∣∣2 dξ +

∫
2k≤|ξ|≤2k+1

∣∣Dδm(ξ)
∣∣2 dξ)1/2

≤ 1

2nk/2

∑
|γ|≤n0

∑
δ≤γ

2k|δ|
(
A2 22(k−1)(n/2−|δ|) + A2 22k(n/2−|δ|)

)1/2
≤
√

2

2nk/2

∑
|γ|≤n0

∑
δ≤γ

2k|δ|A 2k(n/2−|δ|) =

√
2

2nk/2

∑
|γ|≤n0

∑
δ≤γ

A 2nk/2 := C.
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Similarly, to prove inequality (4.2), we can repeat the same argument for each deriva-
tive ∂xiKk. As before, we shall arrive to

1

2k

∫
Rn
|∂xiKk(x)|(1 + 2k|x|)1/4dx .

1

2nk/2

∑
|γ|≤n0

2k|γ|
(∫

Rn

∣∣∣ 1

2k
xγ ∂xiKk(x)

∣∣∣2 dx)1/2

.

Now, since ̂xγ∂xiKk(ξ) = Cγ,i D
γ(ξimk(ξ)), using Plancherel’s theorem we get

1

2k

∫
Rn
|∂xiKk(x)|(1 + 2k|x|)1/4dx .

1

2nk/2

∑
|γ|≤n0

2k|γ|
(∫

Rn

∣∣∣ 1

2k
Dγ(ξimk(ξ))

∣∣∣2 dξ)1/2

,

and if we write

1

2k
Dγ(ξimk(ξ)) =

1

2k
Dγ(ξim(ξ)ψ̂(2−kξ)) := Dγ

(
m(ξ)ψ̂i(2

−kξ)
)
,

where ψ̂i(ξ) = ξiψ̂(ξ), notice that ψ̂i is also supported in 1/2 ≤ |ξ| ≤ 2, and so
repeating the previous computation using Leibniz’s rule will give us the desired
bound.

With this inequalities proven, we shall now use (4.1) to see that K is actually a
real valued function defined on Rn \ {0}; that is,

K(x) =
∑
k∈Z

Kk(x)

converges to a finite value for almost any x ∈ Rn \ {0}. To begin with, we have that
the series ∑

k≥0

|Kk(x)|

is of positive terms for each x ∈ Rn \ {0}, so it converges either to a finite or to an
infinite value. Because of (4.1), it follows that, for δ > 0,

(1 + 2kδ)1/4
∫
|x|>δ
|Kk(x)| dx ≤

∫
|x|>δ
|Kk(x)|(1 + 2k|x|)1/4 dx ≤ C,

so, by the monotone convergence theorem,∫
|x|>δ

∑
k≥0

|Kk(x)| dx ≤
∑
k≥0

C

(1 + 2kδ)1/4
:= C̃ <∞.

This means that the set
{
|x| > δ :

∑
k≥0 |Kk(x)| =∞

}
is of measure zero, for any

δ > 0, so
∑

k≥0 |Kk(x)| < ∞ for almost every x ∈ Rn \ {0}. On the other hand,
notice that

sup
k∈Z

∫
Rn
|Kk(x)|(1 + 2k|x|)−1/4dx = sup

k∈Z

∫
Rn
|Kk(x)|(1 + 2k|x|)1/4(1 + 2k|x|)−1/8dx

≤ sup
k∈Z

∫
Rn
|Kk(x)|(1 + 2k|x|)1/4dx ≤ C,
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which means that

(1 + 2k2δ)−1/4
∫
|x|<2δ

|Kk(x)| dx ≤
∫
|x|<2δ

|Kk(x)|(1 + 2k|x|)−1/4dx ≤ C,

and so∫
δ<|x|<2δ

∑
k<0

|Kk(x)| dx ≤ C
∑
k<0

(1 + 2k2δ)1/4 − (1 + 2kδ)1/4 := ˜̃C <∞,

which yields that for any δ > 0, the set
{
δ < |x| < 2δ :

∑
k<0 |Kk(x)| =∞

}
is of

measure zero, and in particular,
∑

k<0 |Kk(x)| < ∞ for almost every x ∈ Rn \ {0}.
All in all, we conclude that ∑

k∈Z

|Kk(x)| <∞

for almost any x ∈ Rn \ {0}, and hence∑
k∈Z

Kk(x)

converges to a finite value for almost any x ∈ Rn \ {0}.
In order to conclude the proof, we are going to see that K satisfies

Theorem 1.5. Both the first and third conditions of the theorem are already seen.
Also, T is bounded from L2 to L2 because m ∈ L∞. Thus, it only remains to see
that

sup
y 6=0

∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤ C ′ <∞.

Instead, a stronger bound, namely,∑
k∈Z

∫
|x|≥2|y|

|Kk(x− y)−Kk(x)|dx ≤ C ′ <∞,

for every y 6= 0. Fix such y and take k0 ∈ Z so that 2−k0 ≤ |y| ≤ 2−k0+1. For k > k0,∑
k>k0

∫
|x|≥2|y|

|Kk(x− y)−Kk(x)| dx ≤
∑
k>k0

∫
|x|≥2|y|

|Kk(x− y)|+ |Kk(x)| dx

≤
∑
k>k0

(∫
|x|≥2|y|

|Kk(x− y)| dx+

∫
|x|≥2|y|

|Kk(x)| dx
)

≤
∑
k>k0

(∫
|x|≥|y|

|Kk(x)| dx+

∫
|x|≥2|y|

|Kk(x)| dx
)

≤ 2
∑
k>k0

∫
|x|≥|y|

|Kk(x)| dx = 2
∑
k>k0

∫
|x|≥|y|

|Kk(x)|(1 + 2k|x|)1/4

(1 + 2k|x|)1/4
dx

≤ 2
∑
k>k0

1

(1 + 2k|y|)1/4

∫
Rn
|Kk(x)|(1 + 2k|x|)1/4 dx ≤ C ′,
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where we use (4.1) for the last inequality and the fact that
∑

k>k0
1/(1 + 2k|y|)1/4

converges. On the other hand, for k ≤ k0,∑
k≤k0

∫
|x|≥2|y|

|Kk(x− y)−Kk(x)| dx ≤
∑
k≤k0

∫
|x|≥2|y|

∫ 1

0

| − y· ∇Kk(x− θy)|dθ dx

≤ 2−k0+1
∑
k≤k0

∫
|x|≥2|y|

∫ 1

0

|∇Kk(x− θy)|dθ dx

≤ 2−k0+1
∑
k≤k0

∫
|x|≥2|y|

∫ 1

0

|∇Kk(x− θy)|(1 + 2k|x− θy|)1/4dθ dx

≤ 2−k0+1
∑
k≤k0

∫ 1

0

∫
Rn
|∇Kk(x− θy)|(1 + 2k|x− θy|)1/4dx dθ

≤ 2−k0+1
∑
k≤k0

2kC ≤ C ′,

using (4.1). Thus,

sup
y 6=0

∫
|x|≥2|y|

|K(x− y)−K(x)|dx ≤ C ′ <∞

holds, and by Theorem 1.5, T , which is the operator given by convolution against
K = m̌, is strong type (p, p) for 1 < p <∞; that is, m ∈Mp

p for any 1 < p <∞.

Example 4.6. Let m ∈ C∞ on Rn \ {0} such that there exists τ > 0 with

m(λξ) = λiτm(ξ), (4.3)

for any λ > 0. We prove that m is an Mp
p multiplier for any 1 < p < ∞. To begin

with, notice that
|m(λξ)| = |λiτ ||m(ξ)| = |m(ξ)|.

Also, Since m is smooth, it is bounded in the unit sphere Sn−1 by some constant
C > 0. Thus, for any ξ ∈ Rn \ {0}, we take λ = |ξ|−1, and we conclude that

|m(ξ)| = |m(λξ)| ≤ C;

that is, m is bounded on Rn \ {0}. Now, we take derivatives in (4.3), so for α ∈ Nn,

λ|α|Dαm(λξ) = λiτDαm(ξ),

and taking again λ = |ξ|−1, we obtain that∫
R≤|ξ|≤2R

|Dαm(ξ)|2 dξ ≤
∫
R≤|ξ|≤2R

C2
α

|ξ|2|α|
dξ = C ′α

∫
R≤r≤2R

rn−1−2|α| dr.

The last integral must be examined for each case (namely, n 6= 2|α| and n = 2|α|),
but the conclusion is always the same: we can find some constant C ′ > 0 so that∫

R≤r≤2R
rn−1−2|α| dr ≤ C ′Rn−2|α|.

Thus, Mihlin-Hörmander’s theorem applies, and so m ∈Mp
p for any 1 < p <∞.





Chapter 5

The ball multiplier

We have seen already at some points that the boundedness of the Hilbert transform
implies the boundedness of a whole set of operators given by multipliers of the form
χQ, where Q is a square in Rn, for any 1 < p <∞. It is natural, then, to ask if the
same happens with the so called ball multiplier ,

m(ξ) = χB(ξ), ∀ξ ∈ Rn,

where B is the Euclidean ball of radius 1 centred at the origin, for which we consider
the ball multiplier operator,

TBf =
(
f̂χB

)∨
.

Of course, since χB is bounded, it is an M2
2 multiplier, so the question is whether

χB is also an Mp
p for other values of p. To begin with, one can see that TB cannot

be bounded outside a critical range that depends on the dimension of the Euclidean
space (see [7]), which is

2n

n+ 1
< p <

2n

n− 1
, n ≥ 2.

For a long time, it was believed that, nevertheless, TB was bounded in that interval.
This was known as the ball conjecture. At the beginning of the 1970’s, though,
Fefferman proved that, in reality, the ball conjecture is false, and that TB is only
bounded from L2 to itself. We review here his proof of this fact, which can be found
in its original paper [3] and in [6, Section 5.1]. The proof not only uses part of
the multiplier’s theory exposed in the previous chapters, but also more geometric
elements such as the Perron’s tree construction for the Kakeya’s problem. The
scheme is the following: in the first section, we will see Perron’s tree construction,
and use it to obtain sets with particular properties regarding their area; we will later
on use the ball conjecture to give a result on boundedness of certain multipliers of
half-planes; finally, we will see how the initial Perron’s tree construction actually
allows us to build a counterexample for the former statement, so that the assumption
that the ball conjecture holds must be false.

67
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5.1 Perron’s tree

We start with a triangle ABC of height h0 and base b as in figure 5.1. At height
h1 > h0, we take a horizontal line, and we extend the segments AB and CB until
they reach this former horizontal line, cutting it at points C ′ and A′, respectively.
Finally, we take M to be the middle point of the segment AC, and we consider the
segments A′M and C ′M .

A

B

C

h0

h1 − h0

C ′A′

M

NP

R T

B′

Figure 5.1: Sprouting of triangle ABC.

This is the first stage of Perron’s tree . We call the triangles AC ′M and CA′M
the sprouts of ABC at height h1. The triangles RA′B and TC ′B are called the
branches of the sprouts. We shall now compute the area of each branch.

Proposition 5.1. With the previous notation, the area of each of the branches of
an sprouted triangle is1

A1 =
b

2

(h1 − h0)2

2h1 − h0
.

Proof. As in figure 5.1, consider a horizontal line at height h0, and let P and N
be the intersections of such line with the segments A′M and C ′M . We will do the
computations only for the branch RA′B, since the same argument is valid for the
other one.

We split the triangle RA′B in the two triangles PA′B and RPB, and we compute
the area of each of them. To do so, notice that the triangle PA′B is similar to the
triangle MA′C, so by Thales’ theorem,

h1 − h0
h1

=
|PB|
b/2

.

1Notice that we are not doing any assumption on the regularity of the triangle ABC.
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Now, take a parallel segment from M to the segment AB, obtaining the point B′

at height h0. The triangle RPB is similar to the triangle MPB′, and we also have
that |PB′| = |PB|+ b/2, so if hRPB represents the height of the triangle RPB, we
have again by Thales’ theorem that

hRPB
h0

=
|PB|

|PB|+ b/2
.

With this, we conclude that the area of the triangle RPB is

ARPB =
|PB| hRPB

2
=

h0|PB|2

2|PB|+ b
=
h0

(
b(h1−h0)

2h1

)2
b(h1−h0)

h1
+ b

=
h0b(h1 − h0)2

4(2h1 − h0)h1
,

while the area of the triangle PA′B is

APA′B =
|PB|(h1 − h0)

2
=
b(h1 − h0)2

4h1
,

and so

A1 =
h0b(h1 − h0)2

4(2h1 − h0)h1
+
b(h1 − h0)2

4h1

=
h0b(h1 − h0)2 + b(h1 − h0)2(2h1 − h0)

4(2h1 − h0)h1

=
b(h1 − h0)2

2(2h1 − h0)
.

Given the sprouts of the previous triangle ABC, we can now repeat the same
process with such sprouts and a new height h2 > h1 (figure 5.2). By the previous
proposition, the area of these new branches will be

A2 =
b/2

2

(h2 − h1)2

2h2 − h1
=
b

4

(h2 − h1)2

2h2 − h1
,

for each of the sprouts has height h1 and base b/2. We shall call this the second
stage of Perron’s tree. In general, given the (N − 1)−th stage of Perron’s tree at
height hN−1, and a new height hN > hN−1, we can take all 2N−1 sprouts and apply
the sprouting process to each of them, obtaining a total amount of 2N new sprouts,
the branches of which have area equal to

AN =
b

2N
(hN − hN−1)2

2hN − hN−1
.
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h0

h1 − h0

h2 − h1

Figure 5.2: Sprouting of the sprouts of the triangle ABC.

In the particular case when

hk = h0

k∑
l=0

1

l + 1
, ∀k = 1, ..., N, (5.1)

and we take our initial triangle ABC to be isosceles with b = h0, we have that the
total area of the N−th stage of Perron’s tree will satisfy

ATN =
h20
2

+
N∑
k=1

2kAk =
h20
2

+2

N∑
k=1

(hk − hk−1)2

2hk − hk−1

=
h20
2

+ h30

N∑
k=1

1

(k + 1)2
1

2hk − hk−1

=
h20
2

+ h30

N∑
k=1

1

(k + 1)2
1

hk + h0/(k + 1)

≤ h20
2

+ h30

N∑
k=1

1

(k + 1)2
1

h0 + h0/(k + 1)

≤ h20
2

+ h20

N∑
k=1

1

(k + 1)2
≤ h20

2
+ h20

∞∑
k=2

1

k2

= h20

(
1

2
+
π2

6
− 1

)
≤ 3

2
h20.

(5.2)

This fact allows us to construct certain sets with a very particular property. Given
a rectangle R, let R′ be the set formed by two copies of R adjacent to R along its
shortest sides (figure 5.3). With this, we have the following result.
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R

R′

Figure 5.3: R and R′.

Theorem 5.2. Given η > 0, there exist a set E and a family of disjoint rectangles
{Rj}j such that

i) |R′j ∩ E| ≥ 2|Rj|/15,

ii) |E| ≤ η
∑

j |Rj|,
Proof. Take N ≥ 1, and take an isosceles triangle such that its base is the interval
[0, 1] and with height h0 = 1, and denote by EN its Perron’s tree of stage N , with
heights hk given by (5.1). Because of this choice of heights, it is easily observed that

log(N + 2) ≤ hN ≤ log(N + 1) + 1. (5.3)

The tree is made out of 2N sprouts Sj, each of them with base equal to 2−N . Thus,
the area of each sprout is the same, and it is equal to

As = 2−(N+1)

N∑
l=0

1

l + 1
.

We denote by Aj and Bj the left and right vertices of the base of the sprout j,
j = 1, ..., 2N , and Cj the remaining vertex of the sprout at height hN . Notice that
A1 = A = (0, 0), B2N = B = (1, 0), and Bj = Aj+1, for j = 1, ..., 2N − 1. Also,
we clearly have that the segments AC1 and BC2N have equal length sN , and it is
maximal among all the lengths of the segments AjCj and BjCj. Actually, by Thales’
and Pythagoras’ theorems, we have that

sN =

√
12 + (1/2)2 hN =

√
5

2
hN ,

and by (5.3), it holds for any segment AjCj and BjCj that

|AjCj|, |BjCj| ≤ sN =

√
5

2
hN ≤

√
5

2
(log(N + 1) + 1) ≤ 3

2
(log(N + 1) + 1)

=
3

2

[
log(N + 2) + log

(
e
N + 1

N + 2

)]
≤ 3

2
(log(N + 2) + log(N + 1))

≤ 3 log(N + 2),
(5.4)

because N ≥ 1, so that e ≤ N + 2. With this, we define Rj as in figure 5.4 for each
j = 1, ..., 2N , where lN = 3 log(N + 2).
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Aj = Mj

Cj

Bj

Dj

lN
Rj

hN

Figure 5.4: Rectangle Rj associated to the sprout AjBjCj.

It is clear that these rectangles are pairwise disjoint, for each of them is contained
in regions that are pairwise disjoint too. Let us estimate the area of Rj. By the sine
theorem,

|Rj| = 3 log(N + 2) |MjDj| =
3 log(N + 2)

2N
sin(ÂjBjDj)

sin(ÂjDjBj)

≤ 3 log(N + 2)

2n
1

sin(ÂjDjBj)
=

3 log(N + 2)

2N
1

cos(ÂjCjBj)
,

but by the cosine theorem, denoting as C ′j the projection of Cj onto the horizontal
axis, we have

cos(ÂjCjBj) =
|AjCj|2 + |BjCj|2 − |AjBj|2

2 |AjCj| |BjCj|

=
|AjCj|2 − |AjC ′j|2 + |BjCj|2 − |BjC

′
j|2 + 2|BjC

′
j| |AjC ′j|

2 |AjCj| |BjCj|

=
2h2N + 2|BjC

′
j| |AjC ′j|

2|AjCj| |BjCj|
≥ 2h2N

25
4
h2N

=
4

5
,

so in the end,

|Rj| ≤
15

2

log(N + 2)

2N+1
. (5.5)
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Now, clearly, the set R′j will intersect EN with at least the j−th sprout, and
because of (5.4), (5.3) and (5.5) (in that order), we actually have that

|R′j ∩ EN | ≥ |R′j ∩ Sj| = |Sj| =
hN

2N+1
≥ log(N + 2)

2N+1
≥ 2

15
|Rj|, (5.6)

which is property i) of the theorem. To prove ii), we simply have, again by the sine
theorem, that

|Rj| =
3 log(N + 2)

2N
sin(ÂjBjDj)

sin(ÂjDjBj)
≥ 3 log(N + 2)

2N
sin(ÂjBjDj)

≥ 3 log(N + 2)

2N
sin(Â1B1D1) =

3 log(N + 2)

2N
1
√
5
2

≥ log(N + 2)

2N−1
,

so ∑
j

|Rj| ≥ 2N
log(N + 2)

2N−1
= 2 log(N + 2),

but |EN | ≤ 3/2 in virtue of (5.2), so given η > 0 we might just assume that N is
large enough so that

3

2
≤ 2η log(N + 2),

and thus ii) follows, taking E = EN .

5.2 Boundedness on half-planes

Assume the ball conjecture is true, and that TB is strong type (p, p) for some p 6= 2.
From this, we are now going to prove a statement that regards boundedness of
families of multiplier operators of half-planes. The idea is to use TB to approximate
those operators by considering disks of increasing radii, and see how the presumed
boundedness of TB affects the boundedness of the family. We start with a technical
lemma.

Lemma 5.3. Let R be a rectangle in R2, and let v be a unitary vector parallel to
the longest sides of R. Let

H = {x ∈ R2 : x· v ≥ 0},

and let
THf =

(
f̂χH

)∨
be its associated multiplier operator. Then,

|THχR| ≥
1

10
χR′ ,

where R′ is as in figure 5.3.



5.2. Boundedness on half-planes 74

Proof. Without loss of generality, we might assume that R is centred at the origin,
for TH is translation invariant. Moreover, we shall also assume that v = (0, 1), so
in particular H = R × [0,∞) and R = [−a, a] × [−b, b] for some 0 < a ≤ b < ∞,
because the Fourier transform is rotation invariant.

We need to prove that for x ∈ R′, we have

|THχR(x)| ≥ 1

10
.

To do so, take x = (x1, x2) and ξ = (ξ1, ξ2), and we start writing

χH(ξ)χ̂R(ξ) = χ[0,∞)(ξ2)
(
χ[−a,a](ξ1)χ[−b,b](ξ2)

)∧
= χ̂[−a.a](ξ1) χ̂[−b,b](ξ2)χ[0,∞)(ξ2),

and because χ[0,∞) can be written in terms of the sign function as

χ[0,∞)(ξ2) =
1 + sgn(ξ2)

2
=

1 + i(−isgn(ξ2))

2
,

we have

THχR(x) = χ[−a,a](x1)
(
χ̂[−b,b]χ[0,∞)

)∨
(x2) = χ[−a,a](x1)

Id+ iH

2
χ[−b,b](x2),

where Id is the identity operator, and H is the Hilbert transform. In particular, for
x ∈ R′, it holds that |x1| ≤ a and b < |x2| < 3b, so we actually have

THχR(x) =
i

2
Hχ[−b,b](x2),

and

Hχ[−b,b](x2) = p.v.
1

π

∫
R

χ[−b,b](y)

x2 − y
dy =

1

π

∫ b

−b

1

x2 − y
dy =

1

π
log

∣∣∣∣x2 + b

x2 − b

∣∣∣∣,
which yields

|THχR(x)| = 1

2π

∣∣∣∣ log

∣∣∣∣x2 + b

x2 − b

∣∣∣∣∣∣∣∣.
Finally, notice that when b < x2 < 3b, we have∣∣∣∣x2 + b

x2 − b

∣∣∣∣− 2 =
x2 + b

x2 − b
− 2 =

3b− x2
x2 − b

> 0,

so that ∣∣∣∣ log

∣∣∣∣x2 + b

x2 − b

∣∣∣∣∣∣∣∣ > log 2,

while for −3b < x2 < −b,∣∣∣∣x2 − bx2 + b

∣∣∣∣− 2 =
b− x2
−b− x2

− 2 =
3b+ x2
−b− x2

> 0,
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meaning that ∣∣∣∣ log

∣∣∣∣x2 + b

x2 − b

∣∣∣∣∣∣∣∣ =

∣∣∣∣ log

∣∣∣∣x2 − bx2 + b

∣∣∣∣∣∣∣∣ > log 2.

Hence, in the end, we conclude

|THχR(x)| > log 2

2π
>

1

10
,

as we wanted.

Theorem 5.4. Let (vj)j be a sequence of unit vectors in R2, and let

Hj = {x ∈ R2 : x· vj ≥ 0}

be the half-plane defined by the vector vj. Also, let χj = χHj , and

Tjf =
(
f̂χj

)∨
.

Finally, assume that the ball multiplier operator,

TBf =
(
f̂χB

)∨
,

is bounded for some 1 < p <∞. Then,∥∥∥∥(∑
j

|Tjfj|2
)1/2∥∥∥∥

p

.

∥∥∥∥(∑
j

|fj|2
)1/2∥∥∥∥

p

,

for any sequence of functions (fj) ⊂ Lp.

Proof. We shall do the proof for Schwarz functions, as the general statement would
follow by density. For each j, we consider the family of operators (T rj )r defined as

T rj f =
(
f̂χB(rvj ,r)

)∨
.

Notice that, as r →∞, we have that χB(rvj ,r) → χj pointwise, so we expect as well
some sort of convergence of the family (T rj )r towards Tj. Indeed, take x ∈ R2. We
have that ∣∣T rj f(x)− Tjf(x)

∣∣ ≤ ∫
R2

|f̂(ξ)χB(rvj ,r)(ξ)− f̂(ξ)χj(ξ)| dξ

=

∫
R2

|χj(ξ)− χB(rvj ,r)(ξ)| |f̂(ξ)| dξ,

but all the functions |f̂ | |χj −χB(rvj ,r)| are integrable functions that converge point-

wise to zero when r → ∞ and that are bounded from above by |f̂χj|, so by the
dominated convergence theorem we conclude

lim
r→∞

∣∣T rj f(x)− Tjf(x)
∣∣ ≤ ∫

R2

lim
r→∞
|f̂(ξ)| |χj(ξ)− χB(rvj ,r)(ξ)| dξ = 0,



5.2. Boundedness on half-planes 76

meaning that T rj f converges pointwise to Tjf when r →∞. In particular, by Fatou’s
lemma [1, page 11], we have that∥∥∥∥(∑

j

|Tjfj|2
)1/2∥∥∥∥

p

≤ lim inf
r→∞

∥∥∥∥(∑
j

|T rj fj|2
)1/2∥∥∥∥

p

,

so it suffices to see that∥∥∥∥(∑
j

|T rj fj|2
)1/2∥∥∥∥

p

≤ C

∥∥∥∥(∑
j

|fj|2
)1/2∥∥∥∥

p

,

for any r > 0, where C is a constant independent of r. To do so, first write

T rj fj(x) =
(
f̂jχB(rvj ,r)

)∨
(x) =

(
τ−rvj((τrvj f̂j)χB(0,r))

)∨
(x)

= e2πirvj ·x
(
(τrvj f̂j)χB(0,r)

)∨
(x)

= e2πirvj ·x
(
(e−2πirvj ·fj)

∧ χB(0,r)

)∨
(x)

:= e2πirvj ·x T r(e−2πirvj ·fj)(x),

so that, if gj = e−2πirvj ·fj, then∥∥∥∥(∑
j

|T rj fj|2
)1/2∥∥∥∥

p

=

∥∥∥∥(∑
j

|T rgj|2
)1/2∥∥∥∥

p

.

Now, the operator T r has the same norm as the ball operator TB, for its multiplier
is simply a dilation of the former (Proposition 2.18). Therefore, T r is strong type
(p, p) by hypothesis, and applying Theorem 1.9, we conclude that∥∥∥∥(∑

j

|T rj fj|2
)1/2∥∥∥∥

p

≤ C(p,Mp
p (χB))

∥∥∥∥(∑
j

|gj|2
)1/2∥∥∥∥

p

= C(p,Mp
p (χB))

∥∥∥∥(∑
j

|fj|2
)1/2∥∥∥∥

p

,

as we wanted.

Remark 5.5. It is important to observe that this proof cannot be replicated, for
instance, using squares instead of balls to approximate the half-planes Hj. Indeed,
suppose we tried to. We could think of using, for each half-plane Hj, a sequence of
squares Qj(rvj, r) such that one side of the square is on ∂Hj (thus, in particular,
Qj(rvj, r) ⊂ Hj). With this, we would still have that χQj(rvj ,r) → χj when r → ∞
pointwise, and so we could conclude again that T rj f converges pointwise to Tjf when
r → ∞. Applying again Fatou’s lemma, we could reduce again the problem to see
that ~T = (T rj )j is a bounded operator on Lp(Rn, `2). But now, we would have that

T rj fj(x) =
(
f̂jχQj(rvj ,r)

)∨
(x) =

(
τ−rvj((τrvj f̂j)χQj(0,r))

)∨
(x)

= e2πirvj ·x
(
(τrvj f̂j)χQj(0,r)

)∨
(x)

= e2πirvj ·x
(
(e−2πirvj ·fj)

∧ χQj(0,r)
)∨

(x),
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and though the squares Qj(0, r) have the same center and radius, they are rotated,
in general, with respect to the square {x ∈ R2 : ‖x‖∞ ≤ r}. This means that each
multiplier χQj(0,r) is different, so we cannot proceed using Theorem 1.9 as before.

5.3 The answer to the ball multiplier problem

We are now ready to disprove the ball multiplier problem; that is, to prove that TB
is not strong type (p, p) for any 1 < p <∞ different from p = 2.

Theorem 5.6. The ball conjecture is false: TB is only strong type (p, p) for p = 2.

Proof. By de Leeuw’s theorem (Theorem 2.21), it suffices to do the case n = 2.
Moreover, by symmetry (Theorem 2.15), we might just assume that p > 2. Take
any η > 0, and let E and {Rj}j be given by Theorem 5.2. For each j, take vj an
unitary vector parallel to the long side of Rj, and let Hj be the half-plane defined
by vj, and Tj its associated multiplier operator (as in Theorem 5.4). Finally, let
fj = χRj . By the monotone convergence theorem, one has∫

E

∑
j

|Tjfj(x)|2 dx =
∑
j

∫
E

|Tjfj(x)|2 dx.

By Lemma 5.3, we get∑
j

∫
E

|Tjfj(x)|2 dx ≥
∑
j

∫
E

1

102
|χR′j(x)|2 dx =

1

100

∑
j

|R′j ∩ E|,

and by Theorem 5.2,
1

100

∑
j

|R′j ∩ E| ≥
1

750

∑
j

|Rj|.

On the other hand, since p > 2, we can apply Hölder’s inequality with p/2 and
(p/2)′ = p/(p− 2), and Theorem 5.4 to get∫

E

∑
j

|Tjfj(x)|2 dx ≤ |E|(p−2)/p
∥∥∥∥(∑

j

|Tjfj|2
)1/2∥∥∥∥2

p

. |E|(p−2)/p
∥∥∥∥(∑

j

|fj|2
)1/2∥∥∥∥2

p

= |E|(p−2)/p
∥∥∥∥(∑

j

|χRj |2
)1/2∥∥∥∥2

p

,

but because the rectangles Rj are disjoint,

|E|(p−2)/p
∥∥∥∥(∑

j

|χRj |2
)1/2∥∥∥∥2

p

= |E|(p−2)/p
(∑

j

|Rj|
)2/p

,
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and using again Theorem 5.2, we conclude

|E|(p−2)/p
(∑

j

|Rj|
)2/p

≤ η
∑
j

|Rj|.

All in all, we have obtained that

1

750

∑
j

|Rj| . η
∑
j

|Rj|

1

750
. η,

but η was arbitrary, which is therefore a contradiction. The error can only be in
Theorem 5.4, which assumes that TB is strong type (p, p). Thus, the former theorem
is disproved, and the ball conjecture is false.

It is interesting to contrast this fact with what happens with the multiplier
operators of polygons. Let P be a convex polygon of k sides a1, ..., ak. Notice that
we can write the characteristic function of the polygon as

χP = χH1 · · ·χHk ,

where Hi is the half-plane of R2 such that the side ai is contained in ∂Hi and
P ⊂ Hi (see figure 5.5). But each function χHi is an Mp

p multiplier, for 1 < p <∞
(use Example 2.20 and apply some rotation). Thus, by Proposition 2.19, χP is
also an Mp

p multiplier. Of course, the same argument works for proving that if P
is a convex polyhedra in Rn, then χP is also an Mp

p multiplier for 1 < p < ∞.
This is counter-intuitive, because geometrically, a disc is nothing more but a limit
of polygons inscribed on the disc with an increasing number of sides, and still, the
boundedness of their associated multiplier operators is lost completely when passing
to the limit.

P

Hi

ai

Figure 5.5: Polygon P and half-plane Hi.
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